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GENERAL NERON DESINGULARIZATION

DORIN POPESCU*)

§ 1. Introduction

Let R c R' be an "unramified" extension of discrete valuation rings
in the sense that a local parameter p of R is also a local parameter in
R;. Suppose that the inclusion R-+Rf induces separable extensions on
fraction and residue fields. Then

(1.1) THEOREM (Neron [N]). R is a filtered inductive limit of its finite
type smooth sub-R-algebras.

In other words every finite type sub-i?-algebra B of Rf can be embedded
in a smooth finite type sub-i?-algebra Bf of R'.

Let T be a valuation ring containing a field k of characteristic zero.
Then

(1.2) THEOREM (Zariski [Z]). T is a filtered inductive limit of the finite
type smooth sub-k-algebras.

Actually the above result is stated only in the case when the fraction
field of T is an algebraic function field over k; but always we can reduce
the problem to this case because the fraction field of T is certainly a
filtered inductive union of algebraic function fields over k.

Theorems as above are very useful when we want to reduce the
solvability in Rf (resp. T) of some polynomial equations over R (resp. k)
to the solvability of some polynomial equations for which it is possible to
apply the Implicit Function Theorem. For this reason many results of
Artin approximation theory are based on them. Attempts for extensions
of these theorems were made in [KMPPR] Ch. V, [PJ, [CP] and [P2] but
they preserved too much from Neron's case. In [P2] (4.2.1) we put the
following:
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(1.3) QUESTION. IS a regular morphism a filtered inductive limit of

finite type smooth morphisms?

Let u: A-^Af be a morphism of noetherian rings (all the rings con-

sidered here are supposed to be commutative with identity). Then u is

a filtered inductive limit of finite type smooth morphisms iff for every

finite type A-algebra B and every A-morphism /: B->A' there exist a

finite type smooth A-algebra Bf and two A-morphisms g: B—>B\ h: B''-> Ar

such that hg = f (apply e.g. [AD] Lemma (5.2)). Roughly speaking (B\ g, h)

is a "desingularization" (in fact smoothification) of (B, /) and we can

reformulate the above Question in the following form:

(1.4) QUESTION. Let (B, f) be as above and suppose that u is a regular

morphism. Then has (B,f) a "desingularization"?

This Question has already some positive answers in higher dimensions

in the case when u is the inclusion

i) K{X}->K{XJ, X = (Xl9 , Xn), where K is a nontrivial valued

field of characteristic zero and K{X} is the convergent power series ring

in X over K (see [Pi], or [A])

ii) K(Xy-> K\_X~\, where K(X} is the algebraic power series ring

in X = (Xί9 , Xn) over an arbitrary field K (see [A]).

In [A] M. Artin put the following

(1.5) CONJECTURE. Let u; A -> Ar be a regular morphism of excellent

local rings, B a finite type A-algebra, BcSpec B the (open) smooth locus

of B over A and /: B->Af an A-morphism. Then there exists a finite

type smooth A-algebra Br and two A-morphisms g:B—>B', h: B''-> Ar

such that hg = f and B' is smooth over B at h(f~\D)), where h: Spec A

-> Spec B\ f: Spec A' —> Spec B are given by h, f.

A recent progress is made by the following result (see [AD]):

(1.6) THEOREM (M. Artin-J. Denef). The Conjecture (1.5) holds when

either

1) A = A', u = 1A and A is a normal domain, or

2) A' is an excellent, normal, henselίan local ring of dimension two

and u induces the trivial extension on residue fields.

Moreover V. Nica [Ni] proved that a regular morphism of noetherian

(not necessarily normal) domains of dimension one is a filtered inductive

https://doi.org/10.1017/S0027763000000246 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000000246


NERON DESINGULARIZATION 99

limit of finite type smooth morphisms. Also he slightly improved Theorem

(1.6).

Our aim is to give a positive answer to Question (1.4) (and so to (1.3)).

Here we show this under some conditions of separability, for instance in

the case when A contains a field of characteristic zero (see Theorem (5.2)

and Corollary (5.4)). The proof is mainly contained in Sections 7-9. The

Desingularization Principle (Section 7) is very technical and so in order

to get an idea of it we feel necessary to present it first on Neron's case

(Section 6). Some easy examples of desingularization are given in Section

4 and in Sections 2-3 we give some preliminaries. This paper forms an

improved extended version of a part of [P3].

We would like to thank Professor M. Artin for his very helpful talks.

Also we would like to thank The Institute for Advanced Study for their

hospitality during the decissive stages of this work, their excellent condi-

tions and stimulative atmosphere.

I express also my thanks to V. Nica, N. Radu and C. Rotthaus for

useful conversations on the subject.

§ 2. The smooth locus of an algebra

(2.1) Let /— (/Ί, ,/m) be a system of polynomials in some variables

Y = (Y» ", Yn) over a ring A. For a system g = (gu ,gr), r<n of

r-polynomials from the ideal (/), we consider the ideal Δg generated in

A[Y] by all rXr-minors of the Jacobian matrix (dg/dy) associated to g.

Denote Hf:= V(f) + Σg^g((g): (/)), where the sum is taken over all sys-

tems g of r-polynomials from (/), r being variable positive integer and at

most n. By Jacobian criterion of smoothness ([M] (29. E)), V(Hf) is just

the nonsmooth locus of B:= A[Y]/(f)9 i.e. Bq, q e Spec B is smooth over

A iff q~ύHfB. Then for every finite presentation A-algebra B, let us say

B^A[Y]/(f), we can define an ideal HB/A: = HfBaB which does not depend

of the presentation chosen for B over A.

(2.2) NOTE (Composition). Let w: B-> C be a morphism of finite

presentation A-algebras. Then it holds

w(HB/A)CnHc/BaHc/A.

Indeed, let q e Spec C, q^w(HB/A)Cf]Hc/B. Then u)-ιg^HB/A and

and so Bw-lq is smooth over A and Cq is smooth over B. Thus Cq is

smooth over A i.e. q^Hc/A.
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(2.3) NOTE (Base change). Let B, C be two A-algebras and D: =

B(x)A C. Suppose that B is of finite presentation over A. Then

HB/ADczHD/c.

Indeed, let w: B->D be the canonical map and qdD a prime ideal which

does not contain HB/AD. Then w~ιq^HBίA and so Bw~lq is smooth over

A. By base change Bw-Xq®A C is smooth over C. Thus DQ is smooth

over C and so q^HD/c.

(2.4) LEMMA. Let u\A-+Af be a morphism of rings, B a finite

presentation A-algebra, xe B an element and f: B-> Af an A-morphίsm.

Suppose that

f(x)eSf{HB/A)A'.

Then there exist a finite presentation A-algebra C and two A-morphίsms

υ: B-> C, w: C->A' such that

i) v(x) e Hc/A,

ii) wv = f,

iii) v(HB/A)CczHc/B (in particular HB/ACdHc/A (see Note (2.2))).

Proof. Let b = (bί9 , bs) be a system of generators of HB/A. By

hypothesis we have

/(*)" = Σ f(b,)z,

for a certain positive integer n and some elements z = (zu , zs) from

A'. Put C:= B[Z]l(xn - ΣUi^Z,), Z = (Zu , Zs) and let w: C-+A' be

the extension of / given by Z—->z. Clearly one has bt e Hc/B and so the

structure morphism v of C over B satisfies iii). Since v(xn) e Σlί=ι biCciHc/B

we get i). Q.E.D.

(2.4.1) NOTE. Let D:= SpecB\V(HB/A). Then iii) says in fact that

C is smooth over B at v~\D) (compare with (1.5)), v being given by v.

(2.5) LEMMA. Let B be a finite presentation A-algebra let us say

BczA[Y]l(f), Y=(Yi,' ',Yn),f=(f» -,L), the Anamorphism being
given by Y-^->y e Bn. Suppose that A is regular and B is a domain.
Then

(2.5.1) H
B/A =
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where the sum is taken over all systems g of r-polynomials, r:= ht(/) from

Proof. Indeed, let q be a prime ideal from B such that q^Σg Δg(y)

and Q a A[Y], Q D (/) the prime ideal corresponding to q by the above

isomorphism. Then there exists a system g = (gl9 , gr) of polynomials

from (/) such that JgζQ. By Jacobian criterion of regularity [M] (40.A),

the ring (A[Y]l(g))Q is regular of dimension ht Q — r. In particular

g-A[Y]Q is a prime ideal of height r and so g A[F] ρ = (f)A[Y]Q. Thus

): (/))ςzίQ and we get Δg((g): (f))ς£Q. i.e. HB/Aς£q. Hence

Conversely, let h be a system of e-polynomials from (/) such that

(JA((A): (/))) (j>)^0. By [M] (40.A) the local ring A[Π(/)/(Λ) is regular

of dimension r — e because Δh(y) Φ 0. Since ((h): (f))(y) Φ 0 it follows

r = e and we are ready because

(Λ((A):(/)))(y)cJA(y). Q.E.D.

(2.6) NOTE. The above well known Lemma has in [PJ the following

extension (we do not use it here):

"Let AdB be two reduced rings such that the inclusion A<=—>B is

of finite presentation and preserves nonzero divisors; let us say B =

A[Y]l(f), Y=(Yi, --, γn), f = (fu - , / J , the A-isomorphism being given

by Y^—>y e Bn. Suppose that

1) A is normal,

2) the minimal prime ideals of B form a finite set Min B,

Then

3) t:= trdeg^ A Bq = constant for all q e Min B.

HB/A =;

the sum being taken over all systems g of (n — ^-polynomials from (/)"

§3. Standard elements for algebras

(3.1) Let B be a finite presentation algebra over a ring A; let us

say B ^ A[Y]/a, Y = (Yl9 •••, Yn), the A-isomorphism being given by

Y^~->y = (jΊ, - - -,yn) εBn. In concrete situations when we want to apply

some variants of the Newton Lemma we find difficult to deal with elements

d from HB/A unless there exists a system of polynomials g = (gu , gr)
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from α such that d e <jΔg((g)\ a))(y); in this case we say that d is a stand-

ard element for the presentation B ^ A[Y]/α. If B has a presentation for

which d is a standard element then we say that d is a standard element

for B over A. When 1 is a standard element for B over A than we call

B standard smooth over A. Thus standard smooth algebras are in partic-

ular smooth of finite presentation. Note that a multiple of a standard

element is still a standard element.

Let E be a Cohen algebra over a noetherian local ring (D, m), i.e.

1) E is flat over D,

2) (E, mE) is a noetherian complete local ring,

3) the residue field extension D/m -» EjvaE is separable.

(3.2) LEMMA. E is the completion of a noetherian local ring F which

is a filtered inductive limit of some standard smooth sub-D-algebras of E.

Proof. Using a transfinite induction argument it is easy to show

that E is a completion of a filtered inductive limit F of some sub-D-algebras

of E of the form D[Y]m or GmG, G:= D[Y]w[Z]l(f), Y=(Y»- , Yn), n e N,

where / is a monic polynomial in Z inducing modulo m an irreducible

separable one. Thus it is enough to see that D[Y]m and GmG are filtered

inductive limits of some standard smooth sub-Z)-algebras of E of the form

D[Y]g9 resp. (D[Y]β[Z]l(f))h, where g e D[Y]\mD[Y], heD[Y]g[Z] being a

multiple of ofjaz. Q.E.D.

Since artinian local rings are complete, Question (1.3) has a positive

answer in artinian rings.

(3.3) COROLLARY. Let A —> A; be a regular local morphism of artinian

local rings. Then A! is a filtered inductive limit of its standard smooth

sub-A-algebras,

The following result is inspired from [E].

(3.4) LEMMA. Let A be a noetherian ring, A\ B two A-algebras the

last one being of finite type and u: B-+ Af an A-morphίsm. Then there

exist a finite type A-algebra C and two A-morphίsms υ: J3->C, w: C—>A'

such that

i) wv — u,

ii) v(HB/A)dHc/B (in particular v(HB/A)czHc/A),

iii) there exists a presentation of C over A for which all elements of

v(HB/A) are standard.
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Proof. Suppose that B ^ A[Y]/(/), Y = (Yu . , Yn), / = (Λ, . , / J ,

the A-isomorphism being given by Y-^->yeBn and choose a system of

generators pfc = (pkl, , pfcTO), A = 1, , e for the kernel of the map

A[Yr->(/)/(/)2 given by (Lu . . ., L J — » ΣΓU^Λ, where « W denotes

the residue modulo (/)2. Put /*,:= ΣΓ=iP*Λ, AJ = 1, ,e, C:= B[Z]l(h),

Z = (Zl9 - , Zm), Λ = (hu , he) and let α;: C -> A7 be the map extending

u by Z—->0 and i; the composite map B —> B[Z] -> C.

Fix an element x e HB/A. Then J3X is a smooth A-algebra and so

E:= (f)l(f)2 0BBX is a protective B,,-module. Since Cϋ(a;) is the symmetric

B^-algebra associated to E we deduce that CυLx) is a smooth B^-algebra

and so v(x) e Hc/B, i.e. ii) holds.

Let 7 7 = (Yί, , YO be some new variables and 1= (/, F , Λ)A[ Y, F7, Z].

We claim that the elements of HB/A are standard for the presentation

C = A[Y, Y', Z]// of C over A. Indeed, let d e HB/A and F e A[Y] a poly-

nomial such that d — F(y). The above construction of I from (/) is exactly

the one considered in the proof of Elkik's Theorem (see [E] or [KMPPR]

(I; 6.1)) and like there we get that IFjPF is a free Cd^{A[Y, Y\Z]II)F-

module. Let g = (gl9 , gr) be a system of polynomials from I inducing

a base in IF/PF. Thus we have

IF=(g)A[Y,Y',Z]F + PF.

By Nakayama's Lemma there exists an element a from 1 + IF such that

aIFa(g)A[Y, Y',Z]F, i.e. there exist a certain positive integer t and a

polynomial MeF1 + 1 such that MΙa(g). Thus υ(d) e V(JCg)TT)(y'9'O^z)9

where z is the element induced by Z in C. Since C,((Π is smooth over A

we get also F e \lΔg and so

v{d) e

i.e. iii). Q.E.D.

(3.4.1) NOTE. In general the presentation C ~ A[Y, Z]j(f, h) does

not satisfy iii) from the above lemma. Thus an element can be standard

for a presentation and nonstandard for another one.

(3.5) COROLLARY. Let A be a noetherian ring, A', B two A-algebras,

the last one being smooth of finite type and u:B-+Ar an A-morphism.

Then there exist a standard smooth A-algebra C and two A-morphisms

υ: B->C, w: C-+A' such that
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i) wv = u

ii) C is smooth over B.

(3.6) COROLLARY. Let Abe a noetherian ring, Af, B two A-algebras and

u: B —> Af an A-morphίsm. Suppose that B is of finite type over A and

u(HB/Λ)A' = A'.

Then there exist a standard smooth A-algebra C and two A-morphisms

v: B -> C, w: C —> A' such that

i) wv — u,

ii) v(HB/A)aHc/B.

For the proof apply Lemma (2.4) for x = le B and then the result

follows from Corollary (3.5).

§4. Examples of desingularization: the linear case

(4.1) EXAMPLE. Let (A, m) be a two dimensional regular local ring

and {a, b} a regular system of parameters in A. Let Af be a domain-flat

A-algebra and x,yeAf two elements such that

1) t r d e g ^ B - 1 , B:=A[x,y],

2) ax + by = 0.

By flatness, {a, b} is still a regular sequence in Af and so every

solution of the linear equation

3) aX+bY=0

in A' is a multiple of (—6, a). In particular there exists ze Ar such that

4) x = — bz, y — az.

Put f:=aX+ bY, Br\= A[z]. By 4) we have B'Z)B and trdeg^ B' = 1

(see 1)). Thus Bf is a polynomial A-algebra in z (in particular standard

smooth) containing B. Note that

5) HB/A-DΔ}{X, y) = (a, b)B = mB

by Lemma (2.5).

More general examples are given by the following Lemma which is

not far from some facts contained in [AD] p. 8-9.

(4.2) LEMMA. Let A be a noetherian domain, E = (e^)i<i<m a matrix
l<j<n

of rank r over A, f = (fu • • ,fj, /«:= Σ 5 - i « Λ Γ =(*" . , , * . ) . B: =

A[Y]l(f), A' a flat A-algebra, u B^A' an A-morphisn and IcA the

ideal generated by all r X r-minors of E. Then

i) HBIA-ΏIB,
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ii) there exist a positive integer t and two A-morphisms v: B-+B': =

A[X], X - (Xl9 , Xt), w\B'-+A! such that

ϋj) wv = u,

ii2) HBΊBz>IB'.

Proof. Let d be a nonzero r X r-minor of £. Suppose d is given on first

r-rows. Then df, e (/„ , /r) for all j > r and so d2 6 Δfu...,fr{{fu •••,/,): (/)),

i.e. i) holds.

Let ak = (αfc</)i< T̂O, k = 1, , t be a complete system of solutions of

/ in A. By flatness {ak}k induces a complete system of solutions of f in

Ar and so there exist some elements x = (xlf - ., χf) from A' such that

j) = Σ «

t
—i

k=-i

where y3 e B is induced by Yj. The system of polynomials h = (/i!, , ΛJ,

/i ; := Σί=i(ikjXk form in B 7 : ^ A[X], X = (Xu , Xf) a solution of / and

so we get an A-morphism υ: B—>Bf by Y—->/ι. Thus the A-morphism

w: Bf' —> Af given by X^—>x satisfies iij).

Denote g = fe, -,gn), g3:= y0 — hj e B[X], We have the following

A-isomorphisms:

B[X]/(g) = A[X, Y]l(f, Y-h)^ A[X]

Let s be the rank of the ίχ/2-matrix (akj) and Jo. A the ideal generated

by all s X s-minors of them. By i) we have

HBΊB ~D JB/

and so it is enough to show the following elementary Lemma:

(4.2.1) LEMMA

Proof. Let a: A1 -> An, β: An -> A771 be the linear maps given by (akj)

resp. E. Clearly the sequence ^-^A71 >Am is exact, {ak}k being a sys-

tem of generators for Ker β and so we have s + r — n.

Let M be a rχr-minor of 2?. We claim that leJAM. Indeed other-

wise there exists a maximal ideal qdAM containing J. By Cramer's

rule note that the image of Aq(^)Aβ is a free module of rank r. Then

the following sequence

^^X k(qy —* o
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is exact, k(q):— AJqAq. It follows

rk(k(q) ®a) — n — r = s

which contradicts the choice of q\. Then Me^J Q.E.D.

(4.3) COROLLARY. Let A, E, Y, /, I be like in Proposition (4.2), b =

(&i> - -, bm) a system of elements from A, S: = A[Y]/(/— b), A' a faithfully

flat A-algebra and u: B—> A' an A-morphism. Then

i) HB/Az>IB

ii) there exist a positive integer t and two A-morphίsms v: B->B': =

A[X], X = (Xl9 , Xt), w:B'->Af such that

iij) wv = u,

ii2) Ή.BΊB ̂  IBf.

Proof. By faithfully flatness the system of linear equations

f(Y) = b

has a solution y in A because it has one in A'. Then there exists an

A-isomorphism B = A[Y]/(f) given by Y ̂ ->Y + y. Now it is enough to

apply Proposition (4.2). Q.E.D.

§ 5. Main results

An important part of our paper Sections 7-9 is devoted to the proof

of the following:

(5.1) DESINGULARIZATION LEMMA. Let u\A^>Af be a morphίsm of

noetherίan rings, B a finite type A-algebra, f: B —> A' a morphίsm of A-

algebras and q a minimal prime over-ideal of α:= Vf(HB/A)A'. Suppose

that:

i) the field extension k(u~ιq) c k(q) is separable (as usual k(q) denotes

the fraction field of A'/q),

ii) for every minimal prime over-ideal p of a the map A -> Af

v induced

by u is flat and the ring AfJu~lp)A'v is regular,

iii) A'\q is not finite.

Then there exist a finite type A-algebra B' and two A-morphίsms v: B-*Bf,

w: B' —>A' such that

(*) wv = /

(**) α c
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(5.2) THEOREM. Let u\A->Af be a morphism of noetherian rings

and F c S p e c Af a closed set such that for every prime ideal qeF

i) the field extension k(u~1q)ak{q) is separable

ii) the map A —> A'q induced by u is formally smooth.

Then for every finite type A-algebra B and every morphism of A-algebras

f: β -> Af such that

V(af)(zF, af:=f(HB/A)A' there exist a standard smooth A-algebra Bf

and two A-morphίsms v: B-+B', w.Bf->Ar such that wv = /.

Proof. If F = 0 then the result is a consequence of Corollary (3.6).

Apply noetherian induction on F. Let (B, f) be such that V(af)(zF.

Choose a minimal prime ideal associated to af. First suppose infinite

the residue fields of all prime ideals from F. Applying Desingularization

Lemma for (B, f q) we find a finite type A-algebra JBJ and two A-morphisms

h: B-^ Bu f: Bt -• Af such that

1) fh=f
2) afl £ q and so V(afl) Q V(af)

By the induction hypothesis there exist a standard smooth A-algebra

B' and two A-morphisms vt\ Bx -> B\ w: Bf —> A' such that wv: = f. Take

v:= vjτ and we are ready.

If F contains prime ideals whose residue fields are finite then consider

the composite map ur: A >A' >A'\X\X. Like above we find a standard

smooth A-algebra Bf and two A-morphisms v:B->B', w': B'-+A'[X]X

wr

such that w'v = jf. Then let w be the composite map Bf >A'[X]X —> A',

the last map being given by X-+1. Q.E.D.

(5.2.1) We say that the couple (B,f) has a desingularization (with

respect to u) if there exists a standard smooth A-algebra Bf and two A-

morphisms v: B->B\ w\Br ->A' such that wv = /. This is a particular

case of the "desingularization" introduced in Section 1.

(5.3) COROLLARY. Let A be a noetherian ring, ad A an ideal, A the

completion of A in the a-adic topology. B a finite type A-algebra and f: B

-> A a morphism of A-algebras. Suppose that V(aA) = V(f(HB/A)A). Then

(B, f) has a desingularization.

Proof. Since A/a = A/aA the extension k(q Π A) c k(q) is trivial for

every q e V(aΆ). Clearly A —> A is subject to i) and ii) from Theorem

(5.2) which we can apply now. Q.E.D.
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(5.4) COROLLARY. Let A —> Ar be a regular morphίsm of noetherian

rings, B a finite type A-algebra and f: B-> A' a morphίsm of A-algebras.

Suppose that A contains a field of characteristic zero. Then (B,f) has a

desingularization.

§ 6. An idea of the proof of Desingularization Lemma in Neron's

case

The aim of this section is not to give a new proof to Neron's p-

desingularization. Actually we prove here considerably less in a more

difficult way. But the ideas of our Desingularization Lemma came from

Neron's case and it is easier to understand them, "historically" speaking,

on this case.

Let Ad A! be an unramiίied extension of discrete valuation rings,

v: A'\{0} ->Z the valuation of Af and p e A a local parameter in A (and

A'). Suppose that trdeg^A' = oo and the inclusion A<=—>Af induces a

separable extension on fraction and residue fields. Let B:=A[y], y —

(ju '"9 Xv), J 6 A/N be a finite type sub-A-algebra of A'. Since Q(B) ZDQ(A)

is a separable field extension (Q(R) ^denotes in our paper the fraction field

of a domain i?), we get HB/A Φ (0). If HB/AA
r = A' then HB/A ςzt pA! and by

Jacobian criterion of smoothness [M] (29.E) there exists a system / of r-

polynomials, r: = iV-trdegA JB such that f(y) — 0 and Δ}(y) gtpA'. Take

an element b e Δ}(y)\pA'. Then B':=Bb is a standard smooth embedding

of B in A' (in general in this place we shall apply Corollary (3.6)). If

HB/AA
f Φ Ar we shall reduce our problem to the previous case using the

following

(6.1) LEMMA. If *jHB/AA
f — pAf then there exists a finite type sub-

A-algebra B' ofAf containing B such that HB,/AA
; = A'.

Proof. Let / be a system of r-polynomials in Y = (Yίy , YN) such

that f(y) = 0 and Δf(y) Φ 0. Put t = υ{Δf(y)) = inf {v(d) | d e Δf{y)} > 0.

Clearly there exists a rχr-minor M of the Jacobian matrix J:= (df/dr)

such that v(M(y)) == t.

Step 1. Case B\pu+1A'f)B^ A\pu+'A

Thus there exist / e AN, y" epA'N such that

(6.1.1) y=y' +P2ty"
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By Taylor's formula we get M(/) = M(y) mod p2tA' and so v{M(yf)) = t,
i.e. M(y) = p'w for an unit element weA. Suppose that the minor M is
given on first r-columns. We complete J" to a square matrix H by adding
the last (ZV—r)-rows of the unit iVxiV-matrix IN (if r = N put H:= J) .
Then det H = M and so there exists a iVxiV-matrix G' over A[Y] such
that JHG' = GΉ = M/y. Let G be the matrix obtained from G' multiplying
its rows by u~\ We have HG = GfΓ = (u^M)^ and so

(6.1.2) H(/)G(y') = G(y')H(y>) = p'Γ*.

Take ^ : - H(y)y". We have p ' / ' = G(/) 2 and thus

(6.1.3) y = / + P ί G ( y ) « .

By Taylor's formula we obtain

(6.1.4) 0 = /(y) = f(y') + p'J(y)G{y)z + p2tQ(z),

where Q = (Ql)t e A[Z]r, Z — (Zί9 , ZN) is a system of r-polynomials
containing just monomials of degree > 2. Note taht JG — p'E, where
E = (Ir\O): this follows from (6.1.2). Thus we get

(6.1.5) ay) + p2ίfe + Qt{z)) - 0, ί = 1, , r

and so /i(y) ep2ίA/ Π A = p2ίA, i.e. there exist ct e A such that /*(/) = p2ίc^,
i = 1, , r. Then z is a solution of the following system of polynomials
over A:

gί:= ct + Z,

Take B 7 :^ A[2]. From (6.1.3) it follows

BCLB' aBv

and so Q(B) = Q(B'). Thus r = N-tτάegA B' and by Lemma (2.5) we get
Δg{z) C HBΊA for g = (^, , ̂ r ) . Let P be the rχr-minor of (dg/dZ) given
on first r-columns. Then P(z) e 1 + ^A7 c 1 + /'A' c l + pA' because Q
contains only monomials of degree > 2. As P(z) e ΉBΊA we get HBΊAA

f = A'.

Step 2. Case aΛeπ ίΛerβ exίsί too finite type suh-A-algebras DaCaA'
such that

1) BdD +p2t+1A',
2) puAf f]Ddp2tC,
3) C is smooth over A,
4) ί/ie fields Q(B) and Q(C) are algebraically disjoint over Q(A).
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This step is an extension of Step 1. Here we find the kernel of so

called Desingularization Principle (Section 7). By 1) we can find yf e Dγ,

y" epA'N such that

(6.1.6) y = y + p2ty".

By Taylor's formula we get M(y') = M(y) mod p2t A' and so M(yf) = pιu

for an unit u e A\ Fix an i, 1 < i < 2t and an element ω ep*A' f] D.

Then pu~ιω ep2tA'Γ\D(Zp2tC and so there exists an element aeC such

that pn~ιω —pua Since A' is a domain one has ω = pιa epιC. Thus

(6.1.7) p'A' Π Dap'C, i = 1, . ., 2ί.

In particular we get u e C. Like in Step 1 construct H, G\ G, z. Now

G is a matrix over CJY] because u e C. Changing C by Cu we can suppose

that G is a matrix over C[Y]. We have

(6.1.8) y = y +

By Taylor's formula we obtain

0 = f(y) = f(y') + p'J(yOG(/)* + P2tQ(*\

where Q = (QJ* e C[Z]r, Z = (Zu >->,ZN) is a system of r-polynomials

containing just monomials of degree > 2. Like in Step 1 we get

(6.1.9) /• (/) + p2\zt + Q^)) = 0, if ί = 1, , r

and so /,(/) e p M ' Π f l c / C , i.e. there exist cteC such that /,(/) = p2tci9

i = 1, , r. Then 2 is a solution of the following system of polynomials

over C:

gt:= ct + Z< + Qt(Z)9 i = l , .. , r .

Take £ ' : = C[«]. We have B ' D B and Q(B0 = Q(C[B]) = Q(C)(Q(B)).

By 4) we get

(6.1.10) trdegQ(c) Q(B') = trdegQ U ) Q(S) = ΛΓ - r

and so Δg{z)cHBΊC by Lemma (2.5), C being a regular ring because of 3).

But Δg{z) ς£pAf and so HBΊCA
f = Ar. As C is smooth over A we are ready

by Note (2.2).

Step 3. Reduction to Step 2

Here we construct D, C from Step 2. This procedure suggested to
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us the so called Lifting Lemma (see Section 8). Using Corollary (3.3)

we can embed B:= B/p2t+1A' Γ)B in a standard smooth sub-A: = A/2t+1A-

algebra D of A!: = A (x)̂  A'. Then there exist a system of generators

u = (ύi)i==u...in from D and a system of polynomials h = (hl9 , he) from

the kernel α of the map A[U]—>JD, U = (Ul9 •••, Un)-^—>ύ such that

(J^((A): a))(ύ) = Zλ Let w, A be some liftings of ύ resp. h to A7 resp.

A[ί/]. Adding to u, if it is necessary, some elements from A1 of the form

p2t + iβ, β = (0,, - ,βn) with trdegβS[β] = π- (trdeg^A' = oo) we can suppose

that tΐdegBB[u] == Λ. Put Z) = A[u], Since BczDwe have 5 c Z) + jp
2ί+1A/,

i.e. 1). As h(u) ep2t+1A', there exist some elements w — (wu , ι#β) such

that A(M) =p2 ί + 1w;. Take C 7 : - D M , ^ : = A -p2t + 1W, W = (Wl9 , We).

Since A^M, M;) = 0 and trdegQ(yl)Q(C/) = n we get JΛ/(w, w)czHCΊA by Lemma

(2.5). Thus p e HCΊA, HCΊA'Ά' = Af and it follows

(6.1.11) HCΊAA' = A'.

Let xep2t+1A'ΠD. Then there exists a polynomial PeA[[7] such

that x = P(u). Since P(M) ΞΞ Omodp2ί + 1A' the residue P modulo p2t+1 of

P belongs to α. Then ((A): P)(β) = 5 and so there exists a polynomial

F e A[C7] such that μ:= F(ύ) £ pAf and FP e (p2t+\ h) A[U]. In particular

one has

(6.1.12) μx = (FP)(M) e (p2ί + 1, h(u))Dc:p2t+1C'.

Choose one element Λ € iίcv^ which is not pA7 and put C = C(;/0. From

(6.1.11) and (6.1.12) we get 3) and 2) (see (6.1.7)). Finally note that

Q(B)(x)Q(A)Q(C) is in fact a fraction ring of B[U] and so 4) holds too.

Q.E.D.

§ 7. Desingularization Principle

(7.1) PROPOSITION. Let A-+A' be a ring morphίsm, B a finite pres-

entation A-algebra, y — (yl9 , y v) a system of generators of B over A, p

the kernel of the map A[Y]->B, Y= (Yl9 ••, Yv)—>y9 a:B->A' an A-

morphism, d an element from A, e > 2 α positive integer and A: = A/d2e+1A,

B:=A®AB, Ά/:=A0AA
/. Suppose that

i) Ann^ de = Ann^ dβ+1, Ann^, dβA ; = Ann^, de+1A'

ii) ίAere exists a system of polynomials f = (/i, , /r) /row p s^cA

thatde(Δf((f):p))(y)
iii) ZAere exisί α /ϊm'ίe type A-algebra D, an ideal baD9 D:= Dfb and
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two A-morphisms β: D-> A', ΐ: B->D such that d2e+ί eh and ~βϊ = a, where

a: B-+A', ~β; Z)-> Ar are given canonically by a, respectively β,

iv) there exist a finite presentation A-algebra C containing D and

an A-morphίsm p: C->A' such that

ivi) p\D = β,

iv2) B c d 2 e + 1 C .

Then there exist a finite presentation C-algbera B' and two A-morphisms

θ: B-+B', η: &'-* A! such that

(^) ηθ = oc

(**) HBΊA DHC/A.B'.

Proof. Choose some elements yf = (y'l9 , y'N) from D lifting Ϋ(y +

d2e+ίB). By iii) we get a(y) - β(y') e d2e+ίA' and so there exists y" e deAfN

such that

(7.1.1) «(y)-iS(y) = dβ + y / .

Since c? e i/(y)Π ((/): p)(y) by ϋ), there exist some rχr-minors {M3}jssU...tk

of the Jacobian matrix J:— (df/dy), some polynomials {L^y^...^ from A[Y]

and a polynomial P e ((/): p) such that

By iii) it follows

k k

d + 5 — P(f(y -f- d2e+ίB)) = P(y') + E>

and so

1C, d - P ( / ) e d2e+1C

(see iv2)). Then there exist two elements s, s' el + d2eC such that

(7.1.2) sd = ± (L}M^{y'), s'd = P(/)

Like in (6.1) Step 1, we complete J to a square matrix Ht by adding

some (N— r)-rows of the unit iVxiV-matrix 7̂ - in order to get det ίί^ = M^

(if r = iV then k = 1 and i ϊ : = J) . Then there exists a 2Vχ2V-matrix Gί

over A[Y] such that HtG[ = G[Ht - MJN. Put G , : - L.G .̂ We have
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By (7.1

(7.1.4)

•2) it results

NEEON

HtGi =

t (HtGXΪ)

DESINGULARIZATION

GtHt = (MtLdh .

= Σ (GMi/) =

113

Denote z^:= H^(yf))yff e deA'N, We have zf = zf for all i = 1, , k

if j < r, because the first r-rows of Ht form exactly the matrix J, From

(7.1.4) it results

k

Σ

and so by (7.1.1)

(7.1.5) sα(y) - Si8(y0 + c?e Σ

Let Z = (Z?\ , Zγ, {Zf}^*), Zf = (Zί, ,Z'N) be some variables and

r<j<N

k

ί = l

j = 1, - , N some polynomials from C[Y, Z, Z'], where Zf:— Zf when

j<r. By (7.1.5) p extends to an A-morphism rj\ C[Y, Z, Z']l(p, h) -* A',

h = (hl9 , hN) given by Y-^->a(y), Z^->z, Z'-^->0.

Let m = max {deg P, max ί = v.., r deg/J. Then sm/ί5 s
mP can be expressed

as some polynomials^, P in sY. Using (7.1.6) we get by Taylor's formula

snP = P(sY) = P(sy') mod (d% A) and

+ d^QίmodA, i = 1,

where

^ /ΌΛΛ — e»-iJΛΛ and Q' =

is a system of polynomials from C[Z, Z'] containing only monomials of

degree > 2. Thus

smP ΞΞ smP(y') mod (d% h) and
(7.1.7)

smf(y') + sm~ιde Σ (JGv)(y')Z(v) + de+1Q = smf mod h ,
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where Q = sm~iJ(y')Z' + d - ' Q ' . Note that JGV = (MvLt)E, where E: =

(I, |0); this follows from (7.1.3). It results

Σ (JG,)(/)Z<« = Σ (M,,
(7.1.8)

because EZ<*> = {Zf }^r = {Zf}x^r =

Substituting (7.1.8) in (7.1.7) we get

(7.1.9) sTOΛ(/) + de+ι[smZ^ + Qt] = s-/, mod Λ, ί = 1, , r .

Since

/ ( / + 6) = /(f(y + cP + 1B)) = f(/(y) + d ί β + 15) = 0

it follows /(y) eh. By iv) there exist some elements c = (c,), e C r such

that

Denote g, := s^d6^ + smZ^ + Q,e C[Z, Z'\. By (7.1.9) we get

(7.1.10) de+1gt = sw/, mod Λ, i - 1, , r.

Take J37:= C[Y, Z, Z']/(p, h, g), g = (ft)i=sl,...,r and let (9 be the composite

map S - > C ( x ) A S ^ C[Ύ]A» -> S7. Using (7.1.10) we get

d e + V(S + fr, Λ)) - τ/{d^g + (p, Λ)) = 9'(0) = 0

and so

On the other hand it holds

p(smdec) - g(0, 0) ΞΞ g{z, 0) = η\g + (p, Λ)) mod zA'

Thus ^(g + (p, h)) e deA'. By i) we deduce that

deA'f)AnnA,d
eA' = (0)

and so η\g + (p, /ι)) = 0. Thus rf induces an A-morphism η: Bf -+ A'.

Note that we have
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where Ir, IN are the unit matrices of order r, respectively N. Consequently

Δ{gΛ)B
f contains an element from 1 + dB'. By (7.1.10) we get sm e

((de+ig,h):(f)) and so

s»P e ((d^g, h): (/))((/): i>)c((d +1& A): p).

We have

smP ΞΞ smP(y') - sms'd ΞΞ dmod (d\ h)

by (7.1.2) and (7.1.7). Thus there exists a polynomial FeC[Y,Z, Zf\ such

that

smP= d(l + de-ψ)moάh

and so

d(l + d<-ψ)pc:(d<+1g,h).

Denote B:= C.[Y, Z, Z']/(h). We have

(7.1.11) (1 + de-ψ)\)Bc:(deg)B + Aτmβd

On the other hand like in (7.1.7) it holds

p = p(y) mod (d',h)C,[Y,Z,Z']

and

p(y> + b) = T(p(y) + d^B) = f(0) - 0

By iv2) it follows

p c (Λ, d% K/))C,[y, Z, Z'] c (Λ, de)Cs[Y, Z, Z']

and so we get

(7.1.12) (1 + d 6 " 1 ^ c (deg)B +

If x e ί?"c/4 then Cx is a smooth A-algebra. Since B is a smooth

C-algebra we deduce that Bx is a smooth A-algebra. By flatness we get

from i)

Ann Sχd
eBx - (AnnA de)Bx - ( A n n ^ + 1)S* = AnnSχ de+ίBx

and so

c^ίL Π Ann^ deBx = (0).

From (7.1.12) we obtain
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(7.1.13) (1 + de~Ψ)pBx c (d<g)Bx .

Then there exists a positive integer n such that

(**)»(! + d*~Ψ)p c (dβs, A) c (g, h)C[Y, Z, Z'\

i.e. V((g, h): p)B' contains an element from x + dB\ Thus HBΊC contains

an element from x + dB; and so

(7.1.14) HC/ΛB' c HBΊC + dB' .

Note that det (dhjdZ') = (-de + 1)N and so we have d"<e+1> e JΛ ( 1, f Z, z 0. By

(7.1.10) we get de + 1£ = 0 mod h C[Y, Z, Z']/(p) and so

Thus deHB,/C(g)AB. By base change (Note (2.3)) one has HCΘAB/C^

HB/A C (gu B. Since d e HB/A it follows

(7.1.15) deHBΊC

(see Note (2.2)). From (7.1.14) we get

(7.1.16) HC/AB' C HBΊC

and so (**) is now a consequence of Note (2.2). Q.E.D.

§ 8. The Lifting Lemma

(8.1) LIFTING LEMMA. Let A—>A' be a ring morphism, D:= A[Y] the

polynomial A-algebra in Y = (Y1? , YN), d an element of A, ft c a c D

two finitely generated ideals of D, e a positive integer, D:= D/ft, A:= Ajd2eA,

Ά':= A'lduA' and v: D-+A' a morphism of A-algebras. Suppose that

i) v(ft) c d2eA and d2e e ft,

ii) a/ft = HB/I,

iii) AnnAd
e = Ann^de+1, AnnA,d

eA' = AnnA,d
e+1A'.

Then there exist a finite presentation A-algebra C and an A-morphίsm

w: C -> Af such that

1) Cz> D and w\D = v,

2) ftCczd'C,

3) aaHc/A9

Proof. Let y = (yl9 , yN) be the residue class modulo ft of Y in D

and P = (Pl9 ,A) a system of elements from α such that ^(P) = α.
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By ii) we can choose P such that for each j = 1, , t there exists a

system of polynomials fά = (fjl9 9fjrj) from 6, whose residue class Js

modulo d2eD satisfies

(8.1.1) P,DczfJy((/?

;):bA[Y])Xχ>.

Complete (fj)j with some polynomials f0 = (/ol, , for) from b in order

to get a system of generators / of b. Using i) there exist some elements

z = {zji 10 < j < t, 1 < ί < r3) from deA' such that

(8.1.2) KΛ*) = # * „ , 0 < ; < ί , l < i < r , .

Denote gji:= f3i - d*Zόί e D[Z], Z = (Zjt)9 gs = (gsi)u g = (gj)0^t.

For every j = 1, , ί there exist by (8.1.1) a polynomial Pj e P,- + b

such that

(8.1.3) P . e ^

Let H = {H]aki\0<j, u < t, j Φ 0, Φ u, 1 < i < r» 1 < k < ru},

G = {Gjπk\0<j, u<t,jφθ,jφu,l<k<ru}

be some polynomials from D such that

(8.1.4) P,fut + £; HjttkifH + dϊeGjuk --= 0,
i = l

0 <j, u<t, j Φ0, j Φu, l<k<rn

(this follows from (8.1.3)). Denote:

F ] Ά k : = PjZuk + 2 ] H l y , k i Z μ + d e G 1 u k , j Φ θ , j φ u .
ί = l

By (8.1.4) we get

(8.1.5) d<FJuk + Pjguk + Σ Hjukίgμ --= 0
i l

and so Fjuk(v(Y), z) € Ann4,d
eA'. Since F J π S e (Z, d )ί>[Z] we get Fjuk(v(Y), z)

6 deA' and by iii)

\ z) 6 deA'f]AnnA,d
eA' = (0) .

Take C:=D[Z]l(g, F), F=(F,uk) and let w: C-+A' be the A-morphism

given by Y~^->v(Y), Z^->z. Clearly deV^ and by (8.1.5) we get de

((£): (F)) and so d e HCIA. Since P} e ΔS], l<j<t, P, e VI7P
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Fj = (F^ft)i<w<ί, UΦJ and —^- = 0 mod d ,
l<fc<rtt dZ

we get

(8.1.6) P, e </digJ,Fj)C + dC.

By (8.1.5) we have

-d*PFaτλ = P.(P,grjl) + ΣHστλμ(Pjgσμ)

-deFjTλ - P,gr, + Σ #,*<&< = Pjgrx mod (^)

— deFjσμ ΞΞ P ^ ^ mod^7; 1 < σ, r < ί, σ ^ τ, 1 < λ < rt, 1 < μ < rσ

and so by substitution we get that

73 T) 771 p 77* X ' 7" 7" 77*

satisfies

(8.1.7) d*Riστλ = 0 mod (gj)

Clearly E3:= (D[Z]l(g3))P. is a smooth A-algebra and by flatness we get

ArmE. deEj = (AϊmAd
e)Έj = (AτmA de+1)E1 = Ann£yd

β+1jE7.

Suppose for the moment that the following Lemma holds:

(8.2) LEMMA. PsR1aτλ = 0 mod (d% gά)D[Z].

Then by (8.1.7) we have:

PJRJ^EJ c d'EjnAini^d'Ej = (0)

and so there exists a positive integer s > 1 such that

PsjRJσtλ = 0 mod (g3) .

TTiβn one has

PγιFatλ = PjB i f fΓ, = 0 mod (g,, F,).

for all σ, τ, λ and we obtain

(8.1.8) P J Cc-/((ft , .F,) :(P))C.

As P, e V((gjt F,): (g)) by (8.1.5), iί ΛoWs

(8.1.9) PjC C V
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and so (P) c Hc/A (see (8.1.6)). Since f ΞΞ deZ mod g it follows bC = fCa deC,

i.e. 2). Then we have a = ^(P) c V(F)~+T> c V'H^7T~&C = # C M , i.e. 3).

Proof of Lemma (8.2). It is easy to note that

n = l

is a polynomial from 23 satisfying

(8.2.1) i?,σr, + Σ SjσtλiZjt = 0 mod d* .
i = i

Now by (8.1.4) we obtain

Σ Σ H.TlμHjaμifjt = -Σ H^XPJJ = P3Pβftl = -Pa Σ Hjτλifn mod du

i l l l 1

L μ = l

Then Σ Sjarxίfji = 0 mod d2e and taking the derivations we get
ι = l

f]Sjσΐλί^- = Omod

It results

In particular we obtain

which is enough by (8.2.1). Q.E.D.

§ 9. Proof of Desingularization Lemma

First we present the following

(9.1) LEMMA. Let A -> A' be a ring morphism, B a finite presentation

A-algebra, y = (yl9 , yA) a system of generators of B over A, p the kernel

of the map A[Y]-+B, Y = (Yl9 •••, YN)^—>y, a:B—>A' an A-morphism,

d an element from A, q c A! a prime ideal containing dA\ e > 2 a positive

integer and A : = A/die+2A, B:= Ά(g)AB, Ά':= Ά®AA\ Suppose that:

ii) there exists a system of polynomials f = (fl9 , fr) from p such

that deΔf((f):p)(y\

iii) there exist a finite presentation A-algebra D and two A-morphίsms

~β:D->Ά\ T: B->D such that
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iiij) a lifts ~βΐ,

iii2) a(HB/A)Ά; c J~β(HD/Ά)Af ςzί qA'.

Then there exists a finite presentation A-algebra Bf and two A-morphisms

υ: B-+B', w: B'-+A' such that

(*) wv — a,

(**) a(HB/A) C VwζϊϊB,/A)A' (£ q.

Proof. Let D be a polynomial A-algebra such that there exists a

surjective A-morphism ω:D->D and take an A-morphism β:D->A'
QJ β

lifting the composite map D >D >A'. Apply the Lifting Lemma to the

case A, A', D, d, Ker ω c α : = ω'\H3/A), e ' := 2e + 1, β. Then there exist

a finite presentation A-algebra C and an A-morphism p: C-> A' such that

1) ClD D and ^ = β,
At x v t J X cy *> \Jb v,/,

3) adHc/A,

Now, apply the Desingularization Principle to the case A, A!, B, a, e,

D, Ker ω, d, β, ϊ, C, p. Then there exist a finite type C-algebra Bf and

two A-morphisms v: B-^B', w.B'-^A' such that

4) wv = αr,

Thus we have w(HBΊA) Z) β(a) bu 3) and /3(α) ςzί g by iii2): i.e., one

holds (**). Q.E.D.

(9.2) COROLLARY. Let u: A-> A! be a morphism of noetherian rings,

B a finite type A-algebra, a:B->A' and A-morphism, qcA' a prime

ideal and dew^q an element which is standard for B over A. Then there

exist a positive integer n with the following property.

"Suppose that there exist a finite type A:= A\dn A-algebra D and two

Ά-morphίsms /3: J5-*A ' := A(g)AA', ϊ: B->D, S : = Ά®AB such that:

i) a lifts ~βΐ

ii) a(HB/A)Ά' C Jβ(Hn/M' £ qA!.

Then there exist a finite type A-algebra Bf and two A-morphisms

v: B-+B', w: B*"-> Af which are subject to (*), (**) from Lemma (9.1)".

Proof. Since d is a standard element for B over A, there exists a

system of generators y = (yί9 -9yN) of B over A and a system of poly-

nomials / = (/i, ,/r) from the kernel J of the A-morphism A[Y] ->B,

Y = (Yl9 - - , y i V)—>y such that
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Thus we have

d°e{Δf{{f):I))(y)

for a certain positive integer s. By noetherianity the ascending chains

Ann^ d c c AnnA dι c

Amv w(d) c c AnnA, α(dθ c

stop and so there exists a positive integer e such that

de

Take n:— 4es + 2s. By the above Lemma applied for ds, the integer n

has the wanted property.

(9.3) LEMMA. Let u: A->Af be a morphism of noetherian rings, B a

finite type A-algebra, a: B—>A' an A-morphism, ad A' an ideal contained

in *Ja{HBf2)A' and q a minimal prime ideal of A'. Suppose that

i) all minimal prime over-ideals of a are minimal in A\

ii) q 3 α,
iii) there exist a finite type A-algebra Bx and two A-morphίsms LΊ*. B

-» Bl9 w^. Bx -^ Ar such that

iϋi) HW = a,

iii2) wx{HBl/^ <£ q.

Then there exist a finite type A-algebra Bf and two A-morphisms v{: B-+B',

w: B! -+A' such that

( + ) wv = a and a c \lw{H.BΊJ)Af qt q.

Proof. Let Bx s B[X]l(f), X = (X, , X»), / = (Λ, , / J be a pres-

entation of JBJ over ΰ , the isomorphism being given by Z->iejBf. Let

Pi = Q> - -9Pe be the minimal prime ideals from Af and S:= A^Ut-iA

Suppose that {Pi}i<ί<r, r < e are exactly the minimal prime ideals associated

to α. As S~ιA! ^ Π t = i ^ t h e r e e x i s t s a n element ω = y/ί' e S-M.', / e Ar,

f e S corresponding to (1, , 1, 0 0) by previous isomorphism. Then
P

ω2 = ω and one has t"\yn — t'y') = 0 for a certain ίr/ e S. Clearly y\= t"yf,

t:= trt" hold in A!

1) y = iy,
2) y g Pi for /, 1 < i < r,
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3) the morphisms A' —• A'Pi, r < ί < e map y in 0.

Take D:= A[Y, T]I(Y2 - TY), C:=D®ΛB and B':= C[X]/(Yf). Let ϊ: D
-> A' be the A-morphism given by Y-*y, T-+t; β: C-+A', w: C®BB1-+A'
the maps given by ϊ, a resp. β, wι and v, w the composite maps B —> C

->B' resp. J3'-> C[X]/(/) - C®BBι^->A\ Clearly wυ = a and B'w-lq ς*

(C^βB^-tq because y g g by 2). As C®BBι^D®AB1 we get S;_1?

smooth over Z) (see iii2)). But Dγ is smooth over A and so B'w-lq is smooth

over A too.

If r — e we are ready. Otherwise we must show that Bf

w-lv0 r < i <e

are smooth A-algebras. Fix an ί, r < ί < e. As Y\T induces an idempotent

in Bf

τ we get

B'τ s B'TI(T- Y)B'T x B'TIYB'T.

Since U - ^ A w e get B'w-lpi ^ (B'/YB%-lpt. But B'jYB' ^ B[X, T] is

a smooth JB-algebra and so B'w-lp. is a smooth jB-algebra too. Now, by

our assumptions Ba~lpi is smooth over A. Thus B'w-lp. is smooth over A

too, i.e. α c Jw(HBΊ^A!. Q.E.D.

(9.4) COROLLARY. Lei u\ A-+Af be a morphίsm of noetherian rings,

B a finite type A-algebra, a: B-* Af an A-morphism a a A' an ideal con-

tained in *Ja{HB/2)Ar and q ZD a a minimal prime ideal of A'. Suppose that

i) all minimal prime over-ideals of a are minimal in A',

ii) the field extension kiw^q) c k(q) is separable and (u~1q)A'q = qA'q.

iii) the map A-+ Aq given by u is flat.

Then there exist a finite type A-algebra Bf and two A-morphίsms v: B-^Bf

w: B'-+A' which are subject to (+) ίrom Lemma (9.3).

For proof apply the above Lemma; its condition iii) holds by Corollary

(3.3) (see our conditions ii), iii)).

(9.5) LEMMA. Let u:A->Af be a morphism of noetherian rings, B

a finite type A-algebra, a: B-+ Af a morphism of A-algebras, a a A' an

ideal contained in <Ja{HB/^)Af and q a minimal prime over-ideal of a. Sup-

pose that:

i) all minimal prime over-ideals of a are still minimal prime over-

ideals of (z^cO-A',

ii) for every minimal prime over-ideal p of a the map A-+ A'p is flat,

iii) it holds either
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1111) the field extension k(u~ιq) c k(q) is separable and (u~1q)A/

q = qAf

cp

or

1112) for every positive integer r there exist a finite type Ar:= Al(u~ιq)r-

algebra Dr and two Ar'inorphisms vr: Br-+ Dr9 Br\ — Ar(g)AB, wr:Dr-+

Ά'r:= Ar0AA
; such that wr(HBr/Zr) ς£ qAf

r and wrvr = Br^)Ba.

Then there exist a finite type A-algebra Bf and two A-morphisms

u: B->B\ w: B!'-> A' which are subject to ( + ) from Lemma (9.3).

Proof. Let ta;= max{htp|p e Min(A/ι/~1α)}. Apply induction on ta.

If ta = 0 then we claim that all minimal prime over-ideals of a are minimal

in A'. Indeed, a minimal prime over-ideal p of a is still a minimal prime

over-ideal of (u~ίa)A/ (see i)). By [M] (13. B) (see ii)) we get

p being also a minimal prime over-ideal of {u~ιp)Ar. If p' z> u~ιa is a

prime ideal contained in u~ιp then p is a minimal prime over-ideal of

p'Af by i) and applying Bourbaki Theorem [M] (9. B) for the flat map

A—>Ap we get u~ιp =p'. Thus u~ιp is a minimal prime over-ideal of

u~ιa and so

ht (w'p) = 0

(ta = 0) which proves our claim. Then this case is a consequence of

Corollary (9.4) when iii2) holds, or Lemma (9.3) when iii2) holds for a

suitable r such that {u~'q)rAu-lq = (0).

Now suppose ta > 0. Since u~ιa is not contained in the union of

{//e Min A\p' i? w\ά)} we can choose an element de u~ι(ά) which is not

contained in any minimal prime ideals of A except in those containing

u~ιa (if there exist any). Clearly ta/dSA> < ta for every positive integer s.

Applying Lemma (2.4) there exist an A-algebra JBJ and two A-morphisms

vx: B~>BU ax\ B1-^A/ such that

1) alVl = a,

2) H^s^υ^H^).

3) deHBι/Λ.

Changing (B, a) by (Bl9 a^ we reduce our problem to the case when d e HB/A.

Moreover using Lemma (3.4) we can reduce similarly to the case when d

is a standard element for B over A. Let n be the positive integer asso-

ciated to B, a, d by Corollary (9.2). By induction hypothesis there exist

an A :== A\dnA-algebra D and two A-morphisms β: D -> A ' := A (x)̂  Ar,
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?: B-+D, B:— A®AB satisfying i), ii) from Corollary (9.2) [the induction

hypothesis work on δ: = aldnA' c \la{RBι^A! (see Note (2.3)) because

t-a < ta, a being given by a]. This finishes our proof. Q.E.D.

(9.5.1) NOTE. Actually in this paper we use Lemma (9.5) only when

iiij) holds, but when we work without conditions of separability we can

have only iii2) fulfilled.

The possibility to apply Lemma (9.5) in the proof of Desingularization

Lemma is given by the following

(9.6) LEMMA. Let A be a noetherίan semίlocal ring, {qΐ)ι<i<e its

maximal ideals, u:R-+A a flat ring morphism, st:= h t (g j — ht^*" 1 ^),

s = Σn^i^eSi and (z,7)2<,-<e some elements from A. Suppose that for every
l<j<S-Si

ί, 1 < ί < e

ϊ) the local rings of (q^t on the fiber, i.e. (AI(u~ίqί)A)q., are regular,

ii) zt = fej)i<j <s-Sί induces in A\qt a system zt of elements algebraically

independent over Rju'^q^.

Then there exist a polynomial R-algebra D and a flat R-morphism υ:

D~>A such that

1) the ideal α:=Rad A satisfies (v~1ά)Aq. = q^A^. for all i, 1 < i < e,

2) k(v-lqt) = k(u-1qΐ){zz) for every ί,l<ί<e.

Proof. Apply induction on s. If s = 0 then D:~ R, v:= u work.

Suppose that s > 0 and let i, 1 < ί < e be such that 5, > 0. Then

qt £ (u-ιqτ)Aqί + q\Aqi

by Nakayama's Lemma and we can choose an element yt e qt which is not

contained in (u~1qi)Aqi + q\Aq%. For j φi, 1 <j < e take yό:= zn.

By Chinese Remainder Theorem the canonical map

f:A >±Alql + (w1qi)A
i = l

is surjective and so there exists an element x e A such that f(x) is induced

by y = (yu , ye).

Take S:= R[X] and let g: S-> A be the i?-morphism given by X^—>x.

By construction (A[xA + u~ιq^)q. is a regular ring of dimension st — 1.

As g~\q^) = u'Xq^S for j ψ i, ί <j < e, the Dimension Formula holds for

S-^->A and by [M] (21. D) we get flat the maps (S/u-1qdS)g-lqi-+Aqi for

all λ, 1 < λ <e. Using [M] (20. G) we obtain the flatness of the maps
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Sg-iQλ -> AQλ induced by g, 1 < λ < e. Thus g is flat. By induction

hypothesis the result is stated for S, g, A and so there exist (D, v).

Q.E.D.

(9.7) Proof of Desίngularizatίon Lemma (5.1). Let {pji<^<e, pt d A',

q = pe be the minimal prime over-ideals of α. Denote st: = ht (pJ —

ht(tt"!p4), l < ί < β , s = Σ ί - i ^ A":=A'[X], Z = (X;, •• , X S ) , P " : = A A / /

and let Λ: Af —> A" be the inclusion. By Lemma (9.6) applied to A, T~ιA!\

T:= A"\U«-iPΓ> 2f: = (Xu , Xs.Sι) there exist a polynomial A-algebra

R and an A-morphism g: J?-> A" such that for every i, 1 < ί < e

A-algebra R and an A morphism g: R—> A" such that for every ί, 1 < i < e

2) the map i?->A".,, given by ^ is flat,

3) k{g~\p'i)) — k(u~ι{pD)(Xu - - ,XS_S.) and using our hypotheses the

extension k(g~\p'e
;)) c k{p") is separable.

Using 1) note that {p 7} are minimal prime over-ideals of (^"1α)A//.

Denote B" : = R®ΛB and let /7/: JB / ; -> A/r be the E-morphism given

by g and hf. Apply Lemma (9.5) to the case (R, g, A", B", /", qA"). Thus

there exist a finite type A-algebra Bf and two A-morphisms i;: B" -^B\

w'\ Bf -*A" such that

4) w'υ = A/'7,

5) α C <Jυf{pBΊάA!7 £ qA!',

because HB,,/R z> HB/AB". Since A7^ is not finite there exists some elements

x = (χu . . . 9 χs) e A/s such that the A'-morphism σ :̂ A" —> A\ X-+ x satisfies

σxw\HBΊA) φ q

and we can take w:= σxw'. This follows from the following elementary

(9.7.1) LEMMA. Let A[X] be the polynomial ring in some variables

X = (X1% . . . 9 Xn) over a noetherian ring A, q c A a prime ideal such that

A/q is not finite and h e A[X] a polynomial which is not in qA[X]. Then

there exists a system of elements x — (xly , xn) from A such that the A-

morphism σx: A[X]—>A satisfies

σx(h) £ q .

For the proof of Lemma (9.7.1) apply induction on n; when n = 1

note only that the residue h of h modulo q A[X] has just a finite number

of solutions in A/q. Q.E.D.
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Added in proof. The separable condition i) is not necessarily in
Theorem (5.2) as shows our paper "General Neron desingularization and
approximation" (to appear in Nagoya Math. J. Vol. 104 (1986)) which
contains also some applications. Based on this result the Conjecture
(1.5) was settled by M. Cipu and the author in Ann. Univ. Ferrara, ser.
VII. Vol XXX (1984), 63-76.
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