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Composition Operators Induced by
Analytic Maps to the Polydisk

Kei Ji Izuchi, Quang Dieu Nguyen, and Shtiichi Ohno

Abstract. 'We study properties of composition operators induced by symbols acting from the unit disk
to the polydisk. This result will be involved in the investigation of weighted composition operators on
the Hardy space on the unit disk and, moreover, be concerned with composition operators acting from
the Bergman space to the Hardy space on the unit disk.

1 Introduction

Let D be the open unit disk in the complex plane and D" be the polydisk in the
n-dimensional complex space. For analytic self-maps ¢1,...,¢, of D and z € D,
denote an analytic map ® from D to D" by ®(z) = (¢1(2), ..., ¢u(2)). Then for
analytic functions f on D", we define the composition operator Cg by

Cof(z) = fo®(z) = f(p1(2),...,p4(2)) forzeD.

Recently, composition operators acting between Hardy and weighted Bergman
spaces of the polydisk or the unit ball have been investigated by researchers. Some of
them have considered when composition operators would naturally act between such
spaces of the polydisk or the unit ball in the different dimensions. Consequently, Koo
and Smith [4]] studied composition operators between Hardy or weighted Bergman
spaces on the unit ball in the different dimensions. Furthermore, Stessin and Zhu
[8] characterized the polydisk case and gave necessary and sufficient conditions for
composition operators from the Hardy space on the unit disk to the Hardy space on
the polydisk to be compact. But there is the characterization left over for composition
operators induced by analytic mappings from the polydisk to the polydisk in higher
dimension. We consider this case here. More precisely, we will concentrate on the
explicit question of which composition operators map boundedly or compactly from
the Hardy space on the bidisk into the Hardy space on the unit disk. As a result,
our problem gives new attention to the characterizations of weighted composition
operators on the Hardy space on ID and of composition operators acting from the
Bergman space to the Hardy space on the unit disk.
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The Hardy space H?(ID") denotes the space of all analytic functions f on D" such
that

e = | 1O Pam(O) < o

where dm is the normalized Lebesgue measure on the distinguished boundary D".
Let H*°(ID") be the Banach space of bounded analytic functions on D" with the norm
| Flitm ) = 5Py | F(2)], where we note simply | flls<ey = |f]loc- See [5] for
basic information about Hardy spaces on the polydisk.

Here we notice the relationship between our problems and the study of composi-
tion operators on the Hardy space in one dimension. Let ®(z) = (¢(z),1(z)) with
analytic self-maps ¢ and 1 of D. Suppose that Cs: H*(D*) — H?*(D) is bounded.
For gand h € H*(D), put f(z,w) = g(z)h(w). Then f € H*(D?) and

ICa fllzzy < Cllfllezw2)s

and so
(g 0 ©)Cyhllr2w) < Cligllerzm)lhllmm)-

Thus this inequality says that (g o ¢)C,,: H*(D) — H*(D) is bounded. So this prob-
lem has a relation to the boundedness of weighted composition operators on H>(ID).
See [[ILI6,[I0] for more information about composition operators on the unit disk.

Also, we will see that the boundedness and compactness of Cg: H>(ID?) — H?*(DD)
is involved in the investigation of composition operators acting from the Bergman
space to the Hardy space on the unit disk. Let L2(ID) be the Bergman space consisting
of those analytic functions f on ID such that

1f

bmy = / |f(2)]*dA(2) < o0,
D

where dA is the normalized Lebesgue measure on D.

This paper is organized as follows. For an analytic map ® = (¢, %) from D to
ID?, in Section 2 we study the boundedness of Cy acting from H?(ID?) to H*(D) and
consider a problem concerning with weighted composition operators on the Hardy
space on D. Specifically we let ¢ = 1 and so ® = (¢, ¢). Then we will obtain
that the boundedness of Cy: H?(ID*) — H?(ID) is equivalent to the boundedness
of Cy: L3(D) — H*(D). In Section 3, we characterize the compactness of Cg and
the special case ¢ = 1. These results give the new condition equivalent to the well-
known characterization using the Nevanlinna counting function.

2 Boundedness

The aim of this section is to obtain function-theoretic characterizations for the
boundedness of Cy: H2(ID?) — H*(D).

Theorem 2.1 Let ® = (p,%). If [[pY|loc < 1, then Co: H*(D?) — H*(D) is
bounded.
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Proof Take a number o as ||¢¥||c < ¢ < 1. Then there are measurable subsets
I, T of ODsuchthat Ty N T, = @, m(T UT,) = 1, [p({)] < /o ae. onT; and
|(¢)| < /o a.e. on T';. For any function F € H?(D?), we may write

F(z,w) =) 2"Fu(w) =) w'Gy(2),

n=0 n=0

where F,(w), G,(z) € H*(D) satisfy
”FH%IZ(ZD)Z) = Z HFﬂ”%{Z(]D)) = Z ||Gn||1%12(10))~

n=0 n=0

We note that
[Cof ey = [ ICHFOR dm(@)+ [ (CaFQF dm(0).

We have

> 2
Zd — n ,F,, d
[ coroPano = [ |32 eccsn] ano

IN

/F (S 1OP) (S ICEAQR) dm)
boon=0 n=0

1 oo
CyFu(Q)*d
l—a/an,;” (O dm(¢)

IN

IN

1 o 1
=5 2 ICuEullieay < =5 ICu PPl
n=0
Similarly we have
1
| ICRF(QOP dm(Q) < 7= ICIPIF .
2

Thus we get the assertion. ]

As we saw in the introduction, this research has the relationship to the bounded-
ness of weighted composition operators on H(D).

Corollary 2.2 Let @ be an analytic self-map of D. If o is not inner, then there is a
function u € H*(D) \ H>®(D) such that uC,: H*(D) — H?*(D) is bounded.

Proof Since ¢ is not inner, there exists an analytic self-map 1 of D such that
V)]s = 1 and ||p¥]leo < 1. Let ® = (¢, 7). By Theorem 21l Cq: H*(D?) —
H?(D) is bounded. Since ||[¢||oc = 1, there is a function g € H*(D) \ H*(D)

https://doi.org/10.4153/CJM-2011-073-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2011-073-3

1332 K. J. Izuchi, Q. D. Nguyen, and S. Ohno

such that u := go 1 € H*(D) \ H*®(D). For any function f € H*(D), let
F(z,w) = f(2)g(w). Then

[uCy f

This shows that uC,, is a bounded operator on H 2(D). [ |

|ty = ICaF |2y < [|Callllg |z || £l 2 0y)-

We now come to a full characterization for the boundedness of Cg.

Definition 2.3 A sequence {);} in D is called a uniqueness sequence for H*(D) if
any f € H*(D) vanishing on {);} must be zero.

Examples of uniqueness sequences are a sequence converging to a point in D and
a sequence {\;} satisfying ) (1 — |);|) = co. Another example is the sampling set
for H*(ID) (refer to [9]).

For a = (z5, o) € D?, we let

1
(1 —Z2)(1 — wow)

Ki(z,w) =

Then K, is the Cauchy kernel of H?(ID?). Obviously K, € H>(D?).

Theorem 2.4 Let {\;} be a uniqueness sequence in . Let ® = (p,) be an analytic
map from 1D to D2, Then the following assertions are equivalent.

(i) Cg: H*(D?*) — H?(DD) is bounded.

(ii)  There exists a positive constant C such that for every k > 1 and complex numbers

O _____<cC _Om@n
mél (I — AN ))(1 = AD)V(Am)) — Z 1 — M

m,n=1

Condition (ii) can be rephrased as follows: There exists a positive constant C such
that for any k > 1, the Hermitian matrix

(- emTTEETewTre).
=N (1= oA)e)) (1 = pA)P(N,)) 7/ 1<mnsk

is positive semi-definite.
We need the following simple fact.

Lemma 2.5 For a uniqueness sequence {\;}, the linear span A of the set

{xy@= 1_1Ajz’j > 1f

is dense in H*(D).
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Proof Let f be an element in H*(ID) that is orthogonal to A. By the reproducing
property of Cauchy kernels and the uniqueness property of {\;}, we deduce that f
must be identically zero. ]

Proof of Theorem[2.4] (i)=-(ii) Considering the adjoint map of Cg, we suppose that
Cj: H*(D) — H*(D?) is bounded. For a given set of complex numbers a, . . ., ax,
we set

k
K(z) = Z amK),, (2).
m=1

For a = (z,w) € ID?, we obtain

k k
(C3K)(z,w) = am(CiKy,, Ka) = Y am(K,, CaKy)
m=1

m=1

k
Ay
_ggu—@Qmmu—wumWy

It follows that
k Ol
ICHK By = e WrTows}
oKl m2) mél (1 — oA (A — h(N)P(N))
Similarly we have
k N
K S o
1K o 5%;11__AmAn

Since Cj is bounded, we get the desired positive constant C (independent of k).

(ii)=(i) Let A be as in Lemma[2.3] For any a = (z,w) € D?, define the linear
map T: A — H?(D?) by

1
TK . :K,C K,) = .
wla) =Ky, Cokel = S A =00

Then, by the proof of the first part, there exists a positive constant C such that

[ Thl[ w2 < ClA|lm2m)
for all h € A. Since A is dense in H(ID), the map T is extended to a bounded linear
map T: H*(D) — H?*(D?). Note that Cy is a closed densely defined operator, so the

formal adjoint
Ch: H*(D) — H*(D?)
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is also defined on a linear dense subspace B of H(ID). We will show that B = H*(DD).
To see this, fix h € B and a € D*. By Lemmal[23] there exists a sequence {h;} C A
such that i; — hin H*(D). Then we have

C:Ik,h((l) = <C$]’l,Ka> = <h,Cq)Ku> = hm <hj,Cq>Ka>
Jj—o0

= lim (Thj)(a) = (Th)(a).
J—0o0

Here, the fourth equality follows from the fact that each k; is a finite linear combi-
nation of K. Thus we obtain Czh = Th. Since B is dense in H?(D), we infer that
Ci = T on HX(D) and B = H*(D). So Cy must be bounded. [ ]

It should be remarked that we do not need the “uniqueness” of A; for the impli-
cation (i)=>(ii). By taking A\; = A, j > 1 for an arbitrary A € D), we obtain the
following simple consequence.

Corollary 2.6 Let ® = (p, ) with analytic self-maps @ and 1 of D. Suppose that
Co: H*(D?) — H*(D) is bounded. Then

su 1= |)\|2 < 0
P T eI — o)

So we obtain the next result. For an analytic self-map ¢ of D, put

I'(p) = {C € 0D : limsup |p(z)| = l}.

z—(,zeD

Corollary 2.7 Let ® = (¢, ) with analytic self-maps ¢ and 1 of D. Suppose that
Cg: H*(D?*) — H*(D) is bounded. Then ¢ has no finite angular derivative on T'(1))
and 1 has no finite angular derivative on I'(¢p).

Inner functions having angular derivatives uniformly on JD are only finite
Blaschke products.

Corollary 2.8 Let ® = (o, 1) with ||¢]lec = |[#¥|lcc = 1, where either ¢ or 1 is a
finite Blaschke product. Then Cg: H*(D?*) — H*(ID) is unbounded.

Let ¢ be an inner function that has a uniformly finite angular derivative at every

point in 9D, that is,

1— (V)]

— <

w1 Al?

Then suppose that a weighted composition operator uC,: H*(D) — H*(D) is
bounded for an analytic function u. Then its adjoint (uC,)*: H*(D) — Hi (D) is
also bounded. Recall that (uC,)*K\ = u(\)K, ), where Ky(z) = 1/(1 — Az) for
A € . So for the normalized kernel ky(z) = /1 — [A]2/(1 — )z),

H(u%)*kxllipm) < C”k)\H%-P(IU))ﬂ
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SO

1—|[\?
uV)P— <.
()] 1—JeW)? ~

As ¢ has a uniformly finite angular derivative at every point in JI), we have u €
H®° (D). This gives a fact that if a weighted composition operator uC,: H*(D) —
H?(D) is bounded for a finite Blaschke product ¢ and analytic function u, then u is
bounded. What about an inner function that is not a finite Blaschke product? We
answer this question as follows.

Proposition 2.9 Let @ be an inner function on D satisfying the following conditions.

(a) There exists a closed arc I C OD with an end point &y such that @’ is extended to a
non-vanishing analytic function near every point of I \ {&}.
(b) lim |p'(2)| = +oc.

z—&,2€1

Then there exists a function u € H*(D) \ H*(D) such that uC,: H*(D) — H*(D) is
bounded.

Let S(z) = exp((z+1)/(z—1)). Then S satisfies the assumption of Proposition[2.9]
We can also check that for every o € I, the function
S(z) — a
S(z = —
@) 1-S(z)a

also satisfies this assumption. By the Frostman theorem ([2]), for a € D, S, is an
infinite Blaschke product except for a set of capacity zero.

Proof of Proposition2.9] By conditions (a) and (b), there is a sequence of disjoint
open subarcs {I,,} of I satisfying that

(i) isaone-to-one map from I,, onto ¢(I,);

— 1
(ii) nz:; B < 0o, where b, = Zlglﬁ lo’(2)].

We note that Z:’;l m(l,) < m(I) < oo. By (ii), there is a sequence of positive
numbers {a, } satisfying that

(iii) a, — oo and a, > 1 for every n;

(iv) > azm(I,) < oo;
n=1

o o
(v) Z % < oo.
n=1 "
Define a function g on 9D as follows:

) a, for zel,
zZ) =
& 1 for zedaD\UZ, L.

By (iv), we have

0< / log |¢(C)|dm(¢) < / (O Pdm(C) < .
oD oD
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Thus we can find a function u € H*(ID) such that |u| = g almost everywhere on 9D.
By (iii), u ¢ H>°(D). For f € H*(ID), we have

/ [u(Q) | f (p(O)]*dm(¢)
oD

= 2d 2 Zd
/am\ufol,ﬂ'f(*"(O)' m<<>+;an /I | F(e(C)Pdm(C)

<1y + >t [ LOF e
- = J o,y minger, [¢'(OP

(oo} az
= (NIColP + 3 22) 1 1
n=1 "
Here the first inequality comes from (i) and the change-of-variables theorem. By (v),
uC,: H*(D) — H*(D) is bounded. [ ]
We have the following problem.

Problem 2.10 Suppose that ¢ is an inner function that is not a finite Blaschke
product. Is there u € H*(D) \ H>*(D) such that uC,,: H*(D) — H*(D) is bounded?

Next we study the special case ¢ = ). Let & = (¢, ). For f = > ° a,z" €

L%(D), we define
B 0o ay n ok
Ufz_om(zk_ozw )

Then ||Uf||H2(]D)2) = ||f||L§(]D))- Let N = {Uf : f S Li(]D))} Then N is a closed
subspace of H*(D?) and CoU = C, on L2(D). It is known that H*(D*) & N =
(z — w)H2(D?) (see [3]). Hence Co = 0 on H*(D?) © N. Thus we get the following
lemma.

Lemma 2.11 For ® = (p,¢), Co: H*(D*) — H?*(D) is bounded (compact) if and
only if C,: L2(D) — H*(D) is bounded (compact).

We recall that the classical Nevanlinna counting function N,, for an analytic self-

map ¢ of D is defined by
1
N,(w) = Z log [ for weD\ {p(0)}.
z€p~{w}
It is known that
N,
lim sup ”J(vr) < 00

lwl—1 108 T,
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for every analytic self-map ¢ of D, and that C,,: H*(D) — H*(DD) is compact if and
only if

lim Np(v:/) =0

lw|—1 log ™

(see [6]). We have the following.

Proposition 2.12  For ® = (¢, ) with an analytic self-map © of D, the following are

equivalent:

(i) Cg: H*(D?) — H2(ID) is bounded;

(ii) C,: L2(D) — H*(D) is bounded;

(iil) for a uniqueness sequence X\ of H*(ID), there exists a positive constant C such that
for every k > 1 the matrix

( C _ 1 )
1= XAm (1= @A) @e(An))?/ 1<mnsk

is positive semi-definite;

Nap(W)

(iv) limsup < 00

=1 [log ﬁ]z

Proof The equivalence of (i) and (iii) is due to Theorem [2.4] Smith [7] investigated
the properties of C,,: L2(D) — H?*(D) and gave the equivalence of conditions (ii)
and (iv). The equivalence of (i) and (ii) follows from Lemma[2. 11} [ |

Suppose that |||« = 1and C,: H*(D) — H?*(D) is not compact. Then we have

By Proposition 212} Cg: H*(ID?) — H?(ID) is unbounded.

3 Compactness

In this section we study the compactness of Cy acting from H?(D?) to H*(D). If
Co: H*(D?) — H?*(D) is compact, then trivially both C, and C,; are compact oper-
ators from H%(D) to H>(D).

In analogy with Theorem [2.T] we have the following result.

Theorem 3.1 Let® = (¢, ). If |¢¥||0o < 1 and both operators C,,C,: H*(D) —
H?*(D) are compact, then Cg: H*(D?) — H*(D) is compact.

Proof Take a number o as ||¢¢||oc < o < 1. Then there are measurable sub-
sets ['1,T5 of D such that T; N T, = &, m(Ty UT,) = 1, [p({)| < /o ae.
on T and [¢(¢)| < /o a.e. onT,. Let {Fy}, be a bounded sequence in H*(D?)
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such that Fy — 0 uniformly as k — 0o on any compact subset of D*>. Let M =
supy || Fil 22y < 00. We may write

Fi(z,w) =Y 2"Furw) = > w"Gyi(2),
n=0 n=0
where F, ¢ (w), G, x(z) € H*(D) satisfying

By = 3 il = 3 [Guilion
n=0 n=0
We note that
ICaFully = /F (CaF)(O dm(C) + /F (CaF)(O dm(0).
We have

/F [(CoF)(Q)* dm(C)

- /F > QOCEQ| dmi

n=0

N 2 o) 2
<2 [ (| r@ens| +| 3 ¢ @em| ) dno
I n=0 n=N+1

<2 /d ) (] ﬁ%w(cxwﬂ,kxo}z

+ O_2(N+1)

> N HOCENQ| ) dm(c).

n=N+1

Let T)F = (F — F(0,w))/z for F € H*(D?). Then T is a contraction on H*(ID?).
We have

> " NTICY Pk = Ca(T)NF.

n=N+1

By Theorem 3.1,

N 2
CoF 24 () (CyF, d
s [(CoFi)(Q)|* dm(C) §2/8D‘ ;w (O(CE Q)| dm(¢)

+ 202N Cp || 2M2.
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Take € > 0 arbitrarily. Since 0 < ¢ < 1, there exists a positive integer Ny such that
2070 | Cy ||IPM? < .

We have

Ny

[(CoF)(Q? dm(¢) < 2N + 1) Y [[CyFoillfem) + &
Iy n=0

For each 0 < n < Ny, ||Fukllz2my < M for every k. Since Fy — 0 uniformly on any
compact subset of D?, it is easy to see that F,; — 0 uniformly as k — oo on any
compact subset of D. Since Cy;, is compact on H*(D), ||Cy Fuxllmzqny — 0 as k — oo.
Thus we get

limsup [ [(CaF)(Q)|*dm(¢) < e.

k—o0 T

Similarly we have

limsup [ [(CoFx)(¢)]> dm(¢) < e.
k—o00 I,
Therefore
lim ||CyFil[2m) = 0.
k—o0

Thus we get the assertion. ]

In analogy with boundedness of Cg, we also have the following characterization
for compactness in a special case.

Proposition 3.2 For ® = (i, @) with an analytic self-map o of D, the following are
equivalent:

(i) Cg: H*(D*) — H*(ID) is compact;

(ii) Cy: L2(D) — H*(D) is compact;

N, (w)

(iii) limsup =0.

wl—1 {log ﬁ} ’

Proof Smith [7] gave the equivalence of conditions (ii) and (iii). The equivalence of
conditions (i) and (ii) follows from Lemma[2.11] [ |

About the Hilbert-Schmidtness, we can easily obtain the result using the orthog-
onal basis {z"w™} in H*(D?).

Theorem 3.3  Suppose that Cg: H*(D?) — H*(D) is bounded. Then Cgy: H*(D?) —
H?*(DD) is Hilbert-Schmidt if and only if

2w 1
/0 (1 — |p(e®)])(1 — |¢(e"9)|2)d9 =
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