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Under suitable assumptions on the family of anisotropies, we prove the existence of a
weak global 1/(n + 1) -Hélder continuous in time mean curvature flow with
mobilities of a bounded anisotropic partition in any dimension using the method of
minimizing movements. The result is extended to the case when suitable driving
forces are present. We improve the Holder exponent to 1/2 in the case of partitions
with the same anisotropy and the same mobility and provide a weak comparison
result in this setting for a weak anisotropic mean curvature flow of a partition and
an anisotropic mean curvature two-phase flow.
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1. Introduction

Many processes in material sciences such as phase transformation, crystal growth,
grain growth, stress-driven rearrangement instabilities, etc., can be modelled as
geometric interface motions, in which surface tensions act as a principal driving force
(see e.g., [15,40,49, 51] and references therein). A typical example of such a motion
is anisotropic mean curvature flow: given a norm ¢ on R™ (called anisotropy), the
equation for the anisotropic mean curvature flow of hypersurfaces parametrized as
I'; reads as

B(w)V = —divp,[Ve(r)] on Ty, (1.1)

where V' denotes the normal velocity of I'; in the direction of the unit outer normal
v of Ty and [ is the mobility, a positive kinetic coefficient [29]. Anisotropic
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mean curvature flow is called crystalline provided the boundary of the Wulff shape
Wy = {¢ < 1} lies on finitely many hyperplanes; in this quite interesting case,
equation (1.1) must be properly interpreted, due to the nondifferentiability of ¢ ;
see for instance [2,5-7,9,17,19, 20,27, 28,31, 32,53]. Equation (1.1) (sometimes
referred to as the two-phase evolution) can be generalized to the case of networks
in the plane, and more generally to the case of partitions of space (sometimes
called the multiphase case): here the evolving sets are intrinsically nonsmooth, since
the presence of triple junctions (in the plane), or multiple lines, quadruple points
(in space), etc., during the flow is unavoidable. It must be stressed that evolutions
of partitions received recently a lot of attention from the mathematical community
[11,13,23,25,26,38,39,45,50,52] both as a natural generalization of the case
of two phases, and because they model a variety of physical phenomena, such as
grain growth and evolution of multicrystals [8, 40].

The presence of singularities at finite time is a common feature of mean curvature
flow type motions, both in the two-phase case [33-36,44], and in the multiphase
case (see for instance [45]). This phenomenon justifies to introduce and study some
notion of weak solution, defined globally in time. This has been done in several
different ways: just to quote a few, the Brakke varifold-solution [15], the viscosity
solution (see [30] and references therein), the Ilmanen elliptic regularization [37],
the level-set theoretic subsolution and the minimal barrier solution (see [12] and ref-
erences therein), the Almgren—Taylor-Wang [1] and Luckhaus—Sturzenhecker [42]
solutions, next included by De Giorgi into his notion of minimizing movement and
generalized minimizing movement (GMM) [21,22]; see also [16,24,47]. Some of
those solutions (e.g., the Brakke solution [15, 54], the GMM solution [14], the ellip-
tic regularization [50]) can be adapted to treat the multiphase case at least in the
Euclidean case, especially those that do not rely heavily on the comparison princi-
ple. Also, the existence of a distributional solution of mean curvature evolution of
partitions on the torus using the time thresholding method introduced in [46] has
been proved in [41]; see also [39)].

The aim of the present paper is to prove the existence of a GMM for anisotropic
mean curvature flow of partitions with no restrictions on the space dimension, in the
presence of a set of mobilities and forcing terms, and to point out some qualitative
properties of this weak evolution, which are obtained via a comparison argument
with a GMM of each single phase considered separately.

Let us recall the definition of GMM for partitions from [22] (see definition 2.6
for the notion of bounded partition).

DEFINITION 1.1 Generalized minimizing movement for partitions. Let Py(N + 1)
be the set of all bounded (N + 1)-partitions of R™ (definition 2.6) endowed
with the L'(R")-convergence, and let F:Py(N + 1) x Py(N + 1) x [1,+00) —
[—00, +00] be defined as

N+1 N+1 N+1

F(A B, = ZP% +)\Z/ d%xé)B dx+Z/Hd:c

where qu and v; are norms on R", called anisotropies and mobilities, respectively,
H; e L{ (R™), i=1,...,N, and Hy4y € L*(R") are driving forces, Py, (A;)

https://doi.org/10.1017/prm.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.53

Minimizing movements for anisotropic mean curvature flow 1137

is the ¢; -anisotropic perimeter, A= (Ay,...,Any1), B=(B1,...,Bny4+1) and
dy, (-, E) is the ;-distance function from E CR". We say that a map M :
[0,400) = Pp(IN + 1) is a GMM associated to § starting from G € Py(N + 1),
and we write M € GMM (F,G), if there exist £ : [1,4+00) x Ng — Pp(N + 1) and
a diverging sequence {Ap} such that
G L0, [Mat]) = M(t) in LY(R") for any ¢ >0,

where the bounded partitions L£(A, k), A > 1, k € Ny, are defined inductively as
L(A,0) =G and

p— 1 > .
BLOK+ 1), LOK), A = | min | (A LOK),A) VE >0

Our first result (see theorems 4.1 and 4.2 for the precise statements) extends
the existence results of [14] to the case with anisotropies, mobilities and external
forces. We also improve the 1/(n + 1)-Hoélder regularity in time of GMM proven
in [14] to 1/2-Holder continuity in the two-phase case, without any restriction on
the anisotropies.

THEOREM 1.2. Suppose that the driving forces {H;} satisfy (4.4). Let G € Py
(N +1). The following assertions hold:

(a) Let N >2. If {¢;} satisfy (3.1) and (4.3), then GMM(F,G) is nonempty.
Moreover, any M = (My,...,Mn11) € GMM(F,G) is locally 1/(n+1)-
Holder continuous in time and for any t >0, Ujvzl M;(t) is contained in
the bounded closed convex set related to G and H; (see (4.6)).

(b) Let N =1. Then, with no assumptions on the anisolropies ¢1,d2 and
the mobilities 1,12, GMM(F,G) is nonempty. Moreover, any M €
GMM(F,G) is locally 1/2 -Hélder continuous in time.

To prove theorem 1.2 we establish uniform density estimates for minimizers of §
using the method of cutting out and filling in with balls, an argument of [42]. At
this level the presence of mobilities does not create any new substantial problem.
While in the two-phase case we do not need any assumption on the anisotropies,
in the multiphase case assumption (3.1) is needed to get the lower volume density
estimate for minimizers which is important in the proof of time-continuity of GMM.

In case of partitions with the same anisotropies and the same mobilities and
without forcing, the Holder exponent of GMM can be improved to 1/2 (see theorem
5.1). Denoting by F2 the restriction of § to two-phase case without forcing (see
(5.2)), this can be done using the comparison property (theorem 5.2) between the
minimizers of § and the minimizers of Fo. This comparison result also enables
us to get a weak comparison flow of corresponding multiphase and two-phase flows
(theorem 5.5):

THEOREM 1.3. Assume that ¢; = ¢; and ; =; forall i,j=1,...,N+1, and
H;=0 for all 1=1,...,N+1. Then any M € GMM(F,G) is locally 1/2-

Hélder continuous in time and Ujvzl M;(t) is contained in the closed convex
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envelope of the union Ujvzl G; of the bounded components of G for any t > 0.
Moreover:

(a) for any M € GMM(F,G) and for any i € {1,...,N + 1} there exists L; €
GMM (F2,G;) such that

Li(t) € M;(t), t>0;

(b) Let C;, i €{1l,...,N}, and Cny1 be any convex sets such that C; C G; for
any i €{1,...,N+1} and let L; € MM (F2,C;) be the unique minimizing
movement starting from C;. Then for any M € GMM(F,G),

Li(t) A0 = M;(t) #0 forany i€ {l,...,N}, (1.2)
and
R"\ Lynt1(t) =0 = R"\ Mny1(t) = 0. (1.3)

Note that the comparison principle (1.3) implies that any bounded partition will
disappear in the long run; moreover, (1.2) allows to estimate the extinction time of
the i-th bounded phase (Corollary 5.6).

Finally, let us mention that a natural problem remains open, namely the con-
sistency of GMM with the classical solution, provided the latter exists, at least on
a short time interval. Such a result has been proven by Almgren—Taylor—Wang in
[1] in the two-phase case without mobility; the proof is based on various stability
properties of the flow, and using comparison arguments. It has also been proven by
Almgren—Taylor [2] in the two-phase crystalline case. However, consistency is not
known in the case of networks in the plane (and a fortiori for partitions in space),
even in the Euclidean case without mobilities and forcing.

The paper is organized as follows. In § 2 we introduce the notation, some results
from the theory of sets of finite perimeter, and the definition of a partition. In § 3
we prove the density estimates for almost minimizers. The existence of general-
ized minimizing movements (theorem 1.2) is established in § 4. In § 5 we improve
the Holder regularity of GMM (theorem 1.3) and provide some weak comparison
principles.

2. Notation and preliminaries

In this section, we introduce the notation and collect some important properties of
sets of locally finite perimeter. The standard references for BV -functions and sets
of finite perimeter are [4,43].

We use Ny to denote the set of all nonnegative integers. The symbol B, (x)
stands for the open ball in R™ centred at = € R™ of radius r > 0. The character-
istic function of a Lebesgue measurable set F' is denoted by xr and its Lebesgue
measure by |F|; we set also wy, := |B1(0)|. We denote by E° the complement of
E in R™.
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Given a norm ¢ in R™ and a nonempty set E CR"™, dy(-, E) stands for the
1 -distance from FE, i.e.,

dy(z, E) = inf{(z —y) : y € B},
and
dy(z,0E) = dy(z, E) — dy(z,R" \ E)
is the signed 1 -distance function from OF, negative inside E. When 1 is
Euclidean for simplicity we drop the dependence on 1. We also write

diamyE := sup{¢(z —y) : z,y € E}

to denote the 1 -diameter of F.
By O(R™) (resp. Oy(R™)) we denote the collection of all open (resp. open and
bounded) subsets of R™. The set of L{_(R")-functions having locally bounded

loc

total variation in R™ is denoted by BVjo.(R™) and the elements of
BViee(R™,{0,1}) := {E CR" : x5 € BVioo(R")}

are called locally finite perimeter sets. Given a E € BVj,(R™,{0,1}) we denote
by

(a) P(E,Q):= [,|Dxg| the perimeter of E in Q€ O(R");

(b) OF the measure-theoretic boundary of F :

OE:={zeR": 0<|B,NE|<|B,| Vp>0};
(¢) O*E the reduced boundary of FE;
(d) vg the outer generalized unit normal to 0*FE.

For simplicity, we set P(E) := P(E,R™) provided E € BV (R"™;{0,1}). Further,
given a Lebesgue measurable set £ C R" and « € [0,1] we define

E©) = {xER”: lim Bp(:c)ﬂE|a}.
p—0t | By()]

Unless otherwise stated, we always suppose that any locally finite perimeter set E
we consider coincides with E(M) (so that by [43, equation (15.3)] OF coincides with
the topological boundary). We recall that 0*F = 0F and Dyg = vpgdH" 'L 0*FE,
where H"™! is the (n — 1)-dimensional Hausdorff measure in R™ and L is the
symbol of restriction.

REMARK 2.1. Given E € BVjo(R";{0,1}) the map Q€ O(R")+— P(E,Q)
extends to a Borel measure in R™ so that P(E,B)=H""Y(BNJ*E) for every
Borel set B C R™. Moreover, by [4, theorem 3.61] for every E € BVj,.(R"™; {0, 1})

H YR\ (EQ UEUHE)) =0.
In particular, H"~1(E1/2)\ 9*E) = 0.
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THEOREM 2.2. [43, theorem 16.3] If E and F are sets of locally finite perimeter,
and we let

{vg =vp} ={z € O"ENJ*F: vg(x) =vpr(z)},
{vg =—vp}={2 € "ENI'F: vg(x) = —vp(x)},

then ENF, E\F and EUF are locally finite perimeter sets with

INENF)=(FNOE)U(ENOF)U{vg =vp}, (2.1)
O (E\F)=~(FON§E)U(ENI'F)U{vg =—vp}, (2.2)
F(EUF)~(FYNo*E)U(EYNo*F)U{vg =vr}, (2.3)

where A~ B means H" '(AAB) = 0.

The following generalizes the notion of the perimeter.

DEFINITION 2.3 Anisotropic perimeter. Let ¢ :R™ — [0,00) be a norm in R™.
Given Q € O(R™) the ¢-perimeter of E € BV (Q;{0,1}) is

P¢(E,Q) ;:/ qb(VE)dHnil.
QNo*E
When Q =R", we write Py(E) := P4(E,R"), and when ¢ is Euclidean, we write
P in place of Py.

It is well-known that E — Pys(FE;Q) is Li () -lower semicontinuous. Recall

also that for every E,F € BVo.(R";{0,1}) and Q € O(R")
Py(ENF,Q) + Py(EUF,Q) < Py(E, Q) + Py(F,9). (2.4)

2.1. Anisotropic partitions
We recall the notions of partition, almost-minimizer and bounded partition, see
[14].

DEFINITION 2.4 Partition. Given an integer N >2, an N-tuple C=
(C1,...,Cn) of subsets of R™ is called an N -partition of R™ (a partition, for
short) if

(a) C; € BVo(R";{0,1}) for every i=1,..., N,
(b) Zf\; |C; N K| =|K]| for each compact K C R™.

The collection of all N -partitions of R™ is denoted by P(N). Our assumptions
C; =C imply C;NC; =0 for i # j.

The elements of P(NN) are denoted by calligraphic letters A, B,C,... and the
components of A € P(N) by the corresponding roman letters (Aq,..., Ay).
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Let ¢1,...,¢n benormsin R™ and set ® :={¢1,...,¢n}. The functional
N
(4,9) € P(N) x O(R") i Perg (A, Q) := Y Py, (4;,Q)
i=1

is called the anisotropic perimeter, or ® -perimeter of the partition A in Q. For
simplicity, we write Perg(A) := Perg(A,R™). For shortness, we also set Perg =
Per when all ¢; are Euclidean. Since N is finite, there exist 0 < cp < Cp < +00

such that
s < ¢i(v) < Cp (2.5)
forany i =1,...,N and v € S*~!, therefore,
coPer(A, Q) < Perg(A, Q) < CopPer(A, Q). (2.6)

In view of [14, proposition 3.3]

Pera(4,0) = Z /Qma*A no* (d)i(VAi) + ¢j(VA'i)) dHnil?

1<i<j<N

i.e., on a generalized hypersurface ¥;; := QN 0*A4;N0*A; dividing the phase ?
from the phase j the perimeter contributes

/E (6i(vs,,) + b5(vm,,)) dH,

ij
where vs, . is the generalized unit normal to ¥;; pointing for instance from A;
to Aj;. We set

N N
AAB:= | J A;AB; and |AAB|:=)|A;AB], (2.7)

j=1 j=1

where A is the symmetric difference of sets, i.e., EAF = (E\ F)U (F\ E).

We say that the sequence {A*} C P(N) converges to A€ P(N) in L} _(R")
if
N
(AP AA) N Z (AMAA)NE| -0 as k— +oo

for every compact set K CR™. Since E € BWoo(R™;{0,1}) — Py, (E,Q) is
L (R™)-lower semicontinuous for any Q€ O(R"), so is the map A € P(N) —

loc

Perg (A, ). From (2.6) and [14, theorem 3.2] we get

PROPOSITION 2.5 Compactness. Let {AV} CP(N) be a sequence of partitions
such that

sup Perg (AW, Q) < +00 VO € Qy(R™).
I>1

Then there exist a partition A € P(N) and a subsequence {A!)} converging to
A in L (R") as k — +oo.
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2.2. Bounded partitions

DEFINITION 2.6 Bounded partition. A partition C = (Cy,...,Cny1) € P(N +1)
is called bounded, and we write C € P,(N + 1), if C; is bounded for each i =
1,....N.

Note that AAB CC R™ for every A,B € P,(N + 1), and therefore,

N+1
AAB| = 3 |A4,AB,|
j=1

is the LY(R™) -distance in Py(N + 1).
Given A € Py(N 4 1), we denote by co(A) the closed convex hull of Uf\]:l A;.
In view of (2.6) and [14, theorem 3.10] we have the following compactness result.

PROPOSITION 2.7 Compactness. Let A € Py(N+1), k=1,2,..., and Q¢
Op(R™) be such that

sup Perg(A®) < 400, co(A®)CQ Vk>1.
k=1

Then there evist A € Py(N +1) and a subsequence {A*)} converging to A in
LY*(R™) as | — +oo. Moreover, Ufil A; C Q.

3. Density estimates for almost minimizers

In this section we prove density estimates for almost minimizers (see theorem 3.2).
In the two-phase case without mobility, density estimates have been proven in
[1,42] (see also the proof of theorem 4.2 for the case with mobility and forcing)
and in the isotropic N -phase case is proven in [14]. The proof of theorem 3.2 is
similar to [14, theorem 3.6], however, some (technical) difficulties arise when two
anisotropies differ too much and this is why we need assumption (3.5) for proving
the lower-density estimates.

DEFINITION 3.1 Almost-minimizers. Given ® = {¢1,...,on}, A1, A2 >0, ag,a9 >
(n—=1)/n and 7€ (0,4+00], we say that a partition A€P(N) is a
(®, A1, Ao, 1o, 1, ip) -minimizer in R™ of Perg (a (Aq, As, 10, @1, ap) -minimizer,
or also an almost-minimizer for short) if

Pero (A, B,) < Pero(B, B,) + A1 AAB|™ + Ay AAB|o

whenever B € P(N), B, C R™ is a ball of radius r € (0,r9) and AAB CC B,.
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Define

RN ‘= 1< H(bz (bj||Loc(Sn—1)7 (31)

c nw1 @1\ 1/(na;—n+1)
o <¢ )

21+a1A1 ’
C@?’Lw 1/(naz—n+1)
Pz ( 21Faz \ ) ’
2
Cop — (N — 1)/{]\[/2
N =

2ce + 2(N — 1)Cq> — (N — 1)/‘&]\/

THEOREM 3.2 Density estimates for almost minimizers. Assume that the
entries of ® satisfy (2.5). Let A€ P(N) be a (A1, s, ro, a1, ) -minimizer and
i€{l,...,N}. Then either A; =0 or for any x € JA; and r € (0,70]

|4; N Br(x)‘ <1-— ( Co )) (3.2)

| B, ()] 2(ce + Co
and
P(Ai, By ()) Cyp
1 < g + > NWy,, (3.3)
where
7o 1= min{ro, A1, B2 }. (3.4)
Moreover, if
2
then for any r € (0,70]
|A; N B, ()]
NS ———, 3.6
NS B () (3.6)
and
rn—l
where
~ . Cop KN 1/(nor—n+1) CH KN 1/(nas—n+1)
ro .7m1n{7”07<7N_1 *7) ﬂl,<N_1—7) ﬂz(} |
3.8
and

nw, 2V —1)
c:=c¢(n,N,ce,Cop,kN) = %’m L
Proof. Without loss of generality, we assume =1 and A; # (. Since 0*A; =
0Aq, it is sufficient to show (3.2), (3.3), (3.6), (3.7) when = € 9*A;. For shortness,
we write B, := B,.(x).
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We start by proving (3.2) and (3.3). Let us show

coP(AY, B,) <CoH" 1 (A NOB,)

(3.9)
+201710,]A 0 B, 4 2027 1A,| A N B, |2
for all r € (0,79) such that
N
> HH OB, NI A;) = 0. (3.10)
j=1

Indeed, setting
B = (Al UBT,AQ \Br7~~~;AN \Br)7

we have AAB CC B, for every s € (r,79) and thus, by almost minimality, the
definition (2.7) of | AAB| and the essential disjointness of A;,

0 <Perg (B, B,) — Perg (A, By) + A |AAB|* + Ay AAB|™

N
:P¢1 (Al U B, BS) - P¢1(A1, BS) + Z (P¢j (Aj \BT,BS) - Pzﬁj (Ajv BS))
j=2
+ 2010 |B, N AL |21 4292 05BN A2, (3.11)

since B, \ A1 = B, N Ago) up to a L"-negligible set and [AAB|=2|B, \ Ai| =
2/B, N A”)|. By (2.3) and (3.10),

Py, (A1 U B, By) = Py, (A1, B\ By + / o1 (v, )AH,
AP o8B,

and for any j=2,...,N,

Po(A\ BroB) = Po, (A BAT) + [ ojum)ar™. (312)
A;NOB,

Thus by (3.11)

N

ZP¢_7‘(Aj’BS) <2P¢_7(AijS \E)

j=1 j=1

N

S| o ane
A;NOB;,.

+ / ¢1(vp, )dH" ! +
AV noB, =

+2010 B, N AVt 4292 75| B, N A |2,
(3.13)
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By (2.5), the essential disjointness of A; and (3.10) we have

N

/ ¢1(vp, )AH" ! + Z/ ¢j(vp, )dH" !
AYnoB, =2/ A;nB,

N
CoH" (AL NOB,) + Co Y H''(4;N0B,) = 201" (AL NOB,),

Jj=2

thus, (3.13) and (3.10) imply
ZP% <20 H" A NOB,) + 29 A1| B, \ A1]™ + 297 Ay| B, \ Ay|*2.

By (2.5), (2.4) and the essential disjointness of Aj,
N N N
S Py (Aj.By) 2co Y P(A;, B,) > %P( U 4, Br> =coP(A"B,),
=2 =2 j=2

and thus Zjvzl Py (Aj, By) > 2Cq>P(AgO)7 B,) so that (3.9) follows from (3.4).

To prove (3.2) we add C@Hn_l(Ago) NOB,) to both sides of (3.9) and using
H (OB, Nd*A1) =0 we get

coP(A” N B,) < (co + Co)H" (A N 0B,) + 2217 10,|AY 0 B, |
+29 7104 1 B, o2,
hence by the isoperimetric inequality
conw/"| A N B L(eg + Co)H (AP NOB,)
20710 A A B, 4292710 A 1 B2,

(3.14)
By the choice of 7 in (3.4) we have, for [ =1,2,
1/n
9ou— 1A ‘A(O) N B, |al ((n—=1)/n) < o~ 1Aw (n— 1)/n)’\n(xl —n+1 < CoNWn )
(3.15)

Inserting (3.15) in (3.14) we obtain

Co 1/n A(O)ﬂB (n—1/n < gm-1 A(O)maB
2(0(1)4_0@) nwy, | 1 T’| \H ( 1 7“)7

and whence, repeating for instance the arguments of the proof of [14, equation
(3.19)], we obtain

AR > —2 ) o n
| 1 ‘ 2(Cq>+Cq>) WnT
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|A1 n BT‘ <1- Cop .
| By | 2(co + Cs)

From (3.9) and the definition of 7y for all r € (0,7y] we get

ie.,

200 1A 2027 1A
P(A1, B, < L2001 (0B,) + 2 g 4 2R e
Cop Cop Co
C. 1
< (‘b + ) nw, "L
Cp 2
Now we prove (3.6) and (3.7). Note that assumption (3.5) implies 7o, yn > 0. Let
us show
Cop KN -1
— — )P(A1,B,) <CoH" (A1 NIB,)
(N -1 2 ) (3.16)
+ 27 A A N B 4227 T Ao Ay N B, |2
for all r € (0,79) such that
N
> HH 07 A; N 0B,) = 0. (3.17)

j=1
Set
L={je{2...,N}: H" Y By, N0*A; N9*A;) > 0}.
Since z € 9A;, I #0. Fix r € (0,7); for every j € I; consider the competitor
BY = (A)\ By, Ag, ..., Aj 1, AU (AN B,), Ajia, ..., AN).

Since BYAA cC B, for every s € (r,7), by the almost minimality of A (recall
that 7o < 7o) and the equality |AABY)| =2|A; N B,| one has
P¢>1 (AI’ BS) + P¢‘j (Aj>BS) <P¢>1 (Al \ By, BS) + P¢‘j (Aj U (Al N BT)7 BS)

+ 2% A [A) N B + 272 A5 A N B, |2,
(3.18)
Using the equality

P¢j (Aj U (Al N Br)v BS) :P¢j (Aja BS) + P¢j (Al’ Br) + / ¢j(VBr)dHn_1

A1NOB,.

- / (¢j(va,) + ¢;(va,))dH" ",
B,NO*A1Nd* A
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the analogue of (3.12) with j =1 and also (3.17) in (3.18) we establish

P¢1 (Al, BS) + P¢j (Aja BS) <P¢_7 (Aj’ BS) + P¢7j (Ala Br) + / ‘bj(VBr)dHnil
A1NOB,

- / (05(va,) + ¢j(va,))dH" !
B,.No*A1NO*A;

+ Py, (A1, B, \ B,) + / o1 (vp, )dH 1

A1NOB,
+ 29A | A1 N B Y + 292 A5 A1 N B2,

Hence using ¢;(va,) = ¢;(va,),

2/ (ﬁj(I/Al)dHnil < P¢j (Al, Br) — P¢1 (Al, Br)
B,NO*A1NO*A;

+ / (¢1(VBT) —|— (z)j(VBT))dHn_l —|— 2a1A1|A1 n BT|OL1 —|— QOQAQ‘Al N Br|a2.
A1NOB,.

Summing these inequalities in j € I; and using (2.5) we get

N
2ce ZHn_l(BT N 8*A1 n 8*AJ) < Z (P¢j (Al,BT) — P¢1 (Al,BT))
Jj=2 jeh
+ 5[ (am) + aylom))an
2 oo, (210 0stw5)
+ || (29 A1 |AL N B |“Y + 292 A5| A1 N B,|9?),

(3.19)
where |I;] is the number of elements of I;. By the definition of I,

> HHB.NO"AI NI Aj) = P(A1,B,),
Jjeh
by the definition of ky in (3.1)
> (Po, (A1, By) = Py, (A1, By)) < il I P(Av, Br),
JEI
and by (2.5)
> / (¢1(VBT) + ¢j(y37‘))dH”*1 < 20| |H" (A1 N OB,).
icl A1NOB,.
Therefore, from (3.19) we obtain
(?l - ”2N> P(Ay, B,) < CoH"™ (A, NOB,) + 221 1A, |A; N B, |™
1
+2927 1A | A N B, 2.
Since |I1| < N — 1, inequality (3.16) follows.
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To prove (3.6) we add (ce/N —1—kn/2)H" 1 (A1 NOB,) to both sides of
(3.16) and get

Co KN Co KN n—1
_ "N\ p(aA, N B, g(i—f ) ~1(A, N OB,
(3og - 3)PAinB) <(5 - 5 + Ca )1 (A0 o8,
+ 247 A A N Bt 29271 A Ay N B2,
(3.20)
By the definition (3.8) of 75 we have r <7 < (ca/N — 1 — ry/2)Y/ =75 for
[l =1,2 and therefore

2a171Al‘A1 N Br|alfn71/n < 2&[71AZ|BF0|a17n71/n

1/n

Cp RN\ NWp
= - — =1,2
(N—l 2) 4 7 ! B

and thus, by (3.20) and the isoperimetric inequality,

Cp — (N — 1)/%]\]/2
2ce + 2(N — l)c.:p — (N — 1)%]\/

nwl/™A; N B |" Y S HP (AL N OB,).

Now integrating we get
’VXTWnTn < |A1 N Br|
and (3.6) follows. Finally, since

Co

e — > s
2¢cep + 2Ce N

from (3.2), (3.6) and the relative isoperimetric inequality we deduce (3.7). O

The following volume-distance comparison appeared in a similar form also in
[1,14,42] and will be used in the proof of the existence of GMM.

PROPOSITION 3.3. Given 0,19 >0, let A€ BV(R";{0,1}) be such that

Or"! < P(A, B.(x)), r€(0,r], (3.21)
whenever x € JA. Then for any £ >0 and B € BV(R™;{0,1}) one has
" wy, £ \n—1 1
< — - . .
BAA| < > max{l, (TO) }P(A)€+ i [, dw0a)de (3.22)

Proof. We follow [14, proposition 4.5] with minor modifications and we give the
details for the convenience of the reader. Define

E:={x € BAA: d(z,0A) <{}, F:={xeBAA: d(z,04;)>(}.
By the Chebyshev inequality,
|F| < 1 / d(z,0A)dz < 1 d(z,0A)dz.
tJr t Janp

Let us estimate |E|. By a covering argument, one can find a finite family of disjoint
balls {B(z1)} zr € OA, such that E is covered by the family {Bs¢(zg)}ie,. If
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£ =g, by (3.21) and the disjointness of {By(x)} (and hence of {B,,(zx)}),

|E|<an<5e>“Wierg < Tenlt ZP By, (1))

n—1
k=1 or To

Tl Qi) <75 )

Analogously, if ¢ < rg, then

5"wn,
Bl < 22

P(A;j)¢.

Now (3.22) follows from the inequality |BAA| < |E|+ |F| and estimates for |A]
and |B|. O
4. Existence of GMM for bounded partitions

Given a norm v in R™ and E,F CR" set

5’¢(E7F) = LAFd¢($,aF)dx

Note that o4 (E,F) =0 if |[EAF| =0 whereas o4(E,F) =400 if 9F ={ and
|[EAF| > 0. Moreover, X,Y CR"™ are measurable and 9Y # 0,

/ dq/,(x,aY)dx:/ Jw(m,ﬁY) dz
XAY bl

- / a?w(ac,aY) dz if X NY is bounded,
Y

/ cmﬁmqm:/(ﬁ@mqm
XAY e
- / cﬁ,(m, dY)dz if X°NY*° is bounded.

Given a family U := {¢1,...,¥n4+1} of norms ¢; in R", and A, B € Py(N + 1),
we set
N+1

)= oy (Ai, Bi),
i=1
where N + 1 > 2. In the literature W is called the set of mobilities. Since N is
finite, there exist 0 < cg < Cy < 400 such that
v <)< Cy, i=1,...,N+1, vesS" % (4.1)

Observe that for every B € Py(N + 1) the map oy(-,B) is LY(R™)-lower semi-
continuous in Py(N + 1).

Given families ® := {¢1,...,¢n+1} of anisotropies and W := {¢1,...,¥nN11}
of mobilities, and H:= (Hy,...,Hy41) of functions H; € LL _(R"), i=
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1,...,N, and Hyy; € LY(R"), consider the functional F:Py(N +1)x P,
(N+ 1) X [1700) - [—O0,00],

F(E,F,N) =Pera(E) + Y(E) + Aow(E, F),

where
N+1

T(E) := ; /E H;dx.

Note that F(-,F;\) is well-defined and L!(R™)-lower semicontinuous in [P,
(N +1). Notice that T can also be represented as

N
The functional § is a generalization of the Almgren—Taylor-Wang functional [1]
to the case of partitions [14, 22] in presence of anisotropies, mobilities and external
forces.
The main result of this section is the following, which generalizes [14, theorems
4.9 and 5.1] to the anisotropic case with mobilities; recall that xy11 is defined in

(3.1).
THEOREM 4.1 Existence of GMM . Let ®={¢1,...,on11} and ¥ =
{t1,...,¥Nns1} be families of anisotropies and mobilities, respectively. Suppose that
2¢c
KN+1 < W@’ (4.3)

and H= (Hy,...,Hn+1) satisfies

loc

H; e L! (R"),i=1,...,N+1, for somep>n and Hy,1 € L*(R");
[Imm|3R >0 s.t. H; > Hyy1 a.e. in R™\ Bg(0) fori=1,...,N.
(4.4)
Then for every G € Py(N +1), GMM(F,G) is nonempty. Moreover, there exists
a constant C' = C(N,n,®, ¥, H,G) > 0 such that for any M € GMM(F,G),

IMOAME) < Clt—t |77, ' >0, [t—t]<1 (4.5)

and
N
M;(t) C D := closed convex hull of co(G) U Bg vVt >0 (4.6)
j=1
and Bpr is not present in (4.6) if H=0. In addition, if Z;V;ll |G;\ G| =0,
then (4.5) holds for any ¢, >0 with |t —¢'| < 1.

Proof. We give only few details of the proof since it can be done following the
arguments of the proofs of [14, theorems 4.9 and 5.1].
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Step 1: Existence of minimizers. Given A € Pp(N + 1) and X > 1, the problem

inf  F(B,A;N\)
BEP,(N+1)
has a solution. Moreover, every minimizer A(\) = (A1 (A),..., An+1())) satisfies
the bound
N
U A;(X) C closed convex hull of co(A) U Bg(0).
i=1

We omit the proof since it is proven along the same lines as [14, theorem 4.2]
using the anisotropic comparison theorem with convex sets! and the inequality
dy(-,Ep) >0 in any F C R"\ E.

Step 2: Density estimates for minimizers. Let A € Pp(N + 1) satisfy co(A) C D
and set

— ; — N1
A=A e (diamy, D +2), Ay:=N /P e |Hj — Hyyilloe(pyy, (4.7)

where Dy :={x € R": d(x,D) < 1}. Let A > 1 and A(X) € Py(N + 1) be a min-
imizer of §(-, A;A). Then for every i € {1,..., N + 1} either 04;(\) is empty or
for any x € 0A4;(\) and

e (omin {1 (G - sy L [(G sy malZ ey

one has

(2 — Newss )" < 14:(0) N By ()]
2Cq>+2NCq>7NI€N+1 =

and

o PANBED) (G 1Y, (4.10)

rn—l

where ky11 is given by (3.1) and

n—1
¢® =c®(N,n) = nwn (217 — 1) 2ce — NN )
21+1/n 2cg +2NCop — NKEN 41

The proof is analogous to the the proof of [14, theorem 4.6]: we only show that

A(N) isa (P,A1,As,1,1 — 1/p) -minimizer,

LIf E € BV(R";{0,1}), then P4(E) > Ps(ENC) for every anisotropy ¢ and every closed
convex set C' C R™.
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and hence (4.9)—(4.10) follow from theorem 3.2. Let C € P,(N + 1) be such that
CAA(N) CC B,(z) with p € (0,1). By the minimality of A()),

N+1

Perg(A()), B,(z)) < Pera(C, B,( HZ/CAA dy, (v,04;) dz

N
+ / |HJ‘—HN+1|d:L‘.
jgl CiAA;(N)
By step 1, co(A(X)) C D, thus
dy,(z,04;) <diamy, D +2p forall j=1,...,N+1 and z € CAA(N),

where diam,,; is the 1; -diameter of a set. Then, since CAA(X) C Dy,

N+1

Z /C A0 dy, (z,04;) dx TS Iax (diamy, D + 2) [CAA(N)|
and

N N
Z/ |Hj = Hy|dz < Z |CAA; (NP Hy — Hyialloe o)
m1/cinA;o =
SN max [[H; — Hyv i1 |r(oy) [CAAN)' 777,

Thus,

Perg (A(N), B,(2)) < Pera(C, B,(2)) + A1|CAAN)| 4+ Ao|CAAN) P17

Step 3: Existence of GMM. Given A > 1 and k € Ny we define G(\, k) recursively
as: G(A\,0) =G and

FGNE),GNk—1),\) = min  FAGNEk—1),N).

APy (N+1)
Since F(G(A k), G\ k — 1), ) < F(GA k—1),G(\ k — 1), 1), we have
Pera (G, k) + Y(G k) +Aaw (GN k), G\ k — 1))
< Pere(GAk—1)) + TG\ k—1)).  (4.11)

Thus, the map k € Ny — Perg(G(\, k)) + T(G(A, k)) is nonincreasing for any X\ >
1. In particular,

Perg (G(A, k)) <Pergs(G(A,0)) +Z/ |H;j — Hyy1|dx
G (M E)AG,(A,0)
N
<Pers(G) + Z ||HJ — HN+1||L1(D) =:ug, k=0 (4.12)
j=1
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and
N
JGiAk)C D forall A>1, and k> 0. (4.13)
j=1
Fix t,t’ >0 with 0 <t—¢ < 1. Let A > 1 be so large (depending on ¢, t', n,
N, H, ¥ and @) that setting ko = [\], mo = [At], one has my > ko + 3 > 4

and

. Cop KN+1 n Cop KN+4+1 nw,ll/p p/(p—n) vy
IS\ ::mm{l, (—— )—, {(—— ) — ] }:*»
N 2 Jan I\N T T2 ) 21y, )

where A; and As are given in (4.7), and recalling (4.3),

Cop I€N+1> n
== - 0.
7 (N 2 )1 max (diamy, D+2)

1<jSN+1
By (4.10) for such A and for any k > 1 any minimizer G(\, k) satisfies
P(Gj()‘; k), B.(x)) = &yt

for any = € 0G;(\, k) and r € (0,7\) provided 9G,(A, k) is nonempty. There-
fore, by proposition 3.3 applied with ro =7y, 0 =c¢* A=G;(\k—1), B=
Gj(\E) and L=rylt — |7/ >0y for any j€{l,...,N+1} and ke
{ko+1,...,mp}, we have

5wy

MNeE=1DAGNE)| <77
|g( ’ ) g( ) )‘ )\C<I)|t_t/|n/n+1

Per(G(\, k—1))
>\|t _ t/|1/n+1
+ e —
v
Now the bounds (2.5), (4.1) and (4.11) imply

U(Q()‘v k)a g(>‘v k— 1))

5" wny
Acpc®|t — t/|n/n+1

G\ E—1)AG(\ k)| < Perg(G(A\, k — 1))

_ t/ 1/n+1
|t76|‘1’ (Perg(G(\, k—1)) + T(G(\, k—1)) — Perga(G(\, k) — T(G(\, K))).
Summing this inequality in k € {ko + 1,...,mo}, we obtain
GO MDAGA, D<) 1G(AE = 1)AG( k)|
k=ko+1
5" wpy i

<S——— == P ANk—1 4.14

Acgc® |t — /|71 Z ere (G ) (4.14)

k=ko+1
It — t/|7=FT

o (Perq,(g()\, ko)) + T(G(\ ko)) — Pera(G(\, mo) — T(G(A, mo))>.
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By (4.12)
mo , 1
3" Pera(G(Ak — 1)) < po(mo — ko) < Au0(|t ]+ X)
k=ko+1
and
Perg(G(A, ko)) + Y(G(A ko)) — Pera(G(A,mo)) — T(G(A, mo))
N
< Perg(G(\, ko)) + Y 1 Hj — Hy il oy < 2p0-
=1
Thus, from (4.14) we get
GO, IDAGO, W] < Clt — #1757 + Gl — ¢ =AY, (4.15)

where

5" 2 ~ 5"
O Tt | 20y G St
CpC YCw CpC

The remaining part of the proof is as the proofs of [14, theorems 4.9 and 5.1]. We

note here that if G € P,(N + 1) satisfies Z;V:ll |G;\ G;| =0, then 1/(n+1)-

Holderianity of GMM at time ¢ = 0 follows from the relations

,\EToo |G\, 1)AG| =0, ,\EToo Perg(G(A, 1)) = Perg (G),

lm Aog(G(A\1),6) =0, lim T(G(\ 1)) =T(G)

A——+o00 A——+00

whose proofs can be done following the arguments of [14, proposition 4.5]. O

4.1. Two-phase case

When N =1, repeating the arguments of [42] in our more general setting, we
can improve the Holder exponent of GMM to 1/2 without any restriction on the
anisotropies.

THEOREM 4.2. Let ® = (¢1,¢2) and ¥ = (11,%9), and assume that H = (Hy,
Hy) satisfies (4.4) with N =1. Then for every G e Py(2), GMM(F,G) is
nonempty. Moreover, there exists a constant C = C(n,®, ¥, H,Pergy(G)) > 0 such
that for any N e GMM(F,G),

INOANE) < Clt—t'M? it >0, [t—t]<1 (4.16)
and

Ny (t) C closed convezx hull of Gy UBgr ¥Vt > 0.
In addition, if |G\ G1| =0, then (4.16) holds for any t,t' >0 with |t —t'| < 1.
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The proof runs along the same lines of theorem 4.1 with however an improved
bound for the radii in the proof of the density estimates, see (4.30) below. We need
to make a detailed proof since this will be used in the proof of theorem 5.1.

Proof. Letting ¢ := ¢1 + ¢o, H := Hy — Ho, and
dg() = dwl('vaE) + d¢2('7aE)v Jg() = (Zbl('vaE) + ng('vaE)a

we have

S(A,B,\) — | Hydx = Py(A) + [ Hdx+ A/ 4} da
R™ Aq A1ABq (4.17)
:P¢(A1)+/ Hdz+X [ d} dx—)\/ djt do =: Fo(Ar, By, A).
Ay Ay B,

Therefore, it suffices to show that for any bounded G € BV(R™;{0,1}),
GMM (F2,G) is nonempty and there exists Cy := Cy(n, ®, ¥, H, P;(G)) such that
for any L € GMM (F2,G)

IL(t)AL(s)| < Co |t —t'|*2, t,t' >0, |[t—t|<1 (4.18)
and
L(t) € D:=co(GUBg), t=0. (4.19)

Note that, except for the presence of [ A Hdzx, 3§25 is of the form of the Almgren—
Taylor—Wang functional.

We divide the proof into five steps.

Step 1: Existence of minimizers. Let Ey € BV (R™;{0,1}) be such that Ey C D.
Since ¢ is a norm, 6750 >0 in R"\ Ey and H >0 in R™\ D, as in the Euclidean
two-phase case (see e.g. [3]) we can use the comparison theorem with the convex
set D to establish the existence of a minimizer of Fa(-, Ep, A\) and also that every
minimizer FE\ satisfies E\ C D.

Step 2: Unconstrained density estimates for minimizers. Let FE), minimize
S2(',EO’A) and xg € E)\AEO be such that d(SC(),an) >ry for some ry >0
satisfying

1/p
wtfr = ([ ) < camslfn (420
D

Notice that there are no restrictions on ry > 0; in addition zg need not to be on
OFE). Let us show that

(a) if 29 € E\\ Ey, then

|E,\ﬁBT(l‘0)| S ( Cop
|B.(z0)] = \4Cs

(b) if g € Ep \ E\, then

) for any r € (0,7r1);

|Br(z0) \ E£3| S ( co

| By (20)] 4C¢) for any r € (0,71).
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We prove only (a), since the proof of (b) is similar. For shortness we write B, :=
B, (xp). Fix any r € (0,71) such that

H" 1 O*E\xNOB,) = 0. (4.21)

By the minimality of E) we have §a(FEh, Fo,\) < F2(E\ \ By, Fg, A) so that

d5° dw < Py(Ex\ By, By) +/ |H | da (4.22)

Py(Ex, Bs) + )\/
E\xNB,

ExNB,.

for any s > r. The choice of zy and the definition of c?ff“ imply Jgo >0 in B,
and hence using (4.21) and (3.12) (applied with ¢; = ¢ and A; = E) ) and the
inclusion (E \ B,)AE\ C B, , from (4.22) we get

P¢(E)\ N BT) < 2/
E\NOB,.

d(vp,)dH" ! + / |H| dz. (4.23)

E\NB,

The definition of ¢, (2.5), the isoperimetric inequality and the Holder inequality
yield

2cepnwl/™| Ex N B, |71/ <4CH Y (E\ N OB,

1 1/p (424)
+|EmBT|17(/ \H|de> .
E\NB,

Recall by step 1 that Ey C D. Thus from the inequality
‘E)\ N Br‘l_l/p < ‘E)\ N Br‘(n_l/n |Br|1/n_1/p _ w}z/n—l/p,rl—n/p|E)\ N BT|(n—1/n

and (4.20), it follows that

1/p
| mBTP‘“f’(/ Hl”dw) < conwl/"|[Ex N B, D/m,
E\NB,.

and therefore, from (4.24) we deduce
conwl/™|Ex N B,|" /" < 4CeH Y (E\ N DB,).

Now integrating we get

|E)\ N Br| ( Cop )”
=
| B, 4Cp
for any r € (0,rq).
The next step is valid in the two-phase case. We miss the proof of a similar

statement in the multiphase case because we are not able to prove the analogue of
step 22.

2 In the multiphase case we miss the analogue of (4.23), that was obtained neglecting the term
fEAmBT dfo dz in (4.22). For instance, in the planar 4 -phase, at a triple junction involving
®1,¢2,¢3 and surrounded by the fourth phase having ¢4 as surface tension, it is conceivable
that, if ¢1, ¢2, Pp3 are quite large compared to ¢4 , then around the triple point, the fourth phase

appears after one minimization step.
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We essentially follow the arguments of [42, 48]. Let

(4C¢)n+1n>1/2

7
2cycy

Cl = Cl(m (P, \I/) = 80\1/ <

and

Ci\2/1 2/(p—n)
Co = Ca(n, @, 9, Hp) := (new)?/ ") (520 ) (— / Hrda)
n JD

Step 3: L -bound for minimizers. For any A\ > Cy, if E) minimizes §a(-, Eo, \)
then
sup dio (z) < CLA"V2,
z€EFENAFE,

Assume by contradiction that there exist A > Cy and zg € ENAEp such that
dfo(xo) > CyA"Y2. Then from (4.1) we get d(zq,0E) > C1/2Cy A~'/2. Since
A>Cy, we can choose €>0 such that r:=2r=d(zg,0Ey) > (C1/2Cy +
€)A"1/2 satisfies (4.20), where for shortness we drop the dependence of r on n,
A, ¢, © and V. Setting B, := B,.(xo), without loss of generality we also sup-
pose that (4.21) holds. First we assume xg € E \ Eg. Then the minimality of E)
implies F2(E\, Fo, A) < F2(E\ \ B, Eg, A) so that, similarly to (4.23),

550 dx < 2/

Py(ExNB,) + A/ p(vp,)dH" ! +/ |H|d.

E\NB, E\NOB, E\NB,.
(4.25)
By the Holder inequality, the inclusion E) C D and (4.20),
1/p
/ |H|dz <|Ex N BT|1‘1/”(/ \HP dx)
E\NB,. E\NB,.
(4.26)

<wl/m=1/ppi=n/p (/ P dx)l/p |Ex 1 B, (= 1/m
D
<cgnwl/™|E\ N B, "D/,

therefore, by (2.5) and the isoperimetric inequality,

Py(ExC By) >/ \H]| dz.
E\NB,.

This and (4.25) imply

A / i dw <2 / d(vp,)dH" L. (4.27)
ExNB,. E\NOB,

By (4.1), the choice of z and the definition of r one has di" > cypd(-,0Ep) = 2cyr
in B,. Thus, from (4.27) and (2.5) we get

2cy \r|Ex N B,| < 4CoH" *(E\ N 0B,).
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This, the inequality H" 1(Ex NdB,) < nw,r"~* and step 2 (a) imply

29 Aw, " (%) < 4Cenw,r™ L.
@

Therefore, by the definition of Cy and r,

n+1
(i) = a7 > (o 9

a contradiction.
If xg € Ep\ Ey, then we use F2(E\, Fo, \) < F2(E\U B, Eyg, A) and repeat a
similar argument.

Before passing to the next step let us define

2nce

Cy +/C? + dnceCy’

Cs:=C5(n,®,V) =

. nw, (2" = 1) 7 cp \"1
04 = C4(n7 (b) = 271—‘,—1/" (4C<I>)
and
nee \ 2/ (n=p) s 1 2/(p—n)
Cs = Cs5(n,®,V, H,p) = max{C%C’g(Tq)) (w—/ \H|pdx> }
n JD

Step 4: Uniform density estimates for minimizers. Given A > Cs and a minimizer
E) of Fa(-, Ep, A), following arguments of [42, 48] let us show that

cp \" |E)\ N Br(fﬂ)| cp \"
< <1l —(—— 4.2
(4(1@) 1B, (2)| (4(1@) (4.28)
and
P(E\, B 2
Cy < (E, 75(:6)) < Co + co nwn, (4.29)
rn 2ce
for any = € OF) and
r e (0,03271/2). (4.30)

Since Eg\l) = FE) and 0*E) = JF), we can suppose x € 0*F). For any r asin
(4.30) and y € B,.(z) one has

dgo (y) < d? (y) + sup dio(z) <2Cyr+ sup dfa (2)
ZEE)\AE[) ZGE,\AEO

so that by step 3
di°(y) < (204 Cs + A2, (4.31)

Let us prove the lower volume density estimate in (4.28). For shortness set B, :=
B,(z). Let 7€ (0,C3A7/2) be such that (4.21) holds. As in the proof of step 2,
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from the inequality §F2(FEn, Eo, A\) < F2(Ex \ By, Eo, \) we get

Py(Er, B,) < / d(vp,) M 4 A 45 (y) dy + / |H|dy.
E\NOB,. E\NB, E\NB,
(4.32)

By (4.31), the choice of r and the equality

(2CyC3+ C1)Cs = %,

we have

A [E . d}°(y) dy < (2CeCs + Cy)wy/"N/2r|Ey 0 B, | "D/
ANB,

< w}/”(20\pC’3 + C1)CS|E,\ n Br|(n_1)/n

1/n
— % |Ey N B,|(n=D/n,

Furthermore, using A > C5, as in (4.26)

1/
/ |H| dz <wl/n=1/ppl-n/p (/ |H|P dx) 1By N B, |1/
E\NB, EAmBrl

1/p
<wl/m (O 12 (/ HIPdw) |y 0 B, [0/

E)\QBTI
conwy’™
gq’T" |Ex N BT|("_1)/".
Therefore, from (4.32) it follows that
P4(Ey, B,) < / d(vp,) dH ™ + conwl/™ |Ex N B, |1/, (4.33)
E\NOB,.

Adding fE;ﬂaBr é(vp,)dH™ ! to both sides of (4.33), using (2.5) and the
isoperimetric inequality we get

conwl/™|Ex N B,|"Y/" < 4CeHP Y (Ex N OB,.).

Integrating this over r we get the lower volume density estimate in (4.28).

To get the upper volume density estimate in (4.28) we use Fo(FEx, Ep, \) <
S2(Ex\ U B,., Ep,\) and proceed as above.

For what concerns the upper perimeter density estimate in (4.29) we observe that
from (4.33) and (2.5) it follows that

2c$ P(Ey, B,) < (203 + co)nw, "

for a.e. r e (0,C3A"Y2). Since r— P(E\,B,) is nondecreasing and left-
continuous, this inequality holds for all r. Finally the lower perimeter density
estimate follows from (4.28) and the relative isoperimetric inequality for the ball.
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Step 5: Existence of GMM starting from G . We follow the arguments of [42, 48].
Let {G(\, k)}ascs ken, be defined as follows: G(A,0) =G and

G(\ k) € argmin §o(-,G(A E—1),A), k>1
By step 1 G(A, k) is well-defined and

G\ k)C D (4.34)
for all A > C5 and k > 0. Notice also that
k€ Ny — Py (G(\ k) + / Hdx is nonincreasing. (4.35)
G(N k)

Given t > s >0 with t —s <1, let A\ > max{Cs,5+ C52/t —5,5/s} so that
[M] — [As] =4, [As] =5 and 1/\|t — s|'/? < C3A~1/2. By proposition 3.3 applied
with A=G\Ek—1), ro=CsA"Y2 0:=C4, L:=1/A\t—s|"/? and B=
G(\ k), and using the bounds (2.5) and (4.1) for anisotropies and mobilities, for
any k€ {[As]+1,...,[A\t]} we get

5w
G\ E—DAGNE)| <——F"—— P, (GN\ k-1
GOk = DAGO B <557 Po(GOLk = 1)
+ )\|t_8|1/2/ dCAF=D) 4o
2cy G(A\k—1)AG(\ k)
Therefore,
[At]
|G(A, [As])AG(A, [M])] < Z IGA Kk — 1)AG(A k)|
k=[As]+1
570 [At]
<775 Py(G(\E—1
2C4Cq>)\|t — S|1/2 Z ¢( ( ))
k=[As]+1
At
L A=t - / dSNED) gy,
2cy ka1 7 GOE=1AG(AR)
(4.36)
By (4.35),
[At]
Yo PG k1)

k=[As]+1

[At]
Y (P¢(G(A,k —1)) +/ de+/ |H|dx)
k=[As]+1 G(X\k-1) G(A\k—1)

< (P¢(G)+/Gde+/D|H\dx> ([)\t]—[)\s])
< (P¢(G) +2/D \H|dx) (A(t—s) +1)
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and
)
A / dSOFD 4y
k=41 GAK=1)AG(AK)
< P (GO Ns)) + / Hdz — Py(GON M) — / Hdz
GO\ As]) GO

<P +2 [ |Hld
D

therefore, from (4.36) we get

|G\, [As))AG(A, [M])] < ((76 |t—s|1/2+06_1/20“1’> <P¢,(G)+2/ H|dx>,
D

M|t — s]1/2
(4.37)
where
5™wp, 1
Ce := —. 4.38
6 2046@ QC\p ( )
Now (4.18) and (4.19) follow from (4.37) and (4.34), respectively. O

We will use (4.29), (4.30) and (4.37) in the proof of theorem 5.1.

5. Improved time Holder regularity

In this section we show that when ¢; = ¢ and ; = for any i =1,...,N + 1,
the time Holder continuity exponent of GMM for partitions can be improved to
1/2. The result follows from the generalization of [42] in the previous section
(theorem 4.2) combined with a comparison (theorem 5.2 below) between a mul-
tiphase flow and a two-phase flow starting from just one of the phases and its
complement. Arguments from our main continuity result (in theorem 4.1) are
needed to reconnect both flows in the limit.

THEOREM 5.1. Let ® ={¢,...,¢} and U ={4,...,v} for some norms ¢ and
¥ on R™ and H=0. Then for any G € P,(N +1) and M € GMM(F,G)

IMHAM)| < Cg Perg(G) [t — |2, £t/ >0, [t —t'] <1, (5.1)

where Cg is given in (4.38). In addition, if Z;V:ll |G; \ G4| =0, then (5.1) holds
for any t,t' >0 with |t —t'| < 1.

Recall that, by theorem 4.1, for any G € P,(N + 1), GMM(F,G) is nonempty,
each M € GMM(F,G) is locally 1/(n+ 1)-Holder continuous and
N
U M;(t) C co(G) forany t>0.

i=1
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Besides § we need to consider also the functional Fo defined (up to constants)
in (4.17) with H =0, i.e.,

§2(G, B, \) 1= Py(G) + A /GAE dy(x,0F) da. (5.2)

We start with a comparison result: this is the key point of the proof of theorem
5.1 since it allows to compare the evolution of a single phase with the multiphase
case.

THEOREM 5.2 Discrete comparison multiphase-phase. Let g1, ...,gn+1 € LllOC (R™)
and suppose that A € Py(N + 1) minimize

N+1 N

EeP,(N+1)+— Z Py(E;) + Z/E gi dz —/ gn+1de.
i=1 i=1"7 Ei X

N+1

Suppose that for i € {1,...,N} and g, € L _(R"), there exists a bounded mini-
mizer F; of

F € BV(R";{0,1}) — Py (F) —|—/ gi du,
F

and suppose that, given g, € L%OC(R"), there exists a bounded minimizer of

G € BV(R";{0,1}) — P4(G) —/ G4 de,
G

the complement of which we denote by Fyy1. If 29; —gi+g9; >0 a.e. in R™ for
all i,j € {1,...,N+1}, i#j, then

F; C A;, iE{l,...,N—I—l}.

Proof. Let i € {1,...,N}. By minimality,

N+1 N
Z P¢(Aj)—|-2/ gj d$—/ gnt1de < Py(A; UF)
j=1 =174 AN
N+1 N
+ Z Prb(Aj\Fi)‘f'/ gidx + Z / gjdac—/ g1 dz
j=1,j7#i AiUF: =1, ji 7 A\ ARy 41 UFs
(5.3)
and
F; F;NA;
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Summing (5.3) and twice (5.4), we obtain

N+1
Py(F;) + Py(A;) + Po(Fi)+ Y Py(A
J=1j#i
N+1
+/ (g; — gi)dx + Z / gjdx+/ g dx (5.5)
Fi\A; ot gi ) AN F\A;
N+1
SPy(FiUA)+ Py (PN A) + Y Py(Aj\ Fi) + Py(Fin As).
J=1.j#1

Let us show that for any E € BV(R";{0,1}), Ge€P,(N+1) and i€ {1,...,

N +1},
N+1 N+1
> Py(Gj\E)+ Py(GiNE) < + > PG (5.6)
j=1,j#i j=1,5#i

First assume that H"~1(9*E N UN+1 0*G;) = 0. In this case by (2.1) and (2.2),

as well as the inclusion 0*G; C Ué\:il#i 0*G, we obtain

Py(G;\ E) =/ p(va,)dH" +/ G(vp)dH"
EO)No*Gy G;NO*E

and

Py(GiNE) = / d(vg, ) dH" ! + / P(vg)dH" !
ENo*G G;No*

N+1
= Z / ¢(ch)d7-{"_1+/ H(vp)dH" 1,
ST i BNO*GN07 G, GiNO*E
and hence,
N+1
> Py(Gi\E)+Py(GinE)
Jj=1,j#i
N+1
- > |/ ot Olve, )AH" !
j=1j%i \7E®NoG; ENd*G,;Nd* G,
N+1 N+1
#3 [t i< Y RGy) + Pu(E)
j=1 G]ﬂ@*E G=1, i

In the general case we choose a sequence {&;} CR™ such that [&|—0
and H"™ 1(3*(E+§k)ﬁUN+18* G;) =0, where E+4+¢& ={zecR": 2§ €
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E}. By the previous case,

N+1 N+1
ST PyGI\(E+&) +Py(Gin(E+&) < Y. Pul(Gy) + Py(E + &).
j=1,#i j=1,j7i

(5.7)
Since Py(E + &) = Py(E£) and klir+n |[(E+&,)AE| — 0, letting k& — 400 in

(5.7) and using the L'(R™)-lower semicontinuity of the ¢ -perimeter we get (5.6).
Inserting (5.6) with G = A and E = F; in (5.5) and using (2.4) we get

N+1

/ (g} — gi)da + Z / gjdx—i—/ gidz <0.
Fi\A; =T AiNE; Fi\A;
Recall that F; \ A; = U;V;llj 4 FiNA; up to a negligible set, thus,
N+1
> / (29} — gi + g;) da < 0.
=1, 0 A0

By assumption 2g; — g; +g; > 0 a.e., and hence F; C A; up to a negligible set.
The case i = N + 1 is similar. O

LEMMA 5.3. Let G € P,(N +1) and set
9;() = dy(-,0G;), je{l,...,N+1}.
For E CR™ define e(-) = czl/,(-,@E). If either E C G; for some i € {1,...,N} or
Vi1 C B then 2e —gi+g; 20 ae in R" for any je{l,...,N+1}, j#

i. Similarly, if either E CC Gy for some i € {1,...,N} or G%,, CC E°, then
2¢—gi+9; >0 ae in R" forany je{l,...,N+1}, j#1i.

Proof. Since Ef C G7 UGS, the assertion follows from the relation
AC B = dy(-,04) > dy(-,dB) a.e. in R".
a

LEMMA 5.4. Given A€ Py(N +1), let A(X) minimize F(-, A, \) with H=0.
For ie{l,...,N+1} let E € BV(R";{0,1}) be such that E C A;; in case i =
N +1 we assume also that E° is bounded. Then there exists a minimizer FE;(\)
of F2(-, E,N) such that E;(X) C A;(N).

Proof. First we assume that F/ = A;. Let Ey CC Ey CC ... CC A; besets of finite
perimeter such that A; =J, By and d(-,0E)) — d(-,04;) a.e. as k — +00. Let
Ei(\) be a minimizer of §o(, Ex, ). By [18], E1(\) C Ea(N)... and E(\), :=
Uy Ex(A) is the minimal minimizer of Fa(:, 4;, A). Since Ej CC A;, by lemma
5.3,

2d(-,0Ey) — d(-,04A;) + d(-,0A;) >0 ae. in R™ for all j # i.
Thus, by theorem 5.2, Ej(\) C A;(\). Hence, we get E(N). C A;(N).
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In the general case, we consider the minimal minimizer E(\). of F2(-, E,\) and
the minimal minimizer A;(A). of Fa(-, A;, ). Since E C A;, by [18], E(\). C
A;(N)«. Hence, E;(\) = E()\), satisfies the assertion of the lemma. O

Proof of theorem 5.1. Given G € Py(N +1) define {G(\, k)}a>1,ken, as follows:
G(A,0) =G and

G\, k) € argmin F(-, G\, k—1),)), k=1
Note that the map k € Ny +— Perg(G(\, k)) is nonincreasing. In particular,
Perg (G(\, k)) < Perg(G). (5.8)

For any i € {1,...,N+1} and k>0, let {FF(\1)}i>r be defined as follows:
FE(\K) == Gi(\ k) and EFF(A 1) is the minimal minimizer of §a(:, FF(A, 1 — 1), )
for | > k. Notice that, according to step 2 of the proof of theorem 4.1, our actual
initial set FF(\, k) = G;(\, k) satisfies the density estimates (4.9) and (4.10) for all
radii » < O(1/)) and, according to the proof of step 4 of theorem 4.2, all FF(\,1),
1 > k, satisfy the density estimates (4.28) and (4.29) for all radii r < O(1/\'/2).
Moreover, since the initial set FF()\, k) also depends on A, we cannot use the
arguments of the 1/(n + 1) -Holder continuity up to time 0 in the proof of theorem
4.1.

For shortness we call {FF(\,1)};>k a discrete solution starting from FF(\ k) =
G;(\ k). Applying lemma 5.4 inductively one can show that

EFOND CGi(ND, 1>k
In particular,
(UG )\l) N G0 () FEODE
J#i J#i J#i
Hence, using FF(\ k) := G;(\ k) forall i=1,...,N +1, we get
GiN D\ Gi(\ k) (ﬂFk ) ) (UFk ) ) U (EEOLR)\ FEOLD).
J#i JjFi J#i
On the other hand,
Gi(A\R)\ G\ = FE O K)\ Gi(A\ 1) © FE(R) \ FF(AD),

hence,

N+1
‘g()‘7 k)Ag()‘vl)l < Z |Fik()‘7 k) \ Fz‘k(}"l)lv (5'9>

i=1

which is the inequality that will allow us to get the 1/2-Hélderianity of GMM.
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Fix ¢ € {1,..., N + 1} and choose arbitrary ¢ > s’ > s > 0. Let {Fi[/\s}(/\,l)}g[)\s]
be a discrete solution starting from Fi[’\s] (A, [As]) = Gi(A,[As]). Then for any
A> (5/s —s)+ (5/t —s') + (5/s) we have

s']
EXTO AN EPTA M) < Y0 IEMT AR (G- 1))
I=[Xs]+1
[\
+ > IEMODAFM - 1) = 1 + L.
I=[Xs’]+1
(5.10)
Note that by the choice of A, we have [As'] — [As] =4, [M]—[\s'] =4 and [As] >
l

4. According to step 4 of the proof of theorem 4.2, Fi[’\sl (N D), 1= [As] > 4 satisfies
the uniform lower perimeter density estimate

P(EM(\0), B, (x))

Tnfl

provided A > C5. Hence, from (4.37),

Cyi < .z e dFMND), 1 e (0,050,

C6 - 1/26‘1;

I < (Calt s'[V2 4 Ni—s]72

) Py(Gi(A, [As]))-

Since G(A,[As]) minimizes F(-, G(A, [As] — 1), A), by step 3 of the proof of theorem
4.1, see in particular (4.8) and (4.10),

P(Gi(A, [As]), Br(x))

(N, n) < e

C’(n,N,p,(I),\I')).

. 2 e dGi(\s), re (o, !

(5.11)

Because of the presence of 1/ (instead of 1/A!/2) in (5.11), in general we cannot
use (4.37). To estimate I; we proceed as in the proof of (4.15) and get

n C
Il < (C |S/ - S|1/ + + W) P(Zﬁ(Gl(Av P‘S]))

From the estimates for I; and I, and (5.8), (5.9) and (5.10) we obtain
GO, M) AG A, [A])]

C
n+1
< <C |s" — 5|1/ R )\|s’—8|”/"+1> Perg (G(A, [As]))

Cs —1/2¢
1/2 6 v
+ <Cﬁlt— 8/| / + )\|t — SI‘1/2 ) Per(@(g()\, [)\S]))
C Cs—1/2¢
RENE V% o T Y e I s 4
< <C|s s| + N/ = s/t + Cglt — |7+ /\t5/|1/2>Per¢(g).

(5.12)
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Now if M € GMM(F,3), there exists A\, — +oo for which
klim |G Ak, [Met])) AM(E)] =0 for any ¢ > 0.

Thus, from (5.12) we get
IM(s)AM(t)| < (Cls" — 8|/ 4 Cglt — s'|/?)Pera (G).

Since s’ € (s,t) is arbitrary, letting s’ \, s we get (5.1) with C := Cg.
Finally, if Z;V:il |G; \ G4| =0, then for any ¢t >s>0 and M € GMM(3,G)
we have

IM()AG] < [M(H)AM(s)] + IM(s)AG| < CsPers (G)|t — 5|/ + Cs'/n T
where in the second inequality we used (5.1) and (4.5). Now letting s \, 0 we get
|IM(t)AG| < CgPerg(G) /2.

From lemma 5.4 we get the following weak comparison property of GMM.

THEOREM 5.5 Comparison. Let ® ={¢,...,¢} and U ={¢,..., ¢} for some
norms ¢ and ¥ on R™, and H=0. Given G € P,(N + 1), let M € GMM(F,G)
and given i€ {l,...,N+1}, let C € BV(R"{0,1}) be such that C C G;; in
case 1=N+1 we assume also that C¢ 1is bounded. Then there exists N €
GMM (F2,C) such that N(t) C M;(t) for all t > 0.

Proof. Let A\, — 400 be such that
hlim |G(Any [Art)AM(t)| =0 forall t >0, (5.13)

where for any h the sequence {G(An,k)}ren, is defined as: G(Ap,0) =G and
G(An, k) € argmin F(-,G(A\p, k— 1), n), k=1

Let i € {1,...,N+1} and C € BV(R";{0,1}) be as in the statement. For any h
let {G(An,k)}ren, be defined as G(Ap,0) = C and G(Ap, k) is the minimal mini-
mizer of Fa(-,G(An,k —1),A), k> 1 (see the proof of lemma 5.4 for the definition).
Applying lemma 5.4 inductively we get

G(An, k) CGi(Ap, k) forall h>1 and k> 0. (5.14)

Passing to a further (not relabelled) subsequence if necessary, we assume that there
exists N € GM M (§2,C) such that

lim |G, PE)AN(®)] =0 for all 0. (5.15)

By (5.13) we have
hlim |G (An, [Ant]) AM;(t)| =0 for all ¢ > 0.

Now (5.14) and (5.15) imply that N(t) C M;(¢t) for all ¢t >0 up to a negligible
set. 0

https://doi.org/10.1017/prm.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.53

1168 G. Bellettini, A. Chambolle and S. Kholmatov

COROLLARY 5.6. Under the assumptions of theorem 5.5 let G € P(N +1) and
Me GMM(E,G). Let C;C Gy, ic{l,...,N}, and Cf{, ., 2co(G) be con-
vex sets and let L; € GMM(§2,C;), i€{l,...,N+1}. Then for any M €
GMM(F,G)

and

LN+1(t) =) = MN+1(t) = 0. (517)

Proof. Recall that anisotropic mean curvature flow with a mobility starting from
a bounded convex set C' is uniquely defined [10], coincides with the GMM start-
ing from C and becomes extinct at a finite time to > 0. By theorem 5.5, the
i-th phase M; of any M € GMM(F,G) starting from the i-th phase G; of
G does not disappear in the time-interval (0,¢¢,) for any 7 € {1,...,N}. Anal-
ogously, theorem 5.5 implies that (N + 1)-th phase of M becomes empty, i.e.,
R\ Myy1(t) =0 if t > toy,,. O
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