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ON SQUARE PSEUDO-LUCAS NUMBERS

BY
A. ESWARATHASAN

J. H. E. Cohn (1) has shown that
F,=F,=1 and F,,=144

are the only square Fibonacci numbers in the set of Fibonacci numbers defined
by
F,=F,=1 and F,=F,_+F, , for n=3.

If n is a positive integer, we shall call the numbers defined by
(1) u1=19 u2=6’ un+2=un+1+un

pseudo-Lucas numbers.
In this paper we describe a method to show that the only square pseudo-
Lucas numbers are,
u;=1 and wu,,=225.

If we remove the restriction n> 0, we obtain exactly one more square,
u_,=9.

It can be easily shown that the general solution of the difference equation (1) is

given by

(2) u,=3(11L,-3L, ,),

where n is an integer.
Then we easily obtain the following relations:

3 L =L _,+L, L,=1, L,=3,
4 F,=F,_,+F,,, F,=1, F,=1,
(%) L}-5F;=(-1)4,

(6) Ly, =L}+(-1)""2,

@) 2L,...=5F,F,+L,L,,

(8 2F,...=L,F,+L,F,,

9) F, =LF,

(10) u, =3(5L,—-3F,).

Received by the editor May 12, 1977 and in revised form, September 23, 1977.
297

https://doi.org/10.4153/CMB-1978-052-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1978-052-1

298 A. ESWARATHASAN [September

The following conguences hold:

(11) Un+2r=(—1)""u,(mod L,27°),
(12) Unsar =(—1)"u,(mod F,27),
where s=0 or 1. Let

& =L,t,
where ¢t is a positive integer. Then we get
(13) G =7 -2
We also need the following results concerning ¢,:
(14) ¢, is an odd integer,
(15) ¢, =3(mod 4),
(16) é,=2(mod5), t=2.
(17) é,=2(mod 3), t=3.

We have the following tables of values:

n -12 -5 -2 -1.0 123 4 6 7 10 11 20
u, 1021 -35 9 -4 5 1 6 7 13 33 53 225 364 27670

t 4 5 8

F 3 5 37

t 5 10 20

L, 11 3.41 7.2161

Let

(18) x*=u,

The proof is now accomplished in eighteen stages:
(a) (18) is impossible if n=0 (mod 8). For, using (12) we find that

u, = up(mod F,).
= 5(mod 3).

5
5)--1
(18) is impossible.
(b) (18) is impossible if n=2(mod 16). For, using (12) we find that

Since

u,, = u,(mod Fg)
=6(mod7), since 7/Fy

https://doi.org/10.4153/CMB-1978-052-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1978-052-1

1978] PSEUDO-LUCAS NUMBERS 299

Since

(18) is impossible.
(c) (18) is impossible if n=3(mod 10). For, using (12) in this case

u, = + us(mod Fs)
= +7(mod 5)

Since

(18) is impossible.
(d) (18) is impossible if n=4(mod 16). For, using (12) we find that

u, = uy(mod Fy)
= 13(mod 7), since 7/Fg

13
(7)=-v
(18) is impossible.
(e) (18) is impossible if n=6(mod 16). For, using (12) in this case

Since

u,, = ug(mod Fy)
=33(mod 7), since 7/Fg

33
—_— = — 1
()--
(18) is impossible.
(f) (18) is impossible if n=7(mod 8). For, using (12) in this case

Since

u, = u,(mod F,)
=53(mod 3)

Since

(18) is impossible.
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(g) (18) is impossible if n=11(mod 40). For, using (11) we find that

U, = £ uy;(mod Lyo)
= +364(mod 2161), since 2161/L,,

(—364)_(364)_ i
2161/ \2161)
(18) is impossible.

(h) (18) is impossible if n=2(mod 10). For, using (11) in this case

Since

u, = uy(mod L)
=6(mod 11)

6
—_— )= — 1
(f1)-
(18) is impossible.
(i) (18) is impossible if n= —1(mod 10). For, using (11) we find that

Since

u, =u_,(mod Ly)
= —4(mod 11)

—4
—)=-1,
( 11 )
(18) is impossible.
(j) (18) is impossible if n= —5(mod 20). For, using (11) in this case

Since

u, = tu_s(mod L,y)
= F35(mod 41), since 41/L,,

Since

-6
41 ) \41) 7
(18) is impossible.

(k) (18) is impossible if n=7(mod 10). For, using (12) in this case

u, = + u,(mod Fs)
= +53(mod 5)
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-53 53
( 5 )‘ (?) =1
(18) is impossible.

(1) (18) is impossible if n= —12(mod 40). For, using (11) we find that

Since
u,= tu_,,(mod L,,)

= +1021(mod 2161), since 2161/L,,

(— 1021)_ (1021) -1
2161 ) \2161)
(18) is impossible.

(m) (18) is impossible if n=4(mod 10). For, using (12) in this case

Since

u, = +u,(mod Fs)
= +13(mod 5)

-13 13
( 5 >_ (?) -b
(18) is impossible.

(n) (18) is impossible if n=6(mod 10). For, using (12) we get

Since

un = :h u6(m0d Fs)
= +33(mod 5)

-33 33

—_— = =—1

(5)-(5)--
(18) is impossible.

(o) (18) is impossible if n=20(mod 40). For, using (11) we find that

Since

U, = £ Uyo(mod L)
= +27670(mod 2161), since 2161/L,,

Since

(—- 27670) B (27670) -
2161 ) \2161/)

(18) is impossible.

https://doi.org/10.4153/CMB-1978-052-1 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1978-052-1

302 A. ESWARATHASAN [September

(p) (18) is impossible if n=1(mod 4), n# 1, that is if n=1+2'r, where r is
odd and ¢ is a positive integer =2. For, using (11) in this case

u, =—u;(mod L5™?)
= —1(mod ¢,_,)
Now using (15), we have
b, =4k+3,

where k is a non-negative integer.

Since
()= (as) =
6] \4k+3) 7
(18) is impossible.

(q) (18) is impossible if n=10(mod 16), n# 10, that is if n =10+ 2'r, where r
is odd and t is a positive integer =4. For, using (11) we find that

u, = —u,o(mod L)
= —-225(mod ¢,_,)
Now using (16) and (17) we get
(¢-1,5)=1 and (¢,_1,3)=1

respectively.
By virtue of (15), we get ¢,_, =4k +3, where k is a positive integer =11.

Next, since
<—225) _ (—225) -1
b1 4k+3 ’
(18) is impossible.

(r) (18) is impossible if n=—2(mod 16), n# —2, that is if n=—-2+2",
where r is odd and ¢t is a positive integer =4. For, using (11) we find that

u,=—u_,(mod L;*
= —9(mod ¢,_,)
Now using (17) we get
(b-1,3)=1
By virtue of (15) we get
¢_1=4k+3,

where k is a positive integer =11.
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¢t—1 “C 3

We have now three further cases n=—2,1, 10 to consider
When n= -2, u,=9 is a perfect square.
When n=1, u, =1 is a perfect square.
When n =10, u, =225 is a perfect square.

Next, since
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