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JACOBI-LIKE FORMS AND POWER SERIES BUNDLES

MIN Ho L E E

Jacobi-like forms are certain formal power series which generalise Jacobi forms in
some sense, and they are closely linked to modular forms when their coefficients jure
holomorphic functions on the Poincare upper half plane. We construct two types of
vector bundles whose fibres are isomorphic to the space of certain formal power series
and whose sections can be identified with Jacobi-like forms for a discrete subgroup of
SL(2,E).

1. INTRODUCTION

Jacobi forms generalise classical theta functions, and they occur naturally in number
theory, for example, as Fourier coefficients of Siegel modular forms. Various arithmetic
aspects of Jacobi forms have been studied in numerous papers in recent years (see, for
example [1, 2, 4, 6, 9]). Geometrically, they are also related to families of Abelian
varieties or elliptic genera (see [5, 7, 8, 10]). Jacobi-like forms generalise Jacobi forms in
some sense, and they are certain formal power series satisfying a certain transformation
formula relative to an action of a discrete subgroup F of SX(2, R). Since this transforma-
tion formula is essentially one of the two conditions that must be satisfied by Jacobi forms
for F, Jacobi-like forms may be regarded as a generalisation of Jacobi forms. When their
coefficients are holomorphic functions on the Poincare upper half plane H, Jacobi-like
forms are closely linked to modular forms. Indeed, the transformation formula for Jacobi-
like forms for F determines functional equations among their coefficients, which can be
used to express those coefficients in terms of derivatives of a certain sequence of modular
forms for F (see [3, 11]). Thus there is in fact a correspondence between Jacobi-like forms
and sequences of modular forms. One of the applications of such a correspondence is the
construction of bilinear differential operators on modular forms known as Rankin-Cohen
brackets. Rankin-Cohen brackets can also be constructed using F-invariant pseudodif-
ferential operators, and naturally there is a close relation between Jacobi-like forms and
such pseudodifferential operators (see [3]).

It is well-known that modular forms for a discrete subgroup F C SL(2, R) as above
can be regarded as sections of a line bundle over the modular curve associated to F.

Received 21st March, 2002

Copyright Clearance Centre, Inc. Serial-fee code: 0004-9727/02 $A2.00+0.00.

301

https://doi.org/10.1017/S0004972700040144 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700040144


302 M.H. Lee [2]

Similarly, automorphic forms on a more general semisimple Lie group can also be inter-
preted as sections of a vector bundle over a locally symmetric space. It is also known
that Jacobi forms can be interpreted as sections of certain vector bundles (see [7, 8, 10]).
In this paper we study similar interpretations for Jacobi-like forms. More specifically, we
construct two types of vector bundles whose fibres are isomorphic to the space of certain
formal power series and whose sections can be identified with Jacobi-like forms for F.

2. JACOBI-LIKE FORMS

In this section we review Jacobi-like forms for a discrete subgroup of SL(2, R) whose
coefficients are holomorphic functions on the Poincare upper half plane and discuss some
of their properties.

Let % be the Poincare upper half plane on which 51/(2, R) acts as usual by linear

fractional transformations. Thus, given 7 = 1 I G SL(2, R) and z e H, we have

Vc d)
az + b

7Z = 7zTd-
For such 7 and z, we set

(2.1) j(7, z) = cz + d.

Then we see easily that the resulting map j : SL(2, R) x W —»• C is an automorphy factor,
which means that it satisfies

(2.2)

for all 7,7; G 51(2, R) and z e H.

Let T be the ring of holomorphic functions on H, and let ^[[^J] denote the set of
formal power series in X with coefficients in T. Let Cx = C — {0} be the set of nonzero
complex numbers, and set

CXX = {A^| A e C x } ,

which can be identified with Cx. Using (2.2), we see that 5L(2,R) acts on H x C*X by

(2.3) 7-(z,XX)=(1z,j(1,z)-2XX)

for all z e H, A 6 Cx and 7 6 SL(2, R). Throughout this paper we fix integers £ and 77,

and set

(2.4) 4 , ( 7 , (z, XX)) = j(7, z)< exp(cA7,X/j(7, z)) € T[[X)}

for z e ~H, A e C* and 7 = ( ° . € 5L(2,R). The next lemma shows that Jir) is an
\c dj

automorphy factor.

https://doi.org/10.1017/S0004972700040144 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700040144


[3] Jacobi-like forms 303

LEMMA 2 . 1 . T i e map JitV : SL(2,R) x (H x CXX) -» F[[X]] given by (2.4)
satisBes

for allzen, Xe Cx and 7, y € SL(2, R), where V • (z, AX) is as in (2.3).

PROOF: Let 7 = ( a * ] , Y = [a ' ^ | € 51(2, R), so that
\c dl \d d I

(2.5) rf =(<* + " ca' + dA
K ' ri \ca' + dd cb' + dd'J

Then, using (2.2), (2.3) and (2.4), for each z 6 U and A € C x we have

Jk,(7,V • (z, XX))^(Y, (*,

However, by using the relation aid' — b'd = 1 we see that

c , . , , . c

_ d{ca! + dd)z + c + d/d + ddd!
~ dz + d'

, , , c - c(a'd' -b'd) , . ,
= ca! + dd + \ '- = ca' + dd,

dz + d'

which is the (2, l)-entry of 77 ' by (2.5). Hence we obtain

and therefore the lemma follows. D

Let F be a discrete subgroup of SL(2, R). Then we can consider the associated
Jacobi-like forms. Our definition will be slightly more general than the one in [11]
because of the inclusion of the index 77.

DEFINITION 2.2: A formal power series ip(z, X) 6 ^[[X]] is a Jacobi-like form for

F of weight £ and index rj if it satisfies

(2.6) iP(y(z,X)) = Jtofr,(z,X))i,(z,X)

for all z e U and 7 € F. We denote by J(,n(T) the space of all Jacobi-like forms for F of
weight £ and index 77.
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R E M A R K 2.3. Jacobi-like forms generalise Jacobi forms in the following sense. By (2.3),
(2.4) and (2.6) a power series tp(z,X) G "̂[[A"]] is an element of J^iF) if and only if

(2.7) Tp(-y

for all z € H and 7 = 1 ,1 € F. Let X — w2, and consider the formal power series

Vc V
ty(z,w) € ^"[[w2]] given by

^{z,w) =ip(z,2niw2).
Then, using (2.7), we obtain

= j(j, z)^ exp(2nicriw2/j(-y, z))ip(z, 2TTIIO2)

z, w).

Thus we see that \t(z,u>) satisfies one of the two transformation formulas which define
Jacobi forms for F of weight £ and index rj (see [4, Chapter I]).

The next lemma describes the condition for a formal power series to be a Jacobi-like
form in terms of its coefficient functions.

oo

LEMMA 2 . 4 . Let ip(z,X) = ]T fk{z)Xk € T[[X\) for some nonnegative integer
k=u

u. Then ip(z,X) is an element of J^<T){T) Hand only if

(2.8)

for all z eH, 9= [a ,) S I\ and k ^ u.
\c dj

PROOF: Given z £ 7i and 7 = 1 G F, using (2.7), we see that $ (z , X) is an
\c d)

element of J(,V{T) if and only if

k=u vr=0
oo oo

r=0 t=u
oo k—u

(cnY
r\ (cz + d)

Hence we obtain (2.8) by comparing the coefficients of Xk,

https://doi.org/10.1017/S0004972700040144 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700040144


[5] Jacobi-like forms 305

REMARK 2.5. The relation in (2.8) is a modified version of [3, Proposition 2, (3)] or [11,
00

(15)]. If T] = 1, we can also generalise [3, Proposition 2, (5)] by showing that ^2fk
is an element of J^,j,(r) if and only if fc=u

for all k ^ u, where /„ e M2n+{(F) for all n ^ u.

3. P O W E R SERIES BUNDLES OF THE FIRST TYPE

In this section we construct a vector bundle over the quotient of the product H x Cx X
by a discrete subgroup of SL(2, R) whose fibre is the space of certain formal power series
in X with constant coefficients and whose sections can be identified with Jacobi-like
forms.

Let C[[X]] be the set of formal power series in X with coefficients in C. Let u be a
nonnegative integer, and denote by

(3.1) C[[X]]U = X«C[[X)}

the subspace of C[pf]] consisting of formal power series of the form J2 ATXr with Ar € C.

Given f(X) € C[[X]]U, {z, XX)£Ux CXX and 7 € SL(2,R), we'set

(3.2) 7 • ((z, XX), f(X)) = (7 • (z, XX), J€i,(7, (z, XX))f(X)),

where 7 • (z,XX) and J^r,{l, {z,XX)) are as in (2.3) and (2.4), respectively. Then by
Lemma 2.1 we see that the formula (3.2) determines an action of 5L(2,R) on the space
(H xCxX) x C[[X]]U. Let F be a discrete subgroup of SL{2, R) as in Section 2, and set

V*n = r\(H x C*X) x C[[X]]U, W = F\Hx CXX,

where the quotient is taken with respect to the actions of F given by (3.2) and (2.3),
respectively. Then the natural projection map

{H x C*X) x C[[X]]U - + H x CXX

induces a surjective map

* : Via -+ W

such that -n~l{w) is isomorphic to C[[X]]U for each w € W. Hence V^v can be regarded
as a vector bundle over W whose fibre is the space C[[X]]U of formal power series in X.
We denote by ro(V^, ~Pj?v) the space of holomorphic sections of this bundle, that is, the
space of holomorphic maps s : W —> V£v such that n o s = l\y.
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oo

R E M A R K 3.1. Given ip(z,X) = J2 an(z)Xn € T\[X}) with u > 0, we consider the
n=u

associated map
$ : U x C*X -> C[[X]]U

defined by

n=0

for all z € ~H and A € C x . Then we see easily that IJJ(Z,X) is an element of J(^{T) if
and only if

tf(7 • (z, XX)) = 4,(7, (z, \X))${z, XX)

for all z e ft, A 6 C x and 7 € F.

THEOREM 3 . 2 . T ie space T0(W,Vlv) of sections of the bundle V^ over W is
canonically isomorphic to the space J^iX) of Jacobi-like forms for T of weight £ and
index TJ.

P R O O F : Let s : W -> V^ be a section of V^, and denote by p : V. x C*X
-» W — T\H x C*X the natural projection map. Given (z, XX) €Hx C*X, we have

s(p(z, XX)) = [((z,XX),»{zM))] € T\(H x CXX) x C[[X]]U

for some element H(z,\x) S C[[X]]U, where [(•)] denotes the F-orbit of (•). We define the

map ip3 : U x CXX -> C[[X]]U by

(3.3) i>,{z, XX) = fi^xx).

Given 7 € F, since pijw) = p(w) for each w € Ti x C*X, we have

(3.4) s(p(z,XX)) = s ( p ( 7 - (z,XX))) - [ (7- (z ,AX) l A M z i A X )

On the other hand, since [(•)] denotes the F-orbit, by (2.3), we obtain

= [(7 • (z, XX), J{,,(7, (z, XX))^2iXX))].

Comparing this with (3.4) and using (3.3), we see that
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Thus, by Remark 3.1 the map tp, may be regarded as a Jacobi-like form for F. Suppose

now that ip is a Jacobi-like form for F, and let ip : ~H x C x X —¥ C[[X]]U be the associated

map described in Remark 3.1. Then we have

(3.5) #(7 • (z, XX)) = 4,,(7) (z, \X))$(z, XX)

for all z e U and A € C. We define the map s^,: W ->• V^ by

for all (z, XX) e M x CXX. Then, using (3.2) and (3.5), we have

- [(j(z,XX),ii(1(z,XX)))]

= [(<y(z, XX), 4,(7, (z, XX))^{z, XX))]

= [(z,XX),ii('Y(z,XX))]=s^p(z,XX))]

hence ŝ , is well-defined. Since clearly TT O S^ — lw, it follows that s^, is an element of
To(W,Vln). D

4. P O W E R SERIES BUNDLES OF THE SECOND TYPE

In this section we construct another type of vector bundle whose fibre is the space of
formal power series in X with constant coefficients and whose sections can be identified
with Jacobi-like forms. This bundle will be over the quotient of the Poincare upper half
plane H by a discrete subgroup of SL(2, R).

Let £, 77 6 Z and F C SL(2, R) be as in Section 2. Given nonnegative integers I and
r, we set

for all 2 € H and 7 = 1 I € F, where .7(7, z) is as in (2.1). Then we see that
\c d)
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where Ji>ri is as in (2.4). Given f{X) = f^ArX
r € C[[X]]U for some u $s 0 with C[[X]]U

being as in (3.1), we set r = u

(4-3) 7 • (z, /(*)) = Uz, f ] f ] H£ir(7-
1, jz)ArX

t+r)

for all 7 € r and z e%.

PROPOSITION 4 . 1 . The formula (4.3) determines an action ofT on the space
n x c[[x]]u.

P R O O F : Let 7 ,7 ' 6 I\ z e H, and / (X) = f^ATXr G C[[X]]U. Using (4.1), (4.2)
and (4.3), we see that r~u

r=u 1=0

r=u <=0 m=0

, f; ̂ rx
r f; E,,r(

m=0

However, we have

and using Lemma 2.1,
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Thus we obtain

E E

hence the proposition follows. . D

We denote the quotient of the space H x C[[X]]U by F with respect to the action
shown in Proposition 4.1 by

G£, = r\7£ x C[[X]]U,

and set U = T\H. Then the natural projection map H x C[[X]]U -* H induces a surjective
map w : Qj?|)? —> U such that w~l(x) is isomorphic to C[[X]]U for each x e U. Thus Q%v

has the structure of a complex vector bundle over U whose fibre is the complex vector
space C[[X]]U of formal power series in X. We denote by T0(U, Q%n) the space of all
holomorphic sections of Q ^ over U.

THEOREM 4 . 2 . The space T0{U, Q%v) of holomorphic sections of Q ^ over
U = T\H is canonically isomorphic to the space ^ ^ ( F ) of all Jacobi-like forms for
F of weight £ and index r\.

P R O O F : Let a : U -»• Q ^ be a section of Q^ over U, and denote by q : % -» U
the natural projection map. Given z G H, we have

for some sequence {AktZ)kLu of complex numbers, where [(•)] denotes the F-orbit of the

element (•) oiHx C[[X]]U. We define the sequence (fk(z))'^Lu of C-valued functions on

7* by

(4.4)

for all 2 e K and k ^ u. Let 7 = 1 6 T . Since the F-orbits of z and jz are the

same for each z G %, we have

(4.5) a(g(2)) =
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On the other hand, since [jw] = [w] for each w € H x C[[X]]V, by using (4.3) we have

fc=u

r=u «=

E E ^- ' (T 1 , -yz)Ak.ttXxk) ]
Jfc=u fcO ' J

By comparing this with (4.5) and by using (4.1) and (4.4) we see that
fc-u

/* (72) = Ak,yz = ^2Etik_t('y-
e=o
fc-u

fc-u

fcO

where we used the fact that the (2, l)-entry of 7"1 is (-c). However, by (2.2) we have

Thus we obtain
fc-u

From this and Lemma 2.4 it follows that the formal power series Yl fk
7(z)Xk is an

*=o
oo

element of J(,j,{T)- On the other hand, suppose that tp(z, X) = Y2fk(z)Xk is an element
of J(,r,(r). We define the map o^-.U -» Q£, by fc=0

for all z € H. Then for each 7 G F, we have
OO fc—U / 1

fc=u e=o

7*,
fc=u e=o

= 17-
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and therefore 0$ is well-defined. Since clearly w o a$ = ly, it follows that 0$ is a
holomorphic section of Q%n over U; hence the proof of the theorem is complete. 0
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