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Projective Reconstruction in
Algebraic Vision

Atsushi Ito, Makoto Miura, and Kazushi Ueda

Abstract. We discuss the geometry of rational maps from a projective space of an arbitrary
dimension to the product of projective spaces of lower dimensions induced by linear projections. In
particular, we give an algebro-geometric variant of the projective reconstruction theorem by Hartley
and Schaffalitzky.

1 Introduction

Let r be a positive integer and m = (m;, ..., m,) be a sequence of positive integers.
Foreachi=1,...,r, take a vector space W; of dimension m; + 1 over a field k, which
we assume to be an algebraically closed field of characteristic zero unless otherwise
stated.! Further, let V be a vector space satisfying n := dim V =1 > m; forany i = 1,
...,r. Asequence s = (sy,...,s,) of surjective linear maps

sitV—W,, i=1...,r
induce rational maps
;P ->PM =17
from P" = P(V) to P™ = P(W;). We call these rational maps cameras, with the
model of a pinhole camera as a linear projection in mind. Correspondingly, the loci
Z;=P(kers;) cP", i=1,...,r

of indeterminacy are called the focal loci of the cameras. The closure X of the image
of the rational map

Q= (@1,...,0,): P" > P" = If[llP"”i

is called the multiview variety in the case n = 3 and m = (2") in [AST13], and we
use the same terminology for arbitrary n and m. In this section, we assume |m)| =
my + -+ + m, > n+ 1, so that the multiview variety X is a proper subvariety of P™.
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IThis condition on the field k allows us to use standard tools in complex algebraic geometry, such as
the theorem of Bertini. From the viewpoint of application to computer vision, where the motivation for
this paper comes from, the case k = R is of particular interest. As we mention later in this section, the
reconstruction theorem for k = R follows from the reconstruction theorem for k = C.
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Projective Reconstruction in Algebraic Vision 593

Basic properties of multiview varieties are studied in [Li], where formulas for dimen-
sions, multidegrees, and Hilbert polynomials are obtained and the Cohen-Macaulay
property is proved.

The projective reconstruction problem asks if ¢ is determined uniquely from X, up
to the inevitable ambiguity by the action of PGL(# + 1,k). In real-life applications
where k = R, n = 3, and m = (2"), this problem may be phrased as follows. Assume
that one is given multiple pictures of one place, taken with various cameras whose
positions and angles are not known at the beginning. A point correspondence is a
collection of points in the pictures, consisting of one point in every picture, which is
the image of the same point in the place. The set of point correspondences form an
open subset of X. Assume that one can tell sufficiently many point correspondences,
say, from the features of the objects, so that one can fix X uniquely. Now the problem
is whether one can “reconstruct” the 3-dimensional configuration of objects in the
place appearing on the pictures, together with the configuration of the cameras.

Each camera ¢;:P" -> P™ is parametrized by an open subset of the projective
space P(VY ® W;), where the corresponding linear map s; has the full rank. Let

(L1) ®: 1P (V¥ ® W;) -» Hilb (P™)
i=1

be the rational map sending a camera configuration ¢ to the multiview variety X
considered as a point in the Hilbert scheme Hilb (P™) of subschemes of P™. The
natural right action of Aut(P") = PGL(n + 1,k) on each P (V" ® W;) induces the
diagonal action on the product [1;_, P (VY ® W;). The main result of this paper is
the following theorem.

Theorem 1.1 (i) Ifm + (1""') == (1,...,1), then a general fiber of ® consists of a
single PGL(n + 1, k)-orbit.

(ii) Ifm = (1"*"), then a general fiber of ® consists of two PGL(n + 1,k)-orbits.

(iii) If|m| > 2n -1, then © is dominant onto an irreducible component of Hilb(P™).

As we see in Section 6, Theorem 1.1(i),(ii) is an algebro-geometric variant of the
projective reconstruction theorem by Hartley and Schaffaltzky [HS09], with a new
purely algebro-geometric proof. A result closely related to Theorem 1.1(iii) for n = 3
and m = (2") is proved in [AST13, Theorem 6.3]. They use the rational map

y:G(n +1, é VVI)//G;I -> Hym
i=1

instead of (1.1), where G(n + 1, ®_, W;)/G!, denotes a GIT quotient of the Grass-
mannian of (7 +1)-dimensional subspaces in @; W; by an algebraic torus, and H,,,
denotes the multigraded Hilbert scheme parametrizing Z"-homogeneous ideals in
the homogeneous coordinate ring of P™. Their result states that the rational map y
dominates an irreducible component of 3, ,,. The bound |m| > 2n — 1 is sharp in
this case. The embedding of the space of cameras into Hilb(P™) for m = (2") is also
discussed in [LV].

Note that a real configuration of cameras can naturally be viewed as a complex
configuration of cameras, and a pair of real configurations of cameras are related by
an action of PGL(# +1, R) if and only if they are related by an action of PGL(n +1, C).
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It follows that the reconstruction over C in Theorem 1.1(i) implies the reconstruction
over R. See also Remark 4.5 for the fact that Theorem 1.1(ii) also holds over R.

This paper is organized as follows. In Section 2, we collect basic facts about linear
projections. The statements (i), (ii), and (iii) in Theorem 1.1 are proved in Sections 3,
4, and 5, respectively. In Section 6, we clarify the relation of Theorem 1.1 to results by
Hartley and Schaffalitzky.

The Geometry of Linear Projections

Let V and W be vector spaces of dimensions # + 1 and m + 1, respectively, with
n > m, and set P" = P(V) and P = P(W). Further, let p:P" x P" — P" and
q:P" x P™ — P be the projections to the first and the second factors. A surjective
linear map s: V. — W induces a linear projection

q):]P)n s Pm,

which is a dominant rational map from P" to P™.
The locus Z = P(kers) c P”" of indeterminacy of ¢ can be eliminated by the
blow-up

p:X =Bl P" — P"

along Z; i.e., there exists a morphism §: X — P making the diagram

commutative.

The exceptional divisor E = p~'(Z) c X is the P"-bundle over Z obtained as
the projectivization of the normal bundle Nz /p» = Op(1)®"*' of Z in P". For a
hyperplane H c P" containing Z, the closure of the image of H by ¢ is a hyperplane
H'in P". Since p*H = §*H' + E, we have

(2.1) Ox(E) 2 p"Op:(H) @ *Opm(-H") 2 p*Opn (1) ® " Opm (-1).
The morphism
PxGTX — P" x P
is an embedding, which allows one to identify X with the closure of the graph of the
rational map ¢. Under this embedding, the morphisms p and § are restrictions of the

projections p and g, respectively.
The Euler sequence

(22) 0— O[P’m(—l) — We® O]pm — T]PM(—l) —0

gives H® (Tpn (~1)) = W, which together with H°(Op» (1)) & V" shows

(2.3) H(p*Opr (1) ® ¢* Tpm (-1)) = H*(Opn (1)) ® H®(Tpn (-1))
=VYeW.
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Let sp be the element of H (p*Ops (1) ® q* Tpm (1)) correspondingtos € VY @ W
under the isomorphism (2.3). Since Tpw (—1) is the universal quotient bundle on P, a
point (1, £,) € P" xP™ (i.e., a pair of one-dimensional subspaces £; ¢ V and £, c W)
is in s3'(0) if and only if s(¢;) < €,. In other words, the zero locus of sp is precisely
the graph X of ¢:

(2.4) 55 (0) = X c P" x P,
The pull-back of the Euler sequence (2.2) to X tensored with p*Opx (1) gives

(2.5) 0— p Op (1) @7 Opn(-1) — p*Ops(1) @ W
— 5 Op(1) ® § " Tpm (-1) — 0.

Let sz € H(X, p*Ops (1) ® W) be the section corresponding to s € V¥ ® W under
the isomorphism

H(X, 7" O (1) ® W) 2 H'(P", 5. 5" Op (1)) @ W
~ HO(P", 0pn (1)) @ W
Ve W.

The section s lies in the image of the injection

H(X,p"0pe (1) @ T* Opn (-1)) = H'(X, p* Op (1) @ W)
induced by (2.5), since its image by the map

H(X,p"0p (1) @ W) — H*(X, p* Ops (1) ® §* Tpm (1))

induced by (2.5) is zero by (2.4). 1t follows from (2.1) and h° (Og(E)) = 1 that
s7(0) = E.

3 Projective Reconstruction in the Case m + (1"*!)

We keep the same notation as in Section 1 and write the projections as p:P" x P™ —
P, qi:P* xP™ - P, q = (qu,...,q,):P" x P" > P", and @;: P" — P™. We do
not assume |m| > n + 1 unless otherwise stated. The Euler sequence

0 —> Opm; (=1) — W; ® Opm; —> Tpm; (=1) —> 0

gives H® (Tpm (-1)) = W;, which together with H®(Opx (1)) = V shows
G.1) HO (B P, @ p*Opn (1) ® ¢ Tom (-1) = OV oW,
i=1 i=1
~ @ Hom(V, W;).
i=1

We abuse notation and identify s € @;_, Hom(V, W;) with the corresponding global
section of @_; p*Opn (1) ® g} Tpm: (—1) onP” xP™. Let X c P" x P™ be the closure of
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the graph of the rational map ¢:P" -> P™, and set p := p|, §i = qil> and q = q|5,
so that we have the diagram

In all the statements, such as lemmas, propositions, and theorems, through the rest
of this paper, we assume that the section s is general.

Lemma 3.1 Let Z; c P" x P™ be the zero locus of the section s in (3.1). For z € P”,
one has

(3.2) ZinpN2)={z} x TI ¢i(z)x 1 P

iiz¢Z; iiz€Z;

Proof Letv € V be a vector corresponding to z € P" = P(V). Then Z, n p~'(z) c
{z} x P coincides with the zero locus of the section

OO éwi = H°(P", é@;npm,- (-1).

For each i, the zero locus of s; (v) € H(P™:, Tpm; (<1)) is ¢;(2) (resp. P™ ) if s;(v) # 0
(resp. s;(v) = 0). Since s;(v) = 0 ifand only if z € Z;, we have (3.2). [

Lemma 3.2 The zero locus Z, coincides with X.

Proof Since P" is irreducible, the closure X of the graph of ¢ is irreducible of di-
mension 7. By Lemma 3.1, the generic point of X and hence X itself are contained
in Z,. Euler sequences show that Tpm; (1) are globally generated, and hence so is
@D, p*Op: (1) ® g Tpmi (-1). Since s is a general section of a globally generated bun-
dle, the zero of s is smooth of dimension n by a generalization of the theorem of
Bertini [Muk92, Theorem 1.10]. Since Z, is smooth and all fibers of Z; — P" are ir-
reducible by Lemma 3.1, Z, is irreducible as well. It follows that X and Z; are equal,
since X ¢ Z, and they are irreducible of the same dimension. ]

We regard the section q,s € H* (P™, VY ® @®'_; ®; Tpm (1)) as a morphism
V® Opn —> @ @] Tpmi (-1)
i=1
on P It follows from the definition of Z; = X that

(3.3) 7'(x) = P(ker(q,s ® k(x))) x {x} c P" x P™

for any x € P™, where

4.5 ®k(x):V — ® @ Tom (1) ® k(x)
i=1
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is the induced linear map tensoring by k(x). For 0 < j < min{n +1, |m|}, let X; c P
be the j-th degeneracy locus of q, s defined as the zero of

j+1 r

. j+1
(3.4) (2,8)" YAV @ Opn — A @ @ Tpmi (-1),
i=1

that is, the locus where the rank of q_s is at most j. Hence, one has
(3.5) dimker (q,s® k(x))=n+1-j

for x € X;\X;_,. In particular, one has

(3.6) X =X,

As Tpm; (—1) is globally generated, so is V¥V ® @]_; @; Tpm; (—1). Since q, s is a general
section of a globally generated vector bundle, one has X; = @ or

codim (Xj/]P’"‘) =(n+1-j)(|m|-7)
by [Ott95, Theorem 2.8]. If |m| > n + 1, the dimension of X,,_; is at most

(3.7) im| = (n+1=(n-1))(Im| - (n-1)) = [m| - 2(|m| - n+1)
=2n—|m|-2
<n-3.

Since §: X — X is an isomorphism over X\X,,_; by (3.3) and X is smooth, X\X,,_; is
smooth. Thus X = X, is smooth in codimension one. Since X,, is Cohen-Macaulay
by [ACGHSS5, Chapter II], X is normal.

A morphism is said to be small if it is an isomorphism in codimension one.

Lemma 3.3 If|m| > n +1, the morphism q: X — X is small.

Proof It follows from (3.3) that § is an isomorphism over X,,\X,; and
dimg (X,.,) = max{dim (Xj\Xj_l) +n-j | 0<j<n— 1}
< max {[m] - (n +1- j)(jm| - j) +n- [0 < j<n-1}
max {j- (n - j)(im| - j-1) | 0< j < n—1)
2n—|m| -1
<n-2,

hence q is small. u

Since s;: p*Opn(<1) — g Tpm; (<1) is zero on X, we see by a similar argument in
Section 2 that its restriction s;| is a global section of p*Opx (1) ® g; Opm: (~1) by the
exact sequence on X,

0— p*Op:(1) ® G Opmi (-1) — p*Op (1) ® W
— P Op(1) ® G Tpmi (-1) — 0.
Let E; c X be the Cartier divisor defined by this section.

By (2.4), Blz, P" c P" x P™ is the zero locus of (s;)p, where we use the nota-
tion in Section 2. Since X is the zero locus of s = (sy,...,s,), p: X — P”" factors
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as X — Bly, P" - P" by projections P" x P™ — P" x P™i — P", As in the last para-
graph in Section 2, s; induces a global section (Si)Blzi pn on Blz, P" whose zero locus
in the exceptional divisor, and s;|5 is nothing but the pullback of (s; )Blz,- pn. Hence, E;
is the total transform of the exceptional divisor of Bl, P". In particular, E; = p'(Z;)

holds.

Lemma 3.4 (i) The restriction of p to X\U'_, E; is an isomorphism onto
IEDn\ U?:l Zi.

(ii) Foreachi=1,...,r, the divisor E; is irreducible.

(iii) Onehasq(E)) =P™ x(@a,...,9,)(Z1), and similarly for q(E;) fori=2,...,r.

Proof (i) holds, since the rational map ¢ is defined on P"\ U!_, Z; and X is the graph
of ¢.

(i) It follows from Lemma 3.1 that p~'(Z;\U j+i Zj) is irreducible of dimension
n-1land dimp~'(Z; nU;.; Z;) < n - 1. Since E; is a Cartier divisor, all irreducible
components are # — 1-dimensional, and hence E; is irreducible.

(iii) By Lemma 3.1 and Lemma 3.2, p'(z) = X n p~!(z) coincides with

{2} xP™ x 9y(2) x -~ x 9,(2)
forall z € Z;\ U, Z;. Hence, the image of p ' (Z1\ U« Z;) by 4 is P™ x (92, ..., ¢;)
(Z1\Ujx1 Z;). Since p'(Z,\U;41 Z;) is dense in E;, we have (iii). ]

From now on, we assume |m| > n + 1. Lemma 3.3 implies that q(E;) is a prime
Weil divisor on X. We set

(3.8) Li = @} Opmi (1)|x
fori=1,...,r.

Lemma 3.5 'The rational map defined by |Ox(q(E,)) ® Ly| is inverse to the rational
map @:P" -> X up to Aut(P").

Proof For alinear system A, we let ¢ 5 denote the rational map defined by A.
Since X is normal and q is small, we have

H°(X,0x(4(E1)) ® L) = H'(X, Ox(E1) ® G Opm (1))

and the rational map ¢o, (j(£,))eL,| coincides with the composite map

~-1
Ploz (BN 0pm (1)] © 4

Since O(E;) = p*Opr (1)®G; Opm (1), wehave O (E;)®4; Opm (1) = p*Opn (1).

Thus, the rational map |0 (E) @ Opm (V)| coincides with ¢pz<o,, 1) =P up to

)®q
Aut(P"). Hence, |0, q(E))oL| = Doz (E)@FF Opm (1)] © 4~ coincides with poq ™' =
¢~ ' up to Aut(P"). n

Lemma 3.5 shows that we can reconstruct ¢ up to Aut(P") from X and q(E;).
Lemma 3.6 shows that q(E;) is uniquely determined by X c P™ if m| > n + 2 or
|m| =n+1and m; > 2.
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Lemma 3.6  Assume |m| > n+2or|m|=n+1and m; > 2. Then q(E,) is the unique
Weil divisor on X of the form P™ x Y for some Y c [];,, P™.

Proof By Lemma 3.4(iii), §(E;) is a Weil divisor of such form.

Assume there exists a subvariety Y c [],.; P™ of dimension n — 1 — m; such that
D = P™ x Y is contained in X and D # §(E;). Let X' c P" x [],.,P" and X" c
[1;.; P™ be the subvarieties obtained from (s,...,s,) in the same way as X and X.
Consider the diagram

)A(’*q>X

ot
xt 1. xt

where 7, 7, are induced by the natural projections. Lemma 3.4 shows that Ej is the
unique divisor contracted by 7. Since q is small and D # q(E;), we have a divisor
D' ¢ X', which is the strict transform of D by the birational map 7 0 § . Since
D =P™ x Y, one has 7(D) = Y and hence ¢' (D') = Y.

Since dim D' — dim Y = my, it follows from (3.3) and (3.5) for ’q*, X', and X that
Y must be contained in X} _,, , where we define the degeneracy locus X} _, in the

n—mp
same way as X;. On the other hand, the dimension of X} _,, is at most

Zm,-—(n+1—(n—m1))(2mi—(n—ml)):Zmi—(m1+1)(|m|—n).
i=l i=l i=l
Hence, we have
n-1-m =dimY <dimX}_, <> m;-(m+1)(|m|-n),
il
which implies m;(|m| — n) < 1. This contradicts the assumption |m| > n + 2 or |m| =
n+1land m; > 2.

Proof of Theorem 1.1(i) Let X be the multiview variety for general ¢. To show
that X c P™ determines the rational map ¢ uniquely up to the action of Aut(P") =
PGL(n+1,k), it suffices to see that the inverse ¢! is uniquely determined by X c P
up to PGL(n + 1, k).

Assume |m| > n+1and m = (1"*') = (1,...,1). Relabeling the indexes of
m; if necessary, we can assume that [m| > n + 2 or jm| = n + 1 and m; > 2. Then
Lemma 3.6 states that X ¢ P™ uniquely determines q(E;) ¢ X without using ¢, q,
etc. Hence, X c P™ uniquely determines ¢ ' by Lemma 3.5. The inevitable ambigu-
ity by the action of PGL(# +1,k) comes from the identification of |05 (B Opm (1)

with ¢|[~)*Opn(l)| = 5 |
4 Projective Reconstruction in the Case m = (1"*!)

Assume r = n+1and m; = 1for any1 < i < n +1. Note that P(W;) can be canonically
identified with P(W}"), since dim W; = 2. Set

V' = (cokers)",
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which is (n + 1)-dimensional, since s = (s, ...,5,11): V — @ W; is general. The
canonical inclusion

P n+l1 Vo on+l
(41) SV (@w) —ew
i=1

i=1

defines a hypersurface
n+l
XI c 1—[ ]P)(I/Vlv) _ (]P)l)n+1
i=1
in the same way as X. We also define X', E/, §’, etc. in the same way as X.

Lemma 4.1 The hypersurfaces X and X' coincide under the canonical identifications
P(W;) =P(W)) fori=1,...,n+1

Proof On [/ P(W;), we have a diagram

0

D1 @] Op(w,)(-1)

(42 0 Voo — = (@ W)e0 ——s (V)& —=0.

B @] Toew,) (-1)

0

A point x € [T/7 P(W;) is contained in X = X, if and only if the rank of the linear
map

n+l
q,.s®k(x):V— 6_91 @; Tp(w,y (1) ® k(x)

is at most n; that is, q,s ® k(x) is not injective. By (4.2), this is equivalent to the
condition that

n+l
s(V)n EPI @; Opcw,y (-1) ® k(x) # {0},

where we take the intersection as subspaces of @7 W;. By (4.2) again, this is equiv-

alent to the condition that the rank of the linear map

n+l
(4.3) @1 ®; Op(w,)(-1) ® k(x) — (V)"
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is at most n. Under the identification P(W;") = P(W;), the sheaf Tp(ywv)(-1) is
identified with Op(y,(1). Hence, the rank of the linear map (4.3) is at most # if and
only if x is contained in X’. Thus, X = X’ holds. |

Recall from Lemma 3.4 that §(E;) = P(W;) x (@2, ..., ¢,)(Z;). Similarly, one has
4 (E) = P(W) < (@5 ..., ) (Z).

Lemma 4.2 ‘The closure (¢, ..., ¢,)(Z1) c [115 P(W;) is the (n—2)-th degeneracy
locus of the composite map

n+l
(44) (kersl) ® OI_II'IZ' P(W;) —Ve® OH:!;ZIP(WI) liez (Dj TP(W,-)(_l)i

where we use the same letter @; for the projection [T/} P(W;) - P(W;). On the other
hand, the closure (9}, ..., 9.)(Z]) c TII5H P(WY) = 115 P(W;) is the (n — 1)-th
degeneracy locus of

n+l
(45) (52, cee ,Sn+1): Ve OH:‘:ZI P(W;) — @2 (D;Tp(wi)(—l).
i=

Proof The first statement follows by applying (3.6) to (¢2, ..., ¢,)|z: Z1 = P(kers;)
- H?:ZI P(W;). Since s;: V — W, is surjective, we have an exact sequence

n+l
0 — kers;, — @ W, — (V')¥ — 0,
i=2

which gives a diagram

®1 @ Op(w;) (-1)

T

0 —— (kers;)) ® O (@®HW)RO0 — (V)Ve 0 —=0

T

@1 @; Te(w, (-1)

0

on [T/ P(W;). By an argument similar to that in the proof of Lemma 4.1, we see
that the (n — 2)-th degeneracy locus of (4.4) coincides with the (7 —1)-th degeneracy
locus of @75 @] Op(w;)(-1) = (V')¥ ® O, that is, the (1 - 1)-th degeneracy locus of
V'®0 > @5 0] Op(w, (1) on TS P(W)).
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By replacing X with X', we see that (¢),...,¢.)(Z]) c [II5; P(W;) is the
(n —1)-th degeneracy locus of (4.5), since V' and @; Op(y,(1) are replaced by V'
and @; Tp(w,)(-1), respectively. ]

We note that (4.5) does not depend on s;, hence neither does (¢5, ..., ¢.)(Z;).

Lemma 4.3 Onehasq(E;) #q (E}).

Proof It suffices to see that (¢2,...,¢,)(Z1) # (¢}, ..., ¢.)(Z]). Take a general
point y € (¢5,...,¢.)(Z]). By Lemma 4.2, the rank of

n+l1
(S25-vs8n41)yt V —> GBZ @; Tp(w,) (1) ® k(y)
=
is n — 1, since s,,...,5,4 and y are general. Hence, ker(sy,...,5441), € V is two-

dimensional. Then ker(sy,...,s441)y Nkers; = {0} c V since kers; c V is of codi-
mension two and general. This means that (4.4) has rank #n — 1 at y. By Lemma 4.2,

we have y ¢ (92,...,9,)(Z). ]

Lemmas 4.3 and 4.4 show that we have exactly two reconstructions.

Lemma 4.4  The exceptional locus of the birational morphism X — []/=) P(W;) is
the union of q(E,) and q (E}).

Proof Since X c P(W;) x [T/, P(W;), the exceptional locus of X — [/} P(W;)
is

P(w) x {y € TTP(W) [P(W) x {7} = X} € X.

Hence, we need to show

(46) {re EP(M) |P(W) x {7} € X} = (920 9) (Z0) U (95— 91 (Z]).
Since

4(Er) = P(W1) x (92, 9:)(Z),
4 (E) =P(W)) x (93 91)(Z]),
the inclusion > in (4.6) is clear. To show the converse inclusion, we take y ¢

(925> 0:)(Z1) U (¢h,...,9.)(Z]) and show P(W;) x {y} ¢ X. By Lemma 4.2,
the linear map

n+l
(s25--s8ps1)y: V — U = GBZ @; Tp(w,y (1) ® k(y)
i=
has rank n and the restriction (s3, .. ., Sy41) y |ker s, has rank n-1. Recall that the dimen-

sions of V, U, and ker s, are n+1, n, and n -1, respectively. Hence, ker (s, ...,Sy+1), C
V is one-dimensional and ker(s,,...,$,41)y Nkers; = {0} c V. Let K ¢ W; be the
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image of ker(sy, ..., Su41)y by s1: V. — Wj. Then we have a diagram

0*>ker(sz,...,sn+1)y®0—>V®O—S>U®O*>O

zi lsmwl)xm
(¢,0)

K®O ——"—— Ty (-) @ (U®O) —>U®O —>0

on P(W;) x {y}, where c:K ® O = W; ® O — Tp(y,;)(-1) is the canonical map.
Then (c,0) is injective outside of the point xy € P(W;) corresponding to the one-
dimensional subspace K ¢ W;. Hence, the rank of s|P(W1)X{ yyisn+latany x; # xo €
P(W;), which means that (P(W;)\{xo}) x {y} is not contained in X. Thus, y is not
contained in the left-hand side of (4.6). [ |

Proof of Theorem 1.1(ii) Lemmas 4.3 and 4.4 show that g(E;) c X is one of the
exceptional prime divisors of the birational morphism X — [T/ P(W;). If we choose
one of such divisors, we can reconstruct ¢! or ¢’ by Lemma 3.5 as in the proof of

Theorem 1.1(3). u
Remark 4.5 1f ¢ is defined over R, so is ¢’. This follows from the construction of
s’ in (4.1).
We have the diagram
X———————= > X'
/ X\ ;7 X
P(V)- - -2 - X=X <--2 - _P(V)

In the rest of this section, we describe the birational map ¢’ o ¢:P(V) -> P(V').
Recall the definition of L; from (3.8).

Lemma 4.6 The divisor §(E,) +q (E!) on X is linearly equivalent to —L, + Y1) L;.
Proof Since the exceptional locus of the birational morphism
n+l
(47) (@2,...,(Dn+1)|X3X—> I—IZ]P)(W,)
is §(E1) uq (E]) by Lemma 4.4, we can write
(48) KX = ((Dz, ey (Dn+1)*Kl—[;::+21 P(W;) + QE(EI) + a"q'(E{)
for some integers a and a’. By the birational map
n+l1
(92> puea i B(V) > TT P(Wh),

the birational morphism (4.7) can be identified with the blow-up Blz, P(V) - P(V)
over the generic point of Z;. Hence the integer a in (4.8), which is the coefficient
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of g(E1) =P(W) x (@2,...,¢,)(Z1), is one. Similarly, one has a’ = 1, and
q(E) +q'(E}) =Kx — (@2,..., (Dn+1)*Kny=+21P(w,-)

holds. By (3.4), the divisor X = X,, c ]'I?jll P(W;) is the zero locus of

n+ln+l

A(n+1) n+l *
(q.s) Omeapowy © A VO Ommipw,) — A 163 ®; Tp(w;) (-1)
n+l
> @1 @; Op(w,)(1).

Thus, X is linearly equivalent to ¥’ @; Op(y;) (1) on 112 P(W;). Hence we have
Kx = — X"*! L; by the adjunction formula. Since

n+l

(@2, .0, @ni1) " Kppra pwyy = =2 Zz b

one has

n+l

q(El) +EI(E1’) = KX - ((Dz, e ’(Dn+1)*KH?:21P(Wi) = _Ll + Z Li,
i=2
and Lemma 4.6 is proved. ]

Foreachi=1,...,n+1,let F; c X be the strict transform of the divisor §'(E/) c
X' =X.

Lemma 4.7  The divisor F, is linearly equivalent to p* Op(vy(n —1) - L1 E;.

Proof This is an immediate consequence of Lemma 4.6 and the linear equivalences
q; Opw)(1) ~ p*Op(vy(1) —Eifor1<i<n+1. |

Corollary 4.8 (i) The birational map ¢’ o @:P(V') -> P(V') is obtained by the
linear system |Op(v)(n) ® I jr z,].

(i) For each i, the image p (F;) c P(V) is the unique hypersurface of degree n — 1
containing Z; for all j € {1,...,n+1}\{i}.

(ili) The birational map @'~ o ¢ contracts the hypersurface p (F;) to Z! for each i.

Proof (i) By Lemma 3.5, the birational map ¢' " is obtained by the linear system
|0x(q'(E])) ® Ly|, which is identified with [O%(F) ® §;" Op(w;) (1)] by 4. Since

n+l

Fi+G; Op(wyy (1) ~ p*Op(vy(n=1) = Y E;i + 9" Opcvy (1) - By
i=2

n+l

=" Opcvy(n) = > E;
i=1

follows from Lemma 4.7, |0 (F)®4;" Op(w;) (1)| is identified with |Op(v) (1) ®I 1 |
by p. Hence, ¢' ' 0 ¢ = ¢/ o o p~" is obtained by |0p(vy (1) ® Iy 7,].
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(ii) It suffices to show this statement for i = 1. The linear system on P(V') consisting

of divisors of degree n—1containing Z,, ..., Z,41 is identified with [p* Op(yy (n 1) -

Y E;| on X by p. By Lemma 4.7, we have p* OP(V)(n -1) - Y E| = |R

which in turn is identified with the linear system |Ej| on X'. The linear system |E}| is

0-dimensional, since Ej is an exceptional divisor. Hence, p(F;) is the unique such
divisor.

(iii) This statement holds since each E; c X" is contracted to Z!. [

5 Dominance for |m| >2n -1
We use the same notation as in Section 3.

Lemma 5.1 The rational map

P (VY @ Wy) -> Hilb (P" x P"), ¢ = (gn,...,¢,) — [X]

i=1
is birational onto an irreducible component.
Proof Since we can recover ¢ from the graph X of ¢, the rational map ® is
generically injective. Hence, it suffices to show that for general ¢, Hilb (P" x P™)
is smooth at ®(¢) and the dimension of Hilb (P" x P™) at ®(¢) is equal to that of
[T P(VY e W;).
Consider the differential

(5.1) (d®),: T, ( MP(V"e Wi)) — Tig) Hilb(P" x P™),

Let Im(®) c Hilb (P x P™) be the closure of the image of ® with reduced structure.
Then (d®), factors as

(HP(VV ® W;)) — TizgyIm(®) c Tig, Hilb (P x P™).
We note that if ¢ is general, Im(®) is smooth at [X] and T, ([T, P (VY ® W;)) —
Tix)Im(®) is surjective. Thus, for general ¢, we have
rank(d®), = dim Im(®) < dim g Hilb(P" x P™) < dim T, Hilb(P" x P™).
If (d®), is surjective, rank(d®),, = dim Tz Hilb(P" x P™), and hence
(5.2) rank(dCD),p = dimIm(®) = dim g, Hilb(P" x P™)
= dim T}z, Hilb(P" x IE”'")

holds. From the last equality of (5.2), Hilb (P" x P™) is smooth at [ X] = ®(¢). Fur-
thermore, dim g Hilb(P" x P™) = dimIm(®) = dim[]}_, P(VY ® W;), since ®
is generically 1n;ect1ve. Thus, this lemma follows from the surjectivity of (d <D)q, for
general ¢.

In the rest of the proof, we show the surjectivity of (d EIV)),,, for general ¢.
Recall that X c P" x P™ is the zero locus of a general section s € H°(P" x P™, ¢),
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where & = @'_, p*Ops (1)®q7 Tpm (~1). Hence, X is smooth with codim (X, P" xP™)
= rank €, and the normal bundle Ny . pw is isomorphic to Elg =@ p*0p(1) ®
q; Tpmi (-1). We note that the isomorphism NX/]P‘“X]P’"‘ = I /puypm /I%/anpm > V|5 is
induced from the surjective homomorphism ¥ - I Jpnxpm © Opnxpn defined by s.

From the Euler sequences on P"’s, we have an exact sequence on X:
I ~% I\
0— &p"Op (1) ®; Opni (-1) — @ p"Op- (1) @ Wi
i= i=
A ~% ~%
— ealp Opn (1) ® g Tpmi (1) — 0.
i-

Since p*Ops (1) ® §; Opm (1) = O5(E;) and h'(X, O%(E;)) = 0, we see that the
linear map

Ve W, - HO(X eap Opn(1)®W,)—>H°( @P On»n(l)®'q7fTP'"f(—1))

i=1
is surjective with the kernel @/_, H’(X, Oz(E;)) = @/_, ks;. The induced isomor-
phism
O VYo W/ks; > H(X, & 5 Op+ (1) © 7 Tom (-1))
i i=1

of vector spaces is identified with the differential (5.1) under the isomorphisms
(H]P(VV®W)) ( (V¥ ® Wi/ks;) ® (ks;)" );lgialvV@Wi/ksi
and
Ty Hilb (P" x P") = HY(X, Ny o) = H(X, @1 PO (1) ® 7 Tom (1))

induced by the s;’s. This is a special case of the following general fact: Let Y be
a projective variety, E be a vector bundle on Y, s be a global section of E, and
Z = 571(0) be the zero locus of s. When Z is a complete intersection (i.e., when
codim Z = rank E), the differential of

P(H°(E)) -» Hilb(Y): s —> [Z]
can be identified with the natural morphism

H°(E)/ks - H(E|z). ]

Proof of Theorem 1.1(iii) Take general ¢. We study the tangent space of H1lb(]P’”‘)
at [X], which is isomorphic to H*(X, Nx/pm ). By |m| > 2n —1and (3.7), §: X > Xis
an isomorphism in this case. The diagram

0 T Tpnxpm|g ——> Ng/puxpn —> 0

L |

0——>q Tx —=q (Tpm|x) —q Nxpn —>0
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induces an exact sequence

0—>p"Tpr — Ng/puupm — 4 Nxspn — 0
on X. Since

H(X,p" Tpn) 2 H(P", Tpn) = VY ® V/kidy
foridy €e Hom(V, V) = V¥ ® V and h' (X, p* Tpr ) = 0, we have an exact sequence
(53) 0— V'®V/kidy — éalvv ® W;/ks; LN H°(X,Ny/pn) — 0,

iz
where the middle term
H (X, Ng/pupm) = g@lvv ® W, /ks;

can be identified with T, (ITj,P(VY ® W;)) as in the proof of Lemma 5.1
Then the map d in (5.3) can be identified with (d®),, and V¥ ® V/kidy can be
identified with the tangent space of the PGL(#n + 1,k)-orbit of ¢. By Theorem 1.1(i)
and (ii), a general fiber of @ consists of at most two PGL(# + 1, k)-orbits. Note that
the dimension of the PGL(# + 1, k)-orbits is equal to that of PGL(n + 1, k), since ¢ is
birational. Hence, we have dim Im(®) = dim [];_, P(VY ® W;) —dim PGL(n + 1, k).
Thus, dim Im(®) is equal to h°(X, Nxpn) by (5.3), which is the dimension of the
tangent space of Hilb(P™) at [X]. This means that Hilb(P™) is smooth at [X] of
dimension h°(X, N x/pm) = dimIm(®). Hence, ® is dominant onto an irreducible
component. ]

Remark 5.2 Inthecase n = 3and m = (2"), the condition |m| > 2n—1is 2r > 5, that
is, 7 > 3. Asin [AST13, Section 6], the closure of the image of ® is a cubic hypersurface
in an irreducible component P® = P(W,Y ® W,’) c Hilb (P™) for r = 2, so this is sharp
in this case. We do not know whether the condition |m| > 2n — 1 is sharp or not in
general.

6 Grassmann Tensors as Chow Forms

We recall the standard methods for projective reconstruction from a geometric point
of view. Define an index set

B(n,m) = {a:(ocl,...,oc,)eNr|1§oc,-Sm,-

.
foranyi=1,...,rand Z(xi:n+1}.
i=1

For an n-dimensional variety X c P™ and « € B(n, m), let

Z(X)c G(m—-a,P™") = liIIG(mi -, P(W)))

denote the set of points in G(m — a,P™) corresponding to r-tuples (U, ... U,) of
linear subvarieties U; c P(W;) of codimension «; such that

XnJlU; +@.

i=1
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Here, G(m; — a;,P(W;)) is the Grassmannian of (m; — «;)-planes in P(W;),
which is embedded in P(A™ "% W;) = P(A* W}") by the Pliicker embedding for
i=1...,r1.

Theorem 6.1 ([HS09, Theorem 3.1], [NHT14, Theorem 2]) Assume that ¢ is generic.
For a € B(n, m) and the multiview variety X c P™, the set Z(X) c G(m — «,P™) isa
hypersurface defined by the multilinear equation

in G(P™, a), where
pi = [pffi | o; = (O',‘)],...,O',‘,ai),l L0j1 << 0jq <M +1]

is the Pliicker coordinates of the Grassmannian G(m; —a;, P(W;)) foreachi=1,...,r.
Moreover, the tensor

is uniquely determined up to scalar from sufficiently many subspace correspondences.”

The tensor A, called the Grassmann tensor of profile o for a camera configura-
tion ¢ in computer vision, is an analog of the Chow form of the multiview variety
X c P™ (see, e.g., [GKZ08, Section 3.2]). Note that the Grassmann tensors of pro-
file (2,2),(2,1,1), and (1,1,1,1) are classically known as the fundamental matrix, the
trifocal tensor, and the quadrifocal tensor, respectively.

The projective reconstruction theorem by Hartley and Schaffalitzky can be stated as
follows.

Theorem 6.2 ([HS09, Section 5])  Assume that ¢ is generic. Fix o € B(n, m) and let
A be a Grassmann tensor of profile a.

Q) If m+ (1"*"), then ¢ is uniquely determined by A up to the actions of
PGL(n + 1,k).

(i) Ifm = (1"*'), then two candidates of ¢ are obtained by A up to the actions of
PGL(#n + L k).

Since the multiview variety X determines its associated hypersurface Z(X) and
the Grassmannian tensor A, Theorem 6.2 implies Theorem 1.1(i) and (ii).

An algorithm for the projective reconstruction for general n and m using
Grassmann tensors has been implemented in [HS09], and applied to the analysis of
dynamic scenes [WS02, HV08]. In contrast, our proof of the projective reconstruc-
tion theorem is based on the analysis of divisors on the multiview variety, and it is an
interesting problem to see if it can lead to a new algorithm for the reconstruction.

Acknowledgments ~ We thank the anonymous referee for suggestions for improve-
ments.

ZJust as a point on the multiview variety X is called a point correspondence, a point in Z(X) is called
a subspace correspondence.
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