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Abstract

In this work, we study and investigate the ultrapowers of £'-Munn algebras. Then we show that the class
of £'-Munn algebras is stable under ultrapowers. Finally, applying this result to semigroup algebras, we
show that for a semigroup S, ultra-amenability of £!(S) and amenability of the second dual £'(S)"” are
equivalent.
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1. Introduction

Given a Banach space E and a nonprincipal ultrafilter ¢/ on a nonempty set /, we can
form the ultrapower of E with respect to U, which is denoted by (E)q, and defined as
the quotient space

(E)u =", E)/Nu,

where
(1L E) = {(xi)i C A :sup x| < 00}

and

Na={oi € €20, B s Jim il = 0}
It is routine to write (x;)qs for the equivalence class it represents. There is a canonical
isometry ir : E — (E)q; which sends x € E to the constant family (x)¢,. Itis easily seen
that if (x;)¢; represents an equivalence class in (A)q, then

X; = lim ||x;||.
el = Tim ]

If A is a Banach algebra, (A)¢, is also a Banach algebra; in other words, the class of
Banach algebras is stable under ultrapowers. In [7], stability of some special classes
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of Banach algebra such as C*-algebras is investigated. In [2], the ultrapowers of
Banach algebras are used to study the bidual of A. Also, in [3], Daws introduces
the notion of ultra-amenability for a Banach algebra A. We say A is ultra-amenable
if every ultrapower of A is amenable. In [3, 4], the ultra-amenability of C~-algebras
is characterised and, for a locally compact group G, the ultra-amenability of L!(G) is
investigated (see also [8]). In particular, it is shown that if G is a discrete group, £!(G)
is ultra-amenable if and only if G is finite.

The aim of this paper is to study the concept of ultrapowers for a Banach algebra,
which is the so-called ¢!-Munn algebras. These algebras were first introduced
by Munn [9] to study some semigroup algebras. Then they were generalised by
Esslamzadeh [5]. These algebras were then investigated by, for example, Esslamzadeh
and Esslamzadeh [6] and Shojaee et al. [10], where they study contractibility, weak
amenability and Connes amenability of these algebras.

We end this work by classifying the ultra-amenability of the £'-Munn algebras.
Finally, as an application, we show that for a semigroup S, ¢!(S) is ultra-amenable
if and only if £'(S)” is amenable, which is a generalisation of the case where S is a

group.

2. ¢'-Munn algebra of ultraproduct of Banach algebras

Let A be a unital Banach algebra, let P = (pj;) € M,xu(A) with max{||pll : i € m,
jen} <1, where m,n e N. We regard A = M,,,.,(A) as a Banach algebra by taking the
norm to be specified by

lICaipIl = Z llaill  (a=(a;)i; €W,

ieNIH ’jENH

and with the product
aob=aPb,

for all a, b € A in the sense of matrix products. Then U is called the ¢£!-Munn algebra
over A with sandwich matrix P, and it is denoted by M(A, P, m, n). We are interested
in determining (M(A, P, m, n))q;, when U is an ultrafilter.

THeoREM 2.1. Let A be a Banach algebra, m,n € N, and let U be an ultrafilter. If
A = M(A, P, m, n) is an £'-Munn algebra over A with sandwich matrix P = (p i) then
there exists Q € M,y.,,((A)q) such that

W = M(A, O, m, n).

Proor. Define Q = is(P) € M,;n((A)qy) by Qji = ia(Pj;) for each i, j, and consider the
map
¥ (M, P,m, n)y = M((A)u, Q, m, n)

with W((a;)w) = ((a})w)u, where a; = (a;,) for each i. This definition is easily seen
to be independent of the choice of the representation; indeed, ¥ is an isometry.
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For (a;) € U,
¥ (@il = (el
= > @l
k=1 I=1
=, 2, lim llay|
k=1 I=1
= lim > > llajl
k=1 I=1
= 1 il = i .
lim gl = i@l

Therefore ¥ is one-to-one. Linearity of ¥ is obvious. Now, for (a;)¢, (b;)q € U,

(@) o b= ). > ai;Pb,

J=1 =1

So, forkeN,, and [ e N,

(F((@adw) o b = ((an i a;‘ij’bf’)fu)kz

j=1 =1
= (Y((aw) o (b))

This shows that ¥ is a homomorphism. One may check that ¥ is also onto and so is
an isomorphism. |

COROLLARY 2.2. Let A be a Banach algebra, let U be an ultrafilter, and n € N. Then

M, (A)y) = (Mn(A))y.

THEOREM 2.3. Let A be a Banach algebra, let U be an ultrafilter, and let A =
M(A, P, m, n) be the £'-Munn algebra over A with sandwich matrix P = (pji), where
m, n € N. Then the following statements are equivalent.

(a) Wis ultra-amenable.
(b) A is ultra-amenable, m = n, and P is invertible.

Proor. (a) = (b). Since U is ultra-amenable, A is amenable by [3]. So, m=n, P
is invertible and A =~ M,,(A) by [1, Proposition 2.16]. Furthermore, by Corollary 2.2,
M, ((A)qy) = (M, (A))y. By our hypothesis, for each U, (M, (A))¢ is amenable. Hence,
M, ((A)qy) and so (A)q is amenable for each U by [1, Proposition 2.7(i)]. This shows
that A is ultra-amenable.

Conversely, if m =n and P is invertible, then A ~ M, (A). Now, by Corollary 2.2,
Wyqr = M, ((A)qy). Since (A)q; is amenable, M,((A)¢) is amenable by [I,
Proposition 2.7(i)]. Hence ()4, is amenable for each U. m]
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Before proceeding further, we need to fix some notation. For a semigroup S, é’(l)(S )
denotes the set of all f € £!(S) such that 3 g f(s)=0.
Let G be a group, and G° = G U {o}. Let

S={(gij:g€G,ieN,, jeN,}U({o},

where m, n € N and (g);; denotes the element of M,,x,(G°) with g in the (i, j)th position
and o elsewhere, and o is a matrix with 0 everywhere. Let P = (p;;) be an n X m matrix
over G°. Then the set S with the composition

(@)ijoo=o00(a)j=0 and (a);o D)= "(apjb)ix, (a)ij, D) €S)

is a semigroup which is called a Rees matrix semigroup with a zero over G and will
be denoted by S = M°(G, P, m, n).

Recall that for g € G, (g);; is identified with the element of M, (¢ (G)) which has
0 in the (i, j)th position and O elsewhere, and o is identified with dy. Furthermore, we
identify P € M,x,,(G°) with a matrix P € M, (€ 1(G)) as follows: if the first matrix P
has g € G in the (i, j)th position, then the new matrix P has the point mass , in the
(i, j)th position; if the first matrix P has o in the (i, j)th position, then the new matrix
P has 0 in the (7, j)th position. Thus we can write

€'(8)/Cs, = M(€"(G), P, m, n).
The product in £!(S) also satisfies f * 6, =0, * f = X5 f(5)5,, and
(f *0p, * @ if pi#o,
Dij* @ =1 3" fls)gwo, if pj=o
5,1€S
forall f,ge KI(S); J, 1 e N, and i, k € N,,. For more details, see [1].
CoroLLARY 2.4. Let G be a group and S = M°(G, P, m, n) be a Rees matrix semigroup

with a zero over G, and let U be an ultrafilter. Then the following are equivalent.

(@) €'(S) is ultra-amenable.
(b)  €Y(G) is ultra-amenable, P is invertible and m = n.
(c) S is finite, and £'(S) is amenable.

Proor. (a) = (b). We can identify (£!(S))¢,/C6, with (M(€'(G), P, m, n))q; (see [1,
Corollary 2.3.2]). Furthermore, by Theorem 2.1,

(M('(G), P,m, m)y = M€ (G))as, P, m, n).

Now, amenability of M((£'(G))y, P, m, n) for each ultrafilter ¢/ implies that (£'(G))q,
is amenable, P is invertible and m = n by [5]. So, £!(G) is ultra-amenable, and (b)
follows.

(b) = (c). By [3], ultra-amenability of £!(G) implies that G, and so S is finite.

(c) = (a). Since S is finite, £!(S) is finite-dimensional, and £'(S) = (£'(S))q for
each ultrafilter 7. Now, amenability of £!(S) shows that it is ultra-amenable. O
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Before we present our result on semigroup algebras, we need an easy but useful
lemma.

Lemma 2.5. Let S be a semigroup and let I be an ideal of S. Then f(])(l) is an ideal of
£(S) and

'S /1) = €'(S) /(D).
Proor. We can identify £'(/) with the set of all functions in £'(S) such that their

support is contained in /. In this way, 5(')(1) is an ideal of £!(S). Furthermore, the
natural map 7 : S — S/I, extends to an algebra homomorphism

n:0'(S)— S/

JT(Z afsés) = Z AsOn(s)-

seS ses

such that

We claim that ker 7t = €(I). Clearly, £(I) C ker 7. Now, suppose that f € ker 7 and
supp f € I. So there exists sy € S \I such that f(sg) # 0. Since f € ker &, 7(f)(7(x)) =0
for all x € S. On the other hand, 7(f)(7(s9)) = f(s9) # 0, a contradiction. This shows
that supp f C I; equivalently we may suppose that f € £'(I). The fact that f € ker &
implies that f € f(l)(l), and therefore, ker 7 C 6’(1)(1). Hence, ker 7 = {’(1)(1). O

COROLLARY 2.6. Let S be a semigroup. Then the following are equivalent.

(@) €'(S) is ultra-amenable.
(b) S is finite and €'(S) is amenable.
(c) €'(S)" is amenable.

Proor. (a) = (b). As £!(S) is ultra-amenable, £!(S) is amenable by [3, Corollary 5.5].
By [1, Theorem 10.12], S has the principal series

K$§)=5128,---4§5,=3S9,

where K(S) is an amenable group, and each quotient S ;;;/S; has the form M°(G, P, n)
such that G is an amenable group, and P is invertible in £/(G). Also, £'(K(S))
and £'(S,) are closed ideals in £'(S) having bounded approximate identities (in fact
identities), and by [3, Proposition 5.2], they are ultra-amenable. Since K(S) is a group,
it is finite by [3, Theorem 5.11].

Now consider the semigroup algebra £!(S,/S;). By Lemma 2.5, £'(S,/S;) ~
(S 2)/5(')(8 1), and so it is ultra-amenable by [3, Corollary 5.5]. On the other hand,
S,/S is a completely O-simple semigroup. Hence, ultra-amenability of £'(S,/S )
implies that §,/S is finite by Corollary 2.4. Finiteness of S,/S; and §; together
shows that S is finite. Iterate this argument to deduce that § is finite.

(b) = (c). Since S is finite, £!(S) is finite-dimensional and therefore isomorphic
with its second dual. So £'(S)” is amenable, as required.
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(c) = (a). Identifying £'(S)” with M(BS), and using [1, Theorem 11.8], it follows
that S is finite. So £!(S) is finite-dimensional, and therefore £'(S) =~ (£!(S))q; for
each ultrafilter . Furthermore, since £'(S)” and ¢'(S) are isomorphic by finite-
dimensionality, amenability of £!(S)” implies that £'(S) is amenable. So £!(S) is
ultra-amenable. O
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