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1. Introduction. It is well known that a 6-dimensional sphere S°(1) admits an
almost kaehler structure J by making use of the Cayley system. Many interesting
theorems about the topology and the geometry of nearly kaechler manifolds have been
proved (see[2, 4, 7]). There have been many results on geometry of submanifolds
in a kaehler manifold. Especially, submanifolds (called Lagrangian submanifolds)
for which J interchanges the tangent and normal spaces. The theory of Lagrangian
submanifolds in a nearly kaechler manifold was studied by many authors (cf. e.g.
N. Ejiri, B. Y. Chen, F Dillen, L. Vrancken and L. Verstraclen etc.). About
Lagrangian submanifolds of S(1), in [5], the authors classified the compact Lagrangian
submanifolds of S°(1) whose sectional curvatures satisfy K > 11—6 In [2], the authors
classified the Lagrangian submanifolds of S°(1) with constant scalar curvature
that realize the Chen’s inequality. In this paper, we classify Lagrangian Willmore
submanifold of the nearly kaehler 6-sphere S®(1) with constant scalar curvature and
obtain all possible values for the norm square of the second fundamental form .S about
these submanifolds. It is similar to Chern’s conjecture which states that the set of all
possible values for S of a compact minimal submanifold in the sphere with S = constant
is a limit set.

2. Preliminaries. We give a brief introduction to the standard nearly kaehler

structure on S°(1). Let e, ey, - - -, e7 be the standard basis of R®. Then each point
m of R® can be written in a unique way as m = aey + x, where a € R and x is a
linear combination of ey, e, - -+, e7. m can be regarded as a Caylay number, and is

called purely imaginary when ¢ = 0. If x and y are purely imaginary, we defined the
multiplication - as

X-y=—<X,y>e t+xxy,
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where <, > is the standard inner product on R® and x x y is defined by the following
multiplication table for ¢; x e;:

Table 1. multiplication table for ¢; x e

X (4] e e3 [} es €6 e7
el 0 e3 —e es —ey e7 —eq
e | —e3 0 el 13 —e7 —ey es
e3 e —ey 0 —e7  —eg es ey
eq | —es  —eg e7 0 ey e —e3
es e4 e7 €6 —ey 0 —e3 —en
e | —e7 ey —es —e e3 0 e
e7 €6 —e5 —ey e3 e —ey 0

For two Cayley numbers m = aey + x and n = bey + y, the Cayley multiplication-,
which makes R® the Cayley algebra 3, is defined by

m-n=abey+ay+bx+x-y.
The set I, of all purely imaginary Cayley numbers clearly can be viewed as a 7-
dimensional linear subspace R’ of R®. In 3, we consider the unit hypersphere which
is centered at the origin:
SSH={xeJ;|<x,x>=1}.
Then the tangent space T.S® of S°(1) at a point x may be identified with the affine
subspace of I, which is orthogonal to x. The standard nearly kachler structure on
S(1) is obtained as follows:
JA=xxA4, xeS8%), 4eT.S)). .1
Let G be the (2,1)-tensor field on S° defined by
GX,Y)=(VxJ)Y, 2.2)

where X, Y € T(S®) and V is the Levi-Civita connection on S°. This tensor field has
the following properties (see[7])

GX,X)=0, GX,V)+G(Y,X)=0;, GX,JY)+JGX,Y)=0. (2.3)
It is clear that a Lagrangian submanifold M of S®(1) is 3-dimensional. In [7], Ejiri
proved that M is minimal, orientable and that for tangent vector fields X and Y to M,
G(X, Y)isnormal to M, i.e.
GX,Y)e T*M.

We denote the Levi-Civita connection of M by V. The formulas of Gauss and
Weingarten are then given by

VxY =VyY+h(X,Y);, Vyé=—A:X+ Dyé, (2.4)
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where X and Y are vector fields on M and & is a normal vector field on M. The second
fundamental form # is related to 4; by

<hX,Y),E>=<A4AeX, Y >. 2.5)
From (2.3) and (2.4), we find
Dx(JY)=GX,Y)+JVyY; A;xY=—-Jh(X,Y). (2.6)

Since M is a Lagrangian submanifold of S¢(1), JT*M = TM and JTM = T+ M.
We can easily verify that the second formula of (2.6) is equivalent to

<h(X,Y),JZ>=<WX,2),JY >=<WY,Z2),JX >. 2.7

Next, we give some lemmas

LEMMA 2.1. ([15]) Let M be a 3-dimensional Lagrangian submanifold of (S, J).
If p is every non totally geodesic point of M. Then there exists an orthonormal basis
{e1, ez, e3} of T,M such that
hiei, er) = MiJey, h(es, e2) = AaJer + A3Jey + AgJes,
h(ey, e2) = AyJ ey, h(es, e3) = AgJey — A3Jes, (2.8)
h(er, e3) = —(A1 +A2)Jes, h(es, e3) = —(A1 + Ax)Je; — A3Jex — AgJes.

where Ly > 0 and h is the second fundamental form of M.
REMARK 2.1. Lemma 1 means that (hf/ ) can be expressed as
A0 0
(=10 1x 0
0 0 —Xx1—A

0 Xx 0
)=
0 Ay —A3
0 0 —A—Xx
=l 0 u
—A— Ay —A3 —X4

where k*=k+3, 1 <ijk,---<3 and hf‘] denotes the element of the second
fundamental form of the immersion. ‘

Recently, B. Y. Chen has given in [1] a best possible inequality between the sectional
curvature K, the scalar curvature t(p) = }_;_; K(e; A ¢;) definded in terms of an
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orthonormal basis {ey, e, e3} of the tangent space T, M to 3-dimensional submanifolds
of S%(1), states

53(p) < %Hz(m )

for each point p € M, where H denotes the length of the mean curvature vector and
3y (p) is the Riemannian invariant, definded by

Su(p) = t(p) — (inf K)(p).
Here
(infK)(p) = inf{K(m) | m is a 2 — dimensional subspace of T,M}.

Submanifolds realizing the equality are called submanifolds satisfying Chen’s equality.
For a Lagrangian submanifold of S%(1), M realizes Chen’s equality if and only if
3y = 2. About those submanifolds, we have

LEMMA 2.2. (Theorem 2.2 of [2]). Let M be a 3-dimensional Lagrangian submanifold
of S°(1). Then 8y < 2 and equality holds at a point p of M if there exists a tangent basis
{e1, ez, e3} of T,M such that

h(er, er) =AJer,  hley,ex) = —AJey,
hier, e2) = —AJes, h(ez, e3) =0,
h(ey, e3) =0, h(es, e3) = 0.

where ) is a positive number satisfying 21> = 3 — t(p).

REMARK 2.2. If we replace e;, e3 by e3, —e; respectively in Lemma 2.2, then we
have: Let M be a 3-dimensional totally real submanifold of S®(1). Then 8,, < 2 and
equality holds at a point p of M if there exists a tangent basis {ey, e>, e3} of T, M such
that

h(el, 61) = AJel, h(€3, 63) = —kJel,
h(er, e3) = —AJes, h(ey, e3) =0,
h(e1, e2) =0, h(esz, e2) = 0.

where A is a positive number satisfying 24% = 3 — 7(p).

LEMMA 2.3. (Main Theorem of [2]). Let x:M?> — S°() be a Lagrangian
immersion. If M has constant scalar curvature T and 8y; = 2 holds identically, then
either x is totally geodesic, or locally congruent to ¢; or ¢;, where ¢ and ¢, has been
given in Section 3.

From now on, we agree on the following index ranges:
1§i9j9k""§3; l*:3+l; j*:3+j;”'

Choose {ey, e», €3, €1+, e, e3:} to be a local orthonormal frame field of the
tangent bundle 7S® such that e; lies in TM and e} =Je; lies in NM. Let
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{w1, w2, w3, w1+, Wy, w3} be the associated coframe field. Denote (w;+j+) to be the
associated Levi-Civita connection form. Then the structure equations of M are:

dx = Zw,e,, de; = Za)uej + Zh,]a)jek* — wix 2.9

dey- = Z hU wje; + Z e (2.10)

The Gauss equations are:
Rijr = —(8ucdin — Sudje) — Z(h — i ), (2.11)

zk—ZRzzlk—Z&k Zh,j s 2T=6-5, (2.12)

where § =), j(h ")? is the norm square of the second fundamental form.
The Codazzi equation is:

(Vh)(X, Y, Z2)=(Vh)(Y, X, Z),

where (VA)(X, Y, Z) = DxWY,Z)— h(VxY,Z)— WY, VxZ).
Finally, we introduce Willmore submanifolds. x : M? — S°(1) is called Willmore
if it is an extremal submanifold of the following Willmore functional:

W(x) = /M (S — 3H?) dv, (2.13)

where S=); Jk*(h )? and H are respectively the norm square of the second
fundamental form and the mean curvature of the immersion x, dv is the volume
element of M. For more details about Willmore submanifolds we refer the reader to
[11] and [10]. About Willmore submanifolds, we have:

LEMMA 2.4. Let M be a Lagrangian submanifold in (S, J) with constant scalar
curvature. Then M is a Willmore submanifold if and only if

p | Dk | =0, Viwithl <1<3, (2.14)
ijk,l
where p*> = S = Zl]k(hk*
Proof. Since M is minimal and has constant scalar curvature, we can easily get our

result by using of Theorem 1.1 of [11].

3. Examples. In this section, we give some examples of Lagrangian Willmore
submanifolds of S°(1) with constant scalar curvature. In addition, we also give one
example of Lagrangian submanifold of S°(1) with constant scalar curvature which is
not a Willmore submanifold.
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EXAMPLE 3.1. Define a map

4
f: Ss(l) = {(XI,XZ,X3,X4) e R | lez = ]} —

i=1
;
SO = {(yl,yz,yz,y4,y5,y6,y7) eR|Y yi= 1} ,
i=1

where

VI=XI, Yy3=X2, Ys=Xx3, Yi=xs Y2=ys=ys=0.

It is clear that f : S3(1) — S°(1) is a Lagrangian totally geodesic immersion.
That M is totally geodesic implies M is a Einstein submanifold. In [8], the authors
proved that all n-dimensional minimal Einstein submanifolds in a sphere are Willmore
submanifolds. So M? is a Lagrangian Willmore submanifold with constant scalar
curvature.

EXAMPLE 3.2. Define a map

4
fi83(%) = {(x17x27X3,x4) € R*| ZX? = 16} —

i=1
,
s(1) = {(yl,yz,ys,y4,ys,y6,y7) eR|Y yi= 1} :
i=1
where

P1 = A/15271%x x3 4 xpx4) (X1 x4 — xzx3)(x% + x% — x% — xi)

Yy = 2—12[— DX 45 ) (x4 x7) =30 Y (xixjxk)2i|
i i<j

i<j<k
73 = 270 [y =) (44 3 — 532 = S3)-+ 7132} — 1) (5 + 3 — 533 — 533

ya =272 xax4(x3 + 3x] — x§f — 3x7) + xix3(xd + 3x3 — x] — 3x9)
+ 2(x1x3 — X2X4(X%(X§ + 4xi) — x% (xf1 + 4x§))]

Vs(X1, X2, X3, Xg) = ya(x2, —X1, X3, X4)

¥6 = V6271213 (x] + 5x% — x§ — 5x3) — xoxa(xd + 5x} — x§ — 5x9)
+ 10(x1x3 — x2X4)((x3X4)* — (x1X2)?)]

y7(x17 X2, X3, x4) = y6(x25 —X1, X3, x4)'

In [5], the authors proved that f': S3(%) — S%1) is a Lagrangian immersion with
constant sectional curvature % That M3 is a constant sectional curvature submanifold
implies M? is a Einstein submanifold. From [7], we know that M is minimal. In [8], the
authors proved that all n-dimensional minimal Einstein submanifolds in a sphere are
Willmore submanifolds. So M? is a Lagrangian Willmore submanifold with constant
scalar curvature.

EXAMPLE 3.3. (Example 3.1 of [2]) Consider the unit sphere

S ={(1.y2.73.70) € R*YI+ 3+ y3 4+ y5 = 1}
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in R*. Let X7, X> and X3 be the vector fields defined by
X101, 32, 13, ¥4) = (2, =1, ¥4, —23);  Xo(¥1, Y2, ¥3, Va) = (V3, =4, — )1, ¥2)
X301, ¥2, 3. ¥4) = (Y4, Y3, =V2, —V1)-

Then X7, X> and X3 form a basis of tangent vector fields to S°. Moreover, we have
[X1, X2] = 2X;5, [X2, X3] = 2X) and [ X3, X ] = 2X5. In [2], the authors define a metric
<, > on S? such that X;, X, and X3 are orthogonal and such that < X}, X| >; = <

XQ,XQ >1 =6 and < X3,X3 >1 =36. Then E] = \L@X], E2 = \%Xz and E3 = %Xg,

form an orthonormal basis on S3. We denote the Levi-Civita connection of <, > by
V, then Vg, E; and R(E;, E;)Ej can be computed. We now define a symmetric bilinear
form « on T'S? in accordance with Theorem 2.2 of [2] by

a(ky, Er) = \/§E1, a(ks, E1) =0, a(Ey, E) = —\/gEz,
W(Es E) =0, a(EpEp)=—[3E. a(E E3)=0.

A straightforward computation shows that « satisfies the conditions of the existence
theorem, i.e. Theorem 3.2 of [2]. Hence we obtain a Lagrangian isometric immersion

o1 : (S, <., . >1)— S5,

whose second fundamental form satisfies 4(X, Y) = Ja(X, Y). That is,

HE E) = \[3TE. WEs Ey) =0, WE Ey) = —\[3TE,,

h(E3, Ey) =0, WEs, Ey) = —\@JEI, h(E3, E3) = 0.

[5\° 5\° [55 [55
iy hhn = =) — \/i 22 _ 22 )
ke 1 Mg ( 3 3 + 33 33 ,

zi,j,k,,h,%;hf,’;hfj ;=0+0=0= z,.,,,k,,hf;hﬁ,’;h;jj,

.y 20
S:Z(hfj)zz?, T=—-.

1Lij 3

Hence

From Lemma 2.4, we know that M is a Lagrangian Willmore submanifold with
constant scalar curvature.

EXAMPLE 3.4. (Example 3.2 of [2]) We also consider the unit sphere S* in R*. Let
X1, X» and X3 be the vector fields defined in the previous example. In [2], the authors
define a metric < .,. >, on S? such that X;, X> and X3 are orthogonal and such that

< Xl,Xl >y =< Xz,Xz >9 =2 and < X3,X3 > =4. Then E1 = %Xl, E2 = %Xz

and E; = —%X3 form an orthonormal basis on S°. We denote the Levi-Civita
connection of <, >, by V, then VgE; and R(E;, E;)E; can be computed. We now
define a symmetric bilinear form o on 7'S? in accordance with Theorem 2.2 of [2] by

a(Ey, EY) = E1, a(E;, E1) =0, a(Ey, Ey) = —E,
a(E3, E2) =0,  «a(Esy, E))=—E), a(Es, E3) =0.
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A straightforward computation shows that « satisfies the conditions of the existence
theorem, i.e. Theorem 3.2 of [2]. Hence we obtain a Lagrangian isometric immersion

@1 (S <., >2) = S,
whose second fundamental form satisfies 2(X, Y) = Ja(X, Y). That is,
WEy, Ey) =JE\, h(Es, E) =0, WE, Er) = —JEx,
h(Es, E») =0, WE,, Ey)=—JE|, h(E;, E;)=0.
Hence

Siikhl iy, =1-1+41-1=0,

St H b = 0 = Sy hd H b
S=>(h) =4 =1
Lij

From Lemma 2.4, we know that M is a Lagrangian Willmore submanifold with
constant scalar curvature.

EXAMPLE 3.5. ([5]) Define a map
4
@3 S%(1) = {(xlyxzﬁxs,m) € RY lez = 1}
i=1

7
— 5%(1) = {(yl,yz,y3,y4’y5,y6,y7) €R| ZJ’,Z = 1}
i=1

where
1 =3(5x71+5x3 = 5x3 = 5x] +4x1); m=-3ix
p=2BW+2 -2 -2 —x); Y4 = §,Z(—1()X3x1 — 2x3 — 10x2x4)
Vs = 9’—ﬁ(2x1x4 — 2x4 — 2X2X3); Ve = %g(leﬂ — 2x3 + 2x2x4)

y7 = —%(IOxlm + 2x4 — 10x2x3)
By direct computation, we have

h(er, e1) = ?Jel, h(e, e2) = —iJel, h(es, e3) = —£J€1,
h(er, e2) = —¥2Jes,  hies, e3) =0, h(er, e3) = —¥2Jes.

Then we know that @3 : S> — S°(1) is a Lagrangian immersion with constant scalar
curvature 13 On the other hand, we have

e 455
Sk by iy = == # 0.

From Lemma 2.4, we obtain that ¢3: S° — S°(1) is not a Willmore submanifold.
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4. Theorem and the proof. First of all, we give this paper’s main theorem.

THEOREM 4.1. Let ¢: M3 — S°(1) be a Lagrangian Willmore immersion with
constant scalar curvature. Then locally one of the following four possibilities occurs:

(1) @ is congruent with a totally geodesic immersion,

(2) @ is congruent with a constant sectional curvature % immersion,

(3) ¢ is congruent with ¢;;
(4) ¢ is congruent with ¢;;
Here @ and @, are as in Section 3.

Proof. From Gauss equations (2.12) and t = constant, we get

S = Zh’f* =6— 2t = C = const. 4.1)
ij,k

If C =0, then M is totally geodesic and ¢ is congruent with a totally geodesic
immersion.

If C # 0, then every point is not totally geodesic point. From Lemma 2.1, we can
choose an orthonormal basis {e1, >, e3} of T, M such that

h(er, e1) = riJey, h(eaz, e2) = AaJer + AsJex + haJes,
h(ey, e2) = ArJey, h(es, e3) = AaJey — A3Jes,
h(er, e3) = —(A1 + A2)Jes,  hes, e3) = —(A1 4+ Ao)Je — AzJer — AgJes.

where A; > 0.
By direct calculation, we obtain

S = 4rT + 63 + 6A10 + 423 + 443,
Skl iy = =431k — 403 — 2023 — 20144,
Sikhi Hhy; = =2X3h3 — 2003 + 40323,
Sijkhd hhy; = =433k — 10A1 2044 — 403 A4,
Then, by using of Lemma 2.4, 1; > 0 and S = constant, we can deduce that
4)2 + 613 + 611A2 + 443 + 415 = C = const,
2mha+ 203+ 234+ 45 =0,
A3(AF 4 Ak —243) =0,
Aa(203 + 5hiho 4+ 223) = 0.

4.2)

In order to solve these equations, we consider the following cases.
Case 1: 1, = 0.
Then (4.2) becomes

hI+ai+4a5=C

M+ri=0
M =0
A =0
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Therefore, we have

M=2" a=0, A3=0, As=0. (4.3)

Case2: A, #0, A3=0, Xi4=0.
In this case, (4.2) becomes
417 + 623 + 6114y = C
AM+2r=0

Then we have

Al = , A=

c
%_ . =As=0. (4.4)

Case3: A, #0, A3=0, Xxq4#0.
In this case, (4.2) becomes

403 4 6A3 + 6MA + 40 = C
2hA+ 203 +25=0
2)\.% + Shih + 2)% =0

From 214, = =213 — A2 < 0, we deduce that 1, < 0; From 222 4+ 5A 14, + 223 = 0, it

then follows that either A; = —2A, or A} = —%)»2. Ifx = —%Az, then we obtain A% +
Aﬁ = 0. It is a contradiction. Hence A; = —2X,. After a straightforward calculation
one has
J2C 2C C
b == A2=—T, a3 =0, ,\ﬁ=§. (4.5)

Cased: Ay A0, 03 £0,14 =0.
In this case, (4.2) becomes
403+ 63+ 6MA + 403 =C
20A + 203 +23=0
A+ —223=0

From 2114, = =243 — A3, we see that Ay < 0; From A3 + Ajhy — 223 = 0, it follows
that A; = Ay or Ay = —2X,. Since A; > 0 and A, < 0, we deduce A; = —2X,. Then we
obtain

C
= —. l=0. 4.6
g M (4.6)
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CaseS: A, #0,13 £0,A4 #0.
In this case, (4.2) becomes

403 + 643 + 6r1hy + 443 + 44 =C
2mh+ 203+ 234+ =0
M+Mr—223=0
20 +50mA +203 =0
From 2A1A; = =243 — A3 — A3, we know that A, < 0; Since A + A1, — 243 = 0, we

deduce that Ay = Ay or A; = —2A,. Since A; > 0 and A, < 0, we find A; = —2A,. Then
we obtain

V2C V2C C
M= = A§+x§=§. 4.7)

Firstly, we consider Case 3, Case 4 and Case 5. Leta; = A, ap = Ay and az = —(A; +
A2), from (2.7) and Gauss equations (2.11), we have

Rijgr = =1 — Sudu) — X, (Wi ki, — Wyhty)
= —(Budj — Sud) — 2, (bt — ardiyhy)
= —(Oudi — dud) — (ahly — aihly)
= —(8udj — Sudjr) — (ax — anhiy,

Ryjiy = —(6118 — 8181) — (a1 — a/)hﬁ,

. C
Rpp=—1— (a1 —a)h3 = —1— (A —h)hy = —1 + 323 = —(1 - E)

" C
Riziz = —1— (a1 —a3)hy; = =1+ QA + A)(h +42) = =1+ 343 = —<1 - E)
Ri23 = —(812823 — 813620) — (a2 — az)h3, = —(h1 + 242)hs = 0,

Ri33 = —(812833 — 813823) — (a2 — a3y, = (A1 + 2X2)A3 = 0,

Ry =-1-3, (hgzhg; - hzhg)
=—1—[ha(=21 — 1) —2(A3 +13)]
-1 (3-2)=-(1-9).

Hence we have
C
Riju = —<1 - g)(Sik(Sjl — Siudjk)-
That is, M is a submanifold with constant sectional curvature c. In [7], Ejiri proved

that if M is a submanifold with constant sectional curvature ¢, then ¢ = 1 (and M is
totally geodesic) or ¢ = % In these cases, C # 0 (and M is not totally geodesic). We

deduce that ¢ = 11—6 It follows that 1 — % = % Therefore C = S = 4—5
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Secondly, we consider Case 1:
In this case, we have

her, en) = YCJer, hies, e3) = —¥EJey, her, e2) =0 ws)
h(er, e3) = —¥CJes, hies, e3) = 0, h(es, e2) = 0

We see from Remark 2.2 that §,;, = 2. It follows from Lemma 2.3 that M is congruent
with ¢ or ¢,.

Thirdly, we consider Case 2. Applying the similar argument as in Case 1, we can
obtain that ¢ is also congruent with ¢; or ¢;. Theorem 4.1 is proved.

COROLLARY 4.1. The values for the norm square of the second fundamental form S

. . . . . . 6 45" 20
of Lagrangian Willmore submanifold with S = constant in (S°(1), J) are 0, 4, 2, 5.
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