NOTES AND PROBLEMS NOTES ET PROBLEMES

This department welcomes short notes and problems
believed to be new. Contributors should include solutions
where known, or background material in case the problem is
unsolved. Send all communications concerning this department
to I. G. Connell, Department of Mathematics, McGill University,
Montreal, P.Q.

ON ABEL'S BINOMIAL IDENTITY

Kulendra N. Majindar

The identity of Abel [1] [2] we deal with here can be
stated in the following form: If n is a positive integer,

n o i
(a+b) =a Z

i=0

M+ oo™

(In order that all terms be defined we require a # 0, b # n.)

This identity and deductions from it have been very useful
in many problems, for instance in mathematical statistics [3].
Usually this identity is established by means of the Lagrange-
Blrman theorem [4]. Here we will derive it very simply.

1
Clearly, —(a + b)n can always be written as
Yy 2 Y

n
. B
2a+b)t = T ¢ (-,
a . n-1

i=0

where the c's are independent of b and ¢ = To determine
n

1
a
the c's conveniently, we employ a little device.
b+n+1 and then multiplying by b we have

Changing b to

n .
Bat+bsn+s 1) = = be (btn+d-itt
a 1:0 n-1

301

https://doi.org/10.4153/CMB-1964-030-8 Published online by Cambridge University Press


Conne.ll
https://doi.org/10.4153/CMB-1964-030-8

n i
= Z be (b+i+ 1)

s 1

i=0

Differentiating (with respect to b) both sides r times (where
1<r<n+ 1), we obtain

1 n!

n-r
-; m ({n+1) (b+r) + ar) (a+b+n+1)

it (b+i+1)i-rci(i+1)(b+r)

r-1 . (i-r+1)!

Putting b =-r 1in this relation we deduce that

n! n-r
- = , 1 <r<ntt
(orrl)l (e-1)1 (@fp-rHl) Crogr T 2TER
. n -1 .
ice., () (at+i) =c ., 0<i<n
n-i - -

This completes the proof of the identity.

We remark that any polynomial in a,b can be expressed

in the form Z c,(a+i)1 by the above method. One first changes
1

a to at+1, multiplies by a, differentiates r times, and then

uts a=-r to get c .
P g r-1

We also note that another form of Abel's identity is

n
(@+ y+np) = = (111) (a + fk)k vy + f’(n'k»n-k-i

k=0

To obtain this put a =vy/f, yB #0, b=n+ of/p in the identity
given at the beginning. Then, after a little simplification, we
get
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n
n n L i-1 . n-i
(et y+np) =y Z (GNy+Bi) (@ + (n-1)B)
1=0
n
n k n-k-1
=y T (R (a+ Bk (y+ Bln-Kk) :
k=0
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