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Binary linear forms as sums of two squares

R. de la Breteche and T. D. Browning

ABSTRACT

We revisit recent work of Heath-Brown on the average order of the quantity
r(Ly(x))---r(L4(x)), for suitable binary linear forms L1, ..., Ly, as x = (z1,z2) ranges
over quite general regions in Z2. In addition to improving the error term in Heath-Brown’s
estimate, we generalise his result to cover a wider class of linear forms.

1. Introduction

Let Li,...,Ls € Z[z1,22] be binary linear forms, and let R C R? be any bounded region. This
paper is motivated by the question of determining conditions on L1, ..., L4 and R under which it
is possible to establish an asymptotic formula for the sum

S(X) = > r(La(x))r(Le(x)r(Ls(x))r(La(x)),

x=(z1,r2)EZ2NXR

as X — oo, where XR := {Xx : x € R}. The problem of determining an upper bound for S(X)
is substantially easier. In fact our recent investigation [BB06] into the average order of arithmetic
functions over the values of binary forms easily gives S(X) < X2, provided that no two of Ly,..., Ly
are proportional. In trying to establish an asymptotic formula for S(X) there is no real loss in
generality in restricting one’s attention to the corresponding sum in which one of the variables
x1,x2 is odd. For j € {*,0,1}, let us write S;(X) for the corresponding sum in which z; is odd and
r9 = j mod 2, where the case j = * means that no 2-adic restriction is placed on xs.

Our point of departure is work of Heath-Brown [HB03], which establishes an asymptotic formula
for S, (X) when Lq,..., Ly and R satisfy the following normalisation hypotheses:

i) Risan open, bounded and convex re iOIl, with a piecewise COHtiDUOUSI}/ differentiable bound-
g
ary;

(ii) no two of Lq,..., L4 are proportional;

(iii) L;(x) > 0 for all x € R; and

(iv) L;i(x) = z1 mod 4.

Here, as throughout our work, the index i denotes a generic element of the set {1,2,3,4}. We will
henceforth say that Lq,..., L4, R ‘satisfy NHg’ if these four conditions hold. The first three condi-
tions are all quite natural, and do not impose any serious constraint on L1, ..., L4, R. The fourth
condition is more problematic however, especially when it comes to applying the result in other

contexts. We will return to this issue shortly. For the moment we concern ourselves with presenting
a refinement of Heath-Brown’s result. It will be necessary to introduce some more notation first.
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For given Ly,..., L4, R, we will write

L :Loo(L17---7L4) ‘= Inax ”LZHJ (11)

1<i<4

where ||L;|| denotes the maximum modulus of the coefficients of L;, and

Too = T'oo(R) := sup max{|x1|, |x2|}. (1.2)
xXER
Furthermore, let
A . .
r=1(L1,...,L4,R) := }S(lelg max, |Li(x)]. (1.3)
Define the real number
1+ loglog 2
=1-— 1.4
U] g2 (1.4)
with numerical value 0.086071..., and let y be the non-principal character modulo 4 defined

multiplicatively by
+1, if p =1 mod 4,
x(p) =< =1, if p=3mod 4,
0, if p=2.

We are now ready to reveal our first result.

THEOREM 1. Assume that L1, ..., Ly, R satisfy NHg, and let € > 0. Suppose that ' X'=¢ > 1. Then

we have
LE roor' X2
_ 4 2 * o0’ 00
Sy (X) = 4" meas(R)X H o, + O<W>,
p>2
where
* X(p) ! - a+b+c+d a b ¢ dy—1
opi=(1-==) Y x(p P« (0% 1", 0%, p%) (1.5)
p a,b,c,d=0
and
pe(h) :=det{x € Z? : h; | L;y(x)} (1.6)

as a sublattice of Z2. Moreover, the product [] o, Is absolutely convergent.

The implied constant in this estimate is allowed to depend upon the choice of £, a convention
that we will adopt for all of the implied constants in this paper. It would be straightforward to
replace the term (log X)¢ by (loglog X)# in the error term, for some explicit value of A. For the
purposes of comparison, we note that [HB03, Theorem 1] consists of an asymptotic formula for
S, (X) with error

X2 (log log X)'5/4
OLl...,L4,R< (lOg X)n/2 >
Here there is an unspecified dependence on Ly, ..., Ly, R, and 7 is given by (1.4). Thus Theorem 1
is stronger than [HB03, Theorem 1] in two essential aspects. Firstly, we have been able to obtain
complete uniformity in L1, ..., L4, R in the error term, and secondly, our exponent of log X is almost
twice the size.

Our next result extends Theorem 1 to points running over vectors belonging to suitable sublat-
tices of Z2. The advantages of such a generalisation will be made clear shortly. For any D € N*,
we let

p=T(D;Ly,...,Ly) :={x €Z?: D; | Ly(x)}. (1.7)
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Then I'p C Z2 is an integer lattice of rank 2. Next, let d € N* and assume that d; | D;. In particular
it follows that 'p C Iq. Throughout this paper we will focus our attention on (d,D) € D, where
D:={(d,D) e N®:2+td;D;, d; | D;}. (1.8)
For j € {*,0,1} the goal is to establish an asymptotic formula for
L L L L
Si(X;d,Tp):= > v 1)), (B2 (EaB)) (Ealx)) (1.9)
d1 d2 d3 d4
xelpNXR
2tz
ro=j mod 2
It is clear that S;(X) = S;(X;(1,1,1,1),Z?) for each j € {,0,1}.
For given d € N* with odd components, let us say that L1, ..., Ly, R ‘satisfy NHg(d)’ if they
satisfy the conditions in NHg, but with (iv) replaced by
(iv)a Li(x) = d;z1 mod 4.
When d; = 1 mod 4 for each i, it is clear that (iv)q coincides with (iv). Let [a, b] denote the least
common multiple of any two positive integers a,b. The results that we obtain involve the quantity

. det F(([Dl,dlhl], ey [D4,d4h4]); Ll, PN ,L4)

h): 1.10
po(h) detT(D; Ly, ..., L) ’ (1.10)
which we will occasionally denote by pg(h;D; L1, ..., Ly). Specifically, we have local factors
4 [e'e}
X\P _
mpim (1K) ST a1 (111)

a,b,c,d=0

defined for any prime p > 2. In view of (1.5) and (1.6), we note that po(h) = p«(h) and o, = o},

when D; = 1, since then I'p = Z?. Bearing all this notation in mind, we have the following result.

THEOREM 2. Let (d,D) € D and assume that L1, ..., Ly, R satisfy NHo(d). Let € > 0 and suppose
that v’ X'=¢ > 1. Let j € {*,0,1}. Then we have

§;mt meas(R) DELE roor’ X2
(X;d,Mp) = L———2X? — oo =
5;(X:d.Tp) det'p Hap+0< (log X)n—= >’
p>2

where D := D1 Dy DsD, and

2, ifj=0,1

5 =47 IR0 (1.12)
4, ifj ==,

and Lo, Too, 7’ are given by (1.1), (1.2) and (1.3), respectively. Moreover, the product [[o, is
absolutely convergent.

Taking d; = D; = 1 and j = * in the statement of Theorem 2, we retrieve Theorem 1. In fact
the proof of Theorem 2 is a rather routine deduction from Theorem 1 and will be carried out in §6.

We now return to the normalisation conditions (i)—(iv)q that form the basis of Theorem 2. As
indicated above, one of the main motivations behind writing this paper has been to weaken these
conditions somewhat. In fact we will be able to replace condition (iv)q by either of

(iv')q the coefficients of Ls, L, are all non-zero and there exist integers k1, ko > 0 such that
27M ) (x) = dyzy(mod4), 27 Ly(x) = doxy(mod4),

or

(iv")q the coefficients of Ls, L4 are all non-zero and there exist integers k1, ko > 0 such that

27M 1 (x) = dyzy(mod4), 2772 Ls(x) = x5(mod4).
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Accordingly, we will say that Lq,..., Ly, R ‘satisfy NHy(d)’ if they satisfy conditions (i)—(iii) and
(iv')a, and we will say that Li,...,Ls, R ‘satisfy NHa(d)’ if together with (i)—(iii) they satisfy
condition (iv”)q. The condition that none of the coefficients of Ls, L are zero is equivalent to the
statement that neither L3 nor L, is proportional to z; or zo. Condition (ii) ensures that no two of
Lq,..., L4 are proportional, and so if Lg or Ly is proportional to one of x1 or x5, then there are at
least two forms among L1, ..., L4 that are not proportional to x1 or x9. After a possible relabelling,
therefore, one may always assume that the coefficients of Ls, L4 are non-zero.

The asymptotic formula that we obtain under these new hypotheses is more complicated than
Theorem 2, and intimately depends on the coefficients of Ls, L4. Suppose that

L3(x) = asw1 + bsxa, L4(x) = asx1 + baxa, (1.13)

(2 1)
ag by
for the associated matrix. In particular for Ly, ..., L4 satisfying any of the normalisation conditions
above, we may assume that A is an integer-valued matrix with non-zero determinant and non-zero
entries.
Let (j,k) € {*,0,1} x {0,1,2}. We proceed to introduce a quantity J;x(A,d) € R, which will
correspond to the 2-adic density of vectors x € Z? with 21 = 1 mod 4 and x5 = j mod 2, for which
the corresponding summand in (1.9) is non-zero for Lq,..., Ly, R satisfying NHy(d). Let

E, ={x€Z/2"Z: v e Ly, 27"z =1 mod 4}, (1.14)

and write

for any n € N. Then we may set

1 21 =1 mod4
Sjk(A,d) == lim ———#{x € (Z/2"Z)* 123 =jmod 2 ;. (1.15)
- LZ(X) e d; By

This limit plainly always exists and is contained in the interval [0,4]. It will ease notation if we
simply write §;1(A) for ¢;4(A,d) in all that follows. We will calculate this quantity explicitly
in §3. We are now ready to reveal our main result.

THEOREM 3. Let (d,D) € D and assume that Ly, ..., Ly, R satisfy NH(d) for k € {0,1,2}. Let
e > 0 and suppose that 7' X17¢ > 1. Let j € {*,0,1}. Then we have

DFLE roor’ X2

S(X:dTlp)=cX2+0 20> &

o) = o+ 0 ST )

where

7T Ineas
=5 p(A)—2
¢ Lk( det FD H P

It is rather trivial to check that §;0(A) = §;, in the notation of (1.12). Hence the statement of
Theorem 3 reduces to Theorem 2 when & = 0. The proof of Theorem 3 for k = 1,2 uses Theorem 2 as
a crucial ingredient, but it will be significantly more complicated than the corresponding deduction of
Theorem 2 from Theorem 1. This will be carried out in § 7. The underlying idea is to find appropriate
linear transformations that take the relevant linear forms into forms that satisfy the normalisation
conditions (i)—(iv)q, thereby bringing the problem in line for an application of Theorem 2. In
practice, the choice of transformation depends closely upon the coefficients of Ls, L4, and a careful
case-by-case analysis is necessary.

While interesting in its own right, the study of sums like (1.9) is also related to problems involving
the distribution of integer and rational points on algebraic varieties. In fact estimating S;(X;d,'p)
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boils down to counting integer points on the affine variety
Li(x1,29) = di(s? +12), 1<i<4, (1.16)

in A9 with 21, x5 restricted in some way. Viewed in this light it might be expected that the constant
c in Theorem 3 admits an interpretation as a product of local densities. Our next goal is to show
that this is indeed the case.

Let A € Z‘;O and let p € Zéo- Given any prime p > 2, let

Li(x1,22) = p(s] + t7) mod pn}
N o (p7) = ,8,t) € (Z/p"z)0: N Y ’
Au(P™) #{(X s,t) € (Z/p"Z) pt | Li(xy, x2)

and define
wap(p) = lim p "M MY (7). (1.17)

n—oo
This corresponds to the p-adic density on a variety of the form (1.16), in which the points are
restricted to lie on a certain sublattice of Z/p™Z.

Turning to the case p = 2, let
Li(z1,72) = d;i(s? + t?) mod 2"
. ny . n7\10 |, Hi\L1, L2 i\9; i
Njk.al2"): #{(X’S’t) €(Z/22)": 21 = 1mod 4, 2o = j mod 2 ’

for any (j,k) € {,0,1} x {0,1,2} and any d € N* such that 2 { d; - --dy. Here the subscript k
indicates that Lq,...,Ls, R are assumed to satisfy NHg(d). The corresponding 2-adic density is
given by

wjrd(2) == lim 277N, 4(2"). (1.18)

n—oo

Finally, we let wg (00) denote the archimedean density of solutions to the system of equations (1.16),
for which (x,s,t) € R x R8. We will establish the following result in § 2.

THEOREM 4. We have
¢ =wr(00)wjka(2) [ wrnd)
p>2
in the statement of Theorem 3, with

A= (pld1)s- . 0p(de), 1= (p(D1)s...,vp(Dy)).

It turns out that the system of equations in (1.16) play the role of descent varieties for the pair

of equations

Ly(xy,x0) Lo(x1, 20) = 23 + 23,  La(x1,x2)La(21,20) = 22 + 22,

for binary linear forms Lq,..., L4 defined over Z. This defines a geometrically integral threefold
V C P°, and it is natural to try and estimate the number N(X) of rational points on V with height
at most X, as X — oo. In fact there is a very precise conjecture due to Manin [FMT89] that relates
the growth of N(X) to the intrinsic geometry of V. It is easily checked that V' is a singular variety
with finite singular locus consisting of double points. If V denotes the minimal desingularisation of
V', then the Picard group of V has rank 1. Moreover, Ki; +2H is effective, where K7 is a canonical
divisor and H is a hyperplane section. Thus Manin’s conjecture predicts the asymptotic behaviour
N(X) =cyX?%(1 +0(1)), as X — oo, for a suitable constant cy > 0.

Building on his investigation [HB03, Theorem 1] into the sum S, (X) defined above, Heath-Brown
provides considerable evidence for this conjecture when L1, ..., L4, R satisfy a certain normalisation
hypothesis, which he labels NC2. This coincides with the conditions (i)—(iii) in NHg, but with (iv)
replaced by the condition that

Ly(x) = La(x) = vzi(mod4), L3(x) = Ly(x) = v'z1(mod4),
1379
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for appropriate v,/ = +1. The outcome of Heath-Brown’s investigation is [HB03, Theorem 2].
Under NC2 this establishes the existence of a constant ¢ > 0 and a function E(X) = o(X?),
such that

Y (L) La(x)r(Ls(x) La(x)) = eX? + O(E(X)). (1.19)

x€Z2NXR
z1=1 mod 2

The explicit value of ¢ is rather complicated to state and will not be given here. One of the features
of Heath-Brown’s proof is that it does not lead to an explicit error function F(X). An examination
of the proof reveals that this can be traced back to an argument involving dominated convergence in
the proof of [HB03, Lemma 6.1], thereby allowing Heath-Brown to employ [HB03, Theorem 1], which
is not uniform in any of the relevant parameters. Rather than using [HB03, Theorem 1] to estimate
the sums S(d, d’) that occur in his analysis, however, it is possible to employ our Theorem 2. The
advantage in doing so is that the corresponding error term is completely uniform in the parameters
d,d’, thus circumventing the need for the argument involving dominated convergence. Rather than
labouring the details, we will content ourselves with merely recording the outcome of this observation
here.

COROLLARY. One has E(X) = X?(log X)~"/3*¢ in (1.19), for any ¢ > 0.

In addition to the threefold V C P defined above, it transpires that the estimates in this
paper can play an important role in analysing the arithmetic of other rational varieties. Indeed, one
of the motivating factors behind writing this paper has been to prepare the way for a verification of
the Manin conjecture for certain surfaces of the shape

2 2 2
rixe = x5, w3(axy + bxe + cxs) = x3 + w5,

in forthcoming joint work with Emmanuel Peyre. These equations define singular del Pezzo surfaces
of degree 4 in P4, of the type first considered by Iskovskikh. These are arguably the most inter-
esting examples of singular quartic del Pezzo surfaces since they are the only ones for which weak
approximation may fail. On solving the first equation in integers, and substituting into the second
equation, one is led to consider the family of equations

R y1y2(ayi + bys + cyrye) = s + 12,

for A running over a suitable range. Studying the distribution of integer solutions to this system of
equations therefore amounts to estimating sums of the shape

> r(hPyiya(ay? + bys + eyiyn)),
Y1,Y2

uniformly in h. By choosing a,b,c such that ¢ — 4ab is a square, one can show that this sum is
related to sums of the sort (1.9), but for which Heath-Brown’s original normalisation conditions in
NHy are no longer met. Thus we have found it desirable to generalise the work of [HB03] to the
extent enjoyed in the present paper.

As a final remark we note that further generalisations of our main results seem entirely feasible.
For example, one ought to be able to extend the work to deal with analogues of (1.9) in which
r is replaced by an ra-function that counts representations as norms of elements belonging to an
arbitrary imaginary quadratic field of discriminant A.

Notation. Throughout our work N will denote the set of positive integers. Moreover, we will
follow common practice and allow the arbitrary small parameter € > 0 to take different values at
different parts of the argument. All order constants are allowed to depend on ¢.
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2. Interpretation of the constant

Our task in this section is to establish Theorem 4. We begin with some preliminary facts. Let A € Z
and let o € Zx(. For any prime power p", we write

Sal(A;p") := #{(z,y) € (Z/p"Z)* : p*(z* + y*) = Amod p"}. (2.1)
If @ < n then it is not hard to see that
Sa(A;p™) = p**So(A/p™; p" ), (2.2)

when a < vp(A) and S, (A;p™) = 0 otherwise. In the case o = 0 we have
p" +np™(1l—1/p), if v,(A) > n,
(L4 vp(A))p" (1 =1/p), if vp(A4) <n,

when p = 1 mod 4. This formula has been employed by Heath-Brown [HB03, § 8] in a similar context.
When p = 3 mod 4, he notes that

So(A;p") = { (2.3)

p2n/2], if v,(A) > n,
So(A;p"™) = ¢ p"(1+1/p), ifvp(A) <nand 2| vy(A), (2.4)
0, if v,(A) <n and 21 v,(A).

Finally, when p = 2 and n > 2, we have
So(A;2") = {

ontl if 972(A) 4 =1 mod 4,

| (2.5)
0, otherwise.

Note that Heath-Brown states this formula only for odd A that are congruent to 1 modulo 4,
but the general case is easily checked. Indeed, if v = 15(A), then one notes that 2 | ged(x,y) in
the definition of Sy(A;2") if v > 2, and 2 { zy if v = 1. In the former case one therefore has
So(A;2™) = 45y(A/4;2"2), and in the latter case one finds that Sp(A;27) = 2"+,

Let Ly,...,L4 € Z[z1,x2] be arbitrary linear forms, and recall the definition (1.6) of the deter-
minant p,(h). It follows from the multiplicativity of p, that

1
detFD HUp - HCp
p>2

p>2

in the statement of Theorem 3, with

_ x(p) X(p)m
Cp = <1 - D > Z>:O s (pmax{yp(Dl),yp(dl)-i-nl}’ . 7pmaX{VP(D4)7Vp(d4)+n4}) .

We claim that

Cp = WA,u(p)v (2'6)
for each p > 2, where wy ,(p) is given by (1.17) and the values of A, v are as in the statement
of Theorem 4. The proof of this claim will be in two steps: the case p = 1 mod 4 and the case
p =3 mod 4.

LEMMA 1. Let p =1 mod 4 be a prime. Then (2.6) holds.
Proof. Let A € Z, and let p =1 mod 4 be a prime. On combining (2.3) with (2.2) it follows that
Sa(A;p") = (1+ vp(A4) — a)p"™(1 = 1/p),

provided that o < v,(A) < n. Our plan will be to fix p-adic valuations v; of L;(x), and then to use
this formula to count the resulting number of s, t € (Z/p"Z)* in Ny ,(p"). Note that we must have

V; = Mz = max{)\i,,ui}.
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It follows that

Nx,y(p")=p4n+’\l+"'+’\4< - > S M) T (4 v M)+ 0™,

vi > M; 1<i<4

where M, (p™) counts the number of x mod p" such that p*¢ | L;(x) and v,(Li(x)) = v;. But then

My(p) = 30 (1) xmod pt s ettt | Lix)}
ec{0,1}*
= Z (—1)ertteadtiy mod p™ : pVite | Li(x)}
ec{0,1}*
(_1)61+--~+64

2n
=p Z v1+e1 vateq )’
ecionys P P

Making the change of variables n, = v; + ¢; — \;, and noting that v; +¢; > M; + e¢; > M;, we
therefore deduce that

1\* _
o) = (1-1) 5 g

n;>M;—\;
X > (—petetes T (14 ni — e).
Now it is clear that
1 if A -M>1,
> <—1>€<1+n—e>={’ maTn
0<e<min{1,\+n—M} L+ M—-A ifA+n—-M=0.

Since 1 + M — A = #Z N[0, M — )], a little thought reveals that

wA#(p) <1 - _> Z /0 max{M1,>x1+n1} - ’pmax{M4,)\4+n4})_1

n; >0

4
(1 - 1) D pe(prextmAvimd o pmaxduAvtnad) =L

n; >0

This completes the proof of the lemma. O
LEMMA 2. Let p =3 mod 4 be a prime. Then (2.6) holds.

Proof. Let o € Z>p and A € Z, and recall the definition (2.1) of S, (A4;p™). Combining (2.4) with
(2.2), and arguing precisely as in the proof of Lemma 1, we conclude that

61+ +eq
6n+A1+-+A 4
Nau(p") =ptit= 4< > > > u1+e1 e +O0(n*p™).
V"L?K eG{O 1}4 ’
VZ 1

Making the change of variables n; = v; + ¢; — A;, it follows that

1 4
wk,u(p) = <1 + 5) Z p*(pAl"rTLl’ o ’pA4+n4)—1 Z (_1)314_...4_84‘

n; =>M;—\; OSeiSmin{l,)\i—i-ni—Mi}
e;=n; mod 2
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This time we find that the summand can be expressed in terms of

(=", ifA+n—M>1,
> (-1)¢ =<1, if \+n—M=0and 2| M — ),
0<e<min{l A +n—M} 0, if \+n—M=0and2fM — A

e=n mod 2
Since Y gcpcpr—x(—1)" is equal to 1 if M — A is even, and 0 otherwise, we conclude that

(_1)n1+---+n4

1 4
w>\7”(p) - <1 T 5) z>:0 oy (pmax{uh)\l-i-nl}, o ,pmax{u4,)\4+n4})'
ngz

This completes the proof of the lemma. O

We now turn to the 2-adic density, for which we claim that
9jk(A) = wjka(2), (2.7)

where 6; ;,(A) is given by (1.15) and w; ;. qa(2) is given by (1.18). On recalling the definition (1.14)
of E,, it follows from (2.5) that

Li(x) € d;E
. ny _9dn+4 nry . 1n
Njra(2") =2 #{XEZ/Z Z'xlzlmod 4, x9 = j mod 2}'
But then
T 1 ney LZ'(X) e d;F,
Wika(2) = nh_)ngo 22”—4#{x €Z/2°L: 1 =1mod4, 2o =jmod?2|[’

which is just d;,(A). This completes the proof of (2.7).

Finally we turn to the archimedean density wg(c0) of points on the variety (1.16) for which
x € R. We claim that
wr(00) = 7' meas(R). (2.8)
Our assumptions on Ly, ..., Ly, R imply that L;(x) > 0 for all x € R. To begin with, it is clear that
wr(00) = 28wk (00),
where w(00) is defined as for wg(co), but with the additional constraint that s;,¢; > 0. We will
calculate w;i(oo) by parametrising the points via the ¢;, using the Leray form. In this setting the
Leray form is given by

(24t1t2t3t4)_1 dsy -+ - dsy daq das.

On making the substitution ¢; = y/d; Li(x) — s?, and noting that

we therefore conclude that

w1

= 1 meas(R),

as required for (2.8).
Bringing together (2.6), (2.7) and (2.8), we easily deduce the statement of Theorem 4.
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3. The 2-adic densities

In this section we explicitly calculate the value of the 2-adic densities d;1(A) = d; (A, d) in (1.15).
In effect this will simplify the process of deducing Theorem 3. Let Ly, ..., Ly € Z[x1, z3] be arbitrary
linear forms that satisfy any of the normalisation conditions from the introduction, with L3, L4 given
by (1.13). In particular, it is clear that there exist integers ks, k4 > 0 such that

27k [3(x) = 2" ahwy + 2%3b5we, 27 L4(x) = 2Malxy 4 274 b, (3.1)

for integers a;, b} such that

azaybsb(azby — ajby) #0, 21 azajbsby, (3.2)

and integers p;,v; = 0 such that
3y = pavy = 0. (3.3)
We are now ready to proceed with the calculation of d;;(A), whose value will depend intimately on

J, k, d and the values of the coefficients in (3.1). The calculations in this section are routine and so
we will be brief. In fact we will meet these calculations again in §7 under a slightly different guise.

Recall the definition (1.14) of E,, for any n € N, and the definition (1.15) of §;x(A), for

Ly,..., L4, R satisfying NHg(d). When k& = 0, it easily follows from our normalisation conditions
that L;(x) € d;E,, for any integer vector x such that z; = 1 mod 4. Hence
dj0(A) =45, (3.4)

in the notation of (1.12).
Let us now suppose that j = k = 1. Then clearly

1

L ne 1 =1mod4, 21z
O11(A) = lim 22n—4#{x € @/2L)  La(x), daLa(x) € Bn |’ (3:5)
It follows from (3.3) that at most two of us, p4, V3, 74 can be non-zero. An easy calculation shows
that
1, if bhds — 2¥3 = blydy — 24 mod 4,
11(A) = - o (3.6)
0, otherwise,
when v3 = v4 = 0 and ps, g > 1. Similarly, we deduce that
2, ifa=d; — 2% mod 4 for j = 3,4,
bra(A) =4 T =TSO R (3.7)
0, otherwise,

when pg = py = 0 and vs,v4 > 1. Let j1, jo denote distinct elements from the set {3,4}. Then it
follows from (3.5) that
1, if aj =dj, — 2" mod 4,

. (3.8)
0, otherwise,

01(A) = {

when pj, = vj, = 0 and p;,, v > 1. Still with the notation {ji,j2} = {3,4}, a simple calculation
reveals that

1, if a;2 = dj, — 22 mod 4,

. (3.9)
0, otherwise,

d1(A) = {

when pu3 = py = v;, = 0 and vj, > 1. In performing this calculation it is necessary to calculate
the contribution to the right-hand side of (3.5) for fixed values of n and fixed 2-adic valuation & of
asx) + bxs, before then summing over all possible values of £ > 1. In a similar fashion, one finds

d1(A) =1/2, (3.10)
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when v3 = v4 = pj; = 0 and pj, > 1. It remains to handle the case in which all the p;, v; are zero.
For this we set

v = vo(asb — aybl), (3.11)
which must be a positive integer, since a;, b;» are all odd. Thus we have
1/2, ifv=1,
011(A) =41-3/2%, if v >2 and bhyds = byds mod 4, (3.12)
3/2Y, if v > 2 and bids = —bjdy mod 4,

when pg = gy =v3 =1y = 0.

When j # 1 and k # 0, we will find it convenient to phrase our formulae for §;;(A) in terms of
01 k(A). We claim that

. 01 (AM 61 (AM
fos(a) =3 kAN s () =y DelAM) (3.13)
=1 £=0

when k£ =1 or 2, where

M, = (é 205> . (3.14)

Here the formula for dg (A) is not hard to establish, and follows on extracting the 2-adic valuation
of 3 in (1.15). The formula for ¢, ;(A) follows on noting that d, ;(A) = dox(A) + 61 x(A). Finally,
we express 012(A) in terms of 0, 1(A) via the transformation

10
M, g, = <%+ I 4>, (3.15)

where k = +1 denotes the residue modulo 4 of dy, and ¢ € {0,1,2} is any parameter we care to
choose. It is not hard to see that

5.1(AM,
i o(A) = 2 (AMeas) . ), (3.16)

using the fact that 1 = 1 mod 4 and x5 = do mod 4.

4. Proof of Theorem 1

Our proof follows that given by Heath-Brown for [HB03, Theorem 1], but with extra care taken to
keep track of the error term’s dependence on L1, ..., L, and R. Our improvement in the exponent
of log X will emerge through a modification of the final stages of the argument.

Let XRy := {x € Z’N XR : 1 = 1 mod 4}, and for given d € N* let R(d) C R denote a
convex region depending on d. We write XR4(d) for the set {x € Z2 N XR(d) : z1 = 1 mod 4}.

The first step of the argument involves modifying the ‘level of distribution’ result that is employed
by Heath-Brown [HB03, Lemma 2.1].

LEMMA 3. Let X > 1 and QQ1,Q)2, Q3, Q4 = 2. Write Q = max; (); and V = Q1Q2Q3Q4. Then there
is an absolute constant A > 0 such that

2
3 fr(ran xRy - PRI o e X (2105 @)1+ Q) 4V
4detlg
denN*
d; <Q;
2%d;
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Proof. We appeal to work of Daniel [Dan99, Lemma 3.2]. This gives

meas(R(d))X? X
_ DA e r 24, 4.1
4det Ty <7 |v] + (41)

for some vector v € ['gq with coprime coordinates, such that

lv| < (det Tq)"? < (didadsdy)? < V2,

#(Fa N XR4(d))

The contribution from the second term in (4.1) is clearly O(V'). To complete the proof of the lemma
it will suffice to show that

> o < L7 00Q) + Q) (4.2)

denN?
d;<Q;

for some absolute constant A > 0.

Let o1 denote the contribution from the case in which Ly (v)--- Ly(v) # 0, and let oy denote
the remaining contribution. We then have

1
o< Y N S 1< L r(F(v)),
|v|<Vi/2 éiilgl
Li(v)#0 |1 (%)

where 7 is the divisor function and F' is a primitive binary form that is proportional to Ly --- L4. A
simple application of [BB06, Corollary 1] now reveals that there exists a constant A > 0 such that

Z 7(F(v)) < LE_z*(log ).

lvi<z
We therefore obtain the estimate o7 < L5 V/?(log @)4, on carrying out a dyadic summation for
the range of v, which is satisfactory for (4.2).

Turning to a bound for o9, we suppose that ig € {1,2,3,4} is an index for which L; (v) =
aj,v1 + bj;va = 0. Since ged(vy,v2) = 1, we have vy | b, and vy | ay. If j # io, then L;(v) # 0
because L;, and L; are not proportional. Moreover, we have |L;(v)| < 2L2 and the number of
possible values of L;j(v) is bounded by O(L%,). Since d; | L;j(v), the number of available d; is
O(L%,), whereas the number of d;, is bounded by @;, < Q. Thus it follows that oy < L5 (@), which
therefore completes the proof of (4.2). O

Recall the definition (1.3) of 7/ = r/(L1,..., L4, R). It will be convenient to set
X' =7rX
in what follows, and to assume that ' X'~¢ > 1. In particular this ensures that log X’ > log X.

Our next task is to establish a uniform version of [HB03, Lemma 3.1]. The reader is recommended
to consult [HBO3] for full details of the ensuing argument, since we will only stress those parts where
modification is needed. When 0 < m < X’ and m = 1 mod 4, we may write

rm)=4 3 x(@+4 3 x(e) = 44, (m) +44_(m),

dlm elm
d<x1/? m>eX'/?

say, as in [HB03]. This will be employed with m = L;(x) for 1 < ¢ < 3. The conditions L;(x) =
v1 mod 4 and v1 = 1 mod 4 yield m = 1 mod 4. In a similar fashion, we may write

r(m) =4B4(m) +4C(m) + 4B_(m),
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under the same hypotheses on m, with

Bi(m):= 3 x(d), Cm):== S x(d), B_(m)== > «xle).

dlm dlm e|lm
<y Y<d<X'/Y m>eX']Y

Here 1 <Y < X/ 1/2 is a parameter to be chosen in due course. This formula will be used with m =
L4(x). The variable e in A_(L;(x)) and B_(L4(x)) will satisfy e < X" and e < Y, respectively.
On writing
Sitaxi= »  Ar(Li(x)Ax(La(x))Ax(Ls(x))Bx(La(x)),
x€XR4q
we obtain
S.(X) =4Sy +4* Z S+ 4+ +,
which is the analogue of [HB03, Equation (3.4)]. Let us consider the sum Sy . _ _, the other 15
sums being handled similarly. Write Q1 = Q2 = Q3 = X’ 172 and Q4 =Y. Then

Stgm = Y X(didydsds)#(Tqa N XR4(d)),

deN?t
d;<Q;

where R(d) := {x € R : L3(x) > ds X2, Ly(x) > dsX'/Y}. An application of Lemma 3 therefore
implies that

meas(R(d))X?
= _ T 4.
St = >, X(didadsdy) Tdet Ty +O(T), (4.3)
den*
4;<Q;

with

T = L ro X X3/ Y 12(10g X')A + X7y
and A > 2. Choosing Y = X’l/z/(log X")24%2 we obtain
L roor’ X2 " X?

T .
< log X' - (log X")2A+2

We claim that it is possible to take
LE_roor’ X2
T == 4.4
€ X (4.4)
n (4.3). When ' < 7o (log X")2A+1 this is trivial, since the assumption 7 X17¢ > 1 yields log X' >
log X. Suppose now that r’ > ro(log X’)24%1 > 7 (log X)?4*1. Then on returning to the original
definition of Sy 4+ + 1, it follows from an easy application of [BB06, Corollary 1] that

Siq < Y 7 (x)L3(x)La(x)) < LE.r2 X?(log X)* < LE roor’ X2 (log X )3~24,
xEX R4
Thus we may certainly take (4.4) in (4.3) in this case too.

Although we will omit the details here, it is easy to modify the argument of [HB03] to deduce
that the main term in (4.3) is

74 meas(R)

5 HO. +O Ls r T,/X79/40+6)

p>2

and similarly for all the S4 + 4 +. Bringing all of this together we have therefore established the
following result.
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LEMMA 4. Assume that v’ X17¢ > 1. Then we have

LE roor' X2
— 4 2 * col'oco
S (X) = 47" meas(R) X p|>|2 o, +450 + O(W»

where

So = Y r(Li())r(L2(x))r(Ls(x)C(La(x)).

xEX R4

To conclude our treatment of S.(X) we must estimate Sp. Let
B:={meZ:3d|m,Y <d<X'/)Y}N{meZ:3x € XRy, Lsy(x) =m}.
Then as in [HB03], we write
So < Y So(m)|C(m)], (4.5)

meB
where

So(m) =Y r(Li(x)r(L2(x))r(Ls(x))
xeA(m)
and A(m) := {x € XRy : Ly(x) = m}. We proceed to establish the following estimate.

LEMMA 5. There exists an absolute constant ¢y > 0 such that
So(m) < L5 re0 X (log log X')0.

Proof. We begin by recalling the notation used in [HB03], with only very minor modifications.
Suppose that L;(x) = a;x1 + bjxs with a; = 1 mod 4 and b; = 0 mod 4. Then we have x; =
(m — byxe)/ay and

21
with A; = a;, n = x5 and B; = a4b; — a;b4. 1t is crucial to observe that By B Bs # 0 since none of
L1, Ly, L3 are proportional to Ly. We will use the inequality r(L;(m,n)) < r(as(Aim + B;n)). Note
that
as(A;m + Bin) = a4 ged(A;m, B;)(AL(m) + Bin)
with B! := B;/gcd(A;m, B;) and Al(m) = A;m/ ged(A;m, B;). In particular these coefficients are
coprime. Write
H = aiBlBng H |aibj — ajb2-|,

1<i5<3

and introduce the multiplicative function r1, given by

) v+1, ifp| H,
T =
ey r(p¥), otherwise.

Then we have
3

r(L1(x))r(La(x))r(Ls(x)) < r(af)r(BiBaBs) | [ r1(4i(m) + Bin)
i=1
< LE,r1(Gm(n)),

where G, (X) := [[>_, (A} (m) + B/X) is a primitive cubic polynomial with coefficients bounded in
size by O(LS,).
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Bringing all of this together we have so far shown that
So(m) < L, Z r1(Gm(n)).
N<roo X

Arguing as in [HB03, §4] to handle the possible fixed prime divisors of G,,, it now follows from
[BB06, Theorem 2] that there exists an absolute constant ¢y > 0 such that

So(m) < L reo X (loglogm)® < LE 700 X (log log X'),
since visibly Sp(m) = 0 unless m < r’X = X’. This completes the proof of the lemma. O

It remains to consider the sum ) _s|C(m)| in (4.5). It is precisely at this point that our
argument diverges from the proof of Heath-Brown. Define the function

Q(A) :==Alog A — A+ 1. (4.6)
Then we have

max min{Q(}),2Q(1/2)} = Q(1/log2) = 2Q(1/(2log 2)) = n,

AE(1,2)

where 7 is given by (1.4). With this in mind, we have the following result.

LEMMA 6. We have
' X (log log X')9/4

meB

In view of the fact that |C'(m)| > 1 for any m such that C(m) # 0, we deduce from [HT98,
Theorem 21(ii)] that one cannot hope to do much better than this estimate, since up to multiplication
by powers of loglog X’ it is the true order of magnitude of the set B.

Proof of Lemma 6. Define the sum
o(Xi0) = 3 |Cm)Pom,
1<m<X/
for any real number v € [0, 1], where ©(m) denotes the total number of prime factors of m. A crucial
ingredient in the proof of Lemma 6 will be the estimate
o(X';v) < X'(loglog X')3(log Y)*~2. (4.7)

This coincides with the estimate obtained by Heath-Brown in [HB03, § 5] when v = 1. To establish
(4.7) we begin by expanding |C(m)|? and drawing out the highest common factor of the variables
involved. This gives

Cm)P=> x> xtk) Y x(ka).

h|m kilm/h ka|m/hky
Y <hki<X')Y Y <hka<X')Y
ged(k1,k2)=1

Once substituted into o(X';v), let us write o for the overall contribution from h < Y and o9
for the contribution from the remaining h. Note that we must have Y < h < X'/Y in o9, since
h < hky < X'/Y. Write Z := X'/Y. Then we have

o = Z X(hQ)UQ(h) Z X(kl),uﬂ(kl) Z UQ(n) ZX(k2)UQ(k2)’
ko

h<Y Y/h<ki<Z/h n<Z/ki

where the final summation is over integers ko such that ged(ki,k2) =1 and Y/h < ke < min{Z/h,
X'/hkin}. Here the inequality n < Z/k; follows from the two inequalities n < X'/hkiks
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and hky > Y. We will need the basic estimates

Z oM < z(log 22)V (4.8)
n<e
and
Z Y (ko) v F2) < 7 (k1 )x exp{—3+/log 2z}, (4.9)

ko<Lx
ged(k1,k2)=1

for any v € [0,1]. When k; = 1 the latter bound follows from the fact that the corresponding
Dirichlet series can be embedded holomorphically into a zero-free region for L(s,x). The general
case then follows from an application of Md&bius inversion.

For fixed values of h and ki, (4.9) and (4.8) imply that the overall contribution to ¢; from
n < X//Zk‘l is

< T(k}i)zexp{—?n/logQY/h} Z oS

n<X'/Zk
7(k) X’ 2 /3y o1
Ty (log(2max{1,hY "/ X"}))" " exp{—3+/log 2Y/h}.

Here we have used the fact that X'/Zky; > hX'/Z? = hY?/X', since ki < Z/h. Next, on breaking
the interval into dyadic intervals we deduce from (4.8) that

> L)

Y/k1<n<Z/ky

<

v
< log(X'/Y?) max
H>hY/Z H<§;2 -

< log(X'/Y?)(log(2max{1,hY?/X'}))" "}

for v € [0,1]. For fixed values of h and kj, it therefore follows from (4.9) that the contribution from
n>X'/Zky is

k)X’ Q(n)
< T(h;{;) exp{—3+/log 2Y/h} Z v
! Y/k1<n<Z/k:
T(kl)X/ 12 2
< oy og(X'/Y*) (log(2max{1,hY?/X'}))" ! exp{—3+/log 2Y/h}.
1

Combining these estimates with partial summation, we therefore deduce that

pUR)
o1 < X'(loglog X”) Z( - (log(Z/h))*(log(2 max{1,hY?/X'}))*~1
ALY

x exp{—3+/log 2Y/h}>
< X'(loglog X')?(log V)2V 72,
which is satisfactory for (4.7).

To bound o9, we estimate trivially the sum over ko as min{Z/h, X' /hkin}. Arguing as above,
it follows that

Q(h) log V)v—1
02 < X'log(X'/Y?) Y C — > %
Y <h<Z k1 <Z/h !

< X'(loglog X')?(log V)22,
This therefore completes the proof of (4.7).
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The rest of the argument is inspired by the proof of [HT98, Theorem 21(ii)]. We define the set
of primes E := {p prime : 2 < p < Y}, and introduce the quantities

Q(m, E) := Z v, E(z) == Z %,

pIm p<z
peEE pel

for any m € N and any x > 0. We will make use of the well-known bound (cf. [HT98, Exercise 04])

X

<az:Qm, E) > \E , 4.10
where @ is given by (4.6), and which is valid for any A € [1,2]. We observe that
dolem)l< > | > x), (4.11)
meB 1<m<LX" dlm
Y <d<Z
where
x'/? X' 1/2
V=—"" Z="=X"(log X"
(1Og X/)2A+2’ Y ( o8 )

We will break the sum over m into three parts.

Let By denote the set of positive integers m < X’ such that
Q(m, E) < B(X")/log?2,
let By denote the corresponding set for which
E(X")/1log2 < Q(m, E) < 2E(X"),

and let Bs denote the remaining set of positive integers m < X’. We proceed by writing
S; = zmij | > g x(d)], for 1 < j < 3, with the conditions on d as in (4.11). We then have

2D SEESED SHED S

meB1  dim h+k<E(X')/log2 Y<d<Z n<X’'/
Y<d<z Qd,E)=h Q(n,E)=k

Since E(X'/d) = E(X') for d < Z, an application of [HT98, Theorem 08| yields

X' E(X"E
Yool Fexp{—E(X’)}%,
n<X'/d )
Q(n,E)=k

uniformly for k£ < (3 — ¢)E(X'). Hence a repeated application of [HT98, Theorem 08] reveals that

> > E(X")h E(X")*

1< X'log(Z)Y)exp{—2E(X")} (h' ) (k' ) ’
Y<d<Z n<X'/d ! !
Qd,E)=h Q(n,E)=k

uniformly for h, k < (3 —e)E(X'). It is clear that log(Z/Y) < loglog X’ and
E(X")=E(Y) =loglogY + O(1) = loglog X' + O(1). (4.12)

Moreover, the binomial theorem implies that

1 o
0> s 2 M—h)l
h+k=¢( 0<hl
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for fixed ¢. We therefore deduce from [HT98, Theorem 09] that

(2E(X"))"

S < X' loglogX/ Z eXP{_QE(X/)} 0

(<E(X")/log2
)/ exp{—2Q(1/(210g 2)) E(X")}
)2 (log X7) 7,

< X'(loglog X'
< X'(log log X'

which is satisfactory for the lemma.

We now turn to Ss. Let S3(¢) denote the overall contribution to Ss from m such that Q(m, E) = £.
There are clearly O(loglog X’) possible values for ¢. Write £ = AE(X"), for some X € (1/log2,2].
Then on combining the Cauchy—Schwarz inequality with (4.7) and (4.10), we obtain

X/
(log X")9M (log log X')1/2
X"(log log X")%/?
(log X")@NFA(log(\/2)—1)+2”
since E(X') =loglog X’ + O(1) by (4.12). Hence it follows that

X'(loglog X')%/4

Spo= Y, S loglog X)W
t<loglog X/ (log X")Q(N/2+A(log(\/2)~1)/2+

S(0)? < (A/2) XX, 0/2))

This is satisfactory for the statement of the lemma, since

QA)/2 + Alog(A/2) = 1)/2+1 > Q(1/log?2),
for A > 1/log 2.

It remains to deal with the sum S35, which corresponds to a summation over positive integers
m < X' for which Q(m,E) > 2E(X"). For this we will combine the Cauchy—Schwarz inequality
with (4.7) for v =1 and the bound (4.10), to deduce that

G < X'o(X',1) 12 X'(loglog X")5/4
37\ (log X")@@ (log log X')1/2 (log X')Q@)/2
This too is satisfactory for the statement of the lemma, since Q(2)/2 > 7, and so completes its
proof. O

Combining Lemmas 5 and 6 in (4.5), we may now conclude that there exists an absolute constant
c1 > 0 such that
LE oo’ X2 (loglog X't LE oot X2 < LE roor’ X2
(log X')7 (log X'y1—= = (log X)7—=
since we have assumed that ’ X'~¢ > 1 in the statement of Theorem 1. Once inserted into Lemma 4,
this therefore completes the proof of the theorem.

Sy K

5. Linear transformations

Our proof of Theorems 2 and 3 will involve first establishing the relevant estimate for a specific
choice of j € {*,0,1}. The corresponding estimate for the remaining values of j will be obtained via
simple changes of variables. Thus it will be important to consider the effect of linear transformations
on the sums (1.9), and that is the purpose of the present section.

We begin by recording a preliminary result from group theory. For any group G and any subgroup
H C G, write [G : HJ for the index of H in G.
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LEMMA 7. Let A, B be subgroups of finite index in a group G, such that [G : A] and |G : B] are
coprime. Then we have

[G:ANB]=[G: A]G: B].
Proof. For any z,y € G we claim that either xA N yB is empty, or else it is a left coset of AN B

in GG. Indeed, supposing that zA N yB is non-empty, we let ¢ € A NyB. Note that xA = cA and
yB = c¢B. But then it follows that

zANyB=cANcB =c(ANB)
as required. Thus it follows that the total number of left cosets of AN B in G is
[G:ANB]<[G:A]G: B].

However, by Lagrange’s theorem we have [G : AN B] =[G : A|][A: AN B], whence [G : A] divides
[G : AN BJ. Similarly, [G : B] divides [G : AN BJ. Thus it follows that

[G: A][G: B]<[G: AN B],

since ged([G : A], [G : B]) = 1. Once coupled with our upper bound for [G : AN B], this completes
the proof of the lemma. O

It will be useful to have a convenient way of referring back to the statements of our main results.
Let us say that ‘Hypothesis-(j, k)" holds if S;(X;d,'p) satisfies the asymptotic formula described
in Theorem 3 for all Lj,..., L4, R that satisfy NHg(d). Thus Hypothesis-(j, k) amounts to the
established existence of an asymptotic formula

DFLE roor' X2
(X;d,Tp) =6, 1(A)Co X> e
S]( , & D) ],k( )CO +O< (lOgX)n_E >7
for 7/ X17¢ > 1, under the assumption that NHy(d) holds. Here
74 meas(R
= Ly,...,Lq;d, T =" 1
C10 CO( 15 s Lugy A, DaR) det rD Hapv (5 )
and o, is given by (1.10) and (1.11).
Let Ly,..., Ly € Z]x1, 5] be binary linear forms, and let R C R2. Let (d,D) € D, where D is
given by (1.8), and set
X :=TpNXR. (5.2)
Then for a given matrix M € GLg(Z), we define the sum
Li(M Lo(M Ls(M Ly(M
Sapi— Y 1My)\ (L:My)\ (LsMy)\ (LsMy)\
di do ds dy
yEZ?, My€eX
2ty1, y2=j mod 2

Here, as throughout this paper, we let GLy(Z) denote the set of non-singular 2 x 2 integer-valued
matrices with non-zero determinant. Note that Sy; dependson X,d,D, L,..., L4 and 7, in addition
to M. In particular we have Sy = S;(X;d,'p), when M is the identity matrix. In general let us
write | M]|| to denote the maximum modulus of the coefficients of M. Bearing all this notation in
mind, the following elementary result will prove useful.

LEMMA 8. Let (j,k) € {*,0,1}x{0,1,2} and suppose that Hypothesis-(j, k) holds. Let M € GLy(Z)
such that det M = 2™ for some m € Zxg, and define M;(y) := L;(My). Let € > 0 and suppose that
r'(Li,...,L4y, R)X 15 > 1. Assume that My, ..., My, Ry satisfy NHy(d), where

Rm = {M'z:2z c R} (5.3)
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Then we have
3; k(AM)CYy DeLE_||MJEr (RM)T’X2
S — 2 X2 19) 00 0
M det M * (log X)n—= '

where D = Dy -+ Dy, Loo = Loo(L1,..., L), ¥’ = '(L1,...,Ls, R).

It is important to note that the definition of o, that appears in (5.1) is precisely as in (1.11).
Thus it involves lattices that depend on Lq, ..., L4, rather than My,..., M,. The net outcome of
Lemma 8 is that, for linear transformations that preserve the relevant normalisation conditions and
have determinant 2" for some m > 0, the main term of the corresponding asymptotic formula
should be multiplied by &; ,(AM)(; x(A)det M)~ 1.

Proof of Lemma 8. Recall the definition (5.2) of X', and the notation introduced in (1.7). We begin
by noting that y € Z? and My € X if and only if y € Ayt N R, where

A = {y € Z*: D; | LMy)} = [(D; My, ..., My),
and Ry is given by (5.3). We claim that
det /\M = det F(D7 Ml, ce ,M4) = det F(D, Ll, ce ,L4), (54)

for any matrix M € GLy(Z) such that ged(det M, D) = 1. In particular, since M has determinant

2™ for some m € Zxq, this holds for any D € N* such that 2 { D. Assume (5.4) to be true for the

moment, and note that

meas(R)
detM ’

in the notation of (1.3). Recalling the definitions in (1.1) and (1.2), we therefore deduce from

Hypothesis-(j, k) that

meas(Rm) = r'(My,...,My,Rm) =7'(L1,...,L4y, R) =1/,

§;.k(AM) 7! meas(Rm) o , X2
= = X DfLoo(My, ..., My)rs [
Sm et F(D: 36 ) pl;[;rp +0 (M., My)*reo(Rm)r Tog X)7°2
§jk(AM) 7! meas(R) 9 , X2
- ’ X O DFLoo(My, ..., My (Rat)F ——— ),
(det M)(det T (D; L1, ..., L4)) Igz"ﬁ (M-, Ma)*roo (Raa)r (log X )7—=
where

4 [e’e]

x(p _

o, = (1 - —; )> > X)) po(p,p°p¢ ph Dy My, M)
a,b,c,d=0

On noting that Loo (M1, ..., My) < Loo(Ly, ..., Ly)||M]|, we see that the error term in this estimate
for S is as claimed in the statement of the lemma. Moreover, (1.10) and (5.4) give

. det F(([Dl, dlhl], ey [D4, d4h4]); Ml, PN ,M4)

N det[(D; My,...,My)

- pO(h7 D7 L17 cee 7L4)7

for any h € N* such that 21 hy - - - hy. Hence a; = 0p.

In order to complete the proof of Lemma 8 it remains to establish (5.4). For any matrix N €
GLo(Z) and any lattice A C Z2, it is easily checked that

det(NA) = det N det A,

where NA := {INx : x € A}. It therefore follows that

det(MAn)
det M
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Note that MAy = M N T(D;Ly,..., L), where M = {My : y € Z2?}. In particular we have
det M = det M. To establish (5.4), it therefore suffices to show that

det(LNT(D; Ly, ..., Ly)) = (det L)(det T(D; Ly, . .., Ly))

for any lattice L C Z? such that ged(det L, D1DyD3D,) = 1. But this follows immediately from
Lemma 7, since the determinant of a sublattice of Z? is equal to its index in Z2. O

6. Proof of Theorem 2

We are now ready to establish the statement of Theorem 2. The proof will be in two stages: first we
will establish the result for j = %, and then we will proceed to handle the cases j € {0,1}. Our proof
of the estimate for 7 = x is actually a straightforward generalisation of an argument already present
in Heath-Brown’s work [HBO03, § 7], but we will include full details here for the sake of completeness.

Assume that (d,D) € D, where D is given by (1.8). In particular it follows that there exists
x € I'p such that 21 = 1 mod 4, where I'p is given by (1.7). Indeed, the vector x = D?D3D2D?(1,1)
is clearly satisfactory. In estimating S, (X;d,'p), our goal is to replace the summation over lattice
points x € 'p by a summation over all integer points restricted to a certain region. Given any
basis e, ey for I'p, let M;(v) be the linear form obtained from d; 'L, (x) via the change of variables
X +— v1€1 + vgeg. We claim that there is a choice of basis such that

M;(v) = v1(mod 4), (6.1)
for each 7, and also

M| < detlp, (6.2)

where M denotes the matrix formed from the basis vectors ey, es. To check the claim we let eq, e
be a minimal basis for 'p. Thus we may assume that

le1]le2| < det Mp. (6.3)

Now there must exist integers wy,ws such that wieq; + woeo; = 1 mod 4, since we have seen that
there exists x € 'p such that 1 = 1 mod 4. In particular we may assume without loss of generality
that ej1 is odd, and after multiplying e; by +1, we may as well assume that e;; = 1 mod 4. Next,
on replacing ey by es — kej for a suitable integer k € {0,1,2,3}, we may further assume that
4| ea1. In view of (6.3), this basis certainly satisfies (6.2). Moreover, the normalisation conditions
on Ly,..., Ly imply that

dzMZ(V) = Li(vlel + ’UQGQ) = di(’U1€11 + ’U2€21) = di’Ul (mod 4),

which therefore establishes (6.1) since each d; is odd.

Note that we must sum only over odd values of v1, since we have been summing over odd =7 in
S«(X;d,I'p). On recalling the definition (5.3) of Rag, we may therefore deduce that

S(Xid,Tp) = Y r(My(v))--r(My(v)).
vezz?v)lmM

Note that (6.1) holds by construction, and also M;(v) > 0 for every v in the summations. We are
therefore in a position to apply Theorem 1 to estimate this quantity. In view of (6.2) and the fact
that det'p | D = Dy --- Dy, we may deduce that

Loo(My, ..., My) < ||M||Loo(L1,...,L4) < DL,
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where Loy = Loo(L1, ..., Ly), as usual. Next we deduce from (6.2) that

M
roe(Rt) < oo (R) < e (R) = 1o

since | det M| = det 'p, and furthermore
r'(My,...,My,Rm) =7"(L1,..., L4, R) =7".
Moreover, it is clear that meas(Rpy1) = meas(R)/| det M|. It therefore follows from Theorem 1 that
DFLE roor’ X2 )
(log X)1=¢ )’

47* meas(R y
S.(X:;d,Tp) = TD()XQ e+ 0(
p>2

where o3 is given by (1.5), but with p.(h) = det'(h; M, ..., My). To calculate this quantity we

note that it is just the index of
AN ={x=uvie; +wne:vEe 72, h; | M;(v)}
in Ay = {x = vie; + e : v € Z?}, whence

. det \q . det{x S F(D,Ll R ,L4) 2 d;h; ‘ LZ(X)}
T dethy det T(D; Ly, .-, L)
= pO(ha Da le cee >L4)7

px(h) = [A1: Ao

in the notation of (1.10). This therefore establishes the estimate in Theorem 2 when j = *.

In order to complete the proof of Theorem 2 it remains to handle the cases 7 = 0, 1. For this we
carry out the change of variables x = My, with

w9

This has the effect of transforming the sum into one over integers y such that y; is odd, without any
restriction on y9. Moreover, it is clear that L;(My) = L;(y1, jy1+2y2) = d;y1 mod 4, so that together
with R, the new linear forms satisfy NHp(d). Since we have already seen that Hypothesis-(*,0)
holds, we may deduce from Lemma 8 that

840(AM)Cy 5 DeLE roor' X2
(X:;d,p) = =020y 2 ool 2
5i(X;d.Tp) 2 O\ g xy—= )’
for j = 0, 1, where C is given by (5.1). The statement of Theorem 2 follows since d, o(AM) = §, = 4,

by (3.4).

7. Proof of Theorem 3

We are now ready to establish Theorem 3. Let (j,k) € {*,1,2} x {1,2} and let (d,D) € D. It will

ease notation if we write S; ;(X) to denote the sum S;(X;d,'p), when Li,..., L4, R are assumed
to satisfy NHy(d). Furthermore, let us write
So:={y€Z?: yy=1mod4, y» = mod 2}, (7.1)

for a € {,0,1}. We begin by showing how an estimate for £ = 1 can be used to deduce a corre-
sponding estimate for the case k = 2.

Suppose that k = 2 and j = 1. We may clearly assume that the summation in Sy 2(X) is only
over values of 1 = 1 mod 4 and x5 = ds mod 4, since the summand vanishes unless

dizy = 2_k1L1(x) =dj(mod4), zy= 2_k2L2(x) = dy(mod4).
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Write k = +£1 for the residue modulo 4 of dy, and choose an integer ¢ such that
aj + bj(k +4c) # 0,

for j = 3,4, where aj,b; are as in (1.13). This is plainly always possible with ¢ € {0,1,2}. We will
carry out the transformation x = M 4,y, with M, 4, given by (3.15). Such a transformation is
valid if and only if there exists an integer yo such that xo — (k + 4¢)x1 = 4ys where kK = dy mod 4.
Thus the transformation is certainly valid for 1 = 1 mod 4 and z9 = do mod 4, bringing the linear
forms into new forms M;(y) = L;(M_.4,y), say. It is not hard to see that Mj, ... 7M47RMc,d2 will
satisfy NHj(d). There is now no 2-adic restriction on ys, so that the summation is over y € S,
in the notation of (7.1). We clearly have ro(Rm, ,,) < ro(R). By combining Lemma 8 with the
assumption that Hypothesis-(x, 1) holds, we therefore obtain
841 (AM..4,)Co DELE roor’ X2

4 (log X )< >
where Cj is given by (5.1). This is clearly satisfactory for the statement of Theorem 3, since (3.16)
yields 61 2(A) = d,1(AM, 4,)/4.

To handle Sp2(X) we will need to extract 2-adic powers from the variable z5. Accordingly, we
write x1 = y; and xo = 25y2, for £ > 1 and yo = 1 mod 2. This corresponds to the transformation
x = M¢y with M¢ given by (3.14). The resulting linear forms M;(y) = L;(Mc¢y) will continue to
satisfy NHz(d), and the summation will be over y € &;. Moreover, the restriction x € XR in the
definition of Sy 2(X) forces the upper bound & < log(r.X). It turns that this is too crude for our

purposes and we must work a little harder to control the contribution from large values of £. Recall
the definitions (1.1) and (1.2) of Ly and 7. We will show that

5172(X): X2+O<

L (M L,(M X?
v LMey)\ | (EaMey)) (D2°Loo) ( r2 o +ridexite). (7.2)
yezZ?
M:yeX

Define the multiplicative function 1 via

v 1 + v, ifp | d1d2d3d4,
ri(p”) = v .
’I"(p ), lfp+d1d2d3d4,
for any prime power p”. Then we have
(M Ls(M
r 1( Ey) ey 4( fy) grl(F(y)%
d1 dy
where F(y) = Li(Mgy)--- Ls(M¢y). The maximum modulus of the coefficients of this binary
form is O(L%,2%). Hence (7.2) follows easily on taking X; = 7o X and X3 = 27%r, X in [BB06,
Corollary 1]. Note that it would not be sufficient to work instead with the trivial upper bound
O(LE r2rea=—tX2+e),

To complete our estimate for Sp2(X) we will combine Lemma 8 with Hypothesis-(1,2) to handle
the contribution from & < &, and we will use (7.2) to handle the contribution from & < £ <
log(reX), for a value of & to be determined. We claim that

Too < 2Loot. (7.3)
To see this, suppose that z € R is such that ro, = |z1|, say. Then it follows that
Too < |a3b4 — a4b3|\z1\ = ‘b4L3(Z) — b3L4(Z)| < 2LOOT‘,,
in the notation of (1.13). Write
2°¢ X2

e E, = L 2—§+8§X2 /52E§Xl+8
(log X)n—¢’ 2 o T ’

1=

1397

https://doi.org/10.1112/50010437X08003692 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003692

R. DE LA BRETECHE AND T. D. BROWNING
and choose ¢; € N such that 2871 < L (log X)7 < 25, Next we note that
2
r
Co € Lo D" = < DL roor
n (5.1). Hence we deduce from (3.13) and (7.3) that

& log(reeX)
31,2(AM,)C
So2(X) :Z—LQ( = 3 0X2+0<D6L€ Fool <§ Ert+ Y E2>>
£=1 £=61+1

> AM )C DELE ror' X2
Z 01,2(AM)Co o +O<—°°T ! >

Pt (log X )=
DFLE roor’ X2
= 60,2(A)CoX? —
A +O< (log X)7- >

This completes the treatment of Sp2(X).

The estimate for S, 2(X) = Sp2(X)+S1,2(X) is now an immediate consequence of our estimates
for Sp2(X) and S7 2(X). Indeed we plainly have

[e.9]
Su2(A) = Go2(A) +012(A) = %

£=0
The argument that we have presented here makes crucial use of our previous work [BB06] to control
the contribution from large values of ¢ that feature in the change of variables. This basic technique
will recur at several points in the proof of Theorem 3. Rather than repeating exactly the same
details each time, however, we will merely refer the reader back to (7.2) in order to draw attention
to this basic chain of reasoning.

Let j € {*,0,1}. It remains to estimate S;1(X). In fact it will suffice to deal only with the case

j = 1. Indeed, the remaining cases are handled just as above, leading to (3.13) in the case k = 1.
Assume that Ly, ..., Ls, R satisfy NH;(d). We have

- () () (4 ()

xeS1NX

where Sj is given by (7.1) and X = 'p N XR. Let us write S(X) = 51,1(X) for short. Our aim is
to find a linear change of variables x = My, for some M € GLy(Z), taking the linear forms L; into
forms M;(y) = L;(My) such that

274 M;(y) = dyy1(mod 4), (7.4)

for certain ¢; € Z>g. On setting M/ = 27% M;, so that M, ..., M} satisfy NHo(d), we will then be
in a position to apply Lemma 8 under the assumption that Hypothesis-(7,0) holds for j € {x,0,1}.
Indeed, we have already seen that Theorem 2 holds in the previous section.

Let x € & N X, so that 1 = 1 mod 4 and 2 t x9. Recall the assumption that (3.1) holds for
appropriate k;, a;, b;-, fj,vj. At certain points of the argument we will find it convenient to extract
2-adic factors from the terms 27% L;(x). Let us write

& = (2L (x)), (7.5)
for 5 = 3,4. This will allow certain linear transformations to take place, and it turns out that the
matrices needed to bring L; in line with (7.4) will all take the shape

Mz(ngQ, (7.6)
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for appropriate non-negative integers A € [0,25%2) and £. Here ¢ will be a simple function of £3 and
&4. Assuming that we are now in a position to combine Lemma 8 with Hypothesis-(4,0), we will
then obtain a contribution
_ 00(AM)Co (s DFLE roor’25° X2
28+2 (log X)n—=
_6;Co X2 <D5L§Oroor’255X2>

(7.7)

262 (log X )1—=
since (3.4) implies that 0;0(B) = 6;, and furthermore,

M|
<
reo(Rat) S qorpg™

Finally, we will need to sum this quantity over all available £3 and &4. It is here that we must return
to (7.2) and repeat the sort of argument used there to handle the large values of &3 and 4.

(R) =700(R) = roc.

Under any transformation x = My, with M taking the shape (7.6), it follows from condition

(iv')q in the introduction that
2% L;j(My) = djyi(mod4)

for j = 1,2. As long as our transformations have this general shape therefore, we will be able
to focus our attention on the effect that the transformation has on the linear forms L3 and L.
Unfortunately, bringing these forms into the required shape is not entirely straightforward, and
the permissible choice of M depends intimately upon the values of a;-, b;», Kj,v; in (3.1). We may
assume that these constants satisfy (3.2) and (3.3), and we proceed to consider a number of distinct
subcases separately.

7.1 The case max{us,vs} 2 1 and max{pg,v4} 21
This case is equivalent to the case in which precisely two of the exponents ps, ji4, /3, 4 are non-zero,
which in turn is equivalent to the statement that u; +v; > 1 for j = 3,4, since puzvz = pgvy = 0. In
particular it follows that 2% Lj(x) is odd for any odd values of x1,x2. Recall that the summation
is over 1 = 1 mod 4 and x2 odd in S(X). Let us write g for the number of values of v € {—1,1}
such that

275 Li(1,7) = 2" a); + 2“6y = d;(mod4) (7.8)
for 7 = 3 and 4. Our aim is to show that

51,1(A) =9, (79)

which we claim is satisfactory for (3.6)—(3.8). To see this, we suppose first that v3,v4 > 1. Then it
is clear that g = 2 if a;- is congruent to d; — 2" modulo 4 for j = 3,4, and g = 0 otherwise. When
w3, pa = 1, we have g = 1 if bhds — 213 = bjdy — 2"+ mod 4, and g = 0 otherwise. When g4, 3 > 1
we have g = 1 when af = d3 — 2" mod 4, the value of v being given by the residue of bjdy — 2"
modulo 4, and g = 0 otherwise. Finally, the case u3,v4 > 1 is symmetric.

It remains to establish (7.9). We may clearly proceed under the assumption that g > 1. Let us
write S(X) = > S(X;v), where S(X;v) is the overall contribution to S(X) from vectors such
that 9 = v mod 4, and the summation is over the g values of  for which (7.8) holds. We will carry

out the transformation
1 0
M — (7 4> .

This transformation is valid if and only if there exists an integer ys such that xo = yy; + 4y,
for each x in S(X). This is clearly true for 21 = y; = 1 mod4 and 22 = 7 mod 4. Next we
observe that (7.4) holds for the new linear forms M;(y) = L;(My), since (7.8) holds for j = 3,4.
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The summation over y is now over y € S, since as usual the condition y; = 1 mod 4 is automatic for
odd values of y; such that r(M;(y)/d1) # 0. In line with (7.7), we therefore deduce from Lemma 8
and Hypothesis-(x,0) that

5+Co 9 DFLE oo’ X2 5 DFLE oo’ X2
X;7) = X Z P00 ) = OpX ~ Zeo
S(X;7) 1 +O< (log X )1 CoX*+ 0 log X))’

when 7 is admissible. We complete the proof of (7.9) by summing over the g admissible choices
for ~.

7.2 The case pug = pug = 0 and max{vs,v4} 21 > min{vs, vy} =0
For reasons of symmetry we may restrict ourselves to the case v3 > 1 and vy = 0. Forx e S NX
the term 2773 L3(x) is odd, whereas 27%4 [,(x) is always even. We note that r(L3(x)/d3) is non-zero
if and only if af = d3 — 2”3 mod 4. We must show that (3.9) holds with (j1,j2) = (4, 3).

Let us write & = v9(27% Ly(x)), as in (7.5). Then necessarily & > 1, since x € S;. We now see
that, in order for 7(2 %% L4(x)/d4) to be non-zero, it is necessary and sufficient that

To = (ds2% — aya1)b) = (ds2% — a))byx;  (mod 25412), (7.10)

where E is the multiplicative inverse of b}, modulo 28412 Here, we have used the fact that z; =
1 mod 4 in the summation over x. For each &4 > 1 we make the transformation

1 0
M = <A 2£4+2> ) (711)

where A € [0,284%2) denotes the residue of (d425* — a})b, modulo 2642, This brings L3 and Ly
into a satisfactory shape for NHg(d), by which we mean that 27%3L3(My) = d3y; mod 4 and
27ki=& [, (My) = dyy; mod 4. Moreover, the summation is now over y € S,. In line with (7.7),
and using the estimate (7.2) to handle large values of &, we therefore deduce from Lemma 8 and
Hypothesis-(x,0) that

2 0.Co oo DELE roor’ X2 5 DELE roor’ X2
X)=)> X — 2 ) = (X — X T ),
S(X) ; 1254+2 +O< (log X)n—= CoX™+0 (log X)n—=
-

Thus 61,1 (A) = 1 when a} = d3 — 23 mod 4, as claimed in (3.9).

7.3 The case v3 = vy = 0 and max{pus, 4} 21 > min{ps, pus} =0

The treatment of this case runs parallel to the previous section. For reasons of symmetry we may
restrict ourselves to the case uz > 1 and py = 0. For x € S; N X the term 27 L3(x) is odd,
whereas 275 L4(x) is always even. We now observe that r(Lz(x)/d3) is non-zero if and only if
xg = bhds — 2M3 mod 4. Our task is to show that (3.10) holds.

Let us write & = w1»(27%L4(x)) > 1. Arguing as above we see that in order for
r(27%=%[,(x)/dys) to be non-zero, it is necessary and sufficient that (7.10) holds. In particular
we must take care to sum only over those &, for which

aly + bybyds = 2#3 + 25 (mod4). (7.12)

For each such & we make the transformation (7.11) as above, which again brings Ls and L4 into
a satisfactory shape for NHy(d), and the summation is over y € S.. We may now deduce from
Lemma 8 and Hypothesis-(x,0), together with the argument involving (7.2), that

B 3:Co 9 DLE roor' X2
S(X)_gZ%MX +O< (log X)1—=)°
4
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where the sum is over &4 > 1 such that (7.12) holds. If @ + b4b)ds — 2#% = 2 mod 4, then we must
restrict attention to the single value & = 1, which gives 1 1(A) = 1/2. If however a)y+b5b)d3 —2"3 =
0 mod 4, then we must restrict attention to &4 > 2, giving d11(A) = 375, 27% = 1/2. This
therefore confirms (3.10).

7.4 The case us =v3 =pg=v4=0
We reason in an analogous manner to the previous sections. Our valuation of d; 1(A) will depend
on the 2-adic valuation v of a5} — a)jbh, as defined in (3.11). Our aim is to show that (3.12) holds.

Let x € §1 N &, and introduce parameters £3,&4 > 1 such that (7.5) holds for j = 3,4. Let us
deal with the case £4 > £3. The system

ayxy + byzo = 0(mod2%),  ajz; + bjzs = 0(mod2%)
is equivalent to
(ahbly — alby)z; = 0(mod2%),  a}xi + bjzs = 0(mod2%).
Let us write a4b) — ajby = 2Ycgy, with ¢34 odd. We clearly have & < v. Moreover, the term
r(2 k181, (x)/dy) is non-zero if and only if (7.10) holds. Assuming this to be the case, we must
therefore have
ahry 4 bywo = (a4 D50 (dg2% — al)))z1 = Vc342° + byb,d425 (mod 25372).
Provided that
bc342° 4 by, ds 2% = 253 ds(mod 25372, (7.13)
therefore, it follows that we may again carry out the transformation (7.11) to bring L3 and Ly into a
satisfactory shape for NHy(d). The summation is now over y € S,. We easily deduce from Lemma 8
and Hypothesis-(x,0) that there is the contribution
0+Co X240 DPLE roor'2°¢4 X2
284+2 (log X )n—¢ ’

for fixed 1 < & < &4 such that (7.13) holds. Using an estimate of the type (7.2), it is an easy

matter to deduce that the overall contribution to the error in summing over the available &3, &, is
O(D?LE roor’ X?(log X)~"¢). Moreover, we deduce that

Sa(A) = > 2—i4+2 > 2%

€3=€a £3<€4

for a summation over £3,&4 > 1 such that (7.13) holds. To evaluate this quantity we consider a
number of subcases, beginning with the contribution from &5 = &4. Then we must have 1 < {3 < v—1
and bgad4 +2v=8 = d3 mod 4. Let us write W, for the set of all such positive integers &3. Then we
obtain the overall contribution

) 0, ifv=1,
> =91 1/2°=2, if v > 2 and byds = b,dy mod 4, (7.14)
£emn 1/2v71, if v > 2 and b4ds = —bdy mod 4.

Turning to the contribution from &5 < &4, it follows from (7.13) that {3 = v and Ec&l + 287V =
d3 mod 4. Write Wy for the set of all such vectors (£3,&4) € N2, Then a little thought reveals that
we obtain a contribution
1 1
2 > wmem

(€3,64)EW?
from this case. Combining this with (7.14), we therefore conclude the proof of (3.12).
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