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SYMBOLIC POWERS OF REGULAR PRIMES
YASUNORI ISHIBASHI

1. Introduction. In a recent paper (6], P. Seibt has obtained the
following result: Let & be a field of characteristic 0, k[T, ..., T.] the
polynomial ring in r indeterminates over k, and let P be a prime ideal of
k[Ty, ..., T,]. Then a polynomial F belongs to the #-th symbolic power
P® of P if and only if all higher derivatives of F from the 0-th up to the
(n — 1)-st order belong to P.

In this work we shall naturally generalize this result so as to be valid
for primes of the polynomial ring over a perfect field k. Actually, we shall
get a generalization as a corollary to a theorem which asserts: For regular
primes P in a k-algebra R of finite type, a certain differential filtration of
R associated with P coincides with the symbolic power filtration (P™),,.
In order to involve the case in which a ground field has a positive charac-
teristic, we must make an appropriate modification of a differential
filtration given in [6], which is defined by means of ordinary derivations.
This modification is done by making use of higher derivations instead of
ordinary derivations.

2. First observations. Throughout this paper, & will denote a field of
arbitrary characteristic. Let R be a k-algebra. By a k-higher derivation
A = {§,} of finite rank #» on R, we shall mean a finite sequence of endo-
morphisms &y, 01, . . . , 6, of R as a k-vector space, which satisfy the follow-
ing two properties: (a) § is the identity map of R; and (b) for every
r (0 £ 7 = n),and for all x, ¥y € R, we have

o (xy) = g;r 84(%)8;(¥).
The collection of all k-higher derivations of finite rank # on R will be
denoted by H;*(R). On the other hand we shall let Der;”(R) denote the
R-module of all #-th order k-derivations of R to R. Thus ¢ € Der;"(R) if

and only if ¢ € Hom, (R, R), and for all xo, x;, ..., x, € R we have
o (XoX1 . . . Xp)
=2 (=) Y wy . ox,d@o. . Ry Ry X)),
s=1 i1<...<1g

For every component §,of A = {§,} € H"(R), §,is an r-th order derivation
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of R ([4], Proposition 5 in Chapter I). We shall denote by D" the set of
composites 84,V . . . 84,9, where each é,,(? is a component of an element
of H*(R), and a; + ... 4+ o, £ n, ¢ arbitrary. By Corollary 6.1 in
Chapter I of [4], D" is a subset of Der;"(R). For each m < n we set

D, = {6V .. 0, P €D er + ...+ S mi.
LeEMMA 1. For ¢ € D, there are ¢, ¥; € Dn_y such that ¢ y; € D" and
o(xy) = o)y + x¢(y) + Z o) ¥i(y)
forallx,vy € R.
Proof. We can write

1) (@
¢ =0a; ... 0a, .

Here each 4, is a component of an element of H;*(R) and

a; 4+ ... 4+ a, £ m. Then we have
(xy) = 1+§: 1"'723 8P 8, P ®)8, Y L8, 0 ()
T =a qTSg=aq

for all x, ¥ € R, and now our assertion is immediate.
For an ideal I of R, define
Dv(I) = {f € I: ¢(f) € I for every ¢ € D"}.
PropositioN 1. D*(I) is an ideal of R, and we have I"t* C D*(I).

Proof. The first assertion is immediate from Lemma 1. For the second
we have ¢ (I**!) C I for every ¢ € D" since D* C Dery*(R), and thus
Ir+t1 C D*(I).

PROPOSITION 2. If Q is a primary ideal of R, then so is D*(Q).

Proof. Let f, g € R be such that fg € D"(Q). Assume f ¢ D*(Q). Then
either f ¢ Q, whence g* € Q for some s = 1, and consequently (g®)"+! €
D"(Q) by Proposition 1;or f € Q, but ¢(f) ¢ Q for some ¢ € D,",m < n.
In the latter case, we choose such an integer m as small as possible. By
Lemma 1 there are ¢, ¥; € D,,_1 such that

o(fg) = o(f)g + folg) + ; é:(f)¥:(g).
Then
go(f) = o(fg) — foe) — Z o:(Hvig) € Q.

Since ¢(f) ¢ Q, g° € Qfor some s = 1 and hence (g*)"*t! € D*(Q).

Consider a localization A\: R — S—'R of R. For every ideal I of R let
S(I) = N'(S-) be the S-saturation of I. On the other hand every
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higher derivation A = {8,} on R has a unique extension & = {§,} to S~R.
Then we shall denote by D" the set of composites 6,V . . . §,,?, where
each 6,,(? is a component of a unique extension to S~1R of an element in
H(R),anda; + ... + a, < n. We have

D" C Der*(S—'R),

the set of all #-th order k-derivations of S~'R to S—!R. For an ideal I of
S—1R, D*(I) will denote the set of f € I such that ¢(f) € I for every
é € D~

ProposiTiON 3. D*(S-I) = S-'D*(S(I)). In particular, D*(S~1Q) =
S—1D"(Q) for a primary ideal Q of R such that Q M S = @, the empty set.

Proof. Let
¢ =0 ... 0,9 €D,

and set
5=8.. .59 ¢

By Lemma 1 there exist ¢;, ¢; € D" such that ¢;, ¥; induce &;, 7: € D*,
and

xy) = ¢()y +xd(y) + Z EAEIPAC))

for all x, y € S~'R. Thus we have

3(2) = o0t +sa(d) + b o2

s
and

$(f) = a({)s +§¢(s) +2 @(é)%(s)

forall f € R, s € S. These yield for f € S(I):
f/s € D"(S-I) if and only if f € D*(S(I));

s € S arbitrary. The first assertion is now immediate. The rest follows
from the fact that we have S(Q) = Q for a primary ideal Q satisfying
oNS=4g.

PROPOSITION 4. Let \: R — S7R be a localization of R, and let Q be a
primary ideal of R such that QM S = @. Then

D"(Q) = X'1D*(S7'Q).

Proof. This is immediate from Propositions 2 and 3.
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3. Main result. Let R be a local integral domain containing a field &
and having the quotient field K. Let L be the residue class field of R
and assume L is a separable extension of k. Let {v1, . . . , v;} be a separating
transcendence basisof L/kand let u, ..., u, be representativesof v;,.. ., v,
in R. The elements u, ..., u, are algebraically independent over k
and hence F = k(uy, ..., u,) is a subfield of R. If it is possible to find
u,'s and v's as above such that K is a separable extension of F, then we
say {u1, ..., #s} is a system of separating representatives in R.

From now on let k denote a perfect field, that is, every extension field
of k is separable. A k-algebra R is said to be of finitely generated type if R
is a localization of a k-algebra of finite type.

LEMMA 2. Let k be a perfect field and let R be a k-algebra of finitely generated
type which is a regular local ring. Then R has a system of separating
representatives.

Proof. Let M be the maximal ideal of R. Since & is perfect, the residue
class field R/ M is separable over k. Hence the sequence

(*) 0— M/M?*— R/MQzl! (R) = UM (R/M) — 0

is exact, where for a k-algebra S(Q;!(S), d) denotes the universal object
for k-derivations of order 1 on S ([3], (8.1) p. 187). Let {¢;, ..., ¢} bea
regular system of parameters for R and let #;, . .., u; € R be such that
i, ..., %y € R/M form a separating transcendence basis over k. Then
the exact sequence (*) shows that Q! (R)isafree R-module,and dt,, . .., dt,,
duy, . .., dusform afree basis of ,1(R). Now {¢1, ..., by %41, ..., u isa
separating transcerdence basis for the quotient field of R over &, and
consequently {u,, ..., u,} is a system of separating representatives in R.

PROPOSITION 5. Let k be a perfect field and let R be a k-algebra of finitely
generated type which is a regular local ring with the maximal ideal M. Then
D"(M) = M forall n = 1.

Proof. By Proposition 1 we have M"+! C D"(M). We shall show the
converse inclusion relation. Let {¢y, . . . , {,} be a regular system of param-
eters for R. Consider R, the M-adic completion of R. R may be identified
with K[[t1, ..., t,]], the ring of formal power series in ¢, ..., t, over

K = R/M. Let
AD = {5,0},2, € H"(R),1 £ i < 7,

be the higher derivation defined by

&, 0™ . ™ ™) = (";i)t,””. 7 L
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where we put(fzi) = 0forj > mu With M = (4, ..., t,)R we have:

If f € Mandifé;,®...8,(f) € Mforallji,...,j suchthatj + ...
+ j. < n, then f € M+, For, write f = F, + g, where F, € K[t1, . . ., ¢,]
is a polynomial of degree » and g € M. Then it is easily seen that
F, = 0. Assume that we have shown the existence of T® = {y,;(9},¢, €
H;"»(R) such that y,;(» = §,(?|R for all 7, j. Then we obtain what we want:
Letf € M be such that ¢(f) € M for every ¢ € D". In particular, we have

i ooy, () € M forallgy, ..., 7,
withji + ...+ j, £ n, hence

6,0 ...8, () e M foralljy,...,Jj,
withj; + ...+ j, £ n. Thisimplies F, = 0 and thus
f=g€ M+'NR = M,

It remains to prove that there exist T® = {y,(9} € H;*(R),1 £ 1 £ r,
satisfying v;(? = §,?|R for every 1, j.
Let 2,(R) be the universal algebra of higher differentials on R over &
and let
A = {§;}: R—> %(R)

be the canonical k-higher derivation of infinite rank (Cf. [1]). By Lemma

2 R has separating representatives #i, ..., #,. Then @ (R) is a free
R-algebra with a free basis
{6;),0,(un): 1 =1,...,r,m=1,...,5,7=1,2,...,00}

(1], Theorem 3). On the other hand it is easily shown that each A =
(6,7} <, € Hg"(R) can be imbedded into a higher derivation {6,?} of
infinite rank. Hence there are uniquely determined k-higher derivations
I'® = {v,7} on R of infinite rank such that

v () = 6,7(@) and ;P (un) =0

for all 4, 7, , m. Then it is obvious that v;? = §,;9|R for all 7, j. Thus
{757} =0 € H*(R),1 £ 7 £ r,are therequired ones.

THEOREM. Let k be a perfect field and let R be a k-algebra of finite type.
For P € Spec (R) suppose Rp 1s a regular local ring. Then we have D*(P) =
P@tD forallm = 1.

Proof. Let N\: R — Rp be the canonical homomorphism and set
M = PRp. Then by Proposition 4

D*(P) = X"1D"(M).

Let {8,} ;<. be a k-higher derivation of Rp of rank n. Then there exist
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elements s; € R — P,7 = 1,..., n, such that {d, si61, . .., 5,0,} is a
k-higher derivation of rank #» on R ([2], Lemma 2). Set
Yi = 5161,7; = O,].,...,TL,SO = 1.
We denote by {¥:}i<, the unique extension of {v;}:s, to Rp. Thus
6, =1/s;¥;onRp,1=0,1,...,n. Let
6 =6, .. 5@
e Oay

be a composite of components of higher derivations on Rp. Then there
areelementss; € R — P,1=1,...,q,and afamily of higher derivations
{v;9},7=1,...,¢,on Rsuch that

(1. <1>) (l . <q>)
¢= (31%1 s s, T )

Here 7.,(? denotes the unique extension of v,,” to Rp. Now we see
easily that ¢ is an Rp-linear combination of elements of D", and conse-
quently D*(M) = M"+! by Proposition 5. Thus

D*(P) = \H(Mrtt) = P™+D foralln = 1.

Let R = k[T14, ..., T,] be the polynomial ring in 7 indeterminates
over k. Let
AD = {§,}, ., € H*R), 11,

be the higher derivation defined by
o (T T T = ("]Z) LT T
where (W]h) = 0 for j > m,. Symbolically we shall write

1.4 ) »_ 1 9?
Glary and S8 = s e

j
‘]
with j1 + ... + 7, = ¢. The proof of Proposition 18 in [5] shows that

5, =

1 3"
Nl gl eTyr ... aTy

Gi+...+4r=qq¢=1,...,n)

form an R-free basis of Der;"(R). Now the following assertion is an
immediate consequence of our theorem.

COROLLARY. For a prime ideal P of k[T, ..., T.] we have

(nt1) _ . 1 d'F
P “{FEP'j,!...j,!a:rf“-...aTﬁ'EP’

j1—-|—...—|—j,=g,q=1,...,n}.
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