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§1
The aim of this paper is to prove the following main theorem:
TueoreMm. For ihe discriminant d >0 of a real quadratic field Q(/d ), let
(%,y) = (t,u) be the least positive integral solution of Pell’s equation x*— dy® =4
and put €, = %(t +uyd), and denote by h, the ideal class number. Then, at

least one of the following two assertions is true:

(1) For an arbitrarily given positive number >0 there exist infinitely many
real quadratic fields Q(/d ) of which discriminant d satisfies the inequality h,<&/d .

(ii)  There exists a positive constant x >0 such that the inequality e, < (d—4)°
holds for the discriminant d of any real quadratic field Q(/d ) except Q(/5).

Recently, A. Baker [1] and H. M. Stark [5] proved independently that
there exist exactly only nine imaginary quadratic fields of class number one.
On the other hand, C.F. Gauss conjectured that there exist infinitely many
real quadratic fields Q(/d) of class number one, moreover that there exist
infinitely many real quadratic fields Q(/») of class number one, of which
discriminant p is prime and congruent to 1 mod 4.

If we assume that this Gauss’ conjecture concerning the class number of
real quadratic fields is true, then it is proved that the assertion (i) of the main
theorem is true (Proposition 1). From this fact and an already known general
estimation?

1 -/ 1
—2vlogd<loged<1/d ("2‘10gd+1)
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1 Cf. LK. Hua [2], M. Newman [4].
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concerning the fundamental unit of the real quadratic fields Q(/d), it is
probable that the assertion (i) is true and the assertion (ii) is not true.

§2
In order to prove the main theorem we must prepare the following two
lemmas:

Lemma 1. Let {d,} be a sequence of discriminants d, >0 of real quadratic
Jfields satisfying limd, = oo, and let r>0, a, b three real constants such that the
inequality €, >”;(Z',, —b)" holds for this sequence. Then, for an arbitrarily given
positive number € > 0 there exists a natural number n, = ny(e) such that the inequality

ha, < (E’l,— + s)l/ﬁ holds for any natural number n bigger than n,.

Proof. From the class number formula?

vd ) @ /d\ 1
o=l oy = B

concerning real quadratic field Q(/d ) and L.K. Hua’s estimation®
L(d)< 4 logd +1
concerning L-function L(d) of Q(/d ), we have

1
Tlogd,.+ 1

h.z,. < Tog a(d. = B)" Y, o0 oeeeees (1).

. . _ . . . logd.+2 _
On the other hand, the assumption ’zl—)l‘gdn = co implies nlig.}loga( d by

—%«. Therefore, for an arbitrarily given positive number &> 0 there exists

a natural number #, = n,(¢) such that the inequality

_logdnt2 1 Lo....... e
Togald, —by < 7 T2 (@)

holds for any natural number # bigger than #n,, Hence, it follows from
(1) and (2) that for any natural number » bigger than », the relation

1

—logd,+1

2 n - 1 ——
hdn< loga(d,.—b)' 'I/dn <<27 +e>'l/d'n

2) Cf. e.g. E. Landau [3], p. 152.
8) Cf. L.K. Hua [2].
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holds, which is our assertion.

LemMa 2. Let N be the set of the discriminants d >0 of all real quadratic
fields QWd), and define the subset N, of N for any real number r=0 by N, =
{deN; e, > (d—4)"Y. Then the set function N, defined in [0, ) has the jfollowing
properties:

1) 0=r, <r, implies N, 2 N,,.
@ o0=<r g_é_ implies N, = N.

(3) N, contains all prime numbers p congruent to 1 mod 4.

(4) N, contains all d in N such that Pell’s equation x*—dy?=—4 s solvable.

(5) If N, contains infinitely many elements for some positive number r>0, i.e.
N,={d,eN; d,<dy<+++<d,<-++-}, then for an arbitrarily given positive
number €>0 there exists a natural number n, = n,e) such that the inequality

ha, < <71f + $>1/Z holds for any natural number n bigger than n,.

(6) If N, contains only a finite number of elements for some positive number
¥ >0, then there exists a real number v, bigger than v such that N, = {5} for any
real number r' bigger than r,.

Proof. (1) Since for any element d in N,, the inequality e,>(d —4)"
holds and 7, is bigger than r,, the inequality e,>(d—4)" holds. Hence we
get de N, .

(2) If we notice that #=1 and #:*=du®>+4>d hold in ed=~é—(t+u1/i),
then we get ¢,>v/d. Hence the inequality ¢, > (d—4)"? holds for any d in
N.

(3) It is obtained by M. Newman [4] that the inequality &,>p —3
holds for any prime p congruent to 1 mod 4. From this fact our assertion
follows immediately.

(4) If Pell’s equation x?— dy?= —4 is solvable for 4 in N, then for
the least positive integral solution (z,y)= (¢, u,) we have &7 = —%—(to+ ug/d)
>yJd —4, because u,=1 and ¢2=du}—4=d —4 hold. Hence we get
eq = (€3)2>d — 4, from which our assertion follows immediately.

(5) Since N, 3 d, is equivalent to e;, > (d, —4)" for any natural num-

ber #, and limd, = o holds, our assertion is clear by lemma 1.

n—oo
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6) If weset N,={5<d,<d,<-:-<d,}, then the inequality &, >(d;—4)"
holds for i =1, 2, - - -, s and the inequality ¢, < (d —4)" holds for any d + 5
in N different from d; (i =1, 2,--+, s). Hence, if we define the positive
number 7, bigger than » by ¢, = (d;—4)": and set r,= 1,2,2}?(.,37“ then we

i=

have
{ €, =(d; —4)" Z(d; —4) o= (d; —4)"”
€a=(d—4) <(d—4)"

for any ' bigger than 7, and any 4 in N different from 4, (i=1,2,- - -,5s).
Therefore, N, = {5} for any #’ bigger than 7, which is our assertion.

Proof of the theorem. (i) 1If for any »=0 N, contains infinitely many
elements, we put ¢ =§/2 for an arbitrarily given positive number §>0. Then,
since for any r satisfying » =1/6 N, also contains infinitely many elements,
it follows from (5) of lemma 2, that there exist infinitely many d in N,
such that the relation

ha<(-g-+e)Vd Z(312+0/2)/d = 3/d

holds. Therefore, in this case the first assertion (i) of the main theorem
is true.

(i) If for some positive number » >0 N, contains at most only a finite
number of elements, then by (6) of lemma 2, there exists a real number 7,
such that N, = {5} for any real number 7' bigger than 7, Therefore,
in this case there exists a positive constant x>0 such that the inequality
€q=(d—4)* holds for any d #5 in N, and the second assertion (ii) of the
main theorem is true.

Thus, our main theorem is completely proved.

§3.
ProrositioN.  If we assume that Gauss’ conjecture concerning the class number
of real quadratic fields is true, then for an arbitrarily given positive number &> 0 there

exist infinitely many real quadratic fields Qid ), of which discriminant d satisfies
the tnequality h,<d/d .

Proof. If we assume that Gauss’ conjecture concerning the class number
of real quadratic fields is true, there exist infinitely many real quadratic fields

Q(/d ), of which class number is equal to one. Hence, even if for an arbit-
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rarily given positive number §>0 we may add a condition d>1/6* moreover,
there exist infinitely many real quadratic fields Q(/d ) which satisfy all these
conditions. Therefore, for such infinitely many real quadratic fields Q(/d )

the relation %, =1<§/d holds, which is the assertion in our proposition.
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