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Abstract. Motivated by a relation on submodules of a module used by both
A. W. Goldie and P. F. Smith, we say submodules X, Y of M are 8* equivalent, Xp*Y,
ifand only if ¥ is smallin 4f and 3 is smallin 2. We show that the 8 relation is an
equivalence relation and has good behaviour with respect to addition of submodules,
homomorphisms and supplements. We apply these results to introduce the class of
G*-supplemented modules and to investigate this class and the class of H-supplemented
modules. These classes are located among various well-known classes of modules
related to the class of lifting modules. Moreover these classes are used to explore an
open question of S. H. Mohamed and B. J. Mueller. Examples are provided to illustrate
and delimit the theory.
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1. Introduction. Throughout this paper, rings are associative with unity and
modules are unital right R-modules, where R denotes such a ring and M denotes
such a module. The motivation for this paper comes from two sources. The first is the
open problem posed in [6, Open Problem #18, p. 107]: Is every H-supplemented module
supplemented? Recall that a module M is H-supplemented if for every submodule 4
there is a direct summand D of M such that 4 + X = M ifand only if D + X = M [6,
p- 95]. In [6, Definition 4.4, p. 56], a module M is called supplemented if for any two
submodules 4 and B with 4 + B = M, B contains a supplement of 4. This definition

* This paper is dedicated to Patrick F. Smith on the occasion of his retirement.
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of supplemented is equivalent to the more recent terminology of amply supplemented
(see [2, p. 237] or [8, p. 54]).
The second source of motivation is provided by the concept of the beta equivalence
relation defined on the set of submodules of a module. From [1], for submodules X,
YofM,XBY ifandonlyif XNY <, Xand X N Y <, Y. An equivalent form of this
relation was used by Goldie on the right ideals of a ring in his seminal paper [4] and
by Smith in [7]. Since this relation has proved fruitful in various applications such as
characterizing when a pure subgroup of an Abelian group is a direct summand, it is
natural to consider its dual relation. We say submodules X, Y of M are B* equivalent,
XB*Y, if and only if % is small in % and XLYY is small in %
We combine the above motivations by defining the following two types of modules:
(1) We say M is Goldie*-lifting, G*-lifting, if and only if for each submodule X of
M there exists a direct summand D of M such that X8*D.

(2) We say M is Goldie*-supplementing, G*-supplementing, if and only if for each
submodule X of M there exists a supplement submodule S of M such that
XB*S.

In Section 2, we investigate the basic properties of the g* relation. We show it
is indeed an equivalence relation on the set of submodules of M, it is a congruence
relative to addition in the lattice of submodules of M and it behaves well with respect
to (weak) supplements and to homomorphic images.

In Section 3, our Theorem 3.5 generalizes and extends the main result of [5].
In Theorem 3.6, we compare the G*-lifting and G*-supplementing classes to various
other well-known classes of modules that are related to the class of lifting modules. In
particular, we show that the following implications hold between the various concepts:

(1) lifting = G*-lifting <= H-supplemented —> G*-supplemented —

supplemented,

(2) lifting = amply supplemented = G*-supplemented,

(3) lifting <= amply supplemented and strongly @&-supplemented,

(4) G*-lifting < G*-supplemented and strongly @-supplemented.

Theorem 3.6 motivates us to pose the following question:

Must a G*-supplemented module be amply supplemented?

From Theorem 3.6, a positive answer to our question implies a positive answer to
the open question of Mohamed and Muller stated above in [6, Open Problem #18,
p- 107]. A negative answer provides an interesting class of modules strictly between the
classes of amply supplemented and supplemented modules. Moreover, we investigate
the behaviour of the G*-supplemented condition with respect to direct sums and
summands. Theorem 3.8 provides a structure theorem for a class of Noetherian
modules.

Let R be a ring and M a right R-module. If X C M, then X < M, X <, M,

X <& M, Rad(M) and End(M) denote X is a submodule of M, X is a small submodule
of M, X is cosmall in M, the Jacobson radical of M and the ring of endomorphisms
of M, respectively.

Recall from [2] that a submodule N < M is called a supplement (weak supplement)
ofasubmodule Lof Mif N+ L=Mand NNL <, N(NNL <; M). The module M
is called (weakly) supplemented if every submodule N of M has a (weak) supplement.
M is called lifting if every submodule N of M contains a direct summand D of M
such that & <, . A submodule N of M has ample supplements in M if for every
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L < M with M = N + L, there is a supplement L' of N with L' < L. The module M is
called amply supplemented if all submodules have ample supplements in M. M is called
@-supplemented if every submodule of M has a supplement that is a direct summand.
A supplemented module M is called strongly @-supplemented if every supplement
submodule of M is a direct summand. From [3, p. 50], we say a submodule X of M is
projection invariant if eX C X for each e = ¢* € End(Mp). Z, Z,, and Q denote the ring
of integers, the ring of integers modulo # and the field of rational numbers, respectively.
Other terminology and notation can be found in [2, 6, 8].

2. The B* Relation. In this section, we develop the basic properties of the
B* relation on the set of submodules of M. These properties will be used in
Section 3.

DEFINITION 2.1. We define the relation ‘8*’ on the set of submodules of M by
XB*Y if and only if &2 < & and &L < M.
LEMMA 2.2. B* is an equivalence relation.

Proof. The reflexive and symmetric properties are clear. For transitivity, assume
XB*Y and YB*Z. So

and

B M X+z . B _ M
Assume T<5 such that ¥t 3= X.Then

X+Z+B Z+B M
X X X

so Z + B = M. Hence
M Z+Y+B Z+Y  Y+B

Y Y Y Y
Since Z+Y < %, # = % Hence Y + B = M. Then
M_YiB_X+v B
X X X X’
Since &Y < M, & = X Therefore B= M, so X2 <, & Similarly, 22 <, & [0

Observe that the zero submodule is 8* equivalent to any small submodule. Also,
note that two submodules may be isomorphic but not ,3 * equivalent. For example, let
Fbeafieldand R=[}5 £], X =[J {]and Y =[{ %]. Then X is R-isomorphic to
Y, but X is not * equivalent to Y as can be seen by taking A= [g £ ] in (iii) of the
following result. Moreover, if M = Zz then mZ $*nZ if and only if m and n are divisible
by the same primes.
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THEOREM 2.3. Let X, Y < M. The following are equivalent:
(i) XB*Y
(ii) XS X+YandY S X+ Y.
(iii) Foreach A < Mg suchthat X + Y+ A=M then X+ A=Mand Y + A =
M.
(iv) If K < MwithX+K=MthenY +K=M,andifH < MwithY +H=M
then X + H= M.

Proof. (i) = (ii) Clear.
(il)= (ii1)) Let 4 < M suchthat X + Y + 4 = M. Then
X+Y Y4+A4 M Y+4 M
Yy Ty Y Y y "
Similarly, X + 4 = M.
(ili)) <= (iv) Let K < M such that X + K = M. Then X + K+ Y = M. By (iii), ¥ +
K=M.LetH < Msuchthat Y + H=M.ThenX + Y+ H = M. By (iii)), X + H =
M.
Conversely,assume X + Y+ A =M. Then X + (Y + A)=M.So Y + (Y + A) =
Hence Y + 4 = M. Similarly, X + 4 = M

(iii)) = (i) Let 1; < % such that X+Y + B _ M Then X+ Y + B= M. Hence Y +
B=B=M (since Y C B),so - < 4 Slmllarly, ot < 4 O

COROLLARY 2.4. Let X, Y <M such that X C Y+ Band Y C X + A, where
A,B<s M. Then XB*Y

Proof. Let X + Y+ K = M, forsome K < M. Then (Y +B)+ Y+ K= M. So
Y+ B+ K= M.Hence Y + K = M. Similarly, X + K = M. O

Note that there are modules M with K, X, Y < M suchthat M =X+ K=Y +
K, but X isnot 8*relatedto Y. Take R=M =7, K =37, X =27 and Y = 57.

ProOPOSITION 2.5. If X, Y, K C M suchthat M =X+ K=Y+ K, YNKC XN
Kand Y S X + Y (ie 52X < M) yhop X S X 4+ Y (e XX < M) o xg*Y

0 14
Proof There exist canonical isomorphisms & ~ k=M K = # u
and [ : Ko 25 Ko defined by f(k+ Y NK)=k+ X N K. Define /r: % — %

by h=yf0. Let me M. Then m=y+k, for some ye Y and keK Hence
Om+Y)=00+k+Y)=k+YNK, fk+YNK)=k+XNK and ¥(k+ XN
Ky=k+X=k+x+Xforanyx € X. Thush(m+ Y)=k+x+ X.

We claim that h(XLYY) = % To see that h(XLYY) - %, letx+y+Ye XL},Y
Note that there exist y; +k = x4+ y, where y; € Y andk € K. Hence i(x + y+ Y) =

x+y—y+X e XL Nowassumex, + y, + X € X Thereexists x3 € X and k3 €
Ksuchthatyz = x3 + k3. Hence x, +m+ X = ks + X.Nowk; = —x3 +ymeX+Y.
So

W3+ Y)=yf0ks+ Y)=yf(ks+ Y NK) =Y (ks+ XNK)=ks+ X =x+ )y + X.
Thus h(3HY) = £2X . Since 2L <, X then X <, & by [2, p. 11, 2.2(5)]. O

THEOREM 2.6. Let X, Y < M such that XB*Y. Then
(i) X <sMifandonlyif Y <; M.
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(ii) X has a (weak ) supplement C in M if and only if C is a (weak ) supplement for
Y.

Proof. (i) (=) Assume X <, M. Let K < M such that Y+ K = M. Then
X+ Y+ K=M. By Theorem 2.3, X + K = M. Since X <, M, K = M. Thus Y <;
M.

(<) The converse is true because * is symmetric (Lemma 2.2).

(i1) Assume Cisasupplementfor X. Then M = X + C = X + Y + C. By Theorem 2.3,
Y4+ C=M. Assume KC C and Y+ K =M. Then X + Y+ K = M. By Theo-
rem 2.3, X + K = M. By the minimality of C, K = C. Thus C is a supplement for
Y. The converse is true because B* is symmetric (Lemma 2.2). Therefore X has a
supplement C if and only if C is a supplement for Y.

Now assume C is a weak supplement for X. Then X + C = M and X N C <, M.
ByTheorem2.3, Y + C = M. Weneedtoshowthat Y N C <; M.Let K < M such that
YNC+K=M.Since YNCCY,Y+K=Mand C+ K =M. By Theorem 2.3,
X+ K = M.Since Y N C C C, the modular law yieldsthat C=CNM = (Y N C) +
(CNK). Then

M=Y+C=Y4+YNC+CNK=Y+CnNK.

Hence X + Y+ CNK = M. By Theorem 2.3, X + CNK = M. So

K=KNM=KN(CNK+X)=(CNK)+XNK,
by the modular law. Now

M=C+K=(YNO+(CNK)+(XNK)SC+XNKC M.

Hence M = C + (X N K). By the modular law,

X=XNM=XN((XNK)+C)=XNK+XNC.
Thus

M=X+K=XNC+XNK+K=XNK+K=XK,

since X N C <; M. Therefore Y N C <; M. The converse holds by the symmetry of
the B* relation. ]

COROLLARY 2.7. Let X, Y C M such that X C Y and X has a weak supplement C
in M. Then XB*Y ifandonly if YN C <, M.

Proof. Assume XB*Y. By Theorem 2.6, C is a weak supplement of Y. Hence
Ync<,M.

Conversely, assume Y N C <; M. Let Kg < Mpsuchthat X + Y + K = M. Since
XCY, Y+K=M. Since X+ C=M and X C Y, the modular law yields ¥ =
X+ YNC. Then

M=Y+K=X4+YNC+K=X+K,

since Y N C <; M. By Theorem 2.3, Xg*Y.
Note that from the hypothesis and the modularlaw, Y = X + YN Cand X N C <;
M. O
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Observe that for a minimal right ideal X of R there is a direct summand D in R
such that XB*D. To see this, note that either X = ¢R for some idempotent (in which
case X is a direct summand) or X? = 0 (in which case X8*0).

COROLLARY 2.8. Let M = C@® Dand L, S, X < M, where S is a weak supplement
of L.
(i) IfXﬂ S then W = ﬁ If S is a supplement, there is a small cover f : S —>
)m 7. If X is projective, then there is an epimorphism h : X — S. Whereas, if
S is projective, then there is a projective cover g : S —> X.
(ii) If XB*D, then = XmC =D, XN C <, C and there is a small cover h : %5 — %

If M is G*-lifting, then for each X there is a direct vummandD such that XB*D,

an epimorphism f : X —> D and a small cover h : &5 —> %
(iii) Assume X C D. Then XB*D if and only if X = D. In particular, XB*M if and
onlyif X =M.

(iv) Assume D C X. Then XB*D if and only if X N C <, M.

Proof. (i) Since XB*S, Theorem 2.3 yields &, = &b = M = StL =~ 5 The

remainder of the proof of this part follows from properties of a projective module.
(i1) This part is a consequence of (i) and Theorem 2.6 which yields that C is a

supplement of X. Hence X N C < C. Then there is a small cover k: C — WCC
Consequently, there is a small cover /4 : % — 4.

(iii)) (=) Assume XB*D. Then X + D + C=M.By Theorem 2.3, X & C = M.
Thus X = D.

(<=) Since g* is reflexive (Lemma 2.2), X = D — XB*D.

(iv) This part is a consequence of Corollary 2.7. ]

Note that in Corollary 2.8(ii), if Rad(M) =0,then XNC=0soM =C P X.

PROPOSITION 2.9. Let f : M —> N be an epimorphism. Then
(i) If X, Y < M such that XB*Y, then f(X)B*f(Y).
(ii) If X, Y < N such that Xp*Y, then f~1(X)B*f~1(Y).
(iii) If f is a small cover, X < M and K < N such that f(X)B*K, then Xp*f~1(K).

Proof. (i) Assume that f(X)+f(Y)+ K =N. Then X+ Y + f~1{(K)= M. To
see this, let m € M. There exists x € X, y € Y and k € K such that f(m) = f(x) +
f()+k.Hencef(m—x—y)=k.Som—x—yefY(K).Thusme X + Y + f1(K).
SoX + Y+ (K)=M.Hence M = X +f~1(K) = Y + f~'(K). Consequently, N =
f(X)+ K =f(Y) + K. Therefore, from Theorem 2.3, f(X)B*f(Y).

(i) Let/~'(X) 4+~ (Y)+ H = M.Then X + Y +f(H) = N, so, by Theorem 2.3,
X+ f(H)=N=Y+f(H). Let me M. Then f(m)=x+f(h) for some x¢€
X and he H. Hence f(im—h)=x. So m—hef~'(X). Thus me f~1(X)+ H.
Hence M = f~'(X) + H. Similarly, M = f~(Y) + H. Therefore, from Theorem 2.3,
SO,

(iii) Assume that M = X 4 f~'(K)4+ A. Then N =f(X)+ K +f(A4). Since
f(X)B*K, Theorem 2.3 yields N =f(4)+f(X) and N =f(4)+ K. Hence N =
fA+X)=f(M) and N =f(M) =f(A)+ K. Let m € M. Since N = f(4) + f(X),
there exist a € A, x € X such that f(m) = f(a) + f(x). Hence f(m — a — x) = 0. Then
m—a—xe€ Kerfandme A+ X + Kerf.SoM = A+ X + Kerf.Since Kerf <, M,
M=4+X.

Since N = f(A) + K, there exist a € A, k € K such that f(m) = f(a) + k. Since f is
an epimorphism, there exists y € M such that f(y) = k. Then f(m — a — y) = 0. Hence
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m—a—ye Kerf, thusme Kerf + A+ f~1(K). So M = Kerf + A+ f~(K). Since
Kerf <, M, M = A+ f~1(K). O

PROPOSITION 2.10. Let X < M and K a maximal submodule of M.
(i) Let Ci, C3 < M such that Cy + C, = M, C, # M and XB*C\. Then X ¢ C.
(ii) If XB*Y and X C K, then Y C K.
(iii) If XB*K, then X C K. Hence, if XB*Y then X C Rad(M) if and only if Y C
Rad(M).
(iv) If XB*K and X + W =M with XN W <, M, then K =X + (KN W) and
KNnW <, M.

Proof. (1) Assume X € C,. Then C; + X + C, = M. Hence C; + C; = M and
X+Cy=M.ButX C C;, = C, = M, a contradiction.

(ii)Assume Y ¢ K. Then Y+ K=Mand Y + K+ X = M.Hence K + X = M.
But X € K = K = M, a contradiction.

(iii) This part follows from (ii) using the symmetry of * with K and X replacing
X and Y, respectively.

(iv) This part follows from part (iii) and Theorem 2.6. ]

Note that from Lemma 2.10 (i), if X, ¥ < M such that X & M and XB*Y, then
X+Y#M.

PROPOSITION 2.11. Let X1, X3, Y1, Yo < M such that X,8*Y, and X,B*Y,. Then
(X1 + X2)B*(Y1 + Y3) and (X1 + Y2)B*(Y1 + X3). In particular, X1 + X, = M if and
onlyif Yi+ Yo=Mand X1+ Y, = M if and only if Y1 + X, = M.

Proof. Let K < M suchthat X1+ X, + Y1+ Yo+ K=M.Then X+ Y, + Y +
K=M and X; + X2+ Y, + K = M, because X18*Y,. Moreover Y|+ Y+ K =M
and X7 + X, + K = M, because X>8*Y,. From Theorem 2.3, (X + X3)8*(Y + Y>).
Using Lemma 2.2, we obtain (X; + Y>)8*(Y1 + X>»). By Corollary 2.8 (iii), X] + X> =
M ifandonlyif Y1+ Y, =M and X; + Y, = M ifand only if Y] + X, = M. O

COROLLARY 2.12. Let X, Y < M andJ <, M. Then XB*Y if and only if XB*(Y + J).

Proof. (=) This implication follows from Proposition 2.11 and the fact that 08*J.
(<) Asabove, YB*(Y + J). Now the implication follows from the transitivity of the g*

relation. O
COROLLARY 2.13. Let X, Y1,..., Y, < M. If XB*Y; for each i, then X5*Y, where
Y=3x,7.

DEFINITION 2.14. Let X < M. Then Xg- := X { N < M | NB*X}.

Observe that Rad(M) = 0g- and thatif X' < K then X 5 = K, where K is a maximal
submodule of M by Proposition 2.10. Moreover, if Xg*Y, then Xg- = Yj-. Finally,
if M is Noetherian, Corollary 2.13 yields that XB* Xg«. However, this is not true in
general by the following example.

ExAMPLE 2.15. Proposition 2.11 can be extended to finite but not infinite sums.
Let R=7Z and M = Q. Then Q= Rad(Q) =), 7+ %Z but each %Z <, Q hence
%Z,B*O for each m. If Proposition 2.11 was true for even countably infinite sums then
@QpB*0, a contradiction since @ is not small in Q.
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PROPOSITION 2.16. Let M be a Noetherian module which is weakly supplemented
(e.g. G*-supplemented) and X < M. Then Xg- = X + Rad(M).

Proof. By Corollary 2.13, X* Xg-. The result is now a consequence of Corollary 2.7
and Corollary 2.12. O

Observe that from Proposition 2.9, if f : M — N isan epimorphismand X < M,
then f(Xg+) < [f(X)]g+-. Moreover, if f is a small cover, then f(Xg<) = [f(X)]g+.

PROPOSITION 2.17. Let S < M and I < R. If X < R such that I" < X < I for some
positive integer n, then SIB*SX. In particular, IB*X.

Proof. Clearly, the statement is true for » = 1. Assume thatn > 1. Let B < M such
that ST + B= M. Then SI> + B = M1, ..., SI" + BI""' = MI"~!. Hence

M=SI+B<MI+B=SI?+BI+B=SP+B<MI*+B<...<SI"+B<M.

Thus SI" + B= M. So SX + B = M. By Theorem 2.3, SIB*SX. U

EXAMPLE 2.18. Let M = R = Z and K = pZ, for some prime p. Take X = p°Z.
Then Xg- = K # X = X + Rad(M). Therefore the condition that X has a weak
supplement is not superfluous in Propositions 2.10 (iv) and 2.16.

3. g*-lifting and G*-supplemented. In this section, we use the g* equivalence
relation to define the class of G*-lifting modules and the class of G*-supplemented
modules. Some basic properties including behaviour with respect to direct sums and
direct summands are developed for these classes. We locate these classes of modules
between the class of lifting modules and the class of supplemented modules. Moreover,
we indicate a connection between these modules and an Open Problem of Mohamed
and Msller [6, Open Problem #18, p. 107].

DEFINITION 3.1. (i) We say M is ‘Goldie*-lifting, G*-lifting’, if and only if for each
X < M there exists a direct summand D of M such that X3*D.

(i1) We say M is ‘Goldie*-supplemented, G*-supplemented’, if and only if for each
X < M there exists a supplement submodule S of M such that Xg*S.

THEOREM 3.2. M is G*-supplemented (G*-lifting) if and only if for each X < M
there exists a supplement S (direct summand D) and a small submodule H of M such
that

X+H=S+H=X+S
(X+H=D+H=X+D,).

Proof. Assume that M is G*-supplemented. There exists a supplement S such
that Xg*S. Hence there exists W < M such that S+ W =M and SN W <; S. By
Proposition 2.11, XB*(X + S) and SB*(X + S). From Theorem 2.6, W is a weak
supplement for S, X, and X + S. By the modular law,

X+H=S+H=X+S§,

where H=(X+S)NW <, M.
The converse follows from Corollary 2.4. The proof is similar for G*-lifting. U
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COROLLARY 3.3. (i) If for each X < M there exists a supplement S and H <; M such
that X = S+ H, then M is G*-supplemented. The converse holds if M is also distributive.

(ii) Let M be G*-supplemented and X < M such that Rad(M) < X. Then X =
S+ H, where S is a supplement and H <; M.

Proof. (1) From Theorem 3.2 the hypothesis implies that M is G*-supplemented.
Assume that M is G*-supplemented and distributive. Let X < M. Then there are
S, L < M such that Xg*S,S+ L =Mand SNL <;S.ByTheorem2.3, X + L = M.
SoS=SNX+L)=SNX+SNL=SNX. Hence S < X. From Theorem 2.6, L
is a weak supplement of X, so XNL <, M. Thus X =X N(S+ L) =S+ H, where
H=XnNL.

(i1) This part follows from Theorem 3.2. ]

COROLLARY 3.4. Assume Rad(M) is small in M (e.g. M is finitely generated). Then
M is G*-supplemented if and only if for each X < M there exists a supplement submodule
S of M such that S + Rad(M) = X + Rad(M).

Proof. This result is a consequence of Theorem 3.2 and Corollary 2.4. O

The following theorem generalizes and extends Theorem 3.16 of [5]. To see this
observe that our result holds if every submodule of M is projection invariant (i.e.
X < M and e = ¢* € End(Mp), then eX C X).

THEOREM 3.5. Assume that M = A ® B, where A = aM, B = bM, {a, b} is a set
of orthogonal idempotents of End(Mg), and U = aU + bU for each U < M (e.g. each
U is fully invariant ). Then M is G*-supplemented (G*-lifting ) if and only if A and B are
G*-supplemented (G*-lifting ).

Proof. (=) Let X < A. Then there exist S, L < M such that S+ L=M, SN
L <; S and XB*S. We claim that XB*aS as submodules of 4. To see this, suppose
that X + aS+ K = 4, for some K < A. Then X + S+ K + L = M. By Theorem 2.3,
X+K+L=M.ThenX +K+aL = AandbL = B.ThushS < bL.SoaS+ L =M.
Since S is a supplement of L in M, S = aS. Therefore Xg*aS.

NowaS+alL =AandalNaS < LNS <; S =aS. Hence aS is a supplement in
A. Therefore A4 is G*-supplemented. Similarly, B is G*-supplemented. The proof for M
being G*-lifting is similar.

(&)LetU < M,U; =aUand U, = bU. Thereexist L, S; < A such that U; 8*S,
L+ S =4 and L; NS <, S,. Likewise, there exist L,, S» < B such that U,*S,,
L, + S, =Band L,NS; < S,. By Proposition 2.11, UB*(S| + S>). Moreover, S; +
S+ Li+Ly=M and (S; + S2) N (L + L) =(S1 N Ly) 4+ (S2 N Ly). Assume that
S1+S)NLi+ L)+ K=S81+ 8y, forsome K < M. Then (S1N L)+ (SN Ly)+
aK +bK = S1+ S,. Hence (SiNLj)+aK=3S;. But S;NL; <; 8. So aK = S;.
Similarly, hK = S,. Hence S; + S, is a supplement in M. Therefore M is G*-
supplemented. The proof for 4 and B being G*-lifting is similar. O

Recall from [6, p. 95] that M is called H-supplemented if for every submodule A4
there is a direct summand D such that 4 + X = M ifand only if D + X = M.

THEOREM 3.6. Let M be a module and consider the following conditions:
(a) M is lifting.
(b) M is G*-lifting.
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(¢c) M is H-supplemented [6, p. 95].
(d) M is G*-supplemented.
(e) M is supplemented.

Then (a) = (b) <= (¢) = (d) = (e).

Proof. (a) = (b). This implication follows from [2, p. 266, 22.3 (a)<(b)] and
Corollary 2.8 (iv).

(b) <= (c). This equivalence follows from Theorem 2.3.

(b) = (d). This implication follows from the fact that every direct summand is a
supplement.

(d) = (e). Let X be a submodule of M. Then XB*S, where S is a supplement.
So there exists W < M such that S is a supplement of W. There exists a supplement
T such that WB*T. Hence S is a supplement of 7, by Theorem 2.6. From [2, p. 234,
20.4(9)], T is a supplement of S. By Theorem 2.6, T is a supplement of X. Therefore
M is supplemented. O

PROPOSITION 3.7. (i) Let M be G*-supplemented and K a maximal submodule of
M. Then K = S+ (KN T), where S is a supplement of T, T is a supplement of K, T is
a local module, KB*S and K is G*-supplemented.

(ii) Let M be G*-lifting and K a maximal submodule of M. There exist C,D < M
suchthat M = C® D, KB*D, K = D ® (K N C), Cisalocal module and K is G*-lifting.

Proof. (1) Since M is G*-supplemented there exists a supplement S such that K5*S.
By Theorem 3.6, K has a supplement 7. From Theorem 2.6, T is a supplement
of S. By [2, p. 234, 20.4(9)], S is a supplement of 7. Proposition 2.10 yields
that K =S+ (KN T). Then KN T is a maximal submodule of 7. Let t € T such
that t ¢ K. Then K + tR = M. Since T is a supplement of K, T = tR. Therefore T is
a local module. To see that K is G*-supplemented, let X’ < K. There exist S, L; < M
such that X8*Sy, S; + Ly = M and S| N L; <, S,. By Proposition 2.10, S| < K. By
the modular law, K =S; + (KN L;). But SiN(KNL)<S NL; <,8;.50 S;is a
supplement in K. Therefore K is G*-supplemented.

(i) Since M is G*-lifting there exist C, D < M such that M = C ® D and KB*D.
From Theorem 2.6, C is a supplement of K. By Proposition 2.10, K = D& (KN C).
As in part (i), C is a local module. To see that K is G*-lifting, let X < K. There exist
Ci, D1 < M such that M = C; @ D; and XB*D;. By Proposition 2.10, D; < K. Thus
K = D; & (KN Cy). Therefore K is G*-lifting. Il

Using the previous result, we obtain a structure theorem for G*-lifting Noetherian
modules.

THEOREM 3.8. Let M be a Noetherian module such that each submodule is projection
invariant. If M is G*-lifting, then M is a finite direct sum of local modules.

Proof. Since M is Noetherian, it is a finite direct sum of indecomposable
Noetherian modules. By [5, Corollary 2.4.], each indecomposable direct summand
of M is G*-lifting. From Proposition 3.7 (ii), each indecomposable direct summand of
M is local. O

ExaMPLE 3.9. In this example, we show that the one-way implications of
Theorem 3.6 cannot be reversed.

(1) Let R=Zg and M =7, & Z4 & Zs. By [6, p. 97]., M is G*-lifting (i.e. H-
supplemented) but not lifting.
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(1) Let R be a commutative local ring which has two incomparable ideals 7 and J.
Let M = R/I & R/J.By|6, p.97, Lemma A.4(1)], M is amply supplemented hence G*-
supplemented by Proposition 3.11; but M is not G*-lifting by [6, p. 97, Lemma A.4(3)]
and Theorem 3.6. For a concrete example, let F be a field and

T:F[x]/<x4 >=iaT+bY+cf2+d%3|a,b,c,deFandf=x—|—<x4>}.

Let R = {al 4+ ¢x* + dx° € T}. Thus Ris a subring of 7. Moreover R is a commutative
local Kasch Ring. The ideals of Rare: 0, R, FxX%, FX°, FX> + FX°. Note that FX> 4+ FX°
is maximal and FX> N FX° = 0. Then M = R/FX*> @® R/Fx° is ®-supplemented and
amply supplemented but not G*-lifting [6, p. 97].

(ii1) (See [2, p. 279, Example 23.7]) Let K be the quotient field of a discrete valuation
domain R which is not complete. Let M = K @ K. Then M is supplemented but not
G*-supplemented. To see this, assume that M is G*-supplemented. Let X < M. Then
XB*S, where S is a supplement in M. By [2, p. 233, 20.2], S is coclosed in M. From
[2, p. 279, Example 23.7], S is a direct summand of M. Thus M is G*-lifting. By
Theorem 3.6 and [6, p. 97-98], M is not G*-lifting, a contradiction.

COROLLARY 3.10. (i) M is a lifting module if and only if M is amply supplemented
and strongly @-supplemented.

(ii) If M is G*-lifting, then M is G*-supplemented and &-supplemented.

(iii) If M is G*-supplemented and strongly @-supplemented, then M is G*-lifting.

Proof. (1) This part is in [2, p. 266].

(i1) This part follows from Theorem 3.6 and [6, pp. 95-96].

(iii) Let X < M. Then there exists a supplement submodule S of M such that
XB*S. Since M is strongly @-supplemented S is a direct summand of M. Hence M is
G*-lifting. ]

PROPOSITION 3.11. Let M be a module. Consider the following conditions:

(i) M is amply supplemented.

(ii) For each X < M there exists a supplement S and L < M such that M = S +

L=X+LSNLCXNLandS < X +8.
(iii) M is G*-supplemented.
Then (i) = (ii) = (iii).

Proof. (1) = (ii) Assume X is small. Take S = 0 and L = M. So now assume X
is not small. Since M is weakly supplemented, there exists L such that X + L =M
and X N L <; M. Also, there exists a supplement S of L such that S € X. Hence
S+L=M and SNLcXNLand SNL<;S. Thus Lis a weak supplement for

both S and X. By Corollary 2.7, Xg*S. From Theorem 2.3, S S X+S.
(i) = (iii) By Proposition 2.5, Xg*S. Thus M is G*-supplemented. ]

Note that if M is amply supplemented then its submodules which have the same
supplements in M are 8* equivalent, by [2, p. 254, Exercise §].

PROPOSITION 3.12. If M is a quasi-projective module then the following conditions
are equivalent:
(i) M is supplemented,
(ii) M is G*-supplemented,
(iii) M is amply supplemented,
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(iv) M is lifting,
(v) M is G* lifting,
(vi) M is semiperfect.

Proof. This result follows Theorem 3.6, Proposition 3.11 and [2, 27.8 and
27.21]. O

Open questions and problems

(1) Must a G*-supplemented module be amply supplemented?

(2) If M is finitely generated and each maximal submodule is 8* equivalent to a
supplement submodule, is M G*-supplemented?

(3) Characterize those rings for which every (cyclic, finitely generated) module is
G*-lifting.

(4) Characterize those rings for which every (cyclic, finitely generated) module is
G*-supplementing.
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