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ON A CENTRE-LIKE SUBSET OF A RING

WITHOUT NIL IDEALS

[TzHAK NADA

We give a new proof of the hypercentre theorem of Herstein.

In [1], Herstein has defined the hypercentre of a ring R as follows:

T(R) = {aeRlax’=z"'a, n=n(xz,a) 21 , all xeR} .
Herstein has proved:

THEQOREM. If R <s a ring without non-zero nil ideals, then
T(R) = Z(R)

We show that the theorem can be proved by making use of the method
which has been given by Herstein in [2] to circumvent the Kothe conjecture.
As it has been shown in [1], it suffices to prove the theorem for prime

rings without non-zero nil ideals. First we prove the following:

LEMMA. Let R be a prime ring without non-zero nil right ideals.
Then T(R) = Z(R)

Proof. wWe prove that T(R) has no non-zero nilpotent elements. If

a e T(R) , a2 =0 , then given & ¢ R there exists »n 2 1 such that
0=ata” = @, so ()" = 0 . This shows that aR is a nil right
ideal, so a = 0 by the assumptions on R . Following [], Lemma 4] we show
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that all the elements of T(R) are regular, so T(R) 1is a domain. Let
0%+aeT(R, and au =0 for some u ¢ R . Then (wza)? = 0 for all
x € R, and since T(R) is a subring invariant under quasi inner

automorphisms on K , we get that
a + uxa2 = (l+uxa)a(l-uxa) = (l+uaca)cz(1+z,4aca)—l € T(R)
. 2 2,2 2 .
This shows that uxra” € T(R) . But (uxa )" =0, so uxa = 0 since T(R)

has no non-zero nilpotent elements. We also have O #F a2 , since

0+ aeT(R) , so u=0 since R is prime. Now T(R) 1is a domain, and
for all x , y € T(R) there exists % = n(x,y) 2 1 such that :x:ny = yxn ‘
so by [3] T(R) is commutative. By a lemma of Herstein [4, p. 378 , T(R)
centralizes J(R) , so if J(R) # 0 it follows that T(R) ¢ Z(R) , since R
is prime. So we have T(R) = Z(R) if J(R) # 0 , and the same result holds
if J® =0 by [1, Lemma 2].

Proof of the Theorem. wWe already know that the result holds if R has
no non-zero nil right ideals. Assume F has a non-zero nil right ideal.
Since T(R) 1is a subring invariant under quasi inner automorphisms, it
follows by the theorem of Herstein [Z2], that either T(R) ¢ Z(R) , or T(R)
contains a non-zero ideal of R . If T(R) ¢ Z(R) we are done. If U is
a non-zero ideal of R contained in T(R) , we prove that R = Z(R) = T(R)
For all x, y € U there exists 7n =#n(x,y) 2 1 such that xny = yxn , So by
[3] the commutator ideal C(U) of U is nil. Then UCW)U 1is a nil ideal
of R, so UCWU =0 since R has no non-zero nil ideals. This implies
C(U) = 0 since R is prime, so U 1is commutative. But a prime ring with

a non-zero commutative ideal must be commutative, so R = Z(R) = T(R)

References

[1] I.N. Herstein, "On the hypercentre of a ring", J. Algebra 36
(1975), 151-157.

£2] I.N. Herstein, "Invariant subrings of a certain kind", Israel J.
Math. 26 (1977), 205-208.

£33 I.N. Herstein, "Two remarks on commutativity of rings", Canad. J.
Math. 7 (1955), 411-412.

[4] M. Chacron, "Algebraic ¢-rings extensions of bounded index", J.
Adebra 44 (1977), 370-388.

https://doi.org/10.1017/50004972700004603 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004603

Centre-like subset of a ring 151

Department of Mathematical Sciences
Tel-Aviv University
Tel-Aviv

Israel

https://doi.org/10.1017/50004972700004603 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700004603

