Solutions of Laplace’s equation in an z-dimensional space of
constant curvature

By H. S. Ruse.
(Received 19th September, 1938. Read 4th November. 1938.)

This paper is a sequel to an earlier one! containing a tensor
formulation and generalisation of well-known solutions of Laplace’s
equation and of the classical wave-equation. The partial differential
equation considered was :
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where I'; is the Christoffel symbol of the second kind, and the work
was restricted to the case in which the associated line-clement

ds? = g dat da?

was that of an n-dimensional flat space. It is shown below that
similar solutions exist for any n-dimensional space of constant
positive or negative curvature K.

Tensor methods are employed except occasionally when the
results are applied to particular spaces. The geometrical nature of
the solutions is discussed in § 6, where it is shown that they are closely
connected with well-known solutions of the ordinary cylindrical-polar
form of Laplace’s equation V2V = 0.

Although the paper is intended principally as a contribution to
the theory of partial differential equations, it is offered as much for
its incidental results as for its main theorems. These results include
an invariant definition of Beltrami’s coordinates for a two-dimensional
space of constant curvature (§ 3), a definition of spatial distance in a
de Sitter space-time (§4), and relations between certain fundamental
scalars belonging to the analytical theory of spaces of constant
curvature (§6).

A more precise statement of the main problem solved is given at
the beginning of § 2.
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§1. Preliminaries.
Let then
ds? = g;; da’ dad (1.1)

define the metric of an n-dimensional space of constant curvature K.
Covariant derivatives with respect to the z¢ will be denoted by the
simple addition of suffixes, so that the partial differential equation to
be solved may be written

C AV =Vi=o, (1.2)
where

Vi=gi V.
In (1.1) the coordinates «’ and the coefficients g,; need not be real, the
theory being valid for any space in which the curvature tensor is
given by
Rijiw = K (9 95 — Ju Gin)-

Let () and (&) be any two points of the space and let s be the
function of the «’s and #'s representing the length of the arc of the
geodesic joining them. When K = 0, s is completely determinate;
so, for example, when n =3 and the coordinates are rectangular
cartesian,

ds* = da? + dy* + d2? (1.3)
and s={x—Z)?2+(y —§)*+ (z— 2}

When K =0, s is determinate but for additive multiples of 2x/K:;
thus if n = 2 and K = 1/¢%, the metric may be taken in the form
ds® = a? (d6” + sin? 8 d¢?), (1.4)
and s is given by
cos (s/a) = cos 8 cos § - sin 6 sin 6§ cos (¢ — b). (1.5)

We suppose that any one particular value of s has been chosen, and

write

Q = 1s2, (1.6)

[il
o=

so that, when the metric has the special form (1.3),
Q=3{lx =P+ (y —§°+ (z - 2)%. (1.7)

Although it has hitherto gained relatively little attention, the
function Q@ undoubtedly occupies a fundamental place in Riemannian
geometry and tensor analysis. It is, so to speak, an integrated form
of the scalar differential 1ds® which defines the metric. In terms of Q
it is possible to obtain for any Riemannian space a simple expression
for the Riemann normal coordinates of origin (Z') and also a tensor
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form of Taylor’s theorem!. It also arises in the solution of tensor
partial differential equations?, it can be used in the development of
Riemannian trigonometry?, and in General Relativity it appears in
the formulae for the 4-potential of a charged particle* and for spatial
distance as determined by measurements of stellar magnitudes and
luminositiess.

Covariant derivatives of Q with respect to the a’s, the #’s being
kept constant, will be denoted by the additign of simple Latin sub-
scripts. Bracketed Latin subscripts will similarly denote its covariant
derivatives with respect to the &’s, the x’s being kept constant.
Suffixes will be raised and lowered by means of the fundamental
tensor, which will be evaluated at (z%) for ordinary suffixes and at
(&%) for bracketed suffixes. All functions evaluated at the latter point
will be denoted by a superposed dash (‘“ bar’’). Thus

0 00 o _@Q

ext @ =gz °
o - #9680
9T Gxmiox U gxk’
0. . B0 500
@ = azieE  Ygghk?

QO =gi0;, QV=giQ,,

and so on. The same notation will be used for any function which,
like Q, depends upon the &’s as well as upon the z’s.

In any Riemannian space ( satisfies the identities
Qi Q‘ =2 Q, Q(l) Q(“ =2 Q, (1.8)

which follow immediately from the well-known® relation s;s'=1
satisfied by the function s, while in a flat space the identities

Q;= Gijs Q(ij) =gy (1.9)

1 Ruse, Proc. London Muth. Soc., 32 (1931), 90.

2 See the paper quoted above and also Ruse, Quarterly J. of Math. (Oxford), 3
(1932), 15.

3 Synge, Proc. London Math. Soc., 32 (1931), 241.

1 Ruse, Quarterly J. of Math. (Oxford), 1 (1930), 146.

5 Etherington, Phil. May., 15 (1933), 761.

6 Darboux, Lecons sur la théorie générale des surfuces, Vol. II, Book V, Ch. V
(p. 450, §536 in 2nd edition, Paris 1915).
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also hold. These may be verified immediately by choosing a system
of rectangular cartesian coordinates.

Now suppose that the point (Z) lies upon a given curve C of

equations
F o= & (1), (1.10)

7 being a scalar parameter. That the #’, as here, occasionally repre-
sent current coordinates as well as those of a particular point should
cause no confusion. Then if we substitute from (1.10) in Q it becomes
a function of the 2’s and of . Symbolically

Q=Q(x, &) =Q ;7). (1.11)
Let Q,, Q., .... denote the scalars obtained by successive partial
differentiation of  with respeet to =, the z’s being kept constant;

that is, let
Q=5Qlor, Q,.=2Qfe,. ...

Then in accordance with the notation described above, we write

-2 Q "3Q
Qn’ = _€_1 ’ S)TTL' = ,\O‘—n »
ot ox' ortoxt |
Q 30 - 220 l (1.13)
T oroatond U oreat

and so on, 7 being freated as a constant when the scalars Q_, Q.. ....
are differentiated covariantly with respect to the zt.

Next suppose that we define = as a function of the 2’s by solving
the equation

Qi 7)=0 (1.14)
for r and taking any one root. This amounts to choosing upon C,
which will be called the base-curve, one of the points Z¢(7) at which
the curve is cut by the null-cone of vertex (z?), the equation of which,
with the &’s as current coordinates, is Q(x, £) = 0. Thus (&) is now
one of the points upon C at zero distance from (x?).

If we substitute for 7 as a function of the z' in Q,, this scalar
becomes a function of the z’s only whieh is in general non-zero even
though Q itself vanishes identically for that value of 7.

Now it was shown in the first of the papers quoted above that,
for an n-dimensional flat space, solutions of the partial differential
equation A, V' = 0 are given by

V=F1(Q), (1.15)
V = ¢ (7)/Qin—2, (1.16)
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where f and ¢ are arbitrary functions of their arguments, provided
that the functions & (7) satisfy the differential equations

& dd o, di dFt

o = @ e g &m0 (1.17)
- dzt di
o2 T s 1.
99 g7 dr T (1.18)

that is, provided that the base-curve C is a null geodesic. If 7is
chosen so that it is zero at some fixed point (a?) of C, then it is
determined by (1.14) as a function of the a’s except for an arbitrary
multiplicative constant which arises because of the homogeneity of
(1.17) and (1.18) in d=. It was found also that the second solution
{1.16) holds in the cases n = 2 and n = 4 whatever the functions &' (1),
t.e. whether C be a null geodesic or no.

The question arises whether these theorems are extensible to
more general Riemannian spaces, and it is shown below that similar
results are in fact obtainable for a space of constant curvature K.
In such a space it is convenient to work with the function defined by

@ =cos (K*s)=cos v/ (2K Q) (1.19)

instead of with Q itself. Here K may be positive or negative but
not zero, though we note that approximately

Q=1—KQ (1.20)

when K is small. Suffixes attached to @ will have a meaning similar
to those defined above for Q.
By (1.8), @ satisfies the identities

Q:Q =K(1-¢%, (1.21)
Qi @V =K (1 —@%, (1.22)

in which the superscript 2 denotes the square. Also?
Q= — Kg;Q, Quy= — Kgy Q. (1.23)

By (1.20) these reduce to (1.9) when we make K — 0.

1 Ruse, Quurterly J. of Muath. (Oxford), 1 (1930), 148; ¢f. Duschek-Mayer, Lehrbuch
der Differentialgeometrie, Vol. 11 (Leipzig, 1930), p. 143.
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§2. Statement and analysis of the problem.

We suppose once again that
d82 = gudxl dx’ . (2.1)

defines the metric of an n-dimensional space of constant curvature K,
and that in it we have chosen two points ('), (&‘) at which the
coefficients g;; are analytic. Suppose further that we have selected a
base-curve C of equations

& = & (1) (2.2)

upon which the latter point lies. For the moment we make no
assumption about the nature of this curve except to require that it
shall not pass through (2%). Let (a) be the fixed point upon C at
which 7 is zero, so that a/ = ' (0). The scalar @ defined by (1.19) is
then a function of the z’s and of r, and we seek solutions of the
partial differential equation

AV =Ti=0 (2.3)
of the form
V="V(u,r), where v = @,, (2.4)

7 being a function of the «’s, say
T=r7(z%, (2.5)

determined, except perhaps for an arbitrary constant factor, by the
equation

Q=1. (2.6)

The last equation is equivalent to (1.14) and expresses the fact that
upon C we have chosen one of the points () at which the null cone
of vertex (x!) cuts C.

To find whether solutions of the required type exist, we begin by
substituting from (2.4) in (2.3). In doing so we must remember that
u is a function of the zf both in its own right, so to speak, and because
it depends upon 7 which is itself a function of the a’s. Its partial
derivative is therefore not simply w;, where the subscript as usual
denotes a covariant derivative with 7 constant, but w, + u. 7, that is,
@, + Q,.7;. A similar remark applies to any function of the «’s and
of 7. We thus have

LA RN Vi (@i + Qi) + Vo7

YT ou oxt T er ox
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where the suffixes u, 7 denote (as also below) ordinary partial
derivatives. Hence

Vi= Vi (Qri + Qe ) (@1 + @ )
2V (@i Q)7 Vi
4 V(@i + 2@ T + Qure 73T+ Qe )
Y (2.7)

‘We have to show that the coefficients in this expression can in certain
circumstances be expressed as functions of % and = only.

Since (2.6) is an identity when we substitute for = from (2.5), we
have on differentiating partially with respect to z,

Qi + Q? T, = 0:
whence T = — Qi/Q-- (2.8)

This relation is an identity in the 2’s when = is expressed as a function
of those variables, but we restrict the use of the identity sign to
relations like (1.21), (1.22) and (1.23) which are identities in ~ as well
as in the 2’s. Only the latter kind may be differentiated partially
with respect to . ’
From (2.8),
7 =@ QY07 = K (1 — @°)/Q?

by (1.21), whence

7t =0 (2.9)

because ¢ = 1. It is to be noticed that the latter relation is used
only after all the differentiations required by (2.7) have been
performed.

Again, differentiating (1.21) with respect to r, we get
Q. Q' = — KQQ., (2.10)
Qu7i=K@Q =K (2.11)

whence, by (2.8),

by (2.6). If now (2.10) be differentiated with respect to =, we obtain
Q- Q:+Q.. Q' = — KQI— KQQ..,

and this, with (2.6), gives
Q. Qi= —Q.,Q — KQ7— KQ... (2.12)
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Substituting from (2.9), (2.11) and (2.12) in (2.7), we get
Vie= Vi (— Qi Q' — KQ*+ KQ.,) + 2KV,

+ Vu( T + 2Q77i7 + QTTTi) + V-,—'T;:' (2.13)

Now by (1.23),
Q?s—nKQ, (2.14)
whence = —nK@,. (2.15)

Also by (2.8),
—{Q- (@} + @i ™) — (@} + Q.. 7)}Q%,

— (n — 2) K/Q. (2.16)
by (2.14), (2.6), (2.11), (2.10), (2.8) and (2.9). Substituting from
(2.15) and (2.16) in (2.13), replacing Q. by u, we obtain
Vi= Vi (—Q.r; @ — Ku® + KQ..) + 2KV,

+ Vi{—nKu + 2Q,;7 + (n — 2) KQ../u} + (n — 2) KV ju. (2.17)

But
_0Q di
“ =% @
whence
Q _0Q & & 02Q dit dF
T o dr? 0%l 6% dr dr
oQ szzii fik dac? dw’"] [ 8_2.Q____ B Q] dz d_xf
= ow [dT * dr d'rJ [ ozt ox’ Y ox J dr dr
dzt dii
= Q(L) b 5 Q(U) d+ CF,
0% i Azt di’
= — 2.18
Q(’L) b 2 Q L] d d ( )
by (1.23).

The functions & (7) have hitherto been left arbitrary. We now
choose them so that

62 :Zi

-z =0 2.19

5,2 (2.19)
and gii %l Z—fj = ¢ (constant). (2.20)

When e==0, the base-curve C is an ordinary geodesic and = is pro-
portional to its arc-length measured from the point (a’) to the point
(7). It is actually equal to that arc-length when e = 4- 1. But if
e =0, C is a null geodesic with 7 as a privileged parameter, i.c. a
parameter such that the differential equations of the null geodesics
have the canonical form (2.19), (2.20). In that case = is inde-
terminate as a function of the z’s to the extent of a constant factor.
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Substituting from (2.19) and (2.20) in (2.18), we obtain

Q.. = — KeQ, (2.21)
whence Q.. = — KeQ,,
so that Q@ =0 (2.22)
by (1.21) and (2.6). Also
Qri7i =10 (2.23)

by (2.22) and (2.8). Using these results in (2.17), we get
N V=Vie — K[(u*+ Ke)V,, — 2V, + {nu+ (n — 2) Ke/u} V,
— (n— 2) V, jul. ’ (2.24)
We thus have the following theorem:
If in an n-dimensional space of constant curvature K the functions

&' (1) of the parameter = are any that satisfy the differential equations

otz . d@ did
5o =% dy =6
or dr dr

where e is any constant, and if Q=-cos (K*s), s being the geodesic distance
between the point of coordinates ¥ (1) and the point (x?), then a solution

of the partial differential equation Ay V = 0 s
V="V(u,nr),

where u=0cQfer, V (u, v) is any solution of the partial differentiul
equation
vV 2V  nul4 (n—2)Ke 8V n—2aeV

(u2+Ke)%2—2 4 9vr _

— - 0, (2.25)
oucer u ou u oT

and T is finally replaced by any funciton of the x' obtained by solving the
equation @ = 1 for 7.

We now consider the nature of the solutions in the two cases
e=0and e5=0.

§3. The case e = 0.
When e =0 the base-curve C is a null geodesic and (2.25)

reduces to
c2 17 &2 7 oV n—92 ¢V
2 PG M L v _o. (3.1)
cu? ou T ou i cr

From the identity (2.21) we also have

Q'rr = Oy
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which shows that @ is a linear function of 7 and therefore of the
form

Q =f (2% + arg (¢9),

where f and g are functions of the 2’s only and a is the constant factor
of indeterminacy referred to above. Consequently in this case the
equation ¢ =1 yields only one essentially distinct value of 7, which
corresponds to the geometrical fact that the null cone of vertex (z%)
cuts a null geodesic € not lying in it in one point only.

In (3.1) put

T=y+zx, u=1/x, (3.2)
1 1 , 1 1
— , =7 — —=7 — R
vw-g 7 =TT
and the partial differential equation transforms into

¢V eV n—2aV

-5 - . -4'
2 oy> x ox (3.4)

so that x =

i

(3.3)

ox
When the number of dimensions n of the space is even, this
equation is solvable in finite terms. It is in fact the example given
by Forsyth! of equations that have no intermediate integral but

whose primitive involves two arbitrary functions. Thus if n—2=2m,
where m is a positive integer or zero, its solution is

v
(— Wz <_,L " {d (x — y) + z,b(” (z + y)},
Tl <2m

)

where ¢, i are arbitrary functions of their arguments, or, by (3.3),
()

> rg: T i[ (r) 2 —_ (7) ]
F= 2, KK 4 (g =)+ e}

r

V=%

r=0

r

It can be shown by direct substitution of this value of V in the
partial differential equation A, V =0 that, when ¢ =0 and n=2 or
n = 4, the solution holds whatever the nature of the curve C, 1.e. whether
or no the functions & (7) satisfy the differential equations of the null
geodesics. In all other cases the restriction that C be a null geodesic
and 7 a privileged parameter is essential.

L 4 treatise on differential equations (5th ed., 1921), p. 534, § 276.
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The case n = 2 presents some special points of interest. Replacing
y by —iyin (3.2), (3.3) and (3.4), we find that for any two-dimensional
space
ds? = g,; dxt da? (3,7 =1, 2) (3.5)
of constant curvature K, the transformation from the general
coordinates (r') to the special set (z, y) defined by

T=X — iyy QT = l/m: (3'6)
or x=1/Q,, y=1i(r—1/Q,), (3.7)
where the base-curve C is a null geodesic and 7, , are the functions

of z' described above, reduces the partial differential equation

Ay V=0 to the form
eV 2V
— —=0. 3.8
ox? + oy? (3.5)
This suggests that ds* will have some specially simple form when
expressed in terms of z and y. To find whether this is so, take (3.5)

in the form (1.4), viz.,

ds? = a2 (d62 + sin2 0d4$?), (3.9)
for which K = 1/a? and
Q = cos 6 cos § + sin 0 sin 0 cos (¢ — ). (3.10)

The most general equations of a null geodesic are
cos§ = i (A7 + B),
tan (¢ — k) = Ar + B,
where 6, J; are current coordinates, 4, B, « are constants and 7 is a
privileged parameter. Substituting for 6, ¢ in (3.10), we get

Q = Ar{icos B + sin § sin (¢ — )}
+ [sin § cos (¢ — k) + B {i cos § + sin ¥ sin (¢ — «)}],

whence ¢, = A {2 cos § + sin 6 sin (¢ — «)}.
Also the equation @ = 1 gives

1 { 1 —sinfcos(p —«x) | ‘
A |tcos 8 + sin 6 sin (¢ — «) BJ" (3.11)

and the transformation (3.7) becomes in this case

=

1 .

*= diicosd + sin G sin (¢ — x)}’ (3.12)
K f ~ sinfcos(¢—x) | ‘

v= [@cos0+s1n0 s,ln((j{ K)+B | (3.13)
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It may be noted in (3.11) that the expression for 7 involves the
arbitrary constant factor 1/4.

It may now be shown by direct calculation that under the
transformation (3.12), (3.13) the line-element (3.9) assumes Beltrami’s
form!

1
Ka?
It is easy to see that (3.8) is in fact the form taken by the equation
A, ¥ = 0 when the metric is given by (3.14).

ds? = — (dx? + dy®). (3.14)

We thus have the result that for any two-dimensional space of
constant curvature K referred to a general coordinate-system xi, equations
(3.7) give a transformation which reduces ds*to the canonical form (3.14).
In particular, if ds? is initially in the form (3.14), say

ds? = da? + dag),

L
equations (3.7), calculated with an arbitrary null geodesic as base-
curve, give a transformation of the type?
x = Aw, {2t + (v — B)%,
y—v =A@ —Pliai + (v — B)*

(4, B, v const.), which preserves the form of ds?.

We have been considering the case when ¢ = 0 and % is even, and
in particular when n =2, To find the nature of the solution for any
positive integral value of #n, return to the original partial differential
equation (3.1) and make the transformation of independent variables

defined by
E=7, p=7—2u=7—2/Q,. (8.15)
The equation becomes
2V n— 2 oV ¢V
st g —— ) =0 3.16
“Eem  2(6—m) <6§ Cn> (819

This is a particular case of the HKuler-Poisson partial differential equa-
tion®, the properties of which are too well known to need repeating

1 Darboux, op. cit., Vol. IIT, Book VII, Ch. XTI (p. 394, § 782 in 1st edition, 1894).
2 Of. Darboux, op. cit., Vol. ITI, p. 396, §783, formula (6).

3 Buler, Opera omnia, 1st series, Vol. 13 (Leipzig 1913), p. 212 et seq.; also
Oeuvres de Laplace, Vol. IX (Paris 1893), p. 41, §IX ; and Darboux, op. cit., Vol. II,
Book IV, Ch. III (p. 54 in 2nd ed.).
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here. Any solution of (3.16,, where £, 5 are given by (3.15), is a
solution of the original partial differential equation A,V =0. It
may however be noted that if we put

V=(— a0,

then U satisfies the Euler-Poisson equation

au a <a£_il]>=0
oem  2(6—m) \ 8¢ oy ’

and that, if n is even, say n = 2m + 2, the general solution of
(3.16) is?
~2m .
V — (é‘: . 7’)2m+1 ¢ — LY s
egmam™ \ &€ — 7

where X is a function of ¢ only and Y of » only. This is equivalent
to the solution given above for the case when » is even.

§4. The case e==0.

When e==0 the base-curve C is an ordinary geodesic and = is
proportional to its arc-length measured from the fixed point (a?) upon
it. If we put

Ke=1?, (4.1)

so that k is real or imaginary according as Ke is positive or negative,
the equation (2.25) to be solved becomes

22 L2y 2 _ 2 2 95
(u2+k2)6 V_2GI +nu +(n— 2)Ek Fz_n 20_V:

ou? ouér U ou w  Or

0. (4.2)

If we make the transformation of independent variables defined by?

- N 2 U _ 2 Q.
=1, =1+ ?arc t-angkg =7+ W arc tan 7 (4.3)
we get
v (n—2)k (eV &V\ _
e~ Sk (e ) (€ i) (4

Equations (4.3) and (4.4) reduce respectively to (3.15) and (3.16)
when, having replaced » by » + =/k, we make e, and hence k, tend
to zero. [Equation (4.4) may therefore be regarded as a natural

1 Darboux, op. ¢it., Vol. II, p. 63, equation (26).
 The &, 7 of (4.3) are of course different from the &, 7 of (3.15).
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generalisation of the Euler-Poisson equation (3.16). It is beyond
the scope of the present paper to study it in detail, but it may be
remarked that it possesses solutions of the type

V==0(—mn.x(¢+n), (4.5)

where 0, y are respectively functions of € — 5 and £ 4+ % only. One
such solution, for example, is given by

' —1 .
OEF{%, — 7]]27; n2 ; s1n2%k(§—-n)},

x=4 cos{p(£+n) + e,
where F is the hypergeometric function and 4, p, ¢ are arbitrary
constants.
It was remarked at the beginning of §3 that, when the base-
curve C is a null geodesic, the equation @ =1 gives only one value of

T as a function of the 2’s [¢f. (3.11)]. When C is an ordinary geodesic
there are two essentially distinct values of r. For by (2.21) and

(4.1),
=2
7?E—WQ (4.6)
oT
whence
Q = A (%) cos kr + B (') sin kr, (4.7)

(4 and 5 being functions of the 2? only), so that ¢ =1 gives a
quadratic equation in tan }kr.
We now show that, if 7 is one root of the equation

Q (2 7) =1, (4.8)
2 Q. . . . .
then T -- - arc tan - ts another; that is, the distinct roots are pre-

cisely the variables ¢, n introduced in (4.3). For if we write for

brevity
h = 12c arc tan %1., (4.9)
we have by Taylor’s theorem,
) B2 A3
Q(xL3TTh):Q+hQT+WQ77+ STQTTT+"", (4'10)
where @, Q,, .... mean Q (af; 7), @, (z; 7), .... By (4.6),
QTT = — ]‘:2 Q:
whence Q... = —k*Q,,

Q/’TTT = — kz QTT = k4Q‘
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and so on. Substituting in (4.10), we get

. B AP =) N = L T &
Qi r+h) =Q+hQ. — 5 Q-5 0 +5 0+

= @ cos (kh) + @, k1 sin (kh).
Inserting the value (4.9) of # and using (4.8), we at once obtain
Q(z'; 74 h) =1,

which proves that =+ % is also a root of (4.8). By (4.7), any other
root differs from either = or » 4+ 2 by an integral multiple of 2=/k.
The null cone of vertex (z') cuts the base-geodesic C in two points
only, for the addition of a multiple of 2n/k to 7 gives the same point
#'(7) upon C. When e = 4 1, so that = is the actual arc-length of C
measured from the fixed point (ai), the difference h between the roots T
and T + h is equal (o the intercept made upon C by the null cone of
vertex (x'). Since the inverse tangent in the expression (4.9) for % is
indeterminate to the extent of an additive multiple of =, this inter-
cept is indeterminate to the extent of an additive multiple of 2x/k, a
fact that corresponds to the possibility of ‘‘travelling round the
universe.”’

It may be noted in passing that the last result may be inter-
preted physically. Suppose the geodesic € to be the world-line of
an observer O in a four-dimensional space-time of constant curvature,
and that the arc-length of ¢ measures the proper-time of 0. Suppose
also that the x’ are the world-coordinates of a star § at the instant
when it receives from the observer a light-pulse dispatched by him at
his proper-time =. 1If the light-pulse be immediately reflected back
it reaches! the observer at his proper-time 7 + #. Thus &, the inter-
cept made by the null-cone of vertex S on the world-line , measures
the interval of proper-time between the sending and reception of the
light-pulse by the observer. Now for an observer at rest at the
spatial origin of a galilean space-time

ds? = di* — (da? + dy? + dz2)/c?,

Q.—

the intercept made upon his world-line, the equations of which are
F=0, §y=0, £2=0, {=n,

by the null cone of a star at (z, y, z, ¢), is A=28/c, where d=+/(a>+y*+22)
is the spatial distance of the star from the observer. A not unnatural

1 We are assuming h > 0 for the sake of the argument. If h <0, 7 + h is the time
of dispatch and ¢ the time of reception.
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definition of spatial distance for the space-time of constant curvature

is therefore
8= +1ch

\/(K arc tan Vﬁ}e)’ (4.11)

by (4.9) and (4.1), where the sign is chosen so as to make & positive.
Applying this to the de Sitter world

r2 . 1 dr?
ds? — <1 _ fﬁ) di? — = { T 4+ 72462 + r2 sin? 0d¢2}

for which K = — ¢?/R?, K? = ct/R and!

Q:(l —%Y(l—%ﬂ;)é cosh C—%—t)

+ %{cosﬂ cos § -+ sin 6 sin 8§ cos (¢ — 55)} ,

ar

and taking the observer at the spatial origin, so that his world-line
(& geodesic) is specified by r = 0, { = 7, (¢ = 1), we have

r2\} c(t—7)
Q=<1_}F> cosh~—R—,

whence, differentiating with respect to 7 and using the fact that
@ = 1, we quickly get
= I arg tanh (»/R)

for the distance from the spatial origin of a star at the world-point
(r, 0, b, t).

We now return, once again, to the discussion of the partial
differential equation A, V = 0.

§5. Solutions for a flut space.
We have seen that for a space of constant curvature K the

partial differential equation reduces to

2V &V +nu "+ (n—2)Ke 0V _n—2 oV

5 — 2
ou” cu T U ou u  or

(W + Ke) =

1 Ruse, ““On the definition of spatial distance in general relativity,” Proc. Roy.
Soc., Edinburgh, 52 (1931-2), 183-194, and in particular p. 193. For other work
on the definition of spatial distance see E. T. Whittaker, Proc. Roy. Soe. (A) 133 (1931),
93: Kermack, M‘Crea and Whittaker, Proc. Roy. Soc., Edinburgh, 53 (1932-3), 35;
Ruse, Proc. Roy. Soc., Edinburgh, 53 (1932-3), 79 ; Etherington, loc. ¢it. supra ; Walker,
Quarterly J. of Math. (Oxford), 4 (1933), 71 ; Temple, Proc. Roy. Soc. (A) 168 (1938), 136.
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Now when K is small, we have by (1.20) the approximation

QT - K ng,
that is, approximately,
= — Kv, (5.2)
where v=0Q,.
. ov 1 ¢V
H tel LA A
ence, approximately, e T

So for K small, (5.1) becomes

K2y2  Ke 2V 2 &2V sz~+(n— ) Ke 6V+ oV

L__
= , — — =0,
Kz e Kéveor "Kiy cv Kv ¢r
Multiply by K and make K — 0. We get
c2 2 _ 5 _ ,
eoV 06V+(n 2)e gl n ?ﬂzo‘ (5.3)

cv? v or v cv v T

This is the partial differential equation for an n-dimensional flat
space corresponding to the equation (5.1) for a space of non-zero
curvature K. It may be obtained directly from the equation
AV =0 by using methods similar to those in § 2, the identities (1.8)
and (1.9) replacing (1.21), (1.22) and (1.23).

When e=0 the base curve is a null geodesic and V satisfies
the equation

o217 - ¢ b4
8. P p 2 i=0, (5.4)
ov oT v cT

of which the general solution is
PoI@ g
f + ¢ /Qf(n 2)’

where f and ¢ are arbitrary functions. This re-establishes the result
quoted in §1 [equations (1.15) and (1.16)], though it does not put in
evidence the exceptional nature of the ¢-solution when n = 2 or 4.
When e==0 the base-curve is an ordinary geodesic (straight
line). Change the variables to &, » defined by the equations
f=1, n=r1— /e, (5.5)

which follow from (4.3) and (5.2) by making K — 0. Equation (5.3)
becomes
&V _ n=2 <§Y_E;V>:o
ofen  2(&—n) \eE &y ’
an Kuler-Poisson equation. It is interesting to notice that this
differs from (3.16) by having a minus instead of a plus sign before
the first-order terms. Any solution of (5.6) is a solution of A,V = 0.

(5.6)
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It can be shown either by methods similar to those used in §4,

or as in § 5 below, that, if + is one root of the equation
. Q(2i; 7) =0, (5.7)
which is quadratic in 7, then 7 — 2Q_ /e is the other., Thus the

variables ¢, n of (5.5) are the roots of (5.7) regarded as an equation
for .

§6. Geometrical discussion.

We now consider the geometrical significance of the functions
Q, Q.

First take the case of a flat space referred to rectangular cartesian
coordinates. For present purposes it will be sufficient to take n = 3,
the final results being valid for any value of n. We suppose, there-

fore, that
ds® = da® + dy? + d22,
2Q=(x—&P*+(y—y)P+ (—27 (6.1)
and that the base-curve C is the straight line
E=a+1lr, y=b+mr, Z=c+n, (6.2)

where (a, b, ¢) is the point 4 at which r = 0 and [, m, n are constants

such that
2L m?24n2=e. (6.3)

Substituting from (6.2) in (6.1), we get

2Q =172 —272Z1l(x — a) +er (6.4)
Here
P = (o — a) + (y — b - (2 — o),

so that r is the distance of the point P, (z, y, 2), from the fixed point
A, (a, b, ¢), upon C.
From (6.4),
Q = —~2Zl(z—a)+er. (6.5)

1,m,n)

(x?y.z)
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Take ¢ =1. Then C is an ordinary (non-null) straight line, (I, m, n)
are its direction cosines, and X/ (x — a) is the length of the orthogonal
projection AM of AP upon C. Suppose that AM = o and MP =p.
Then by (6.4) and (6.5),

20 =12 — 207+ 7%, (6.6)
Q=—otn (6.7)

and the equation Q == 0 therefore gives

T=04+ (6> —19),
that is T =0 4 1p. (6.8)
Hence by (6.7),
Q. = +ip, (6.9)
and therefore
T —2Q,. =0 F 1p. (6.10)

Equations (6.8) and (6.10) provi.de a verification that, if = is one root
of the equation Q =0, then = — 2€, is the other. These roots are
the £, » of (5.5), and we may therefore write

E=o0+1ip, m=o0—ip. (6.11)

If we transform the coordinates (#, y, z) to any new set having
A as origin and the line C as z-axis, the variables p, 0 become the
ordinary non-angular cylindrical coordinates of P, p being the
cylindrical radius-vector. Thus the solutions of A, V = 0 found
above for the case ¢==0 are the tensor generalisation of solutions,
independent of the angular coordinate ¢, of the cylindrical form of
the ordinary Laplace’s equation, z.e., of
6 evN 1 &V | &V
e 5 — p——5 = 0.
Gp( 8p> Oh? Eo?

In an n-dimensional flat space p and ¢ have of course the same
geometrical significance as in three dimensions: that is, p is the
perpendicular distance from the base-line ' of the point P, (27), and
o is the projection of AP upon C, 4 being the point (a’) upon C at
which = 0.

When e =0 the line C is isotropic and /, m, » may no longer be
properly described as direction cosines. We may however conven-
tionally regard X! (x — a) as measuring the projection o of 4P upon
C, and we have by (6.4) and (6.5),

2Q = r?> — 207,
Q. = —o. (6.12)
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The equation 2 = 0 gives
= o (6.13)

(6.12) and (6.13) give a geometrical meaning to the variables v, =
appearing in (5.4).

When the space is of non-zero curvature K no such simple
interpretations of 7 and Q, (or Q,) are immediately possible. If e=F0
we can however obtain a geometrical description of these functions
in the manner outlined below.

Consider once again a flat space of n dimensions referred to any
coordinates (z'), and take e = 1. Then the variable p, which has by
(6.9) the value

p=FiQ, (6.14)

measures the perpendicular distance and therefore the minimum
distance of P, (2'), from the base-line . DBut the square of the
distance of P from any point Z(7) on C is 2Q(2%; 7), and this is a
minimum for variable 7 if 2. = 0. Thus the latter relation, regarded
as an equation for =, gives the value of = at the foot of the perpen-
dicular M from P upon the line C. DBut since 7 is the arc-length of
C measured from the fixed point 4, this value is o, and we thus have

o2 =2Q(2%; o), (6.15)
where o is the function of the 2’s obtained by solving the equation

2 Q(ai; o) = 0. (6.16)
co

To avoid confusion of notation we continue to represent Q. (z*; 7)
by €., 7 being the function of the 2’s obtained from the equation
Q =0, and denote Q (2%; ¢) by w. Then by (6.15) we have

p? = 2w, (6.17)
whence, by (6.14),
Q2 = — 20, (6.18)
Also by (6.7),
T—Q = o (6.19)

To sum up: Instead of using as the basis of our calculations the
functions
T and (),, where Q = 0, (6.20)

we could use the functions

7 and (2, where Q, = 0, (6.21)
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the =, Q, Q, of (6.21) being denoted respectively by ¢, w, w, to
distinguish them from the =, Q, Q, of (6.20). The two sets of
functions are connected by the relations (6.18), (6.19). Geometric-
ally, 2w is the square of the perpendicular distance of P, (%), from C,
and o is the projection of AP upon C.

We now establish the corresponding results for a space of non-
zero curvature K. As before let 7 and @, be the functions of the z’s
obtained by solving the equation

Q;7)=1 (6.22)
for 7. Also let ‘

g =@ (a%; o), (6.23)
where o = o (%) is the function of the x’s obtained by solving the
equation

=% _o (6.24)

0
for o. Then we shall show that
q-_—.aj:—l—a.rc cosl, (6.25)
k q
Q.= :Fk\/(q2# D), (626)

where, as usual, £ = +/ (Ke). To prove (6.25) we merely have to show
that (6.22) is satisfied by the two values of = given by (6.25). Now
we have by Taylor’s theorem, remembering that @ (27;0) =g,

Q<xi; o+ %arc cos %>

= :1:1 arccos1 + 1 a,rccosl ’ |- (6.27)
=4q T ?>QU o1 2 7!- 9o .

But
9oo = — kg, (6.28)

as follows by replacing = by ¢ in (4.6). Hence
goo = _kZan qovvazk4ql e
and the right-hand side of (6.27) becomes

q cos <a,rc cos ]—> -+ gi’sin <arc cos -1—> s
q k q

which is equal to unity because of (6.24). That (6.25) gives the
roots of (6.22) is thus established.
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To prove (6.26) we use (6.25). We have
q =@ (2% o)
. 1 1
= it —_ arc cos — J.
“ <x T q >

Expanding the right-hand side by Taylor’s theorem and remembering
that @ means @ (xt; 7), we obtain

—QF + (arccos ~)@.+ . ' (arccos - 2Q F
q - ]C q T 2' kz q T “ e e
Using the relation (4.6), namely Q.. = — k%@, just as we used (6.28),
we get

1 Q. . < 1 >
=@ cos{arccos — | + = sin{arccos — |,
7=¢ ( q > k q

and therefore, since ¢ = 1,

1 _ @ 1
- - 7Y% 1 2,
Ty T \/< 92>
This at once gives (6.26).
Now by (6.23) and (1.19),

q = cos (K*s),

where s is the geodesic distance of the point P, («), from the point M
of coordinates & (o) upon the base-curve C. By (6.24) this distance
is 2 maximum or minimum, and is thus the perpendicular distance
of P from the curve C. Also when e = 1, o measures the arc-length
of C from A to M. We thus obtain from (6.25) and (6.26) expressions
for the functions = and ¢, (which may be complex) in terms of
quantities o, ¢ that have a geometrical meaning.

UxnivErsity COLLEGE,
SOUTHAMPTON.
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