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In this short note, we review results on equilibrium shapes of minimizers to the
sessile drop problem. More precisely, we study the Winterbottom problem and prove
that the Winterbottom shape is indeed optimal. The arguments presented here are
based on relaxation and the (anisotropic) isoperimetric inequality.
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1. Introduction

For solid crystals with sufficiently small grains, Herring [12] claims that the bulk
contribution to their configurational energy is negligible with respect to the surface
tension. Thus, in this setting, when determining the equilibrium shape of a crystal,
interfacial energies of the type

PAB) = [ olwm) an

play a fundamental role. Here, ¢: R — [0, +-00) is a convex and positively homoge-
neous function of degree one that describes the possibly anisotropic surface tension
of the crystal. The set F is assumed to be sufficiently regular (i.e., E is a set of
finite perimeter), 0*F denotes its (measure theoretic) boundary, and vg(x) the
outer normal to the set £ at the point z € 0*FE. The Wulff problem consists in
studying solutions of
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Figure 1. A generic configuration admissible for (1.4). The substrate is illustrated in dark
grey, the region occupied by the crystal is illustrated in light grey, and the contact surface
is illustrated in as a thick line.

E € argmin {P,(E): |E| = v}, (1.1)

where v >0 is given. This problem is an anistropic generalization of the classi-
cal isoperimetric problem. In the early 1900s, Wulff [20] proposed a geometric
construction to (1.1) given by

W, ={zeR% z-v < p)forall v € S*1}. (1.2)

This shape is nowadays known as the Wulff set (or Wulff crystal) of ¢. Dinghas
proved formally in [6] that among convex polyhedra the Wulff set is the shape
having the least surface integral for the volume it contains. The proof has later
been rendered precise by Taylor [16-18] using arguments from geometric measure
theory.

The Wulff variational problem provides a description of an equilibrium crystal
shape deep inside a region in the gas phase. This leads to the natural question
whether, likewise, it is possible to determine the shape of a crystal growing on
a substrate that minimizes a suitable combination of its surface tension and the
interaction energy with the substrate. Such a situation may be described as follows.
For ¢ as above and A € R, we set

Fr,(E) = /6 _— o(vg)dHT L XHEHO*ENH), (1.3)

where Ht = {z € R%: 24 > 0}, H = {z € R?: 14 = 0} and E is a set of finite
perimeter in H', i.e. |E\ HT| = 0, which we simply denote by E C H™, cf. figure
1. Here, as in the Wulff problem, ¢ represents the (anisotropic) surface tension
density between crystal and vapour and A € R is the relative adhesion coefficient
between the crystal and the substrate (i.e., the difference of the crystal-substrate
and the substrate-vapour interfacial energy per unit surface area). In this setting,
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A note on the Winterbottom shape 3

the Winterbottom problem [19] consists in studying the existence and finding the
solutions of

E € argmin {F) ,(F): EC HY,|E| =0}, (1.4)

where v >0. There are three interesting parameter regimes to consider
(see remark 4):

(1) If X > p(—eq) it is energetically inconvenient for the crystal to attach to the
substrate and therefore the solution (1.4) coincides (up to translation) with
the solution of (1.1). This phenomenon is called complete drying.

(2) If X € (—p(eq), p(—eq)) asolution to the Winterbottom exists, but its shape
differs from the Wulff shape given in (1.2). In fact, the solution shape is now
the Winterbottom shape given by

Wyp=W,N{z R 2g > —A} (1.5)

suitably rescaled and placed in order to be in contact with the substrate. In
this case, we speak of partial drying/wetting.

(3) If A < —p(eq) complete wetting occurs: It is energetically favourable to
create large surface area in common with the substrate. This allows to create
arbitrarily small energy (if A = —¢(eq)) or even energy diverging to —oo (if
A< —gleq)).

We rigorously study all the cases. From the point of view of the mathematical
analysis, the most interesting regime to consider is the partial wetting regime (2).
There, our first main result theorem 3 proves that indeed (1.5) solves (1.4).

In the case where ¢ is smooth, the solution given in (1.5) in particular recovers
Young’s law [21]. This law relates the contact angle of the boundary of equilibrium
configurations with the adhesion coefficient A. More precisely, if 9(E N H) denotes
the boundary of £ N H in H, then

Vo(ve(z)) - (—eq) =X, forallz € 9(ENH) (1.6)
(see remark 4(v)). In the isotropic case, i.e., p(v) = |v|, this reads (cf. figure 2)
ve(z) - (—eq) =\, forallz € (ENH).

The equilibrium condition (1.6) has been derived more generally for anistropic
capillarity problems in [5] and for epitaxially strained thin films in [4].

The proof that (1.5) is the solution shape to (1.4) provides a rigorous justification
of an ansatz that has been previously considered in [14]. It essentially relies on the
anistropic isoperimetric inequality [7] for the case A >0 and change of coordinates
in the case that A < 0. In particular, the quantitative isoperimetric inequality
[3, 8, 11] implies the stability of the Winterbottom shape. The stability of the
Winterbottom shape has already been proved in two dimensions in [14] with the
use of the (generalized) Bonnesen inequalities [2]. The stability of the Winterbottom
shape in any dimension is the content of our second main result, theorem 5: For a
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Figure 2. Young’s law for the contact angle. v is the normal at the point x € 9(E N H)
and —eq is the normal vector of H pointing outwards with respect to the region the crystal
may occupy.

set E C H*, we show that its squared asymmetry index (i.e., the Lebesgue measure
of the symmetric difference of £ with the optimally placed Winterbottom shape of
equal volume) is controlled by the isoperimetric difference (the energy deficit of E
and the Winterbottom shape).

The article is organized as follows. In §2, we introduce the problems, discuss the
different parameter regimes, and state the main theorems. In §3, we prove the main
theorem. Here, we would like to point out that, due to the presence of substrate, we
are working with discontinuous integrands in general and thus, some of the results
already present for continuous integrands need to be proved again in our setting,
cf. proposition 2.

Finally, we mention the articles [13] and [15] on this topic, which—independently
of our contribution—were published on arxiv.org at essentially the same time.

2. Settings and main results

Notation and preliminaries

For a measurable subset B of R? we denote by |B| its d-dimensional Lebesgue
measure and by H¥(B) its k-dimensional Hausdorff measure. Given z,y € R?, we
denote by x - y their scalar product and by ||z| the Euclidean norm of x. For r >0,
r € R? we write B,(z) = {y € R?: ||y — z|| < 7} and abbreviate S¥~! = 9B, (0).
We also introduce the half space HT = {z € R%: 24 > 0} and the hyperplane
H={xeR%: z4=0}. If E C R?is a set of finite perimeter (i.e., its characteristic
function is of bounded variation), we write 0*E for the reduced boundary of F
and denote by vg: 9*FE — S9! the generalized outer normal to E. We refer to [1]
for the definition of these objects and basic facts about sets of finite perimeter. In
particular, if K C R? is a bounded convex set, then K is of finite perimeter and
vi(z) € Nk (z) for all z € 0*K C 9K, where, for each z € 0K, Nk(z) :== {( €
R?: ¢ - (2’ —x) < OVa' € K} denotes the normal cone to K at .

Energy

Let ¢: RY — [0, 4+00) be a convex and positively homogeneous function of degree
one that is bounded from below, i.e., there exists ¢ > 0 such that

o(v) = c|lv|for all v € R?, (2.1)
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For a set of finite perimeter E C H™, we define F) ,(E) as in (1.3). Given v >0,
we are interested in studying the shape of the solutions to (1.4).

REMARK 1. Scaling It is obvious that F) ,(rE) = r¢=1F, ,(E) for any r >0 and,
in particular, the minimal energy my ,(v) = inf {F) ,(F): |E| = v} satisfies

d—1
Mxp(v) =077 my,(1).

Wulff shape

In order to construct solutions to (1.4), we first define the Wulff set of ¢, yet in
a more general set-up: For any positively 1-homogeneous Borel function ¢: R% —
[0, 4+00) which is bounded from below (cf. (2.1)) but not necessarily continuous or
even convex, we set

W, = {zeR: vz < p(v)Vr e S},

In fact, for continuous ¢, W, is the—up to translations unique—minimizer
among sets with equal volume to the problem E — fB*E o(vp) dHY1 without
substrate, cf. [9, 10, 18]. We recall some basic facts on Wulff sets.

PROPOSITION 2.

(i) W, is a bounded, convez, and closed set with 0 € int W.,.
(i1) The convex conjugate ©* is equal to the indicator function of W, i.e.,
e (x) =0 if x € W, and p*(x) = 00 if x ¢ W,,.
(iii) For x € OW,, we have that Nw,_(x) = 0¢*(x), where Op*(x) is the
subgradient of ©* at .
(itv) The Wulff shapes of ¢ and its convex envelope ©** coincide: Wy, = W,ex.
(v) If v € OW,, and ( lies in the normal cone to W, at z, then z - { = ¢**(().

Proof. Convexity and closedness of W, and the inclusions 0 € B, € W, for ¢ >0
given by (2.1), are immediate. Boundedness follows in our set-up from —¢(—ey) <
xp < p(eg) for k = 1,...,d for any € W,. This proves (i). Now, (ii)—(v) are
found in [9, propositions 3.4 & 3.5]. A careful inspection of the proofs in [9] reveals
that the relevant assertions do not need continuity of ¢ (which is assumed there).
The statement in (v) follows since, by (iii), ¢ € dp*(x), whence the Fenchel-Young
identity implies « - ¢ = ¢* () + ¢**({) and so = - { = ¢**(¢) by (ii). O

Winterbottom shape

We now return to our convex, positively 1-homogeneous and bounded from below
o and set

Wye=W,N{z eR 24 > —\}.
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6 L. Kreutz and B. Schmidt

If [Wy | > 0, the Winterbottom set with volume v >0 is then defined as

Wi o(v) = <|val> ! (Wi + Aeg) - (2.2)

Minimizers

We here summarize the different regimes for A:

(i) Complete drying: X > p(—eq). In this case, Wy, = W,,. In remark 4,
we will see that minimizers to F) , for a given volume are those of the
unconstrained system without substrate.

(ii) Partial drying/wetting: X € (—¢(eq), ¢(—eq)). Here, we have Wy , C W,
as shown in lemma 6. Minimality of the Winterbottom shape will be
established in theorem 3.

(i) Complete wetting: A < —p(eq). Here Wy , = 0. In remark 4, we will see
that solutions to (1.4) do not exist if A < —p(eq) as ‘wetting’ configurations
that intersect large parts of H have arbitrarily small energy. Generically,
there are no minimizers in the special case A = —p(eq) either, while here
for particular ¢ (even non-unique) minimizers might exist.

The first main theorem is the following characterization of minimizers in the
partial drying/wetting regime.

THEOREM 3 Let A € (—p(eq), o(—eq)) and v> 0. Then

F)\,@(Wx\,w(v)) < FA,@(E)

for all E C HT sets of finite perimeter such that |E| = v. Moreover, equality holds
if and only if there exists T € H such that |EA (W ,(v) +7)| =0.

REMARK 4.

(i) Complete drying: A\ > ¢(—eq). Comparison to the unconstrained case shows
that F is a solution to (1.4) if and only if |[EA (Wy ,(v) +7)| = 0 (recall
definition (2.2) of W) ,,(v)) for some 7 € H* (if A > p(—eq) and H¥ 1 ({z €
W, : zq = —p(—eq)}) > 0), respectively, 7 € HY UH (if A = p(—eq) or
ML (o € W, 2 24 = —p(—ea)}) = 0).

(ii) Complete drying: A = ¢(—eq). Comparison to the unconstrained case shows
that £ is a solution to (1.4) if and only if |[EA (W ,(v) +7)| = 0 (recall
definition (2.2) of W) ,(v)) for some translation vector 7 such that 7 € H*
if A > p(—eq) and HE ({z € Wyt 2g = —p(—eq)}) >0and 7€ HY UH
if instead A = ¢(—eq) or H ({z € W, 1 2q = —p(—eq)}) = 0).

(iii) Complete drying and partial drying/partial wetting: X > —p(eq). For every
set of finite perimeter £ C H™T, one has

/ o(vp) dH ! > tp(/ v dHT) = HE N0 B 0 H)plea)
O*ENHt O*ENH+
(2.3)
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where we have used Jensen’s inequality, the homogeneity of ¢ and the
fact that, by the Gauss—Green Theorem for sets of finite perimeter,
fa*EVE dH?=' = 0. This shows that my,, (cf. remark 1) is positive if
A > —p(ea).

(iv) Complete wetting: A < —p(eq). In the case A < —p(eq), one may consider
cylindrical sets Er = (0,R)4™! x (0,0/R%"!) with R — oo to see that
my,, = —oo. In particular, solutions to (1.4) do not exist. In the case A =
—p(eq), the admissible configurations Er show that my , < 0. Together
with (2.3), this implies that my , = 0. However, in this case, both existence
and non-existence of minimizers might occur: If, e.g., ¢ is strictly convex,
the above argument shows that Fy ,(E) > 0 for |E| > 0. If, instead, ¢
is affine near e; the above computation shows that for a spherical cap
C.={zxeB(0):zg>1—c},0<e< 1, theset E = \(Z\(C’f —(1—¢)eq)
has F ,(E) = 0.

(v) Young’s law: The relation (1.6) can be seen as follows. Let z € OW) ,
with 4 = —A and v(z) € Nw,(x). Then proposition 2(iii) and the
Fenchel-Young identity imply =z € 0¢p**(v(z)) = Op(v(x)). For smooth
@, this shows that Vo(v(z)) = = and, hence,

Vo(v(z)) - (—eq) = —zqa = A.

Furthermore, we are able to establish the stability of the Winterbottom shape
improving theorem 3. This is formulated in our second main theorem.

THEOREM 5 Let A € (—p(eq), p(—eq)) and v> 0. There is a constant C'> 0 such
that for every set E C H™ of finite perimeter with |E| = v there exists 7 € H that
verifies

|[EAW e (v) + 7)|2 Fyp(E) = Fxo(Wio(v))
v2 <0 ( Fo(Wyo(v) ) '

3. Proof of the main theorems

In this section, we prove theorems 3 and 5. In the following, we will make use
of various unconstrained auxiliary functionals. If 1: R — R is a homogeneous
function of degree one (not necessarily convex or bounded from below), for a set
E C HT of finite perimeter, we define

Py(E) = (v) dH* .
O*E
Now define ¢y: R — R as
At if v = —tegwith t >0,

eav) = .
¢(v) otherwise.
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8 L. Kreutz and B. Schmidt
LEMMA 6. Let —p(eq) < A < p(—eq). Then,
P (E) < Fio(E)
for all sets of finite perimeter E C H™T, with equality if and only if
HE {z € 0"E: vp(z) = —eq} \ H) = 0.
In particular, Wi (1) C W, (1) and

Psax (W/\w(l)) = F/\,so(WA,cp(l)) .

Proof. The first two statements are direct consequence of the definition of P,,. As
Wi, (1) is convex and W (1) C {zq > 0}, it suffices to show that W) ,(1)NH # 0,
or equivalently W, N {zq = —A} # 0. In fact, if there exists € Wy (1) such
that 24 > 0 and —e4 = v(z) € Nw, _)(x), then

—zg=1x-(—eq)

>y (—eq) = —ya Yy Wy,(1)
< Yqg =

a>0 Vye W,\7¢(1) .

This contradicts W) (1) N H # 0. In order to see that W, N {xzq = —A} # 0, we
choose w,x_ € W, such that te; € Ny, (z+). Then, by proposition 2(v), we
have that (z4)q = x4 - (£eq) = Tp(+eq). Thus by convexity of W,,, there exists
x € W, such that x4 = —\. O

LEMMA 7. Let 0 < X < ¢(—eq). Then
Ps@i*(WA,cp(l)) = PLP/\ (Wk,w(l)) < Pw (E>

for all sets of finite perimeter E C HY such that |E| = 1. Moreover, equality holds
if and only if there exists 7 € HY U H such that |[EA(W) (1) +7)| = 0.

Proof. lemma 7. First note that the argument in the proof of lemma 6 shows that
for x € "Wy,

vw, (r) # —eq ifxg > =X,

—€q if Tqg = —A.

vw, . (7) = (3.1)

Since 0 < A < ¢(—eq), we have that ¢, is bounded from below and that W) , =

W, is the Wulff set of . By proposition 2(iv), we therefore have

W = Wy . (3.2)

Let 2 € "W o = 0"Ws-. If 24 > — A, we apply proposition 2(v) to both ¢3* and
o and get

Kok

PN (v, () = 2 - vy (2) = (v, (7)) = ealvw, , (2))
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by (3.1). If z4 = —\, we apply proposition 2(v) to 3" and use (3.1) to obtain

P (vwy (7)) = 2 - (—ea) = A = oalvw, , (2)),

too. It follows that

P, (Wk,w) =Py, (WM/J) : (33)

We can now conclude by referring to known results [9, 10, 18] on the unconstrained
functional P+~ as, by (3.3) and (3.2), for any set £ C H* of finite perimeter with
|E| =1 we have

* ok
A

P,, (W,\’go(l)) = P@K* (W)\#p(l)) = P‘Pi*(
with equality only if £ = Wy (1) 4+ 7 with 7€ HT UH. O

W

The following change of coordinates allows us to reduce to the case A > 0. Given
xo € int (W,,), we define

Pao (V) = p(v) =20 - V.

LEMMA 8. Let —p(eq) < A < ¢(—eq). For all xy € int(W,), there exists € =
e(xo) > 0 such that

©zo (V) = ellv||  for allv € RY. (3.4)
Furthermore, there exists xg € int(Wg,) such that for N = X+ zg - eq we have that
()0 < N < pug(—ca) and (i) Py, ), () = Poy (). (3.5)
In addition, we have
DreW, <= v—-x0€W,, and (i) Wy, (1)=Wie(1)+7  (3.6)
for 7= Wy o| Y4 (—x0 + (20 - €a)eq) € H.

Proof. We first prove (3.4). As ¢,, is positively 1-homogeneous, it suffices to prove
the claim for v € S?~1. By construction of W, for all z € W,,, we have z-v < ¢(v)
and hence

(x —20) - v < @v) —x0 -V = @, (v) forallveSit,

Since zo € int (W), there is € >0 such that B.(x9) € W, and thus choosing
Te, = To + eV € Be(xz0) we find

£ = (T, —20) V< @ (v) forallveSit,
This shows (3.4). Next, we prove (3.5)(i). To see this, observe
0< N <up(—eq) <= —x0 €4 <A< p(—eq).

By assumption, A < ¢(—eq). By choosing an element z with maximal last com-
ponent in the compact set W,, and observing that eq € Ny, (), with the help of
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10 L. Kreutz and B. Schmidt

proposition 2(v), we also get
—max{xg-eq: o € Wy} = —T-eq = —p(eq).

Since A > —p(eq), there exists ¢ € int (W,,) such that —zg-eq < A, too, as claimed.
Next, we show (3.5)(ii). To this end, note that (pz,)x (¥) = pa(v) — xo - v for all
v € S since

( ) (V) = Vzo(V) = ov)—xzo-v = (V) —x0-v ifv#—eq,
Pao )X - - A—xg-(—eq) = oa(v)—mo-v ifv=—eq.

Now, by the Gauss—Green Theorem for sets of finite perimeter, for E a set of finite
perimeter, we obtain

Pl ®) = [ (eevatt = [ o) = vapet
o*E 1%}

*E

:/éa*EgoA(y)d”Hd*l—/Ediv(xo)dx:/ or(v)dH = P, (E),

O*E

where we used that div(xzg) = 0. To see (3.6)(i), it suffices to note that

reW, <= z-v<plv) Yvesi!

= (r—x0) - v<W)—x0-v VreSi?

NN

= (z—x0) v < a(v) VeSSt «— z—xz9 €W, -

In order to prove (3.6)(ii), note that

—~

Wi ooy =12 € Wy, 124 2 “N}={ze We,,: Ta = —X—1xo-eq}
={r e W, —x0: (x4 x0)a = —A}
={zeW,izqg> -} —x0 =Wy, —a0.

WV

Therefore,

WA,#PIO (1) = |W)\’,Lpzo |_1/d(W)\’,LpIO + )\/€d>
= |W>\,<P|71/d(W>\,g0 — o + (>\ + 2o - ed)ed)
= Wil (W + Aea — 20 + (20 - €a)ea) = Wa (1) + 7,

where

T = ‘WA,¢|_1/d(—£L’0 + («TO . ed)ed) cH. (37)

We are now in position to prove the main theorems.

Proof. Proof of theorem 3. By remark 1, it suffices to prove the theorem only for
v=1. To this end, let E C H* be such that [E| = 1. We choose z¢ € int (W,,)
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and M = X\ + xq - eg such that the assertions of lemma 8 hold true. Using lemma 6,
(3.5)(ii), and (3.6)(ii), we obtain

F/\,sa(WA,w(l)) = Psax (Wk,cp(l)) = PLPA (WAZ%O (1)) = P(gozo)y (W/\’,wzo (1))

and, for any set F of finite perimeter,
Fxo(E) 2 Py, (E) = Py, ), (E).

Finally applying lemma 7 to ¢, and the positive X" gives P, )., (Wx 4, (1)) <

P, )n (B) if |[E| =1, and we have shown that

Fre(Wi (1)) < Frp(E)

for such E. In case of equality, we also have P, )., (W o, (1)) = P, ), (E) and
lemma 7 implies £ = Wy, (1) + 7" =Wy ,(1) +7+ 7' for 7 as in (3.7) and some
7€ HT UH. As also P, (E) = F\ ,(F), necessarily 7 + 7/ € H. This concludes
the proof. O

We are now in position to prove theorem 5 establishing the stability of the
Winterbottom shape.

Proof. theorem 5. Let zo € int(W,) and X = X + 2o - 4 be such that the
assertions of lemma 8 hold true. By properly rescaling, we may without loss
of generality assume |E| = 1. In the following, we set W = W, (1) and
W’ = Wy, (1). We first want to prove that there exists 7 € R? such that

|[EA(W +7)> < C(Fyo(E) — Fy ,(W)). (3.8)

The quantitative isoperimetric inequality [8, theorem 1.1] for the unconstrained
functional P(¢m0);7 yields C' > 0 such that for a suitable 7/ € R? we have

[EAW' + )2 < C (P(%o) (B) — P(%O)KT(W’D .

*
N

Recalling that, by (3.6)(ii), there holds W = W’ + 7 for some 7 € H and setting
7 =17 — 7, we obtain

|EA(W + T)|2 = |EA(WI + T/)|2 < C (P(‘/’aro);)/k (E) - P(@zo)it (W/)> . (39)
Now, by lemma 6, lemma 8, and, as \’ > 0, by lemma 7, we have
Plg, ) (B) < Plg, ), (E) = Py, (E) < F) »(E)

and

P(SDJ:O);T (W/) = P(cpzo)y (Wl) = P<P>\ (Wl) = PWA (W) = F)\’LP(W) ’
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12 L. Kreutz and B. Schmidt
where we again used that W = W' + 7 with 7 € H. Therefore
Plpoy)s; (B) = Plp,gys; W) < Fap(E) = Fao(W).

Together with (3.9), this yields (3.8).
The challenge that remains is to show that 7 can be chosen in H, i.e., such that
74 = 0. In order to do that, we distinguish some cases.

CASE 1. Assume (3.8) holds true with 74 < 0. By convexity of W, we have
[EAW +7)|2{zet+W:ag <0} =z eW: x4 < —74}| > cmin{—74,1}
for a constant ¢ > 0. Since also
|(W +17)AW + 7 — 14eq)| < Cmin{—74,1}
(note that trivially (W + 7)A(W + 7 — 14e4)| < 2|W| < C), we find that

|[EAW + 7 —1qeq)| < |EAW + 1)+ |(W + 1) AW + 7 — 14€4)|
=1+ CcHEAW +1)].

This implies the claim in view of (3.8).

CASE 2. Assume (3.8) holds true with 74 > 0. In the following, we denote by

w0 = () "W,

the rescaled Wulff set of ¢ with volume v >0. Since in the partial drying/wet-
ting regime W, (1) (placed in H") is not optimal for F) ,, we have P, (W, (1)) >
Fx,o(Wx 4(1)). We can thus define a positive constant ¢y by asking that

(1= c0) T Po(W,(1)) = (plea) + pl—ea))eo = Fap(Wap(1)) + 9,
where & := 2(P,(Wy(1)) — Fx (Wi (1)) > 0.
CASE 2A. Suppose that [{z € E: 24 < 74}| = ¢o min{r4, 1}. Then
|[EA(W + 7)| 2 ¢o min{7g, 1}
and, similarly as above, from
(W + 1) AW + 7 — 14eq)| < Cmin{rg, 1},
we conclude

|[EAW + 17— 14eq)| < |[EAW +7)| + |(W + 1) AW + 7 — 14€4)|
= (14 Ccy Y )|[EAW +7)].

Again this concludes the proof with the help of (3.8).
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CASE 2B. Assume that |[{z € E: x4 < 74}| < comin{7g,1}. Then there is an
e € (0,74) such that
HITYE N (ceq + H)) < comin{1,7; '}

We cut along this hyperplane and set E = {z € FE : x4 > ¢}. With this set, we
then get

Frp(E) 2 Fao(E\ E) + Py(E) — (¢(cq) + (—ea) H' (BN (ceq + H)).

By remark 4(iii), the first term on the right hand side is non-negative and we get
the bound

Py(E) = (¢(ea) + p(—ea))eo min{l, 75}
Po(Wo(|E)) = (¢(ea) + p(—ea))co

= | BT Pp(W, (1)) = (p(ea) + p(—€a))co

where in the second step we have used that the Wulft shape W, (|E |) minimizes the

unconstrained functional P, among sets of volume |E|. As by assumption |F| >
1 — ¢p, it follows that

Fyo(B) > (1= c0) T Po(We(1)) — (p(ea) + p(—ea))co > Fr o (Wa,p(1)) + 6
(3.10)
by our choice of cg. Thus, for any C' > 46!, we have even for 7 =0
[BAW? < (IE| + [W)? = 4 < C(Fxo(E) = Frp(W)).
O
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