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ON 2-GROUPS AS GALOIS GROUPS

ARNE LEDET

ABSTRACT.  Let L/K be a finite Galois extension in characteristic # 2, and con-
sider a non-split Galois theoretical embedding problem over L/K with cyclic kernel of
order 2. In this paper, we prove that if the Galois group of L/K is the direct product
of two subgroups, the obstruction to solving the embedding problem can be expressed
as the product of the obstructions to related embedding problems over the correspond-
ing subextensions of L /K and certain quaternion algebra factors in the Brauer group of
K. In connection with this, the obstructions to realising non-abelian groups of order 8
and 16 as Galois groups over fields of characteristic # 2 are calculated, and these ob-
structions are used to consider automatic realisations between groups of order 4, 8 and
16.

1. Introduction. Let L/K be a Galois extension of fields, and let
1) l1-N—E—Gal(L/K)—1

be an extension of pro-finite groups. (Gal(L /K) denotes the Galois group of the field ex-
tension L /K.) The corresponding (Galois theoretical) embedding problem then consists
in determining whether or not there exists a Galois extension M / K with L C M and an
isomorphism ¢: E — Gal(M/K) making the diagram

E — Gal(L/K)

ol ll

Gal(M/K) — Gal(L/K)

commutative. A pair (M/K, ¢) satisfying these conditions is called a solution to the
embedding problem. Also, a Galois extension M/ K is called a solution to the embedding
problem, if there exists a ¢, such that (M /K, ) is a solution.

In this paper we shall consider a special (and important) kind of embedding problems
(1), namely the case where N is finite of order 2 and the characteristic of K is # 2. The
group extension then has the form

2 1 — pp — E— Gal(L/K) — 1,

where p, = {£1} is the group of second roots of unity in the multiplicative group L* of
the field L.

The solvability of an embedding problem (2) depends on the 2-torsion of the Brauer
group Br(K) of the ground field, as the following well known result shows:
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THEOREM 1.1.  Ler L /K be a finite Galois extension in characteristic # 2, and let
)] 1 — pp — E— Gal(L/K)— 1

be a non-split group extension with characteristic class ¥ € H* (Gal(L /K), /tz). (Le.,
7Y represents the extension (2) in the usual way.) Then the embedding problem given by
L/K and (2) is solvable, if and only if i(Y) = 1 in HZ(Gal(L/K), L*), where the map
ii H? (Gal(L /K), #2) —s HZ(GaI(L /K), L*) is induced by the inclusion ji; C L*.

Furthermore, if M/K = L(,/w)/K is one solution, then all the solutions are
L(y/rw)/K, r € K*.

A proofof Theorem 1.1 can be found for instance in [Sc, Lemma 1] or in [Ki, pp. 826—
827].

The cohomology group H? (Gal(L /K), L*) is canonically isomorphic to the relative
Brauer group Br(L /K) of the extension L /K by [c] — [L, G, c], where [L, G, c] denotes
the equivalence class of the crossed product algebra (L, G, ¢), cf. [Ja, Theorem 8.11] or
[Lo, Section 30 Satz 2]. Hence, we may consider i(Y) as an element of Br(L/K). This
element is called the obstruction to the embedding problem.

The result that the solvability of an embedding problem might depend on the splitting
of a crossed product algebra is classical: It is essentially the content of [Br, Satz 7].

To us, the advantage of representing the obstruction to an embedding problem by a
crossed product algebra instead of a factor system lies in the following theorem:

THEOREM 1.2 [JA, THEOREM 4.7], [LA, COROLLARY 1.7].  Let W /K be a finite-
dimensional central simple algebra, and let 33 /K be a central simple subalgebra. Then
the centraliser

CaB)={xeN|VyeB:yx=xy}

is a central simple subalgebra of N, and
A~ B K Cyu(B).

In particular, [U] = [B][Cy (B)] in the Brauer group Br(K).

The obstruction [L, G, c], where ¢ € Z*(G, u,) represents 7, is of order < 2 in Br(K),
since ¢ = 1. Hence, by Merkurjevs Theorem in [Me], [L, G,c] can be written as a
product of quaternion algebras. In reasonably simple cases, such as the ones we will
consider, this decomposition can be obtained as follows: Find a quaternion subalgebra Q
of ' = (L, G,¢). ThenT ~ Q& Cr(Q) by Theorem 1.2,and I’ = Cr(Q) is a new finite-
dimensional central simple algebra. In Br(K), we have [I'] = [Q][I"'], and so [I"] is again
of order < 2. Thus, the process can (perhaps) be continued, ending in a decomposition of
I" as a tensor product of quaternion algebras. (Of course, if the degree of I is not a power
of 2, T is not a tensor product of quaternion algebras. But in that case it might be possible
to write I as a tensor product of quaternion algebras and an odd-dimensional algebra,
which is then automatically split and may be disregarded, since all algebras obtained
have order < 2 in Br(K).)
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All relevant facts about Brauer groups and crossed product algebras can be found in
[Ja, 4.6-4.7 and 8.4-8.5], [Lo, Sections 29-30] or [La, Chapter 4]. The necessary results
about quaternion algebras can be found in [Lo, Section 30] or [La, Chapter 3]. We will
use the standard notation for quaternion algebras: For a,b € K* the quaternion algebra
(i’;([l) is the K-algebra generated by elements i and j with relations i# = a, /> = b and
ji = —ij. The equivalence class of (%(11) in Br(K) will be denoted by (a, b).

EXAMPLE 1.3. Let K(,/a)/K be a quadratic extension, and consider the embedding
problem given by

1— pp — 2/4Z — Gal(K(+/a)/K) — 1.

The obstruction is then clearly the quaternion algebra (a, —1) = (a, @), and we get an-
other well known result: A quadratic extension K(y/a)/K can be embedded in a cyclic
extension of degree 4, if and only if a is a sum of two squares in K.

And if a = ¥* +)7?, K(\/af-l-xi\/ﬁ) /K is a cyclic extension of degree 4, hence all
solutions are of the form K (\/r(a +x\/E)) /K,r € K*.

The purpose of this paper is to determine the decomposition of the obstruction to an
embedding problem as a product of quaternion algebras (in the Brauer group) in a number
of cases, primarily when G is a 2-group, i.e., a group of 2-power order. In Section 2 we
consider the case where Gal(L/K) is a direct product of finite groups. It is then possible
to ‘reduce’ the problem of determining the obstruction in the general case to that of
determining obstructions to the embedding problems obtained by restriction to the direct
factors. This is the content of Theorem 2.4 and Corollary 2.5. In Section 3 we determine
the obstruction to embedding a Z /4Z-extension in a Z /8Z-extension, and the resulting
special case of Corollary 2.5 is then used to give an exact criterion for the existence of
M,¢-extensions, where Mj¢ is the modular group of order 16. In Section 4 we determine
the obstruction to any embedding problem (2), in which Gal(L /K) is the dihedral group
of order 8. As a result, we get criteria for the realisability of several non-abelian groups of
order 16 as Galois groups. These criteria are then used in Section 5 to consider questions
of automatic realisability.

2. A reduction theorem. In the Sections 2—4, all fields are assumed to have char-
acteristic # 2.

If G is a finite group, O?(G) is defined as the intersection of all normal subgroups in
G of 2-power index. O*(G) is then the minimal normal subgroup in G of 2-power index.
It is clear that O*(G) is the composite of all odd-arder Sylow subgroups of G, and hence
that O?(G) is the subgroup of G generated by all elements of odd order.

LEMMA 2.1.  Let G and H be finite groups, and let

l—-uy—FE—GxH—-1
P
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be a group extension. Let o € O*G), T € H, and let s and t in E be pre-images of
o= (o,1)and 1= (1,7). Thents = st.

PROOF. By the above remarks we may assume o to be of odd order. Hence, the two
pre-images s and —s of o have different orders. Since s and #s¢~! have the same order,
tst™! = —s is impossible. .

LEMMA2.2. Let G and H be finite groups, andletay,...,0m € GandTy,..., 7, € H
represent minimal generating sets for the 2-groups G/ O*(G) and H/ O*(H). (i.e., the
groups G| OX(G) and H| O*(H) are minimally generated by the co-sets o *6),...,
onOXG) and 7 OX(H), ..., 7,0*(H).) Letk € {1,...,m} and | € {1,...,n}. Then there

exists an extension

3) l oy —Ey— GxH—1
p

with the following properties:
(1) The restrictions of (3) to G and H are both split exact.
(2) Letsy,...,Smyti,...,tn € Eyy be pre-images of a1, ...,0m,Ti,...,Tn. Then

tsi = sity, (1,)) # k1),
Sk = —Sil).

PROOF. By going via G/ O?(G) and H/ O*(H) we see that there exists homomor-
phisms ¢:G — Z/2Z and ¢: H — Z/2Z, such that ¢(0;) = 6y and Y(7j) = &;. (6
denotes the Kronecker delta.) We then get a homomorphism ¢ X ¢:G X H — V4 =
2/27 x 1]21.

We consider the extension

(*) 1 — pp— Dy — V4 — 1,
q

where Dy is the dihedral group of order 8, generated by elements o and 7 with 0* = 7% =
1 and 70 = o°7, and q is given by g(c) = (1, 1) and g(7) = (0, 1). Inflating this extension
to an extension of G X H via ¢ X 1 gives

l - —F — GXH—1,
K M ey 2)—(v,2)

where

Ey = {(x.y,2) € Ds x G x H| q(x) = (¢(), ¥(2)) }.

Since the restrictions of (x) to Z /2Z x 0 and 0 x Z / 2Z are both split exact, this extension
has property (1). As pre-images s1, ..., Sm, 1, - -, € Ejy we may choose s; = (1,0, 1),
i#k, s = (0,04, 1), = (1,1,7),j # I,and ; = (1, 1,7;), and (2) is then obvious. =
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REMARK. If H is a subgroup of the group G, and ¥ € H*(G, ) is the characteristic
class of an extension
l—puy—E—G—1,
p

the element resg_.y Y € H>(H, 117) is the characteristic class of the extension
Il —pp—p '(H)— H— L.
p

If k& F — G is a surjective homomorphism, infg_,r7 is the characteristic class of the
extension
l - —EXpgyF — F—1,
(e,0)—0a

where E X () F = {(e,0) € E X F| p(e) = k(0)} is the pull-back.

PROPOSITION 2.3.  Let G and H be finite groups, and let

4 l—-py—-FE—GxH—1
P

be a group extension with characteristic class ¥ € H*(G x H, ). Let oy,...,0p, €
G and,...,7, € H represent minimal generating sets for the groups G| O*(G) and
H/OZ(G), andletsi,...,Sm,t1,...,tn € E be pre-images of 0y,...,0m,T1,...,Ty. Define
dy € {0,1} by ts; = (—1)%s;t;. Then

d;j

Y = (infogxuresexr-c?) - (infy_cxnresexruY) - [| Vi
i

where Yy is the characteristic class of the extension (3) in Lemma 2.2.

djj
i and

PROOF. Let A =7 - (infggxm r€86xH—G7Y) - (Infy_Gxp r€8Gx H—H v) - Hz’,j’y
consider the corresponding extension

(%) l—=py—=F—GxH—1.
q

Since resgxy—G InfGgxx and resgxy—p infy_.gxy are the identity maps on H*(G, p,)
and H?(H, j13) (and in fact on Z(G, p2) and Z2(H, p12)), the restrictions of this extension
to G and H are both split exact. Also, if uy,...,um,v1,...,v, € F are pre-images of
Oly.+sOm,Tl,...,Tn, We have viu; = w;v; for all i and j: If 45, = s;t;, we have djj = 0,
and ) ‘inherits’ the relation from . If s; = —s;t;, we have d;; = 1, and X ‘inherits’ the
relation from 7 - vj;.

Hence, we may choose homomorphisms s: G — F and : H — F with gs = lg
and gt = 1y, and get «(1j)s(0;) = s(o;)t(7;) for all i and j. By Lemma 2.1, #(1)s(0) =
s(o)(r) if o € OXG) or 7 € OP(H). Since G (H) is generated by OX(G),01,...,0m
(CP(H),m1,...,Tn), We get {7)s(0) = s(o)i(r) forall 0 € G and 7 € H. Thus, (0,7) —
s(0)t(t) is a homomorphism G X H — F, and (%) is split exact, i.e., A = 1. -

In particular, the properties (1) and (2) of Lemma 2.2 determines 7Yy, uniquely.
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THEOREM 2.4. Let L/K be a G x H-extension, where G and H are finite groups,
and let

4) l>py—FE—GxH—1
p

be a nonsplit group extension with characteristic class Y € H*(G, pp). Let L' /K and
L" /K be the subextensions corresponding to the factors G and H. (lLe., L' /K is a G-
extension, L" /K is an H-extension, and L = L'L") Let 0\, ...,0, € Gand,...,7, €
H represent minimal generating sets for the groups G | O*(G) and H | O*(H), and choose
ai,....amb,...,by € K*, such that \/a; € (L')", \/b; € (L"), ou(y/@) = (—1Y* /&
and 7/(\/b) = (=1)#\/b;. (& denotes the Kronecker delta,) Finally, let si,...,sn,
t,....ts € E be pre-images of o1,...,0m,T1,...,Tn, and let dij € {0, 1} be given by
i = (—1)¥s;t;.
Then the obstruction to the embedding problem given by L /K and (4) is

[L', G,resgxr—gV] - [L”, H,resgxr—-n"] - [1(a:, )% € Br(K).
ij

REMARK. Itis possibleto chooseay,...,am, b1, ..., b, asdescribed,since oy, ...,0,
and T, ..., T, represent minimal generating sets for the maximal elementary abelian fac-
tor groups of G/ O*(G) and H/ O*(H), and hence for the maximal elementary abelian
2-factor groups of G and H.

PROOF. By Proposition 2.3 we have

. . djj
Y = (infG.GxH1€5GxH-G ) - (infrigxrr 1esGxr—n Y) - [V} -
ij

Hence, the obstruction is

[L,G x H,infg_gxpresgxy—c Y]
- [L,G x H,infy_gxpresgxu—u7] - H[L, GxH, 'y’,j]du .
if
Obviously, the first two terms are [L', G, resgxn—c 7] and [L”, H,resgxy—.n 7], as the
inflation corresponds to the inclusion between the relative Brauer groups, cf. [Ja, Theo-
rem 8.13] or [Lo, Section 30 F1]. Thus, it remains to prove

[L,G x H,Yu] = (ax, by).

In the proof of Lemma 2.2, v;; was constructed as the inflation from H?(Vy, j1;) of the
characteristic class of the extension

1> pup—> Dy —Vy— 1,
q
where g(o) = (1,1) and ¢g(1) = (0, 1), through a homomorphism ®: G x H — Vj,

such that ®(c;, 1) = (6, 0) and ®(1,7;) = (0,6;). In this case, this inflation can obvi-
ously be obtained from the restriction map G x H — Gal(K’ /K) instead, where K’ =
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K(/a@, /By), since Gal(K' /K) = Vi, 0,(/@g) = (—1* /g and 7;(y/B)) = (—1Y1/B.
Replacing ¥4 by Gal(K’/ K), the extension becomes

*) L — 2 — Dy — Gal(K'/K) — 1,
q

where q(0) = p1p2, 4(7) = pa, and py, p € Gal(K'/K) are given by pi(,/ar) = —/a,
p1(+/B)) = Vbi, pa(/ax) = \Jax and po(+/br) = —/by.

Since inflation corresponds to inclusion, [L, G X H,7Yy] equals the obstruction to the
embedding problem given by K’ /K and (x). This obstruction is represented by an algebra
T = K[\/ax, v/bi, u1, uz], where

2 __ .2 _ _ — !
uy =u; = 1, wuy = —ujuy, u1x = p1(Xu1, uxx = pp(Nuy, Vx €K'

Obviously, K[u,v] ~ (%), and

b
Cr(K[u, v]) = K[/@gv, vbu] ~ (%)

Hence, [L,G X H,Yy] = [T'] = (1, 1)(ak, b)) = (ax, b;) by Theorem 1.2. .
A straightforward induction argument gives

COROLLARY 2.5. Let G = Gy X -+ X Gp, where Gy,...,G, are finite groups. Let
L/K be a G-extension, and let

) l->puyp—oFE—-G—1

be a nonsplit extension with characteristic class Y € HZ(G, 12). Let L; / K be the subex-
tension of L /K corresponding to the factor G;. (Le., L; /K is a G;-extension, and L =
Ly---Ly.) Let 0i),...,0im € Gi represent a minimal generating set for G;/ O*(G)),
and choose pre-images s; 1, . . ., Sim, € E. Furthermore, let a;,,...,a;m, € K*, such that
Vain € LY and 0iy(\/a;p) = (——1)‘5""\/@.

Then the obstruction to the embedding problem given by L /K and (5) is

n

[Li,GistesgM] - 1 (@i @)™ P € Br(K),
= GhjRel

where I = {(i,h,j,k) | 1 <i<j<n 1 <h<ml <k<m}, andd(i,h,j,k) €
{0, 1} is given by s;ps;x = (—1)*CAi0s; 15,

As an immediate corollary we get the following well known result (cf [Fr, (7.6)] or
[M&S, Theorem 1.2]):

COROLLARY 2.6. Let L/K = K(y/ay,...,+/an)/K be a (Z]21)"-extension, and let
o1,...,0, € Gal(L/K) be given by 0:(,/a;) = (—1)’5"1\/a_j. Let
©) 1 —p; — E— Gal(L/K)— 1
be a nonsplit extension, and choose pre-images sy, ...,s, € E to 01,...,0,. Define dj;,
i <j, bys? = (—1)% and 5iSj = (——l)d"fsjs,-, i <. Then the obstruction to the embedding
problem given by L /K and (6) is

[I(a:, a))% € Br(K).

i<j
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3. The modular group. Our goal is to obtain criteria for the realisability of non-
abelian groups of order 16. There are nine such groups:

(1) The direct product D4 x Z /27, where D; is the dihedral group of order 8, i.e.,
Dy = {0,7), where 0* =72 = 1 and 70 = 0°7.

(2) The direct product Qg x Z/2Z, where Qy is the quaternion group of order 8, i.e.,
Qs is the subgroup of H* generated by i and j, where H = (:—'ﬁ:l .

(3) The dihedral group Dg = {(0,7), where 0® = 72 = 1 and 170 = o'7.

(4) The quasi-dihedral group QDg = (x,y), where x> = y? = 1 and yx = x’y.

(5) The quaternion group Q16 = (x,y), where x® = 1,)? = x* and yx = x7y.

(6) The modular group Ms = (x,y), where x® = 3> = 1 and yxy~! = x°. (The name
‘modular group’ can be found in [As, pp. 106-107}.)

(7) The semidirect product CX C = Z/4Z X7 /4Z = (x,y), where x* = y* = 1 and
yx = x%p. (Cx C can also be considered as the pull-back of Qg and Z /47 with respects to
homomorphisms Qg, 7 /4Z —» 7 /27. This is the way it is described in [G&S], [GS&S]
and [J1].)

(8) The pull-back DA C = Dy X(1,5Z /4Z, where the homomorphisms f: Dy — 7 /2Z
andg: Z /47 — 7 /27 have kemels (0%, 7) and 27 /47 respectively, i.e., DA C = (x,,2),
where x* = > = 22 = 1, yx = x*yz and z is central.

(9) The central product DC = (D4 x Z /42)/{(62,2)) = (x,y,2), where x* = % = 1,
yx = xy, x* = z% and z is central.

Of these groups (1) and (2) are in a sense uninteresting: A field admits a Dy x Z/27-
extension if and only if it admits a Ds-extension and has at least eight square classes,
and similarly for Qg x Z/2Z. And criteria for realising D4- and Qs-extensions are eas-
ily obtained from Corollary 2.6: Let L/K = K(y/a,v/b)/K be a Vs-extension, and let
p1,p2 € Gal(L/K) = V4 be given by pi(v/a) = —/a, pi(vVb) = Vb, p2(v/a) = /a
and pz(\/l_)) = —+/b. Consider the extensions

@) l—)/inE:zD,;U:p: Va—1
T
and
®) l—pp = Qg — Va— 1.
—py
J—=m

By Corollary 2.6 the obstruction to the embedding problem given by L/K and (7) is
(a,a)(a, b) = (a,ab) € Br(K),
and the obstruction to the embedding problem given by L /K and (8) is
(a,a)(b,b)(a, b) = (a,ab)(b, b) € Br(K).

Hence, a Vs-extension L/K = K(y/a, V'b) /K can be embedded in a D4-extension M /K,
such that M/ K(+/b) is cyclic, if and only if (a,ab) = 1, and it can be embedded in a
(Og-extension, if and only if (a, ab) = (b, b).
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The group DC can be treated directly using Corollary 2.6 as well: Let L/K =
K(v/a,/b,+/c)/K be a(Z/2Z)*-extension, and let p, 0, € Gal(L /K) be given by

P Var—/a, Vb Vb, e /e
o: Varya, Vb— Vb, o/
T Va—va, Vbvb o -y

Then we have an extension

©)] 1— —, DC e Gal(L/K) — 1,
—1—, X,
y—a

and by Corollary 2.6 the obstruction to the embedding problem given by L/K and (9) is

(a,a)(c, c)(a, b) = (a,ab)(c,c) € Br(K).

In particular, a field K admits a DC-extension, if and only if there exists quadratically
independent elements a, b and ¢ in K*, such that (a, ab) = (c, ¢).

These results on D4-, Os- and DC-extensions can all be found in [M&S, Corollary 1.3],
with exactly the same proof.

The groups (3)~5) and (7)—~(8) all have D4 as an epimorphic image and will be treated
in the next section.

In this section we will consider the modular group Mie. It has Z /4Z x Z /27 as an
epimorphic image, and it is therefore necessary to extend Corollary 2.6 to finite abelian
groups of exponent 4, i.e., it is necessary to describe the map H? (Gal(L /K), HZ) —
Br(L/K), when L/K is cyclic of degree 4:

EXAMPLE 3.1.  Consider a cyclic extension L /K of degree 4. We may assume L =
K(,/r(a + \/5)), where a € K* \ (K*)? has the forma = 1+ %, ¢ € K, and r € K*. The
Galois group Gal(L/K) is then generated by o, where

= rcy/a
Ha+/a)
For ease of notation we let 6 = r(a + /a).
The only non-split extension of Gal(L /K) with u» is

1 — _—1:42/82 ;:;Gal(L/K)—» 1,

and the obstruction to the corresponding embedding problem is represented by the cyclic
algebraT" = (L,0, —1) = L[u], where «* = —1 and ua = o(a)u for a € L. We wish to
write this algebra as a tensor product of two quaternion algebras.

Obviously Q = K[\/a,u + u*] ~ (ﬁ',;—2) is a quaternion subalgebra of I', and by
Theorem 1.2 we have I' ~ Q ®k Cr(Q). Cr(Q) is a four-dimensional central simple
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algebra, and so necessarily a quaternion algebra (cf. [Lo, Section 30]). Since (u*)* = —1
and u? € Cr(Q), we seek an w € T with

wy/a = vaw, wu+’) = W+, v = —tw, €K

Calculations show that we can let
1 rey/a reyay ,
= — + —_
w 2\/5(<l+ 0 ) (1 0 )u),

and that o = ra. Hence, Cr(Q) = K[u?, w] ~ (=§%), and the obstruction is

[[1 = (a,—2)(—1,ra) = (a,—2)(—1,r)(—1,a) = (a,2)(—1,r) € Br(K).

We conclude that L/K can be embedded in a Z/8Z-extension, if and only if (a,2) =
(—1,r). This is the same criterion obtained in [Ki, Theorem 3], since (a,2) = (a, ¢).

Another conclusion is the following: Let K(y/a)/K be a quadratic extension. Then
K(+/a)/K can be embedded in a cyclic extension of degree 8, if and only if

(@,a)=1 and FreK*:(a2)=(1r).

We can now extend Corollary 2.6 in the desired way:

PROPOSITION 3.2.  Let L /K be an (Z/2Z) x (Z /ALY -extension. We can write

L= K(\/Zl_, s A\ @1 @1 + A1)y o Gres(@res + \/am)),

wherea,,...,ams € K* are quadratically independent, a; = 1+c? fori > r,and q; € K*.
Letoy,...,0ms € Gal(L/K), such that o,(,/a;) = (—1)" ,/a;. Let

(10) 1 —py— E—Gal(L/K)— 1

be a non-split extension, and choose pre-images t,, . .. ,tms € Eto 0y,...,0.4s. Then the
obstruction to the embedding problem given by L /K and (10) is

r rts
(@, a)® - 11 (@i 2)(—1,g01* - [1(ai a)",
i=1 i=rt+l i<j

where £ = (—1)% fori <r, t = (=1)% fori>r, and Lt = (-1)d'ftjt,-.

EXAMPLE 3.3. LetM/K = K(\/;(h +/a),/b) /K bea Z/4Z x 7 /27-extension,
where a and b in K* are quadratically independent,a = 1 +c? and r € K*. Let 0,7 €
Gal(M/K) be given by

_reya
\/r(a+\/_) \/ra+\/:, \/_s-—»\/_

\/r(a+\/7)+—>\/r(a+ Va), Vb r— —/b.
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By Proposition 3.2, the obstruction to the embedding problem given by M/K and

(1) 11— w —>4M16—U>Gal(M/IQ—91,
— 1o x—
D imadl

is
[(a,2)(—1,r)](a, b) = (a,2b)(—1,r) € Br(K).

In particular, we see that a field K has an M¢-extension, if and only if there exists quadrat-
ically independent elements a, b € K*, such that

(@,a)=1 and dreK*:(a,2b)=(—1,r).

For instance, if —1 and 2 are quadratically independent in K*, K admits an M;¢-extension.
More generally: If there exists b € K*, such that a = 1 + b? and b are # 0 and quadrati-
cally independent, K admits an M ¢-extension.

An equivalent result on M)¢-extensions, obtained independently, is given in [GS&S].

REMARK. Let M/K = K(y/r(a +./a), Vb)/K be a Z/4Z x 7 /2Z-extension as

above. Let L/K = K (\/r(a + \/E)) /K be the ‘canonical’ Z/4Z-subextension. By
Example 3.3, the obstruction to the embedding problem given by M/K and (11) is
(a,2)(—1,r)(a, b). By Example 3.1, (a,2)(—1,r) = [L,0,—1]. (Where ¢ is considered
as an element of Gal(L/K).) Also, (a,b) = [L,0,b*] by [Ja, Theorem 8.15]. Hence, the
obstruction is [L, 7, —b?], and the embedding problem is solvable, if and only if —#? is
anorminL/K.

Furthermore, if —b* = Ny /x(x) for some x € L*, x*/b has norm 1 in L/K, and by
Hilberts ‘Theorem 90’ there exists w € L*, suchthato(w)/w = x? / b. An easy calculation
now shows that M(y/w)/K is a solution to the embedding problem.

4. The dihedral group. In this section we will describe the map H?(Dy, pi3) —
Br(L/K), where L/K is a D4-extension. This will enable us to obtain criteria for the
realisation of all groups of order 16 having D4 as an epimorphic image, i.e., for the
groups Dg, O16, OD3, Cx Cand DA C.

First of all we must describe D4-extensions. In Section 3 we got the following: A
biquadratic extension K(+/a, Vb) /K can be embedded in a Ds-extension L /K, such that
L/ K(/b) is cyclic, if and only if (¢,ab) = 1 in Br(K). (a,ab) = 1 is equivalent to the
existence of &, 3 € K with o —af® = ab, and since K(/a + $+/a, v/b) /K is then easily
seen to be a D,-extension of the desired kind, we see that any such extension is of the

with the automorphisms o and  in Gal(L/K) given by

rvab
o(vVr(a 2)) = ———n—, o(Vb)= Vb,
(e 2/0) Vrle+BYa) M
r(Vr(a+ By/a) = Vr(a+8v/a), 1(vVb) = —Vb.
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The cohomology group H?(D4, i12) is isomorphic to ,ug in the following way: Let
Y € H*(Ds, 112), and consider the corresponding extension

(12) 1>y —F—Dy— 1.

Let s and ¢ be pre-images of o and 7 respectively. Then we assign to v the element
(e1,€2,€3) € p3 given by

S4=€1, 12262, tS=63S3t.

This is an isomorphism: It is clear that the triple (¢;, €2, €3) and the extension (12) are
determined uniquely by each other, and that the map is an injective homomorphism
H*(D4, y12) — u%. Also, the triples (—1,1,1), (1,—1,1) and (1,1,—1) are in the im-
age of H*(Dy, 112), as the extensions (13), (14) and (17) of D4 to QDg, C x Cand DA C
below shows, and so the map is surjective.

Thus, in order to describe the map H?(Ds, p12) — Br(L /K), it is enough to describe
the images of the 2-cocycles corresponding to (—1, 1, 1), (1,—1,1) and (1,1, —1).

The 2-cocycle corresponding to (1, —1, 1) is obviously the characteristic class of the
extension

(13) 1——>/,t2—>C><ICn:>D4-—>1.
T

—1—.
This extension is the inflation of the extension
1> —2/47 —7/27 — 1

with respect to the homomorphism D; — Z/2Z with kernel (o). In our interpreta-
tion of D4 as a Galois group, this homomorphism corresponds to the restriction map
Gal(L/K) — Gal(K(v/b)/K). As the diagram

H2<Gal(K(\/3)/K),u2) — Br(K(/B)/K)
infl l

H*(D4, p12) —  Br(L/K)

is commutative, the obstruction to the embedding problem given by L /K and (13) equals
the obstruction to the embedding problem given by K(v/b) /K and

1— pp — 2 /47 — Gal(K(Vb)/K) — 1.

By Example 1.3, this second obstruction is (b, —1) = (b, b).
Similarly, the 2-cocycle corresponding to (1, 1, —1) is the inflation of the characteristic
class of the extension

1 — pp — 2 /47 — Gal(K(v/a)/K) — 1,

and the image in Br(L /K) is therefore (a, —1).
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The last 2-cocycle corresponds to the quasi-dihedral group, and we will determine the
obstruction to the associated embedding problem by brute force in the following
ExAMPLE 4.1. Consider the extension
(14) l—py — ODg — Dy — 1.
—r—x* )”—’T

The obstruction to the embedding problem given by this extension and our D,-extension
L/K is represented by the algebra I’ = L[u,, u,], where

4

Uy

_ 2 __ _ .3
=—-1, u; =1, uu, = uyu,,

Ugx = o(X)ug, ux =1y, Vx € L.

0 = K[ya,u,+ul] ~ (%= 2) is a quaternion subalgebra of T', and hence I" ~ Q®KCr(Q)
Cr(Q)isa16- dlmenswnal central simple algebra. Obviously, R = K[Vb,u,] ~ ( lyisa
quaternion subalgebra of Cr(Q). Thus, I" ™~ Q®x Rk Ccp(g)(R). Ccro)(R) = Cr(Q R)is
a four-dimensional central simple algebra, and hence a quaternion algebra. Since \/l_)ug €
Cr(Q - R), we seek w € Cr(Q - R) with

wbil = —V/butw, o €K*.

Calculations show that we can let

(Jr(awf)“mw‘m")f

and that w? = 2arb. Hence, Cr(Q - R) = K[vVbu?,w] ~ (Z2:222) and I’ ~ (%2) ®k
( 1)y ®k (= 2“"b) The obstruction is then

[[] = (a, —2)(b, 1)(—b, 2arb) = (a, —2)(—b,2ar) € Br(K).

(If « = 0, —b is a square in K*, and (—b, 2crr) is simply the neutral element of Br(K).)
In particular, K admits a QDg-extension, if and only if there exists quadratically in-
dependent elements a, b € K*, such that

(a,ab)=1 and Ix € K*: (a,—2) = (=b,x).
We now have the following
PROPOSITION 4.2. LetL / K be a Ds-extension as described above, and let
(12) l—opu—FE—Dy—1

be a non-split extension. Choose pre-images s and t in E of o and T respectively. Then
the obstruction to the embedding problem given by L /K and (12) is

[(a, —2)(~b,2ar)J (b, 1Y (a, —1)* € Br(K),
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where s* = (—1), 2 = (—1Y and ts = (—1)'s’t.

We are now able to extend Proposition 3.2 to the case, where G is an direct product
of copies of 7 /27, 7 /4Z and D4. We will not state this result explicitly. Instead we use

Proposition 4.2 to write down criteria for the realisability of the groups Dg, Q16, C x C
and DA C:

EXAMPLE4.3. LetL / K be a D4-extension as before, and look at the extension

(15) 1 — —>4Dg m:)D4—>1.

— ]
1 g ™7

By Proposition 4.2 the obstruction to the embedding problem given by L /K and (15) is

[(a, —2)(—b, 2ar))(a, —1) = (a, 2)(—b, 2)(—b, ar) = (a,2)(b, 2)(—b, ar)
= (ab,2)(—b, ar) € Br(K).

In particular, K admits a Dg-extension, if and only if there exists quadratically indepen-
dent elements a, b € K*, such that

(a,ab)=1 and x € K*: (ab,2) = (—b,x).
EXAMPLE 4.4. Consider instead the extension

(16) 1 — o :1:14 Q16 ED4—>1.
yor

Proposition 4.2 gives us the obstruction
[(a, =2)(—=b,2ar)](b, —1)(a, —1) = (ab,2)(b, —1)(—b, ar) € Br(K).

Hence, the field K admits a Q)¢-extension, if and only if there exists quadratically inde-
pendent elements a, b € K*, such that

(a,ab)=1 and dx € K*: (ab,2)(b,—1) = (—b,x).

REMARK. If L/K is a Qp-extension for some n > 3 and K(v/a, Vb)/K, a,b € K*,
is the maximal elementary abelian subextension, a, b and ab are sums of squares in K
by [J1, Theorem 1.2]. Also, by the remark following Theorem 1.2 in [J1], there exists
a limit, independent of K, to the number of squares necessary. In the case n = 3 it is
well known that a, b and ab are all sums of three squares. We will now use the result of
Example 4.4 to obtain limits in the case n = 4:

Let L/K be a Qj¢-extension and let K(,/a, V'b) /K be as above. We may assume
L/K(\/B) to be cyclic. Hence, (a,ab) = 1 and (ab,2)(b,—1) = (—b,x) for some x €
K*. If 2 is a square in K, we have (b, —1) = (—b,x). This means that the quadratic
forms (b,b,—1) and (—b,x, bx) are equivalent. Hence, (b, b, —1) represents —b, i.e.,
(b, b,b,—1) is isotropic, and b is a sum of three squares in K. If 2 is not a square in K, b
is a sum of three squares in K(+/2) by the preceding argument:

3 3 3
b =3 +yiV2)? =3 (7 + 27 + 2xpV/2) = 302 +2)7)
i=1 i=1 i=1
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for x;,y; € K. Hence, b is a sum of nine squares in K.

Now, (a,—b) = (a,ab) = 1 means that (1,—a, b) is isotropic, i.e., that (1, b) repre-
sents a: a = bx* +y? for some x,y € K. Since b is a sum of nine squares, a is a sum of
ten squares in K. By symmetry, so is ab.

We therefore have the following result: If L/K is a Q\¢-extension with maximal el-
ementary abelian subextension K(/a, v/b)/K and L/K(v/b) cyclic, b is a sum of nine
squares in K, and a and ab are both sums of ten squares in K.

EXAMPLE 4.5. The obstruction to the embedding problem given by L/K and the
extension

(13) 1—>u2—>C><JC:aD4—+1
—l—x? prie
is
(b,~1) = (b, ) € Br(K).
Therefore, the field K admits a C % C-extension, if and only if there exists quadratically
independent elements a, b € K*, such that

(a,ab) = (b,b) = 1.

This criterion is not surprising, since a Cx C-extension is the composite of a D4-extension
and a Z /4Z-extension.

EXAMPLE 4.6. The embedding problem given by L/K and the extension

(17) 1—pp — DAC— Dy — 1
— 1z X0
T

has the obstruction
(a,—1) = (a,a) € Br(X).

Hence, the field K admits a D A C-extension, if and only if there exists quadratically
independent elements a, b € K*, such that

(a,a)=(a,b)=1.

Again, a DA C-extension is the composite of a Ds-extension and a Z /4Z-extension, and
so the result is no surprise.

The groups C x C and D A C also have Z /4Z x Z /27 as an epimorphic images and
could be handled with Proposition 3.2. The results would be the same, however. It is also
possible to obtain the obstructions by using the considerations about inflations preceding
Example 4.1. This is the way it is done in [GS&S]. Again: The results are the same.

The criteria for the existence of Dg-, QDg- and Q)¢-extensions given above can be
found also in [Ki, Theorems 6-8], as well as in [GS&S] (without proofs).

REMARK. Using Corollary 2.5, Proposition 3.2 and Proposition 4.2, it is of course
possible to find criteria for the realisability of many other 2-groups beside those treated
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above. For instance, any group of order 32 having Z /47 x 7 /47,7 /47 x (Z/2Z),
(Z/22)* or Z/2Z x Dy as a factor. Of these, the case (Z/22)* is considered in [Sm].
Also, the map H*(Qs, j12) — Br(L/K), where L /K is a Qg-extension, is easily described,
since all elements in H?(Qs, p1) are inflations from H?(Z /2Z, j1,) via the different epi-
morphisms Qs —» Z /2Z. (In fact, it is not even necessary to know what a Os-extension
looks like. Only the biquadratic subextension is needed.) Hence, groups of order 32 hav-
ing Z /27 x Qy as a factor can be treated as well.

5. Automatic realisations. Let G| and G be finite groups. If any field K admitting
a G-extension also admits an G,-extension, we will write G; = G,. A statement G, =
G, is called an automatic realisation. For instance, it is well known (cf. [Wh] or [K&L])
thatZ /47 = 7 /2"Z foralln € N. And of course G = G /N whenever N<G. Also, since
any finite abelian group can be realised as a Galois group over a field C((X})) - - - (X))
admitting only abelian extension, no automatic realisation of the form 4 = G, where 4
is abelian and G is not, can be valid. And if the automatic realisation G; = G, is valid,
the minimum number of generators for G; is less than or equal to the minimum number
of generators for G,:

Let n be the minimum number of generators for G, and let L /K be a G;-extension.
Then there exists n elements o, ..., 0, in the absolute Galois group Gal(K) of K, such
that Gal(L /K) is generated by the restrictions of these elements to L. Let K’ be the fixed
field of oy,...,0, in the separable closure of K. Then the absolute Galois group of K’
is generated by n elements, and hence the Galois group of any Galois extension of K’ is
generated by n elements. Since K’ obviously admits a G-extension (namely LK’ /K’),
the existence of a G|-extension cannot imply the existence of a G,-extension, unless G
is generated by n elements.

These remarks concern only ‘general’ automatic realisations, in which the ground
field is an arbitrary field. If attention is restricted to fields with special properties, such
as Hilbertian fields or fields with a given level, further automatic realisations may be
valid. For instance: If —1 is a square in K, the obstructions to embedding a D4-extension
in Dg-, ODg- and Q)¢-extensions coincide, and so we get automatic realisations Dg <
ODg < Qje. In fact, an argument similar to the one preceding Proposition 4.2 shows
that in this case the obstructions to embedding a D;.-extension in Dy.+i-, QDymi- and
O,n2-extensions are equal for all n > 2, and 50 Dym1 ¢ ODprnt & Qpuna.

Several non-trivial automatic realisations are known, ¢f. [J1], [J2], [J&Y] and [Sm].
In this section, we will consider automatic realisations between groups of order 4, 8 and
16, using the criteria obtained in the previous sections. (Of course, these criteria work
only in characteristic # 2. But by a theorem of Witt, see [Wi, Satz p. 237] or [Ho, 2.2
and 3.1], automatic realisations between 2-groups in characteristic 2 depends only on the
minimum number of generators for the groups involved, and so the results below will
all be trivial. For the same reason, we will assume all fields to have characteristic # 2.)
Many of the results of this section can be found in [G&S] as well.
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PROPOSITION 5.1. QO = Cx Cforalln > 3.

PROOF. We write Qo = (x,y), where ' = 1,32 = x* " and yxy~' = x~!. Let
L/K be a Qy-extension. If n = 3 we have quadratically independent a,b € K*, such
that (a,ab) = (b, b), by the result in Section 3. If n > 3 we have a group extension

(18) 1— (*) — QO —Di— 1,

T

and hence quadratically independent a,b € K*, such that (a,ab) = 1, K(,/a, Vb)) CL
and L/ K(V/b) is cyclic. By the remark following Example 4.4, b is a sum of squares in
K. If b is a sum of two squares, (a,ab) = (b,b) = 1, and K admits a C X C-extension
by Example 4.5. If b is not a sum of two squares, there exists x,y,z € K, such that
¢ = x*+)? + 2% is not a sum of two squares. But then c and d = x +)? are quadratically
independent, and since (¢, cd) = (d,d) = 1, K admits a C X C-extension. [

For n = 3 this is [J1, Proposition 1.1].
From the trivial automatic realisations Cx C = Qs, CXC = Dgand CxC = 7 /4Z,
we get

COROLLARY 5.2. QO = Qg foralln > 4.

COROLLARY 5.3 [J&Y, THEOREM I11.3.6]. Qs = Da.

Of course, we get Op» = Dy for all n > 3, but for n > 3 this is trivial by (18).
COROLLARY 5.4. Oy = Z/4Z for alln > 3.

Also, we notice that the groups Qg and C x C are in a sense equivalent, as far as real-
isability is concerned: Any field admitting one of them as a Galois group automatically
admits the other as well.

As for the opposite implications: C X C = (> is not valid for n > 4, since the field
@5 of 3-adic numbers admits a C x C-extension, but no Dg- or Q;¢-extensions, and hence
no Oy--extension for n > 4. (If p is an odd prime, the field Q,, of p-adic numbers has only
four square classes, cf. [Se, Corollary p. 18], and so it is easy to check the existence or
non-existence of G-extensions, whenever G is one of the groups treated in the preceding
sections.) Since C X C ¢ Qg the implications Qs = Oy, n > 4, are not valid either.
The field R((X)) shows that D4 does not imply (O, for any n > 3. The implications
7 /41 = Q»» are obviously not valid, since Z /4Z can imply nothing but cyclic groups.

LEMMA 55. If2 ¢ (K *)2, the existence of a Dy-extension implies the existence of
an M¢-extension.

PROOF. Leta,b € K* be quadratically independent, such that (a,ab) = 1. If —1 and
2 are quadratically independent in K, K admits an M;¢-extension by Example 3.3. We
may therefore assume —1 and 2 to be quadratically dependent:

If —1 is asquare, (a,a) = 1. If 2a is a square as well, (@, 2b) = (a,ab) = 1. Otherwise,
2 and a are quadratically independent, and we can take ‘b = 2’: (a,2 - 2) = 1. In both
cases we get an M\ ¢-extension.
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If —2 is a square, —1 is a sum of two squares. We may assume that —1 is not a square,

and if we choose b’ € K*, such that a’ = —1 and b’ are quadratically independent, we
have (a’,a’) = 1 and (a’,2b") = (—1,2b") = (—1,x) for x = 2b'. Hence, we get an
M, ¢-extension. »

PROPOSITION 5.6. C % C = M.

PROOF. We have quadratically independenta, b € K*, such that (a,ab) = (b,b) = 1.
By Lemma 5.5 we may assume 2 to be a square in K. But then (b,b) = 1 and (b,2a) =
(b,a) = (a,a) = (—1, a), and we get an M¢-extension. u

COROLLARY 5.7. Oy = Mg foralln > 3.

As the field Qs shows, the opposite implications are not valid. In fact, @5 admits no
non-abelian group of order 8§ or 16, except M, as a Galois group.

PROPOSITION 5.8. Q16 = Ds.

PROOF. We have quadratically independent a,b € K*, such that (a,ab) = 1 and
(ab,2)(b,—1) = (—b,x) forsomex € K*. If —1 is a square in K*, the criteria for realising
Q16 and Dy are identical. We may therefore assume that —1 ¢ (K*)?. If 2 is a square,
any D4-extension can be embedded in a Dg-extension. Hence, we can assume 2 ¢ (K* ).
If —2 is a square: Let ' = ab. Then (a’,a’b) = (ab,a) = 1 and (a’b,2) = (a,2) =
(ab,2)(b,2) = (ab,2)(b,—1) = (—b,x), and we get a Dg-extension. If —1 and 2 are
quadratically independent, we get a Dg-extension by letting ‘a =2 and b = —1". =

The opposite implication is not valid, as the field R((X)) shows. In fact, R((X)) admits
only dihedral groups (including Z /27 and V) as Galois groups, and so the only implica-
tions Dg = G, where G is a group of order 2", n < 4, are the trivial ones. Similarly, the
only possible implications Dy = G, G as before, are the trivial ones and D4 = Dg. Since
Q3 admits a Dy-, but no Dg-extension, only the trivial implications are valid. However,
we do have

PROPOSITIONS.9. D4 = D3V M. (That is, any field admitting a D4-extension also
admits either a Dg- or an M\¢-extension.)

PROOF. We have quadratically independent a,b € K*, such that (a,ab) = 1, and
may assume 2 to be a square by Lemma 5.5. But then (2,ab) = 1, and we get a Dg-
extension. n

This result is an improvement of [J1, Theorem 1.7].
The implication Qg = Ds is not valid, as Q3 shows. The implications O = G,
G = Dg, DA Cor DC, n = 3,4, are not valid, as Q; shows.

PROPOSITION 5.10.  QODg = M.

PROOF. We have quadratically independent a,b € K*, such that (a,ab) = 1 and
(a,—2) = (—b,x) for some x € K*. By Lemma 5.5 we may assume 2 to be a square in
K: (a,—1) = (—b,x), and the quadratic form (—1, a, a) represents —b. This means that
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the quadratic form (—1, a,a, b) is isotropic, and by multiplying with a we get that the
quadratic form (1, 1, —a, ab) is isotropic. Hence, a(1 — b) € K* is a sum of two squares.
If a(1 — b) is a square, (a,a) = (a,b) = (1 — b,b) = 1 and (a,2b) = (a,b) = 1. If
a(l — b) and b are quadratically equivalent, we get

1= (a(l — b),a(1 — b)) = (a(l — b),b) = (a,b) = (a,a),

hence (a,a) = 1 and (a,2b) = 1. Otherwise, a’ = a(l — b) and b are quadratically
independent, (a',a’) = 1 and (a’,2b) = (a(1 — b),2b) = (a(1 — b),b) = (a,b) =
(a,a) = (—1,a). In all cases, we get an M|¢-extension. =

M6 = 7 /41 is trivial, and we get
COROLLARY 5.11.  ODg = 7 /47.

Corollaries 5.4 and 5.11 are both special cases of [J1, Corollary 1.3].

The implications QDg = G, G = Dg, Q16, DA C or DC, are not valid, as Q; shows. A
counterexample to the implications QDg = Qg and ODg = Cx C can be constructed as
follows: Let K be a subfield of R maximal with respect to not containing /2. The square
classes of K are then represented by +1, £2. In particular, —1 and 2 are quadratically
independent, so K admits a QDg-extension. But an easy calculation shows that K admits
no QOg-extensions.

Since K also admits an D A C-extension, but no Q;¢-extensions, we get a counter-
example to the implications DA C = Qg, DAC = Qi and DA C = C x Cas well.

PROPOSITION 5.12. DA C = M.

PROOF. We have quadratically independerit a,b € K*, such that (a,a) = (a,b) = 1,
and may again assume 2 to be a square: (a,a) = | and (a, 2b) = (a,b) = 1. Hence, we
get an M ¢-extension. n

The implication D A C = DC is obviously not valid, since DC is not generated by
two elements.

PROPOSITION 5.13. DC = D,.

PROOF. By the result in Section 3, we have quadratically independent elements
a,b,c € K*, such that (a, b) = (c, ¢). By [M&S, Proposition A.1] there exists anx € K*,
such that (a, bx) = (c, cx) = (ac,x) = 1. It follows that there exists quadratically inde-
pendent p, g € K*, such that (p,q) = 1, and hence that K admits a D4-extension. [

Let K be the pythagorean closure of the field R(X), i.e., the maximal totally positive
2-extension of R(X), ¢f. [Wa, Lemma 1.4]. Any ordering of R(X) can then be extended
to K, and since the signs of X and X — 1 in R(X) can be assigned arbitrarily, —1, X and
X — 1 are quadratically independent in K*. The quadratic forms (X, X, —1) and (X, X —
1, —X(X — 1)) are obviously equivalent, and so we have (X, X) = (X — 1, XX — 1)).
Hence, K admits a DC-extension. But X is pythagorean, admitting no Z /4Z-extensions.
It follows that the implications DC = G, G = Z/4Z, Qs, Qi6, ODs, M1, C % C and
D A C, are not valid.
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PROPOSITION 5.14. DA C = DgV DCand DAC = QDgV DC.

PROOF. We have quadratically independent elements a,b € K*, such that (a,a) =
(a,b) = 1.

If —1 and 2 are quadratically independent, we get Dg- and QDg-extensions by letting
a =2andd’ = —1.

If —1,2 ¢ (K*)?, —2 € (K*)*: Any Ds-extension can be embedded in a QDg-exten-
sion. If @ and 2 are quadratically independent, we get a Dg-extension by letting a’ = a
and b’ = 2, since (a'b’,2) = (2a,2) = (a,2) = (a,—1) = 1. Otherwise, a and 2 are
quadratically equivalent, and we get a Dg-extension, since (ab,2) = (2b,2) = (b,2) =
(—b,2).

If —1,2 € (K*)?, any D4-extension can be embedded in Dg- and QDg-extensions.

If —1 € (K*)?%, 2 ¢ (K*)?, a D4-extension can be embedded in a Dg-extension, if
and only if it can be embedded in a QDg-extension, and so we need only consider Dg:
If 2, a and b are quadratically independent, we get a DC-extension by letting ¢ = 2.
Otherwise, 2 is quadratically equivalent to a, b or ab: If 2 (?) a, (ab,2) = (ab,a) = 1. If

2 (:z)b’ (ab,2) = (ab, b) = (—b,ab). If2(~5ab, (ab,2) = (2,2) = 1. In all cases, we geta

Dg-extension. ]

The only nontrivial automatic realisations between the groups Z/4Z, Da, Os, Ds,
Oi6, ODg, My, C x C, D A C and DC not covered by the above results are DA C =
Dg, DAC = QDg and DC = Djg. It is clear from the proof of Proposition 5.14 that
the automatic realisations D A C = Dg and D A C = QDg are equivalent, and from
Proposition 5.14 itself that the automatic realisation DC = Dg would imply the other
two. However, the author has not succeeded in giving proofs or counterexamples of any
of these three realisations.
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