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DISTRIBUTION OF LENGTH SPECTRUM OF CIRCLES
ON A COMPLEX HYPERBOLIC SPACE

TOSHIAKI ADACHI!

Abstract. It is well-known that all geodesics on a Riemannian symmetric
space of rank one are congruent each other under the action of isometry group.
Being concerned with circles, we also know that two closed circles in a real
space form are congruent if and only if they have the same length. In this
paper we study how prime periods of circles on a complex hyperbolic space are
distributed on a real line and show that even if two circles have the same length
and the same geodesic curvature they are not necessarily congruent each other.

§1. Introduction

The aim of this paper is to study the distribution of the length of closed
circles on a complex hyperbolic space. In our recent works we gave a light
on geometric properties of circles on a Kéhler manifold. For example, we
interpreted holomorphic circles in terms of magnetic fields ([1], [3]). We
defined Kéhler magnetic flows associated to these circles, and showed that
Kahler magnetic flows of small geodesic curvature on a complex hyperbolic
space are conjugate to the geodesic flow, hence are of Anosov type. This re-
sult gives us information on length spectrum of holomorphic circles of small
geodesic curvature on a compact manifold of constant holomorphic sectional
curvature: The number of closed holomorphic circles grows exponentially
with respect to their length (cf. [18], [8], [14] for more detail). In this paper
we add another result on the feature of the length spectrum of circles of
large geodesic curvature on a complex hyperbolic space in connection with
the action of the isometry group.

A smooth curve v:R — M on a complete Riemannian manifold M
is called a circle of geodesic curvature k (> 0) if it is parametrized by its
arc-length and satisfies the following equation:

ViV (t) = _“27(75)’
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where V; denotes the covariant differentiation along v with respect to the
Riemannian connection of M ([17]). Needless to say, circles are classified
by their geodesic curvature. When « = 0, this equation is nothing but
the equation of geodesics. One may think that the notion of circles is just
a natural extension of the notion of geodesics. But when M is a Kéahler
manifold we have another tool for classification of circles which is associated
with the complex structure J: For a circle v we define its complex torsion
T by (%, JV¥)/|Vi|l. This does not depend on t and satisfies |7| < 1. It
might be natural to think that some properties of circles are related to the
Kahler geometry of the base manifold.
We call a circle v closed if there exists a constant T" with

Y(T) =~(0),(T) = ¥(0), Vv (T) = Vi7(0).

This condition is equivalent to the condition that (¢ +T") = ~(¢) for every
t. The minimum positive constant with these properties is called the prime
period of v and is denoted by length(y). We put length(y) = oo for an
open circle 7, a circle which is not closed. We are interested in how prime
periods of closed circles are distributed on the real line. It is well known
that on a compact rank one symmetric space every geodesic is closed and
has the same length. Moreover all these geodesics are congruent each other,
and the same thing holds for geodesics on a rank one symmetric space of
noncompact type. Here we call two circles v; and o are congruent if there
exist an isometry ¢ and a constant ty with v2(¢) = ¢ o y1(t + o) for every
t. Being concerned with circles, we have that on a real space form two
closed circles are congruent each other if and only if they have the same
prime periods. At this stage we are naturally come to have the following
problems on circles on a rank one Kéahler symmetric space:

1) Is it true that closed circles (of geodesic curvature k) with the same
length are congruent each other?

2) If it is not true, then how many congruency classes are there with the
same length?

In order to attack these problems we shall consider the moduli space Cir(M)
of circles, which is the quotient space of the set of all circles on M under
the congruence relation. The length spectrum of circles on M is the map
L:Cir(M) — R U {oo} defined by L([y]) = length(y). Sometimes we
also call the image LSpec(M) = L(Cir(M)) N R in the real line the length
spectrum of circles on M. On a non-flat complex space form, two circles are
congruent if and only if they have the same geodesic curvature and the same
absolute value of complex torsion (see [15]). The moduli space of circles on
a non-flat complex space form hence has canonical foliated structures. So
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we also consider the length spectrum of circles of given geodesic curvature
and that of given complex torsion.

In the preceding paper [5] we already investigated the length spectrum
of circles on a complex projective space. Hence we here have to treat the
length spectrum of circles on a complex hyperbolic space, another model
space for Kahler geometry. In treating circles we find a difference between
their feature on complex hyperbolic spaces and their feature on complex
projective spaces: Circles on a complex hyperbolic space with small geodesic
curvature are unbounded open curves. This should reflect on the structure
of the length spectrum. In this paper, we first bring our attention to circles
of sufficiently large geodesic curvature. On a complex hyperbolic space
CH"™(—c) of holomorphic sectional curvature —c, every circle with geodesic
curvature £ > 4/c is bounded. In section 2, we compare by a map of
duality the structure of the length spectrum of circles of geodesic curvature
k (> +/c) on a complex hyperbolic space with that on a complex projective
space. Once a map of duality was constructed, some arguments in [5] go
through on our case. We show the following in section 3.

THEOREM 1. On a complex hyperbolic space CH™(—c) of holomorphic
sectional curvature —c,

1) we can not distinguish congruency classes of circles of geodesic curva-
ture k by their length spectrum.

2) The number of congruency classes of circles of geodesic curvature k
with length A is not bounded with respect to A.

The unbounded property of circles of small geodesic curvature reflects
on internal properties of length spectrum. With the aid of the map of
normalization constructed in section 2, we obtain a natural foliation on
the moduli space of bounded circles. This foliation leads us to many nice
results on the length spectrum. On a compact projective space, the circle
with minimal length in the set of circles of curvature k is a holomorphic
circle, a circle with complex torsion 41, and the circle with second minimal
length is a totally real circle, a circle with null complex torsion. Contrary,
we have the following:

THEOREM 2. On a complex hyperbolic space CH™(—c),

1) totally real circles have the minimal length in the set of circles of
geodesic curvature K,
2) holomorphic circles have the second minimal length in the set of circles

‘ _ . 5./c
of geodesic curvature  if and only if Kk > =4=.
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The unbounded property also reflects on the structure of the full length
spectrum LSpec(CH™(—c)). For a spectrum A € LSpec(CH™(—c)) we call
the cardinality § (£7'(X)) of the set £71(\) the multiplicity of L at A.
The multiplicity indicates the number of congruency classes of circles with
length A. When the multiplicity is one, we shall call this spectrum simple.
Different from the case of complex projective spaces, we trivially find that
there is no simple spectrum for £. In particular, we find no congruency
classes of circles can be distinguished only by the length spectrum. We
show in section 4 the following result.

THEOREM 3.

1) The length spectrum LSpec(CH™(—c)) of circles on CH™(—c) coin-
cides with the half line (0, 00).

2) The multiplicity of length spectrum L is finite and greater than one at
each point A € R, and is monotone increasing.

3) There are no circles v on CH™(—c) of complex torsion T (0 < |7] < 1)
with length(y) < SL\/EW‘

In the final section we also study the length spectrum of circles of a
given complex torsion. With the study of structure of the natural foliation,
we give an estimate of the first length spectrum in these. For the sake
of readers’ convenience we give tables which show the difference between
the length spectrum of circles on a complex hyperbolic space and that on
a complex projective space. But the reader should refer [5]. Some proofs
which follow directly from [5] were left out.

The author would like to thank Professor Masakazu Yamagishi for valu-
able advice on classical number theory.

§2. Canonical transformations on the moduli space

In this section we study some fundamental properties on the length
spectrum of circles of geodesic curvature x on a complex hyperbolic space
CH™(—c) of holomorphic sectional curvature —c. In the preceding paper [4]
we showed the following on prime periods of circles on a complex hyperbolic
space.

Fact 1. ([4]) For given 7 (|7| < 1) we denote by k() the unique
positive solution for the equation

(4% — ¢)*? — 3\/3ckT = 0.

Circles on CH™(—c) have the following properties:
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1) Ewvery circle of complex torsion T and geodesic curvature k < k(T) is
a unbounded open curve.

2) Every holomorphic circle of geodesic curvature k > +/c is closed with
prime period \/52"7_0

3) Every totally real circle of geodesic curvature k > % s closed with
prime period \/Z%.

4) When k > k(1) and 7 # £1 we denote by a7, by 7, dpr(arr < bir <
dy.r) the solutions for the cubic equation

eA® — (4K% — )\ + 2/crT = 0.

A circle «y of geodesic curvature k and complex torsion T (# 0, £1) on
CH"(—c) is closed if and only if one of the ratios ayr/buxr, brr/dyr,
dyr /s - is rational. Its prime period is

4

1 1
: L.C.M.( , )
\/E bn,’r — Qg1 dK,T — Qg1

length(y) =

Here, for two real numbers «, 3, the least common multiple L.C.M.(«a, 3) is
the minimum value of the set {an |n=1,2,3,---}N{pn|n=1,2,3,---}.

On a complex hyperbolic space two circles are congruent if and only
if they have the same geodesic curvature and the same absolute value of
complex torsion. Therefore the moduli space Cir(CH"(—c)) of circles on
CH™(—c) is bijective to the set [0,00) x [0,1]/ ~, where (k,7) and (x/,7’)
are equivalent if and only if (k,7) = (k/,7") or kK = k¥’ = 0. We denote by
[s,r] the congruency class of circles of geodesic curvature x and complex
torsion 7 (> 0) on CH"(—c). The moduli space Cir,(CH"(—c)) of circles of
geodesic curvature k hence is the set {[y. ] | 0 <7 < 1}. By Fact 1, we find
that every circles on CH"(—c) of geodesic curvature x is unbounded when
k < +/¢/2 and is bounded when x > /c. To study the length spectrum of
circles, we are enough to treat bounded circles. We define a nonnegative
function v:[0,00) — R by

( Ve

if 0 < Y
0, 10_/£<2,

9

2 _ \3/2
v(k) = 7@2@2 ,if§</@§\/5

1, if kK > +/c.

\
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We then get that circles with geodesic curvature x and complex torsion
7 < v(k) is bounded. We put M, = {[vx+] | 0 < 7 < v(k)}, and define a
map of normalization

D My — M = Cir £(CH" (=) \ {[vz1]}
by
@H(h’fcﬂ']) 7\/— _3VBekT _

(4n2—c)3/2

LEMMA 1. The map of normalization @, is injective and satisfies

E(["YH,T]) =Cx-Lo ¢K([75,T])ﬂ (Vi) € Mg

with C, = 4;;‘;6 When \[ < Kk < /¢, this map Py is bijective.

Proof. Consider the cubic equation c\® — (4k% — c)\ + 2\/ckT = 0. By
putting A = C,\ we find it is equivalent to cA® — 3cA + 2/ckTC2 = 0.
Since 0 < %C’g = 3v/3ckT (4K — ¢)73/2 < 1, this means that

a. e = Cra,rs b\/Eﬂu = Cybe,r, d\/E“u = Crdy,r,
with = 3v/3ckT(4k% — ¢)~3/2. We hence get the conclusion with Fact 1.

This lemma shows the relation of the structures of the length spectrum
of circles of given geodesic curvatures. Let £, denote the length spectrum of
circles of geodesic curvature k, which is the restriction of £ onto the moduli
space Cir,(CH™(—c)). We shall call £, and L, are equivalent if there
exist a bijection @y, x,: Cir,, (CH"(—c)) — Cir,,(CH"(—c)) and a positive
constant Cy, 4, With Ly, = Cy, xy - Ly © Py e, Since Cir,(CH™(—c)) \
(M, U{[71]}) is the set of congruency classes of unbounded circles of
geodesic curvature k, Lemma 1 guarantees that the length spectrum L

is essentially equivalent to £ /; if ‘/_ < Kk < y/c. As a direct consequence
of this, defining a bijection D, x,: Clrm((CH”( ¢)) — Cir, (CH"(—c)) for
4 < K1, ke < \/E by

@_10@,{1([%{177])7 0§T<V(’€1)7

K2

@52,f€1([7m,7]) =

171 u(n2)(17 )] V(/fl) S T S 1,

K2, 1—v(ky)

we get the following:
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PROPOSITION 1. On a complex hyperbolic space CH™(—c),
1) the length spectrum L (4 < k < \/c) are equivalent each other,
2) when k > \/c, the length spectrum L, is not equivalent to any L.

On a complex projective space CP™(c) of holomorphic sectional curva-

ture ¢, for any positive k the length spectrum L, is equivalent only to L,,

_ _ K2

K,//
(4k'24c)3 — (4rZ+4c)3"

where £’ (# k) is the unique positive number with
Following Lemma 1 we set

{m,mw@}, if p=0,

2
Fu = {[%,T] | 3v3BerT(4k? — )32 = 0 < 7 < 1}, if0<p<l,
{[%,1]|/€>\/E}, if =1

This gives a natural foliation of the moduli space
BCit(CH"(—¢)) = {[ys] | 5> #(7),0 < 7 < 1}

of bounded circles on a complex hyperbolic space.

Figure (Foliation of the moduli space of bounded circles on CH™(—c))

We now compare the length spectrum of circles on a complex hyperbolic
space with that on a complex projective space CP"(c¢). We define a map of
duality

?: Cir yo(CH" (=) \ {lvy/eal} — Cir yz (CP" () \ {7z , ]}

by ¥([v,z7]) = [vya ] Here we use the same notation [v,;] for repre-
4 bl

senting the congruency class of circles on CP"(¢) with geodesic curvature
k and complex torsion 7.
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Fact 2. (cf. [5] and [6]) On a complex projective space CP™(c) of holo-
morphic sectional curvature ¢, a circle v of geodesic curvature v/2¢/4 and
complex torsion 7 (0 < |7| < 1) satisfies the following properties:

1) Let A, B, and D (A < B < D) denotes the solutions for the cubic

equation
2
3 — g)\ + %crw =0.
The circle v is closed if and only if one of the ratios A/B, B/D, D/A

1s rational. Its prime period is

47 1 1

2) The circle «y is closed if and only if the complex torsion T is of the
form
T=1(p,q) = ¢ — )P + ¢*)
for some mutually prime positive integers p, q with p > q. In this case
its prime period is

4
3—\/E7r\/2(3p2 +q?), if pq is even,

2
3—\/677\/2(3;02 +q2), if pq is odd.

By the same argument as in the proof of Lemma 1 we obtain the fol-
lowing:

length(y) =

LEMMA 2. The map of duality ¥ satisfies

C(fre)) = % LoW(hye))

for every 7 (0 <71 < 1).

63. The length spectrum of circles of geodesic curvature

We study in this section the length spectrum of circles with a given
geodesic curvature. The multiplicity of the length spectrum L, at A shows
the number of congruency classes of circles with geodesic curvature x and
length A. So our problems mentioned in the introduction can be put into
the problems on the multiplicity of L.
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Put LSpec, (CH"(—c)) = L(Cir,(CH"(—c))) NR. As a direct conse-
quence of Lemma 2, Facts 1 and 2 we have

LSpec /z(CH"(—c))
47 4

- {\E} U {3\/z”m

U{g\/”\/ﬁ p > q, pq is odd, }

P > @, pq is even,
p and g are mutually prime

p and g are mutually prime

R
eV 5 Vg 0 5 B S
4}\/— ”jr ”jr 4\7}\/_ 4\7}\/—
5 T )

This shows that we can not distinguish two congruency classes of circles of
geodesic curvature y/c on a complex hyperbolic space only by their length

spectrum. For example, ;‘—\T/FE 91 is the smallest double length spectrum
for circles of geodesic curvature y/c. This spectrum is the length of circles

of complex torsion 7(11,1) = 911\3/5— and 7(5,4) = 918\3/6— with the geodesic

curvature y/c. The second double length spectrum is ﬂ\/ 133, which is the

length of circles of complex torsmn 7(6,5) and 7(13, 5). The multiplicity of
the length spectrum L at 3\/ /13741 is at least 3. This spectrum is the

length of circles of complex torsion 7(129,71), 7(131,59) and 7(135,17).
Moreover, by a classical number theory, we find that the number of con-
gruency classes of circles of geodesic curvature /c with length A is not

uniformly bounded with respect to A; limsup,_, ﬁ(ﬁ?/%(A)) = oo (see for

example Chapter II of [11] or Theorem 278 (p. 242) of [13]). On the order
of growth, we also obtain

Alim (log )\)_aﬁ(ﬁz()\)) =0 for every a > 0.

We now consider for general k. When x < %, since every circle of
geodesic curvature k is open, it is clear that LSpec, (CH™(—c)) is an empty

https://doi.org/10.1017/50027763000006929 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000006929

128 T. ADACHI

set. For k > ¥, since the map of normalization @, is injective and its

image is
3v3ckv (k) }

0<pu< —-75
=H (4K2 — ¢)3/2

{ (Ve l

we obtain the following by recalling the definition of v: When % <k </,

LSpec, (CH"(—c))
4 3p? + ¢?
- {\/Zl/ﬁ'?—c}LJ{ZL7T 3(4k2 — ¢)

U 3p2+¢% | p>q, pgisodd,
2\ | —————— ) ,
3(4x2? — ¢) | p and g are mutually prime
and when k > /¢,

P > q, pq is even,
p and g are mutually prime

LSpec, (CH™(—c))

_{ A s }
ARz — ¢ VRZ —¢

U A 3p2 4+ % | p > .q, pq is even,
3(4k2 — ¢) | p and g are mutually prime
U o 32+ ¢ | p>d.q, pqis odd,
3(4x% — ¢) | p and ¢ are mutually prime [’

. 9521
where 0, (> 1) denotes the number with (43;/?5’;/2 = Gz

therefore conclude the following, which includes Theorem 1:

We can

ProrosiTION 2. When 0 < k < %, the length spectrum of circles
LSpec, (CH™(—c)) of geodesic curvature r is an empty set. When k > %,
the following properties hold:

1) The length spectrum LSpec,(CH"(—c)) is a discrete subset of R.

2) The bottom of the set LSpec,.(CH™(—c)) is \/f,;i_c’ which is the length
of totally real circles of geodesic curvature k, and is simple.

3) The multiplicity of the length spectrum L, is not uniformly bounded
with respect to \; limsup,_, . $(£51(N)) = oo.

4) The growth order of the multiplicity is smaller than the logarithmic
order; limy_ oo (log \) ~*4(L;1(\)) = 0 for every a > 0.
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We now concern the second length spectrum. On a complex projec-
tive space, the first length spectrum in LSpec,(CP"(c)) is the length of
holomorphic circles and the second is the length of totally real circles. On
a complex hyperbolic space CH"(—c), the situation is not the same. For
example, when k = \/c, the second length spectrum is 3 \/- 7, which is the

length of circles of complex torsion 7(3,1) = - f Here we compare \/%,
the length of a holomorphic circle, and 4, /3(4772), which corresponds to

the length of a circle of complex torsion %—73?3/2 (3,1). The former is

smaller than the latter if and only if kK > 57‘/5. Since 6, is monotone increas-

. . . (4,{270)3/2
ing with respect to k, and 55\/ = 3, we get that 0 < TT(3 1) <1

if \[ <K< 5)[ (that is, the latter is the length of a circle of this complex
torsmn). Therefore we ﬁnd the following;:

PROPOSITION 3.
1) The second length spectrum in LSpec,, ((CH”( ¢)) is simple for any k.

2) If k > \[ the second length spectrum is \/7 the length of holomor-

7

phic circles. If %<H<%, the second length spectrum is 47 S@T=a)

10(4K2—c)3/2
21v21ck

which is the length of circles of complex torsion

The third spectrum also has a nice property. Put r, = 8(3n ) (3n +

1). This satisfies (9n? — 1)?(4r2 — ¢)® — 27¢2(3n? +1)3r2 = 0, which means
that it is the unique positive number with §,,, = n. It is monotone increasing
with respect to n.

PROPOSITION 4.

1) The third length spectrum in LSpec, (CH"(—c)) is simple for any k.

2) If % <Kk <ry (= 7‘/ﬁ) the third length spectrum is 47, /ﬁ,

which is the length of circles of complex torsion (4';2\/—7323/2 (3,1) =

— o)/ ‘
M If ro <k <13 (= M), the third length spectrum is

%1\/ lck

s

N the length of holomorphic circles.

3) When ropm—1 < k < romy1, m = 2,3,---, the third length spectrum

: 3m243m+1 . (4K —c)3/?
is 4 %, the length of circles of complex torsion e

3/2
9Im?4+9m+2 4k2—
T(@m o+ 1,1) = mgnt? o (gene )
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Proof. We get the second assertion by direct calculation. Since dy is

monotone increasing with respect to k, we have §, > 2m —1 for kK > ro;,_1.
We therefore study the length spectrum

4
77T\/ 3p? + ¢? for p > (2m — 1)q, pq = even,

3(4k2 —¢)
and 5
77T\/3p2 + ¢2 for p > (2m — 1)q, pqg = odd.
3(4k? — ¢)

When g > 2, we have p > 2(2m—1) > 2m+1, hence 3p?+¢> > 3(2m+1)?+1.

When ¢ = 1, we have p > 2m. Since 4{3(2m)? + 1} > 3(2m + 1) + 1, we
__2r 2 : .

find that e V/3(2m + 1)? + 1 is the smallest spectrum in these. []

The simpleness does not holds for the forth spectrum in general. By a
similar argument as in the proof of Proposition 4, we get the following.

PROPOSITION 5.
1) The forth length spectrum 3 167 of circles in LSpec\/ﬁ/g(CH (—c)) is

double.
2) Except for the case k = V?c, the forth length spectrum of circles in

LSpec,.(CH™(—c)) is simple.
3) If% <K< @ orifry (= 7\/ﬁ) <k<rs(= 5\[) the forth length

spectrum s 4, /%, which is the length of circles of complex

. (4/%2—::)3/2 . 28(4&2—0)3/2

torsion e (5,1) = et /eren

4) If —Vg‘% < Kk < 19, the forth length spectrum is
holomorphic circles.

5) When rom—1 < k < Tomy1, m = 2,3,---, the forth length spectrum
- 3m2+9m+7 ~ oy (452—)3?
is 4w %, the length of circles of complex torsion e

3/2
9m24-27m+7 4k%—
T(2m +3,1) = S X (3m2’j—97’$+7> :

J%’ the length of

Remark. For positive constants 71, o with 0 < 71 < 75 < (k) we put

Cir(m ™) (CH™ (—¢)) = {[yer] | 71 < T < T2}
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As we have

L(Cirg (CP"(c)) N R
3p? + ¢*
- U{47T 3(4k? —¢)

U 2m 731}2 ¢
3(4k? —¢)

f2q < p < P1q; pq is even,
p and g are mutually prime

p and g are mutually prime

B2q < p < Bi1gq, pq is odd, }

3V3err 965—1
(4&2—0)3/2 - (3@2_,_1)3/2’

we obtain that the set {L([Vx.7]) | [r,7] € Cir,(.ng’TQ)((CH”(—c))}\{oo} is not
bounded and that the multiplicity of £| . (. is not uniformly
finite. "

where (3; (i = 1,2) denote the positive numbers with

(CH™(=¢))

Summarizing up we obtain the following on the length spectrum of
circles on non-flat complex space forms with geodesic curvature x.

Table for length spectrum of circles of geodesic curvature k

CH™(—c) CP"(c)
0, if 0 < ky/c/2,
LSpec,. discrete, unbounded, discrete, unbounded
if K> \/c/2
limsup (£, (\)) = oo, limsup (L, (\)) = oo
multiplicity | A—oo A—00

if kK > /c/2
\/44;;—70, simple, if k > /c/2 %, simple,

1st length
St eng (length spectrum of (length spectrum of
spectrum . S
totally real circles) holomorphic circles)
simple, simple,
7 A
SRV et VirTre
2nd length if \/e/2 < r <5v/c/4
spectrum (length spectrum of circles | (length spectrum of

with 7 = %), totally real circles)
%’ if K > 5./c/4

(length spectrum of

holomorphic circles)
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§4. The full length spectrum

In this section we study the full length spectrum L of circles on a
complex hyperbolic space CH"(—c) of holomorphic sectional curvature —c.
Since the lengths of holomorphic circles and totally real circles of geodesic

21 47 :
curvature k are T and T respectively, we see that both the length

spectrum LSpec! (CH™(—c)) of all holomorphic circles and the length spec-
trum LSpec’(CH™(—c)) of all totally real circles coincide with the half line
(0,00). Therefore the multiplicity of £ at A € (0,00) is at least 2. This
asserts that we can not distinguish any congruency classes of circles only
by their length spectrum. This is a quite different point from the case
of a complex projective space. On a complex projective space CP"(c) of
holomorphic sectional curvature ¢, the full length spectrum is simple at

A€ (%W, %\/%W], which means that we can determine the congruency
class only by the length spectrum if it is contained in this interval.

In order to investigate the length spectrum of circles with complex
torsion 0 < |7| < 1, we make use of the natural foliation of the moduli
space of bounded circles. For given p (> 0) we denote by K, the positive
solution for the equation (4x* — 6)3/2,u —3v3ck = 0. In case pu > 1, we see
that K, = /@(i) by using the notation in section 2. Clearly we find that

K,, > /c/2 and that 0 < @2=Pu 9 yhen Ve/2 < k < K. When

3v/3ck
p=71(p,q) = q(9p*> — ¢*)(3p* + ¢*)3/2, we can solve this equation and get
2 _ Bpta)?® 3p*+q®  _ 24(Bp—q)
Kr(p,q) = 34Gp—q) hence MK, 0 % By Lemmas 1 and 2 we

obtain that

p > q, p and ¢ are mutually
prime positive integers '

LSpec(CH™(—c¢)) = (0,00) U U{]T(p,q)

<4 \/@’ OO), if pq is even,

< 29(3p—q) oo), if pq is odd.
For example we have

IT(2,1) == 5 ?W,OO 7-[T(3,1) — 3—\/671',00 ,17(571) — g zﬂ-’oo .

PROPOSITION 6. The multiplicity of length spectrum L of circles on
CH"™(—c) 1is finite at each point A € R, and is monotone increasing with

Here

w3

IT(pvq)

wly
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respect to A. TheTe are no circles v of complex torsion 0 < |t| < 1 with

length(vy) < 3\/-

Proof. First we show that the multiplicity of £ is finite at each point
A€ (0,00). As we have ¢(3p —¢q) > 3p—q > 2p for p > g > 1, we find that
if A € I(pq) then ¢ < p < QCA . Thus we obtain that the number of palrs
(p,q) of mutually prime p031t1ve numbers with p > ¢ and with A\ € I, o
is finite for each A. This leads us to that the multiplicity of £ is finite at
A. The monotonous property of the multiplicity follows directly from the
shape of I

7(p,q)"
In order to show the last assertion we are enough to prove that I, ,y C
(Si\/zw,oo). Since ¢(3p — ¢) > 2p > 2, we have 3%/6 < %" &ffq), hence

g C (3%/577,00) when pg = even. If pg = odd and ¢ > 3 we have
q(83p—q) > 3(3p—¢q) > 6p > 24, and if pg = odd, ¢ =1 andp>5we have

2¢(3p—q)
c b

q(3p—q) = 3p—1 > 8. Therefore in these cases we get 3\/— < 3
hence I, ;) C (3—\/57'(', 00), and obtain the assertion. 0

By a similar argument we find that the multiplicity of £ at A € ( N

%\/;w] is 3, at A\ € (g\/;r,gw/?ﬂ is 4, and is greater than 5 at A >

gw/ 07 Let mg:[0,00) — Z denote the multiplicity function defined by

me () = #£71(\). By the expression of LSpec(CH"(—c)) we find that this
function is monotone increasing and left continuous. We can estimate m

as mg (4 \/g) < A(A—1) 4+ 2 by recalling the proof of the first assertion of
Proposition 6. On the other hand, since %’r\/g € I;(p,1) provided p < %,

we obtain that m(4F \/5) > [2] + 2, where [a] denotes the integer part of
a number a. The set

{peR] limmg()\) —mg(p) > 0}
8r Am 4 47 167 47w
V7, —=V10, —= V14, —V2,
{3f VAN AN AN
4 4 20m 4w 8 47
Vio, e, 20 AT g BT p AT }
3ve  UBye TTUBVe e T3Ye T3ye
of discontinuous points of m, is discrete and unbounded. Moreover the
jumping step limy|, mz(X) —mg(p) is not uniformly bounded with respect
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to p. The first two steps jumping point is ;‘—JE 10 and the second is \[ 7
Ieny = Ly = (;ﬁ—ﬂ/\/ 10700) and Ip;39) = Iro1) = (;—%\/7700)-
The Jumplng step at 47'('\/ is at least 3 I T(61, 3) =1 7(23,9) = IT(17,15) =
(477\/%,00). In general, we can find a higher steps jumping point by
putting ¢ = 3, p = 1 +1Im;, ¢; = 3m; and p; = m; + pm;il, where m; are

mutually distinct positive prime numbers; I, oy = Lr(p; 4:)-
The fact that the multiplicity of £ at A € ( e 4 %77] is 3 guarantees
that there are no circles 7 of complex torsion 0 < 7 < 7(3,1) = 7 with

length(vy) < %\/zw. More generally, we have the following:

PROPOSITION 7. For each A (> 4), we have no circle ’y on CH"(—c)

with length(y) < %"\/7 and of complex torsion 0 < || < /\+2

Proof. We shall show that the complex torsion of a circle v with

length (v) = 47”\/5 is not smaller than - \//30?
class containing v lies in the leaf F. (p,q) (pg = even) of the natural

foliation, its geodesic curvature x satisfies 4/ 35};_‘10 \/> hence k =

\/ {1+ 3(3p%+ ¢?)}. Therefore the complex torsion is

If the congruency

(4K2 — ¢)®/? 2¢(99° — ¢°)
w(p,q) = ——F=—7(p,q) = :
3v/3ck M+ 3(3p% + ¢?)

Since this constant is monotone increasing with respect ¢ (1 < ¢ < p) for
each p and is monotone increasing with respect to p for each ¢, we have
that u(p,q) > u(p,1) > p(2,1) = A\/W when pg = even. Similarly if the

congruency class containing v lies in the leaf 7, y (pg = odd), its geodesic

curvature k satisfies 3?2336) = g\/g and the complex torsion is
(4r* —c)*? q(9* — ¢%)

P, q) = T 3Ben 7(p.a) = 204N+ 3(3p2 + @)

We also find that u(p,q) > p(3,1) = A\/W when pg = odd. Since A > 4

we have 11(3,1) < p(2,1) and get the conclusion. U
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This proposition tells us that circles with small complex torsions have long
prime periods.

Remark. By the proof of Proposition 7 we find the following: If a

circle v has prime period 4%\/5 and is not neither holomorphic nor totally
real then it has either

1) complex torsion p(p, q) and geodesic curvature 5 \/ o1 + 3C2td?) 2+q )V for

some mutually prime positive numbers p, ¢q w1th pq = even, p > q and
with 2¢(9p? — ¢%) < AW/ A+ 3(3p2 + ¢2), or

2) complex torsion u(p,q) and geodesic curvature 5\/ A1+ 3p2+q2)}

for some p, ¢ with p¢g = odd, p > ¢ and with ¢(9? — ¢*) <
204\ + 3(3p% + ¢?).

Table for full length spectrum of circle

CH™(—c¢) CP"(c)
LSpec (0,00) (0,00)
finite at each A, finite at each A,

monotone increasing,
polynomial growth,
multiplicity m, | left continuous,

me(h) > 2, me() > 1,
me(A) = 2 if and only ( ) = 1 if and only
8w
if0< A< 5% 2 <a<h/on

§5. The restricted length spectrum of circles

In order to get more information on the distribution of length spectrum,
we shall study another restricted length spectrum, the length spectrum of
circles of complex torsion 7 on a complex hyperbolic space CH"(—c). Let
Cir"(CH"(—c)) denote the moduli space of circles of complex torsion T,
and L7 the restriction of £ onto this space. We set LSpec” (CH™(—c)) =
L(Cir™(CH"(—c))) NR. By Lemmas 1, 2 and Fact 2, we find for 0 < 7 < 1
that

LSpec” (CH"(—c¢))

= ’]T 2
34K 07 — ©)

3p2 + ¢>
U5
( T(p.g)/T c)

p > @, pq is even,
p and g are mutually prime

p > q, pq is odd,
p and ¢ are mutually prime (-
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We first study set theoretical properties of LSpec” (CH"(—c)).

THEOREM 4. For every 7 (0 < 7 < 1), the length spectrum of circles
LSpec” (CH"(—c)) of complex torsion T is a discrete unbounded subset of
the real line.

Proof. First we show that LSpec” (CH"(—c)) is unbounded. We set
K, = K (n41,n)/r, Which satisfies that 3V3er K, (4K2 —¢) 32 = 1(n+1,n).
Since limy, oo 7(n + 1,n) = 1 we find lim,,_ K,, = k(7). Hence we have

3¢ 3(n+1)2 4+ n?
[,([’YKn,T]) = m X L([V\/E,T(n—i—l,n)]) =dn <3(4K7?L) _ C) — %%

and get that the set LSpec” (CH™(—c)) is not bounded.

Next we show that LSpec” (CH"(—c)) is discrete. For given k (> %)
we put p(k) = 3v3ckr(4k? — ¢)73/2. If we suppose LSpec” (CH™(—c))
has an accumulation point £ € R, then there exists a sequence {ky}22; of
positive numbers with

L([Vin,r]) <00, §= nli_{roloﬁ(hnnf])'

By Lemmas 1 and 2, we find that p(k,) is expressed as u(k,) = gn(9p2 —

@2)(3p2 + ¢2)~3/? by mutually prime positive integers pn, ¢n (Pn > Gn)-
When the set {k, | n = 1,2,---} is unbounded, by taking a subse-

quence, we may suppose lim, .., K, = oco. In this case we can conclude

that lim,,_ o g—: = 00 and

L)

plrn) (G
lim 2" = fim —— " — i(< o).
n—o0 Kigy = fi(ky)kE 3eT

We therefore get

3c 3p3 + a3
L([Visn,r]) = \/ @2 — o) X L[V e u(mn)]) = 27 3042 — o) — 0.

This contradicts to the assumption £ < oco.
When {k, | n=1,2,---} is a bounded set we see that { S

2
4Kz —c

1,2, } is bounded from below. Hence we find the set {£([v,3: u( )]) |
1 oM kn

n=1,2,---} is also bounded. Since the set

{0

p and ¢ are mutually prime positive}

numbers, p > ¢, \/3p2 +¢2 < L
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is a finite set for each L, we find the set {k, | n = 1,2,---} is also a finite
set, which is a contradiction. Thus we obtain that LSpec” (CH"(—c))) is a
discrete set.

Remark. Put Cir{, \(CH"(—c)) = {[v,] | &1 < K < 2} for k1 and
Ko With £(T) < K1 < K2 < 0o. We find that the set £(Cir(,, .,(CH"(—c)))N

R is also unbounded, because

(452_(:)3/2

. n 3¢
L(Cir(y,, ) (CH"(=¢))) = { 12— XL o _svgers ]) | 1<K < Fé2},

(£ s s D) | 51 <5 <2} = (L1, |72 < < 7).

(4,{2_0)3/2

We now study the structure of LSpec” (CH"(—c)).

PROPOSITION 8. For every 7 (0 < 7 < 1), the bottom of the length
spectrum LSpec” (CH"(—c)) is 4\/777/\/3(41(3(3 Y ¢). This spectrum is
simple for L7.

Proof. We put Ko = K;(31)/-, which satisfies 713(?2 (4K3—c)3 =271 K¢.
Clearly by Lemma 1 we see that the length of a circle of geodesic curvature
Ko and complex torsion 7 is 4y/7m/ \/ 3(4K3(3 /e~ ¢). We shall show for

mutually prime positive numbers p, ¢ with p > ¢ that

3p2 + ¢2 \/ 7
47 > 47
2 2
\/3(41‘7@,@/7 —°) LCLETRI)

if pg = even,

2 2
27T\/3 4}?22? - >47r\/3 1K2 :
(4K gy =) (4K 751y = ©)

if pg = odd and (p, q) # (3,1).
Given p (> 0) we define a function f,:[v/c/2,00) — R by f,(z) =
p?(4x — ¢)* — 27, Clearly f,(K7) = 0, and f,(z) > 0 if and only if
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T > KZ When pg = even we have

fT(p,q)/‘r <i{%(3p2 + q2)(4Kg - C) + C}>

1 27 , 1
= mq2(9p2 — @) (4KG — o)’ = =30 + ¢*) UK — o) + ¢}
27¢2
= Sao0 L0 O08" — @) — 10039 + *)}KG +25(39° + ¢~ T)e}
270
> 0,

because p > ¢ > 0. This guarantees that 4K2(p YRS %(3])2 +¢*)(4K3 —
¢) + ¢ in this case. When pg = odd and (p, q) # (3,1) we have

1. 1
fT(pJJ)/T ( {28 (Sp + q )(4Kg - C) + C})
- 43 % 731 2q2(9p2 - q2)2(4Kg - C>3
27
— —02{28(3172 +¢*)(AKG — ) + ¢}
_ 27¢2
44800

{7¢°(9p° — ¢*)* — 1600(3p® + ¢°) } K

27¢3
2 —9
+ s (3p* + ¢* — 28)

> 0.

Hence we have 4K3(p7q)/7 < %(3}92 +¢%)(4KE — ¢) + ¢ in this case. Thus we
obtain the desirable inequalities, we get the assertion. 0

Remark. When 7 = 7(3, 1), the bottom is 4% \/z Since we can roughly
estimate K, as

c, 3 c, 3
(=41 K2 < -(—=+1 if 1
c, 3 c,3
(= +1 K?2<-(Z2+41 if 1

we obtain the following rough estimates on the bottom of the length spec-
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trum LSpec” (CH™(—c)): When 7 > 7(3,1) = 7[

4—7T>< @i<4 ‘ <47T>< 10V
3 \T7r "\ BUKZ, o) 3ve r )

and when 7 < 7(3,1),

1

4
47rx 107 o 7 <47rX 100
3\/6 T 3(4K3(3 1)/ ) 3\/6 77'2

By the proof of Proposition 7, we can rewrite the bottom of the length

spectrum LSpec” (CH™(—c)) as 4F \/g with A which satisfies 72(A\3421)2) —

400 = 0. By applying the same argument as in the proof of Proposition 8,
we find that the second and third length spectrum in LSpec” (CH™(—c))

(0 <7 < 1) are 477\/19/3 (4K2 —¢) and 477\/13/3 (4K2,

which are simple.
In the last stage we shall pose the following questions:

N

N

r(5,1)/7 (2,1)/7 - o),

1) Are there non-simple spectrum in LSpec” (CH™(—c¢))?
2) If such spectrum exist, how are their multiplicity? Is it true that the
multiplicity of L™ (0 < 7 < 1) is not uniformly bounded?

The multiplicity of L™ at 4%\/5 equals to the cardinality of the following
set of mutually prime positive numbers:

0.0) 290° —¢*)
’ M+ 30302 + ¢2)
U{(p, 9)

9 2 2
p > ¢, pq = odd, 1Op” —q) :T}.
Thus our problems are reduced to a problem on numbers.

P > q,pq = even,

204X + 3(3p% + ¢?)

Table for length spectrum of cirlces of complex torsion 7

CH™(—c¢) CP"(c)
length spectrum of
B 5P , (0, 50) (0, 2]
holomorphic circles LSpec ’ Ve
length spectrum of totally 4
0, 0, =%
real circles LSpec” (0, 00) ( Ve )
T unbounded unbounded
LSpec”, (0 <7 <1) discrete discrete
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