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Abstract

In the paper we give sufficient conditions for the existence of a solution for a Darboux-
Goursat optimization problem with a cost functional depending on the number of switchings
of a control and the rapidity of its changes. An application is given to a gas absorption
problem.

Introduction

One of the basic optimization problems is the following problem:
we are given a control system

x=f@, x,u), x(0) = x, (0.1)
u(H)elU 0.2)
and a cost functional
T
1(x, u) =/ o1, x, u)dt, 0.3)
0

where fo: [0, T] X R*" X R" - R, f : [0, T] x R® x R™ — R", x(-) is
an absolutely continuous function on [0, T'], u(-) is a measurable function

and belongs to a fixed set U of admissible controls.
The problem consists of the determination of the minimum of the functional 7 (x, u)

under conditions (0.1), (0.2). (For details, see [3].)
In many technical questions related to automatic control, it is necessary to take
account of the costs connected with the number of switchings of a control and the
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speed of its changes. In a few papers [2, 4,7, 8, 10, 11] the authors considered system
(0.1-0.2) with a cost functional of the form

T
I(x,u)=/ £O(t, x (), u(t))dt + @ (u), 0.4)
0

where @ (u) is a functional depending on the number of switchings, the rapidity of
changes or on the total variation of the control u.

In [8], the author gives sufficient conditions for the existence of an optimal solution
to (0.1), (0.2), (0.4) in the case when

P ) = yiN@u) + y.Sw), Y, 2 >0, (0.5)

where N(u) stands for the number of points of discontinuity of the control u, while
S(u) = sup{(Ju@t) —u@/(t —1'|), t # t', u is continuous on [z, t']}. Necessary
optimality conditions for this problem are given in {4]. In the case when @ (u) = Vu
(total variation of u), such a problem was considered in [7]. In [10, 11], effective
methods of the numerical solving of such problems are given.

It seems that the results included in the above-mentioned papers can have practical
applications (cf. MR 86b49029).

In our paper we consider an optimization problem, analogous to problem (0.1)—
(0.5), for systems with distributed parameters of the form

9%z 9z 0z
= y Vel T 0 T o . 0'6
dxdy f(x >z dx dy u) 06)

The basic results of the paper are a theorem on the existence of Carathéodory
solutions for systems of form (0.6) (cf. Section 1) and the theorem on the existence
of optimal processes (Sections 2 and 3). Necessary optimality conditions for these
systems will be considered in the next paper. In the last section of the paper (Section 4)
we consider some chemical interpretation of the optimal control problem described
by (0.6).

1. On the existence of Carathéodory solutions for Darboux-Goursat systems

To begin with, we shall give the definition of absolutely continuous functions of
several variables. In the space of these functions we shall investigate the existence
of solutions of hyperbolic systems of form (0.6) with Darboux-Goursat boundary
conditions.

Let F = F(Q) be an additive function of the interval Q C P? = {(x,y) € R*; 0 <
x <1, 0 <y < 1}. The function F is called absolutely continuous if, for any £ > 0,
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there exists § > O such that Y7 |F(Q;)| < & for any system of intervals Q; C P?
such that Y7_, |Q;| < 8 and intQ, NintQ; = @ forr # s. Letz : P> - R. The
function of an interval defined by the formula

F.(Q) = z(x2, y2) — z(xy, y2) + z(x1, 1) — 2(x2, Y1),

where Q = {(x,y) e R%; 0<x <x<x <1,0<y <y<y <1},iscalleda
function associated with z. A function z : P> — R is called an absolutely continuous
function on P? if the associated function F,(Q) is an absolutely continuous function of
the interval Q and each of the functions z(x, 0) and z(0, y) is an absolutely continuous
function of one variable on the interval [0, 1]. The space of absolutely continuous
functions on P? will be denoted by AC(P?, R) or, shortly, by AC.

It can be demonstrated (cf. [13]) that a necessary and sufficient condition for z to
belong to AC (P2, R) is the following integral representation:

xpy x ¥y
z(x,y)=/0/0 llvz(x,y)+f0 l‘(x)+/o 2(y) +c, (L)

where [V ¢ LY(P?), I',I? € L'([0,1]), c € R. Making use of (1.1), one can
prove that the function z € AC possesses the partial derivatives (in the classical
sense) 3z/dx = [ I"* +1', 3z/dy = [ I'"* 4+ 1* and 8°z/8xdy = I"* defined for
(x,y) € P?ae. (cf. [14]).

In the space AC(P?, R), the norm is defined by the formula

1.2 2
Izllac = N2 MlLycpzy + 1 Lyoan + 1211 qo,p + lel- (1.2)

It is easy to see that the space AC with norm (1.2) is a Banach space.

The definition of absolutely continuous functions of two variables can easily be
generated by induction to the case of functions of several variables. A real function z
is called absolutely continuous on

Pr={xeR, 0<x'<1,i=12...,k}, k=2,

if the associated function F, (Q) (cf. [6, 9]) is an absolutely continuous function of the
interval Q C P* and each of the functions z(0, x2, ..., x*), ..., z(x!,..., x*1,0)
is an absolutely continuous function of (k — 1) variables. Absolutely continuous
functions of k variables, k > 2, have properties analogous to those of functions of
two variables (cf. [13]). In the sequel, we shall occupy ourselves with the space of
functions of two variables.

Denote by AC(P2, R™) the space of vector functions z = (z', ..., z™) where
z' € AC(PL,R)fori = 1,2,...,m. In this space let us consider a system of
equations of the form
9%z 9z 9z
= ,—, — 1.3
dxady f (x,y, Z ox ay) (13)
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with the Darboux-Goursat boundary conditions

z(x, 0) = ¢(x), z(0, y) =¥ (), (1.4)
where f = (f!, ..., f™), f: P2 x (R™)®* - R™. We shall assume that:

1° the functions ¢ and ¥ are absolutely continuous on [0, 1] and ¢(0) =
¥(0) =c,

2% there exists a constant L > 0 such that

lfi(-x’ Yy, Wy, Wy, w2) - fi(x’ Y, 20, Z1, 22),
< L(Jwo — 20| + w1 — 2| + w2 — 22)

for (x, y) € P? a.e. and any points (wo, wy, wy), (20, z1, ) of the  (1.5)
space (R™)3, j =1,2,...,m,

3% for any point (zq, zi, 2,) € (R™)%, the function f(-,-, zg, 21, 23) is
measurable on P2,

4%  there exists Z = (Zo, Z;, z,) such that the function f (-, -, Zo, Z1, Z2) is
integrable on P2,

A function z € AC(P?, R™) will be called a Carathéodory solution if it satisfies
(1.3) for (x, y) € P? a.e. and boundary conditions (1.4) for any x, y € [0, 1].
We shall prove

THEOREM 1. If assumptions (1.5) are satisfied, then system of equations (1.3) with
boundary conditions (1.4) possesses a unique Carathéodory solution in the space
AC(P?, R™) of absolutely continuous functions.

PROOF. It is easy to observe that, by substituting
wx, y) =z(x,y) —eX) — ¥ () +c, c=¢(0) = y¥(0),

boundary value problem (1.3)—(1.4) can be reduced to a problem with homogeneous
boundary conditions. Therefore, without loss of generality, one may assume that
¢(x) = 0 and ¥ (y) = 0. It follows from (1.1) that any function z € AC(P?, R™)
satisfying the conditions z(x, 0) = 0 and z(0, y) = 0 can be represented in the form

xpy
2(x, y) = f f g(x, ) dx dy, (1.6)
0J0

where g € L'(P?, R™). So, (1.3) with homogeneous boundary conditions can be
represented in the form

xpy y x
glx,y) = f(x,y,ffg,/g, fg), 1.7)
0J0 0 0

where g satisfies (1.6).
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Let'k > 1 be a number satisfying the inequality
= < .
m >+ o ,

where L is the constant from the Lipschitz condition (cf. (1.5)). In the space
L'(P?, R™) let us introduce a Bielecki norm (cf. [1]) defined by the formula

1 pl1
gl = / / ) (x, y)] dx dy. (19)
0J0

It is easy to show that
e *lglle < lgle < ligle- (1.10)

Consequently, the norms ||g |, and [|g]l. are equivalent.
Denote by F = (F', ..., F™) : L'(P% R™) — L'(P?, R™) an operator defined
by the formula

i X X pry y x
Fig)(x,y) = f/ (x,y, / / 2.y, [y, /0 g(x,y)). (L.11)
0J0 (1]

It follows from assumptions (1.5) that the operator F is well-defined. We shall
demonstrate that F is a contracting operator if the norm in the space L'(P2%, R™) is
defined by (1.9). We have

IF(g) — F(Wix =

1p1 X py y x X pry y x
[ L G [ fo [o [8) =7 (o [ [ [ )
0J0 0J0 0 0 0J0 0 0

1pt xpy 1 pl y
smL/f e"“‘*’)/f|g—h|+mL[fe'k(*+’)f|g-h]
0J0 0J0 0JO0 0
1p1 X
+mL//e—k<x+y>/ lg — . (1.12)
0JO 0

Integrating the last integral by parts, we obtain

1 pt x
// (e"‘(”’)/lg—hl(s,y)ds) dxdy
0Jo 0
1 1 X
=/ [/ (e"‘“+”/ Ig—hl(s,y)dS)dx] dy
o LJo 0

1 1 x . 1 1
= / —2e* | g— ki (s,y) s, + / ze g — hl(x,y) dux dy
0 k 0 *= 0o k

1pl 1
= // __e—k(H'y) + le-k(x+y) ]g — hl (x, y) dx dy
0Jo k k
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// P G 1) —k(x+y)|g —h|(x,y)dxdy

—Ilg il

In an analogous way we shall obtain the inequality

1,1 y 1
/‘/ e—k(X+y)f lg =kl (X, y) < =g = Alls-
0Jo 0 ¢

Integrating by parts twice, we get the estimate

1 pl X py
[/?*M”//|g—mud)
0 J0 0J0

1pl
= L // e—k(2—x—y) — g HI=0) _ p—k(i-y) + l]e—k(x+y),g — hl(x,y)dxdy

_kﬂg lle.

Consequently, from (1.12) we obtain

1
IF(g) - mekssz(H

Since the number k satisfies (1.8), we ascertain that F (cf. (1.11)) is a contracting
operator. So, there exists exactly one point go € L'(P2, R™) such that go = F(go).

Adopting
X py
zo(x,y) ==/fgo(x,y),
0J0

we obtain a solution of (1.3) in the space of absolutely continuous functions on P2,

1
;) g —hlle = allg — Al

2. On the existence of optimal solutions for some control problem

We shall first prove a theorem on the continuous dependence of solutions of (1.3)
upon the function parameter (control). We shall make use of the following:
LEMMA 1. (cf. [5]) If a function ¢ : P? x R' — R, > 1, satisfies the conditions:

1° (., -, v) is measurable on P* withany v € R',
2° @(x,y,") is continuous on R* with any (x, y) € P?,
3% foranyu(-,-) € LP(P% R"), 1 < p, < 00, the function
@(, -, u(-,-)) € L”(P*R),1 < p, <0,
then the operator ® : L' (P2, R) — LP”*(P2, R) defined by the formula ® (u)(x, y) =
@(x, y, u(x, y)) is continuous.
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Let us now consider a control system

9%z 9z 9z

= IR 2SN s 70 =03 0, =0, 2.1
3x3y f (x,y Z ox 3y u) z(x,0) z(0, y) 2.1
where z € AC(P?, R™),u € L°(P*,R"), f =(f',..., f™,1 <s<oo,r > 1. We
shall assume that:

1. there exists a constant L > 0 such that
|ff(x, Y, Wo, Wy, Wa, ¥) — fj(x, ¥, 20, 21, 22, U)|
< L(lwo — zo| + |wy — z;| + w2 — 220)
forany (x,y) € P2, w;,z; € R",i =0,1,2, u e R",
2. for any z; € R™ and u € R’, the function f(., -, 2o, 21, 25, U) is 2.2)
measurable on P2, for any (x, y) € P? and z; € R™, the function
f(x, ¥, 20, 21, 22, -) is continuous on R",
3. for any control u € L*(P?, R"), there exists a point z; € R™, i =
0, 1, 2, such that the function f/(x, y, Zo, Zi, Z,, u(x, y)) is integrable
onP? j=12....,m

From the above assumptions as well as from Theorem 1, it follows that, for any control
u € L°(P?, R"), there exists exactly one solution of (2.1) in the space of absolutely
continuous functions AC(P?, R™). This solution will be denoted by z, and called the
trajectory of (2.1) corresponding to the control u. Since z,(x, 0) = Oand z,(0, y) =0,
therefore the norm of the trajectory z, is defined by the formula (cf. (1.2))

lz.ll = (x y)| dxdy. (2.3)

We shall prove

THEOREM 2. If assumptions (2.2) are satisfied and the sequence of controls u, tends
10 ug in the space L*(P?, R"), then the sequence of trajectories z,, tends to z,, in the
space AC(P?, R™).

PROOF. Denote by F,, = (F},..., F) : L'(P?, R") — L'(P?, R™) an operator
defined by the formula

. ) xpry y X
F/()x,y) = f’ (x, y,f/g,/g,/g,un(x,y)),
¢Jo 0 0

where j = 1,2,...,m; g € L'(P%, R™), (x, y) € P2 Identically as in the proof of
Theorem 1, we can show that there exists k > 1 such thata = 2mL(kl2 + i) < 1and

| Fu, (&) = Fu,(W)le < allg — Al (2.4)
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forany g, h € L'(P?, R") andn = 0,1,2, ..., where | - ||; stands for the norm
defined by (1.9).
For any control u,, the operator F,, possesses a fixed point g, = F,_(g,) such that

Xy
zun(x,y)z—/-/g,,(x,y)dxdy, n=012,...,
0Jo
and z,_ is a trajectory of system (2.1). Inequality (2.4) implies

[lgn — gollk = | Fu,(gn) — Fuo(80) |l
< F..(8n) — | Fi,,(80) Ik + I Fu, (80) — Fiuy(g0) I
< allgn — golle + | Fu, (80) — Fuy(80)llx-
Making use of (1.10), we get

2k

llgn — gollr < | F.,(g0) — Fu (8l

T 1—-«a

Since z,(x, 0) = 0 and z,(0, y) = 0, we have (cf. (2.3))

Iz, — Zyq ||AC(P2.R"') = |lgn — go"z.l(m,kmy

Consequently,

2%
e
Izu, = 2l = T I1Fu(80) = Fip(gl,  n=1.2,....

. . . AC
From Lemma 1 it follows that the operator F, is continuous, thus z,, — z,, as

LJ
U, = up, 1 <s <oo0.

A function uy : P? — R™ will be called piecewise continuous on P? if there
existpoints 0 = xp < x; < .- <x,, =land0 =y < yy < -+ <y, =1
such that the function u, is continuous on each interval P = (x;, xiy1) X (¥, Yie1)s
i=0,1,...,p0—1k=0,1,...,90 — 1.

Let uy = (up,...,uy) be a piecewise continuous function on P? such that
uo(x,y) € My C R™ and Sy(ug) < 00, where M, is a compact set and the func-
tional So(uo) is defined by the formula

So(ig) = sup '“‘;g,’;;:?x"(’;’)ly)', W, y) # ), (&) Y, )€ Pa,

i=0,1,...,p—1; k=0,1,...,q0—1]. 2.5)
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The set of such functions will be denoted by U,. Denote by U, the set of functions
Uy = u(x) = (ul(x),...,ul'(x)) piecewise continuous on (0, 1] and such that
u(x) € My, S;(u;) < oo, where M; C R is a compact set, the functional S, (i) is
defined by the formula

() — uy (0)]

Si(u1) =SUP{ X — x|

, x #x, x',xePi}, (2.6)

where P;,i = 1,2, ..., p, denote the intervals of continuity of the function u;.

Let U, stand for the set of functions u; = uy(y) = up = U3y, ..., u7(y))
piecewise continuous on [0, 1] and such that u,(y) € M,, S,(u;) < oo, where
M, C R™ is a compact set, the functional S,(u,) is defined by the formula

lu2(y") — ua(y)| , ,
52(u2)=SUP[—2—,—2———, Y#y, ¥V.ye Q. @7
ly" =yl
and O,k =1,2,...,q,denote the intervals of continuity of the function u,.

The set U = Uy x U, x U, will be called a set of admissible controls, and its
elements - admissible controls. The control uy = uy(x, y) will be called an interval
control, whereas u; = u;(x) and u, = u,(y) - boundary controls.

In the class of admissible controls u = (ug, u,;, u;) € U, defined above, let us
consider a control system of the form

3%z 9z 9z
= I AR P ) ’ 3 ==V, ’ = 09
axay f(x ¥,z ax’ 3y u) z(x,00 =0, z(@0,y)
u(x,y) € M = My x M; x M,, z € AC(P?, R™), (2.8)

with a cost functional

2
I(z, u)=f FoG, y,2(x, y), ulx, ) dxdy + Y a;Ni(u;) + BiSi(u;) — min
P2 i=0

2.9
where ¢;, ; > 0, N;(u;) stands for the number of intervals of continuity of the controls
u;, i =0,1,2,; §;(u;) are defined by (2.5)—2.7).

The functionals N; and §;, i = 0, 1, 2, can be interpreted as costs connected with
the number of switchings of the control « and the speed of its changes, whereas the
numbers «;, B; as weights connected with these costs.
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In the sequel, we shall assume that:

a) the function f satisfies (2.2),
b)  f°(,-, z,u) is measurable with any z € R" and u € R',
r=ro+r +r; f°x,y,- ) is continuous for (x, y) € P?,
¢)  f°C,-, z(,, ), u(-, ) isanintegrable function for any admissible pair
(z, u) where u € U, z = z, is the solution of (2.8) corresponding to (2.10)

the control u,
d) there exists a constant A such that

So FOGx, y, 2(x, y), u(x, y))dxdy > A
for any admissible control ¥ € U and the trajectory z = z, satisfying
(2.8).

Let C > 1 be a fixed real number. Denote by US the set of functions
Us = {u € Up; No(u) <C and S,(u) < C}.
We shall show

LEMMA 2. From each sequence {u"} C UOC one can choose a subsequence {u™}
consisting of functions which possess exactly s < C intervals of continuity. This
subsequence converges almost everywhere on P? to a function u® € UE, and the
number of intervals of continuity of the function u® is equal to s° < s < C. Moreover,
for eache > 0, there exists N = N(¢) such that So(u®) < So(u™)+¢& foranyn* > N.

PROOF. Let {u"} C Uf be an arbitrary sequence. It follows from the definition of the
set U that the number of intervals of continuity of any function «” is less than C. So,
there exist points 0 = x5 < x{ <--- <x; =1, 0=y5 < yf <--- < y; = lsuch
that the function #” is continuous on the intervals

Pl = (s xip) X O Y,

i=0,1,...,p—1;, k=0,1,...,9—1, p<C, g <C.

(In the case C = 1, all the functions u” are continuous on P2.) Choosing a sub-
sequence, if necessary, we may assume that the numbers p and g are constant for all
n=12.... Puts = p-q. From each sequence {x"} and {y;} we can choose
convergent subsequences. (In the sequel, subsequences will be denoted by the same
symbols as original sequences.)

Let xf - xfand yf — ¥, i=0,1,...,p; k =0,1,...,9. We have 0 =
X <x) <o <x)=1land0=y <y <-.. < yg = 1. Assume that,
with fixed i and &, x} < x?,, and y{ < y},,. Let & > O be a sufficiently small
number. Note that on the interval P = (x* + ¢, x%, — &) x (32 + &, ¥, — &)
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the sequence 1" will be compact in the topology of uniform convergence. Indeed,
on this interval all the functions ¥" with a sufficiently large n are defined, commonly
bounded (1" (x, y) € My) and equicontinuous (Sy(u") < C). Consequently, from the
Ascoli-Arzela theorem it follows that there exists a uniformly convergent subsequence.
Passing with ¢ — 0, we shall obtain pointwise convergence on the whole interval
PO = (x2, x%, ) x (39, ¥2,,). Proceeding in this way with the successive intervals P},
we shall get a subsequence of {u"} converging almost everywhere to some function
u® € Uf. The. number of intervals of continuity of the function u° is equal to
so < s. In the case when x? = x?,, or y? = y?2.,, PJ is a degenerate interval and its
two-dimensional measure is equal to zero. Such a case may therefore be omitted.

We shall prove the second part of the proposition. Let & > 0 be an arbitrary number.
Directly from the definition of the supremum and from (2.5) it follows that

So(u) = sup { (', y)—u(x, y)|
[(x', y)—(x, )|
< W&, ) —u®GE ) e
Ix’, y) — (x, ¥ 2’
where (¥’, y') and (%, y) are some points of the interval P2. Since the sequence {u"}
converges to uy, therefore

. LYY # (), (L), (x,y)GP.-‘Z}

W@, §) =, 5)
S 0
N T DN T

for n, sufficiently large. Hence

|unk(xl’ )’/) - u"k(x9 )’)|
[, y) = (x, y)I

So(u®) < sup{ ] +& < So(u™) +¢.

Let us denote by U and Uf the sets

Ul ={ueU; Ni(u)<Cand S (u) < C},
Uf = {u € Uy; Ny(u) < C and S,(u) < C}.

Analogously to Lemma 2 one can show

LEMMA 3. From each sequence {u"} C US one can choose a subsequence {u™)
consisting of functions which possess exactly s < C intervals of continuity. This
subsequence converges almost everywhere on [0, 1] to a function u® € UF, and the
number of intervals of continuity of the function u® is equal to s° < s < C. Moreover,
for each & > 0, there exists N = N (¢) such that S;(u®) < S;(u™)+¢ foranyn; > N.
Analogously - for the set Uf .
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On the basis of the above lemmas and Theorem 2, we shall prove

THEOREM 3. If (2.10) are satisfied, then control system (2.8) with cost functional (2.9)
possesses an optimal solution in the class of admissible controls U = Uy x Uy x U,
and in the class of absolutely continuous trajectories z € AC(P?, R™).

PROOF. Denote by Z the set of admissible processes (z, u) in (2.8)~(2.9),i.e. u € U
and z is the trajectory of (2.8) corresponding to the control u. It follows from (2.10.d)
that inf{/(z, u); (z,u) € Z} = m > —oo. Let {(z",u")} C Z be a minimizing
sequence, i.e. /(z",u") — m. It can easily be noticed that there exists C > 1 such
that

2
D N} + BiSiu}) < C.
i=0

Since ¢;, B; > 0, from the sequence {1"} we can choose a subsequence {u"} satisfying
the conditions of Lemmas 2 and 3. Let u™ — u°. From Theorem 2 we infer that

f £, y, 2%, u™) - f £, 3, 20, ), @11)
p? p?

where 20 is the trajectory corresponding to the control u°.
Let € > 0 be an arbitrary real number. It follows from (2.11) and from Lemmas 2
and 3 that
m<I@Eu®)<IE* u™)+¢ (2.12)

for n, sufficiently large. Since 7 (z™, u™) — m, from (2.12) we obtain 7 (z°, u®) = m.

REMARK 1. We have assumed thate;, 8; > 0,i = 0, 1, 2. Directly from the proof of
Theorem 3 it follows that, in the case when f° and f do not depend on u;, one can
puto; =0and B; =0fori =0, 1 or 2 and Theorem 3 will still remain true.

REMARK 2. In the existence theorems for the classical problems of Bolza or Lagrange
one assumes the convexity of the function f° and the convexity of the set of trajectories
(cf. {3]). In Theorem 3 we managed to omit the assumptions of convexity because
the cost functional (2.9) contains components depending on the number of intervals
of continuity of the control u and the rapidity of its changes.

3. An optimal control problem with the bounded number of switchings of
controls

In this section we shall consider the optimal control systems with a commonly
bounded number of swithchings of controls.
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Let Ky, K, K, be some fixed positive integers. Denote by Uy, a subset of U, (cf.
(2.5)) consisting of controls ¥ whose number of continuity intervals is not greater than
Ky. In an analogous way we define the sets Ug, C U, and U, C U, (cf. (2.6) and
2.7). Let Uy = Ug, x Ug, x Ug,.

In the set of admissible controls u = (uq, u;, u3) € Uy, let us consider a control
system of the form

8%z =flx z % % u
axay T\ VP ax ey )
z(x,0) =0, z(0,y) =0, uec Ug, ze€ AC(P?, R™), 3.1)

with a performance index

2
1z, u) = f fox, y z,wydxdy + ) BiSiws), (32
P2 i=0

where f; > 0 and the functionals S; are defined by (2.5)—2.7).
Now, we prove the following existence theorem for the optimal control problem

(3.1-(3.2).

THEOREM 4. If the functions f and f° satisfy (2.2) and (2.10), then control system
(3.1) with performance index (3.2) possesses an optimal solution in the class of
admissible controls u € Ug and in the class of absolutely continuous trajectories
z € AC(P?* R™).

PROOF. Let Z, denote the set of admissible processes (z, 4) in (3.1)~(3.2). It follows
from (2.10d) that inf{/ (z, u); (z,u) € Z;} = m > —o0. Let {(z",u")} C Z, be a
minimizing sequence, i.e. I (z", u") — m. Since (cf. (2.10))

/ fox,y, 2" u") > A, n=12,...,
p2

for some A, there exists a constant D > 0 such that 3°_ 8;S;(u”) < D. By the
definition of admissible controls, the number of continuity intervals of u”,n =0, 1,2,
is commonly bounded. It follows from Lemmas 2 and 3 that there exists some
subsequence {u™} C {u"} such that u™ — u° ae. and u® € U,. Further, by an
identical argumentation as in the proof of Theorem 3, we obtain the assertion of
Theorem 4.

REMARK 3. Itis easy to notice that, in the case when functions f° and f do not depend
on u;, we can put §; = 0in (3.2), and Theorem 4 will be true,i =0, 1 or 2.
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4. Application to the optimization of some chemical processes

Consider a gas filter made in the form of a pipe filled up with a substance S which
absorbs a poison gas. Through the filter a mixture of air and gas is pressed at a speed
v = v(t) > a > 0 with the aid of an aggregation A. Denote by i = u(x,t) the
quantity of the poison gas being present in the capacity unit of the substance S at a
distance x from the inlet of the filter and at a moment ¢. Assume the speed v = v(t)
to be so great that the diffusion process plays no essential role in the motion of the
gas. In this case, the process of the absorption of the poison gas by the filter filled up
with the substance S is described by a differential equation of the form

U (x, 1) + %ﬁ,(x, 1) + Byux(x,1) =0 4.1
under the boundary conditions
a(x,0) = igexp A, ,
Vo 4.2)
u(0,t) = uo,

where i is the gas concentration at the inlet to the filter (ity = const.), v(z) denotes
the speed of the flow of the mixture of air and gas through the filter at the moment ¢z,
vo = v(0), B and y are physical quantities characterizing the given gas (for details,
see [12], chapter II).

With the aid of the aggregation A we are able to control the flow speed v = v(¢)
in the interval [a, b] i.e. v(t) € [a,b] where 0 < a < b < oo. Without loss of
generality we may assume that x € [0, 1] and ¢ € [0, 1]. We shall also assume that
v(-) is a piecewise continuous function on [0, 1].

Put

ux,t) =z(x,t) + ugexp (—vﬁx) .
0
It is easy to demonstrate that (4.1)<(4.2) is equivalent to a system of the form

2_ —
Zu(x, ) + Byz,(x,t) + iz,(x, t) — vP i exp (—’Bx) =0, 4.3)
v(t) Yo Yo

z(x,0) =0, z(0,t) = 0. 4.4)

The function v = v(¢) will be treated as a control in (4.3)—(4.4).

Suppose that each rapid or sudden change in the speed of the flow of the gas
through the filter is expensive and should be taken into account in the general costs of
air filtration. Consequently, the cost functional ought to have the form

1 1
I(z,v)=f/ Fo(x, t,2(x, 1), v(t))dxdt + aN () + BS(v), 4.5)
0 JO
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where «, 8 > 0, N(v) denotes the number of points of discontinuity of the control v,

lv() —v(@)|

, U#1, t',)te Qt,
T # o

S(v) =sup {

Ownk=1,2,...,q,stand for the intervals of continuity of the control v.

Assume that the function f° satisfies (2.10). In that case, it can easily be noticed
that control system (4.3)—(4.4) with cost functional (4.5) satisfies all the conditions of
Theorem 3 (cf. Remark 1). Hence it appears that there exists some v* = v*(t) which
is the optimal speed of the flow of the gas through the filter.

The necessary optimality conditions which allows one to determine the optimal
control v* will be considered in our next paper.
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