
NOTES AND PROBLEMS NOTES ET PROBLEMES 

T h i s d e p a r t m e n t w e l c o m e s sho r t no tes and p r o b l e m s 
be l i eved to be new. C o n t r i b u t o r s should include so lu t ions 
w h e r e known, or b a c k g r o u n d m a t e r i a l in c a s e the p r o b l e m is 
unso lved . Send a l l c o m m u n i c a t i o n s c o n c e r n i n g th is d e p a r t m e n t 
to I. G. Conne.ll, D e p a r t m e n t of M a t h e m a t i c s , McGil l U n i v e r s i t y , 
M o n t r e a l , P . Q. 

ON A B E L ' S BINOMIAL IDENTITY 

Kulendra N. Maj indar 

The ident i ty of Abel [ l ] [2] we dea l with h e r e can be 
s t a t ed in the following fo rm: If n is a pos i t ive i n t e g e r , 

n -A 
, %n ^ ,nv , l - l n - i 

(a + b) = a S ( . ) (a + i) (b - i) 

i = 0 

(In o r d e r t h a t a l l t e r m s b e d e f i n e d w e r e q u i r e a 4 0 , b 4 n . ) 

T h i s i d e n t i t y a n d d e d u c t i o n s f r o m it h a v e b e e n v e r y u s e f u l 

i n m a n y p r o b l e m s , f o r i n s t a n c e in m a t h e m a t i c a l s t a t i s t i c s [ 3 ] . 

U s u a l l y t h i s i d e n t i t y i s e s t a b l i s h e d b y . m e a n s of t h e L a g r a n g e -

B u r m a n t h e o r e m [ 4 ] . H e r e w e w i l l d e r i v e i t v e r y s i m p l y . 

1 n 
C l e a r l y , —(a + b) c a n a l w a y s b e w r i t t e n a s 

a 

A n ' 

- ( a + b) = 2 c (b - i) 
i=o n " x 

1 
w h e r e the c r s a r e independent of b and c =— . To d e t e r m i n e 

n a 
the c ' s conven ien t ly , we employ a l i t t le dev ice . Changing b to 
b+n+1 and then mul t ip ly ing by b we have 

u n 

- ( a + b + n- + 1) = 2 be .(b + n + 1 - I ) 
a . ^ n - i 

i = 0 

3 0 1 

https://doi.org/10.4153/CMB-1964-030-8 Published online by Cambridge University Press

Conne.ll
https://doi.org/10.4153/CMB-1964-030-8


n 
= 2 be. (b + i + l ) 1 . 

i = 0 X 

Differentiating (with respect to b) both sides r t imes (where 
1 < r < n + 1), we obtain 

- n ' ((n+1) (b+r) + ar) (a+b+n+l)n~ r 

a (n-r+1)! 

n i! (b+i+l)1" rc.(if l)(b+r) 
= r! c + S * 

r - 1 . (i-r+1)! 
i = r 

Putting b = - r in this relation we deduce that 

—— — a+n-r+1 = c , 1 < r < n+1 
(n-r+1)! ( r -1)! r - 1 - -

i. e. , ( •) (a+i) = c , 0 < i < n . 
1 n - i — — 

This completes the proof of the identity. 

We r e m a r k that any polynomial in a ,b can be expressed 

in the form 2 c.(a+i) by the above method. One f irst changes 
i 

a to a+1, mult ipl ies by a, differentiates r t imes , and then 
puts a =-r to get c 

r - 1 

We also note that another form of Abel1 s identity is 

(<*+y+n(3)n = 2 (£) (a + (3k) y(y + p(n-k))n" " . 
k = 0 

To obtain this put a = y/(3, yP f 0, b = n + a/fi in the identity 
given at the beginning. Then, after a little simplification, we 
get 
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i=0 

= Y 2 { ) ( f f + (3k)k(^+ ptn-k))11"1""1 . 
k = 0 
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