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CARLESON MEASURES FOR WEIGHTED
HARDY-SOBOLEV SPACES

CARME CASCANTE anp JOAQUIN M. ORTEGA

Abstract. We obtain characterizations of positive Borel measures p on B"
so that some weighted Hardy-Sobolev are imbedded in L?(du), where w is an
Ap weight in the unit sphere of C™.

§1. Introduction

The purpose of this paper is the study of the positive Borel measures p
on S", the unit sphere in C", for which the weighted Hardy-Sobolev space
HY(w) is imbedded in LP(du), that is, the Carleson measures for HE (w).

The weighted Hardy-Sobolev space HY(w), 0 < s,p < 400, consists of
those functions f holomorphic in B™ such that if f(z) = >, fi(2) is its
homogeneous polynomial expansion, and (I + R)*f(z) = >, (1 + k)* fr(2),
we have that

12y = sup (I 4 R)” frllLo(w) < +o0,
0<r<1

where £,(C) = £(rC).

We will consider weights w in A, classes in 8", 1 < p < 400, that
is, weights in S™ satisfying that there exists C' > 0 such that for any non-
isotropic ball B C S, B = B(¢,r)={ne€S" ;|1 —-(n| <r},

<1/ d 1/ i) <
— [ wdo || —= | wrTdo
1B| /5 1Bl /5 -

where o is the Lebesgue measure on S™ and |B| the Lebesgue measure of
B. We will use the notation (1 to indicate the complex inner product in

cn given by Cﬁ = Z?:l C’Lmv if C = (Cla' .. 7Cn)7 n= (7717 ce 77771)
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If 0 < s < m, any function f in H%(w) can be expressed as

z) =C z) = LC_) do((),
f6) = Clo)e) = [ s 0
where do is the normalized Lebesgue measure on the unit sphere S™ and
g € LP(w), and consequently, u is Carleson for HY (w) if there exists C' > 0
such that

1Cs fll ey < ClFllLe(w)-
We denote by K the nonisotropic potential operator defined by

K116 = [ L dot, e B

The problem of characterizing the positive Borel measures u on B™ for
which there exists C' > 0 such that

(1.1) s [ e (apy < Cllfll e (do)

that is, the characterization of the Carleson measures for the space
K[LP(do)] has been very well studied and there exist different characteri-
zations (see for instance [Ma], [AdHe], [KeSal).

The representation of the functions in HY in terms of the operator C,
gives that in dimension 1 the Carleson measures for K ;[LP(do)] coincide with
the Carleson measures for the Hardy-Sobolev space HY simply because the
real part of 1/(1 — 2{)'~* is equivalent to 1/|1 — 2¢|'~%. This representation
also shows that in any dimension every Carleson measure for K [LP(do)] is
also a Carleson measure for HY. The coincidence fails to be true for n > 1
in general, as it is shown in [AhCo] (see also [CaOr2]).

Of course, when n — sp < 0, the space HY consists of continuous func-
tions on B", and in particular, the Carleson measures in this case are just
the finite measures. But for n — sp > 0, and n > 1, the characterization
of the Carleson measures for HY still remains open. In the case where we
are “near” the regular case, that is when n — sp < 1 it is shown in [AhCo],
[CohVel] and [CohVe2], that the Carleson measures for HY and K4[LP(do)]
are the same, and any of the different characterizations of the Carleson
measures for the last ones also hold for H?.

One of the main purposes of this paper is to extend this situation to
HE¥(w) for w a weight in A,. If E C S™ is measurable, we define

W(E) = /Ewda.
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A weight w satisfies a doubling condition of order 7, if there exists 7 > 0
such that for any nonisotropic ball B in 8™, W (2¥B) < C2*"W (B).

It is well known that any weight in A, satisfies a doubling condition of
some order 7 strictly less than np. We begin observing that if 7—sp < 0, the
space HY(w) consists of continuous functions on B”, and consequently, the
Carleson measures are just the finite ones. If 7 — sp < 1, we show that the
Carleson measures for HY (w) and K[LP(w)] coincide, whereas if 7—sp > 1,
this coincidence may fail.

As it happens in the unweighted case (see [CohVel]), the proof of the
characterization of the Carleson measures for HY (w) will be based in the con-
struction of weighted holomorphic potentials, with control of their HY (w)-
norm. In fact, technical reasons give that it is convenient to deal with
weighted Triebel-Lizorkin spaces which, on the other hand, have interest on
their own. In the second section we study these spaces. If s > 0, we will
write [s]T the integer part of s plus 1. Let 1 < p < 400, 1 < ¢ < 400, and
s > 0. The weighted holomorphic Triebel-Lizorkin space HFY!(w) when
q < 400 is the space of holomorphic functions f in B™ for which

HfHHFqu(w)

_ (/Sn </01 (L + R F)(ro)|i(1 — p2) sl =1 d7">p/qw(g) da(()) 1/p
< 400,

whereas when ¢ = 400,

||f”HF£°°(w)
p 1/p
= ([ (sop 10+ R D601 =) i) o)) < o
n \0<r<1
where I denotes the identity operator.

The Section 2 is devoted to the general theory of weighted holomor-
phic Triebel-Lizorkin spaces. We give different equivalent definitions of the
spaces HFY?(w) in terms of admissible area functions, we give duality the-
orems on these spaces, we study some relations of inclusion among them
and we also obtain that when ¢ = 2, the weighted Triebel-Lizorkin space
HFP*(w) coincides with the weighted Hardy-Sobolev space HE (w).

The main result in Section 3 is the characterization of the Carleson
measures for HY(w), when 0 < 7 — sp < 1, in terms of a positive kernel.
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THEOREM C. Letl < p < 400, w an A,-weight, and 1 a finite positive
Borel measure on B™. Assume that w is doubling of order T, for some
T < 1+ sp. We then have that the following statements are equivalent:

(@) 1Ks(F)lpr(an) < Clflpew)-
(@) 1 fllzeany < ClF N apw)-

The proof relies on the construction of weighted holomorphic potentials,
with control of their weighted Hardy-Sobolev norm.

We also give examples of the sharpness of the above theorem. We show
that if p=2and 7 > 1+ sp, n < 7 < n+ 1, then there exists w in As N D,
and a measure j on S™ which is Carleson for H2(w), but it is not Carleson
for K [L?(w)].

Finally, the usual remark on notation: we will adopt the convention
of using the same letter for various absolute constants whose values may
change in each occurrence, and we will write A < B if there exists an
absolute constant M such that A < M B. We will say that two quantities
A and B are equivalent if both A < B and B < A, and, in that case, we
will write A ~ B.

§2. Weighted holomorphic Triebel-Lizorkin spaces

In this section we will introduce weighted holomorphic Triebel-Lizorkin
spaces, and we will obtain characterizations in terms of Littlewood-Paley
functions and admissible area functions. These characterizations, known in
the unweighted case, will be used in the following sections.

We begin recalling some simple facts about A, weights that we will
need later. It is well known that As = U; pcio Ap and that any A,
weight satisfies a doubling condition. We recall that a weight w satisfies
a doubling condition of order 7, 7 > 0, if there exists C' > 0, such that
for any nonisotropic ball B C 8", and any k > 0, W(2¥B) < C27*W (B).
We will say that this weight w is in D,. In fact, if w € A,, there exists
p1 < p such that w is also in A, , and consequently we have that w € D,
for 7 = np; < np, (see [StrTol).

Examples of A, weights can be obtained as follows: if ¢ = (¢’, (), and
w(¢) = (1 —[¢'[?)?, we then have that w € 4, if —1 < e < p—1. We also
have that for this weight, w € D, 1 =n+e.

The following lemma gives the natural relationships between the spaces
LP(w), w € A, and the Lebesgue spaces L4(do).
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LEMMA 2.1. Let1 <p < 400, and w be an A,-weight. We then have:
(¢) There exists 1 < p1 < p such that LP(w) C LP*(do).
(13) There exists pa > p such that LP?(do) C LP(w).

We now proceed to study the weighted holomorphic Triebel-Lizorkin
spaces HY?(w) already defined in the introduction. We begin with some
definitions. If 1 < ¢ < 400, k an integer such that k£ > s > 0, and ( € S”,
the Littlewood-Paley type functions are given by

1/q

1
At kg5 (f)(C) = (/O (I + RY*f(r¢)|9(1 — r2)k—s)a=1 d7~> |
when ¢ < +o00, and

AL koos(F)(Q) = sup [(I+R)*f(r¢)|(1 -2,
0<r<1

when g = +o0.
Ifa>1,¢ € 8S" wedenote by Dy(¢), « > 1 the admissible region given

by Do(¢) = {z € B"; |1 — 2¢| < a(1 — |z|)}. We introduce the admissible
area function

1/q
Aa,k,q,s(f)(C)—( / @\(I+R>’“f<z>\q<1—rz|2><ks>q"1dv<z>) ,

when ¢ < 400, where dv is the Lebesgue measure on B™, and in case
q = +009,

Apkoos(H)Q) = sup |(I+R)Ff(2)(1— |2[*)F.
2€Dq(C)

Our first goal is to obtain that if 1 < p < 400, 1 < ¢ < 400 and w is
an A, weight, then an holomorphic function f is in HFY(w) if and only if
A kqs(f) € LP(w), for some (and then for all) & > 1 and k£ > 5. We will
follow the ideas in [OF]. For the sake of completeness, we will sketch the
modifications needed to obtain the weighted case.

Ifl<p<4oo,1<q< +0o we denote by

L7(w)(LY) = LP(w) (Lq (L d))

1—1r2
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the mixed-norm space of measurable functions f in S™ x [0, 1] such that

1 2n—1 p/a 1/p
e = ([ ([ 156012 ar) wi0ydo(@)) <4,

Alsoif v > 1, and Eo(2) = ([gn XD (0)(2 )alU(C))_1 ~ (1—|2]?)™", we denote
by LP(w )(Lg) the mlxed -norm space of measurable functions f defined in
S™ x B™ such that

s = ([ ([ 1662 ae)) wiy o) < 4o

We denote by F'*P4(w) the space of measurable functions on B™ such
that

Jof(C,2) = Xpa(0)(2) f(2)

is in LP(w)(L), normed with the norm induced by || - [lapqgw- We also
introduce the space F1P4(w) of measurable functions on B™ such that

JF(Gr) = F(rC) is in LP(w)(LY).

The representation of the dual of a mixed-norm space, see [BeLo], gives
that if 1 < p,q < 400, the dual space of LP(w)(L{) is Lp,(w)(L‘{), 1/p+
1/p) =1, 1/qg+1/¢’ = 1, and that if f € F'P9(w), g € F'""9 (w) the
pairing is given by

0= [ ([ 10maa = i )uic doc)

Analogously, the dual space of LP(w)(Ld) is Lp/(w)(Lg;), and if f €
FoPia(w), g € Fa’pl’q/(w) the pairing is given by

o= [ 1. 0 doo

—  EJ(z)
= | f(Z)g(Z)WdU(Z),

where EY(2) = [g XD, (¢) (2)w(C) do(Q).
Observe that if we write zo = z/|z|, the doubling property of w gives

that EY(z) ~ W(B(z0,(1 — |2]))). From now on we will write B, =
B(z0, (1 = |2]))-
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We begin with two lemmas that are weighted versions of Lemmas 2.2.
and 2.3 in [OF], and whose proofs we omit. We recall that if ¢ is a mea-
surable function on S”, the weighted Hardy-Littlewood maximal function
is given by

MiguW)(Q) =0 s | W) dota)

LEMMA 2.2. There exist C > 0, Ng > 0 such that for any z € D,((),
N > N07

— |z 2\n+N
. W|(|BZ) /Sn 11 _|¢Z(%7’)77|,+Nw(77) do(n) < CMpy(¥)(C)-

LEMMA 2.3. Let o > 1. There exists C' > 0, such that for any z €

Do (),

T o X @Ml do(a) < CML ).

THEOREM 2.4. Letl <p < +o0, 1< q< +o00, and a > 1. Then the
space FP4(w) is a retract of LP(w)(LE).

Proof of Theorem 2.4. The fact that J; is an isometry between F'1:P+4(w)
and LP(w)(L]) gives the theorem for the case o = 1.
If & > 1, we introduce the averaging operator

Aa(@)(2) = s
The definition of EY(z) gives that A, o J, is the identity operator on
F®PA(w). So, in order to finish the theorem, we need to show that A,
maps LP(w)(Ld) to F*P4(w). We consider first the case 1 < ¢ < p < +o0.
Let m = p/q > 1 and let m/ be the conjugate exponent of m. We then have
by duality that

/Sn XDu(n)(2)0(n, 2)w(n) do(n).

[ Aa(P)&,p.q,0

g o

||w||Lm <1

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

36 C. CASCANTE AND J. M. ORTEGA

Now Holder’s inequality gives that

1
AN < g [ 1602, ) 2Jn) o).
a(Z) Sn
Hence, by Lemma 2.3

[ Aa (@) 1&,p,g.w

< s [ =0 [ @l ) o)

80 i ) <1

< () do)

<1/n/n (i, 2 q%W(n)M}#L(W(n)da(n)-

||w||Lm S

Next, Holder’s inequality with exponent m = p/q gives that the above is

bounded by
sSup HM}‘}LwHLm'(w)
1 a4y <1
dv(2) p/a qa/p
x (/n (/n \W(U,Z)WW) w(n) do(n)
S sup ||¢||Lm (w ||30”a , D,q,W?
P () <

where we have used that since w is a doubling measure, the weighted Hardy-
Littlewood maximal function is bounded from L™ (w) to L™ (w). That
finishes the proof of the theorem when ¢ < p.

So we are lead to deal with the case 1 < p < ¢ < 400, which can be

easily obtained from the previous case using the duality in the mixed-norm
spaces LP(w)(L%). [

This result can be used as in the unweighted case to obtain a charac-
terization of the dual spaces of the weighted spaces FP4(w).

COROLLARY 2.5. Letl < p < 400, 1 < g < 400, a > 1, and w an

Ap-weight. Then the dual of F*“P(w) is F*P 4 (w) with the pairing given
by (f; 9)a-
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The following proposition will be needed in the proof of the main the-
orem in this section. If N > 0, M > 0, we consider the operators defined
by

=[N~y
PN f(y) = / f(2) 11— gt I+ N+M dv(z), ye€B™

n

THEOREM 2.6. Let1l < p < 400, 1 < q < 400, a,0 > 1, and w an
Ay weight. Then there ewxists Nog > 0 such that for any N > No and any
M > 0, the operator PN'"M s continuous from F®P4(w) to F5P4(w).

Proof of Theorem 2.6. We begin with the case o, 6 > 1. The case where
1 < ¢ < p < +oo can be deduced following the scheme of [OF], using

Lemma 2.2.
In the case 1 < p < ¢ < +00 we apply duality in the mixed norm space

and obtain

(2]‘) HPN7M(f)||qﬂ7p7q7w

—  Eyly
N,M B
= sup / PE(f)(y)g(y) dv(y)
19119, o0 <11/ B (1 —[y[)n+t

< sup (f,PMENT(g))a,
190l 5 prgr <1

where
(22)  PR(g)(2)
:/ (1—=|yPR = 1z»%w) E5W (1 —[z)"

1= gzttt ies (1= JyP)" Ey(2)

dv(y).

Observe that when w = 1, then PM:N(f) ~ PMN(f). Here we are led
to obtain that the operator PM-1,N+1 maps boundedly FB2d o Fo"p/’q/,
provided p < ¢q. If we claim this proposition, we finish the proof of the
theorem. Using (2.1), and applying Hélder’s inequality,

1P MG g = sup (f,PYEYTHg))a

9llaprq7 <1

< Sup HfHa,p,qvw

9llaprq7 <1

< Csup || flla,p,gw-

’ﬁM_l’N_l(g)Ha,pﬁqﬁw
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The cases @« = 1 and 3 = 1 are proved in a simmilar way.

To finish the theorem we will prove the claim. Changing the notation,
it is enough to prove:

PROPOSITION 2.7. Let 1 < ¢ < p < 400, o, > 1, and w an A,
weight. We then have that there exists No > 0 such that for any N > Ny
and any M > 0,

(i) PMN(1) < +o0.

(ii) The operator PMN is continuous from F®&P4(w) to F5P4(w).

Proof of Proposition 2.7. Let us begin with (i). From the definition of
E¥(z) and Fubini’s theorem,

/ A—[z"  EX(z)
B

o L= e (L ey )

A=Y du(e)
/Sn /Da(z) |1 — zy|nHI+M+N (1 — ‘212)71“)(0 do(¢)

/Sn W w(¢) do(¢),

where in last inequality we have used Lemma 2.7 in [OF] since M > —1.
Next, let By = B(yo,2"(1 — |y|?)), k > 0, where yo = y/|y|. Since w

is doubling and E¥(y) ~ W (By) we have that W (By) < C*E¥(y). Conse-
quently

S - 70 __
/sn ]1—yZ!”+N 42/ (2%( 1—Iyl )t

Eéé’(y)
- (1- ]y| n+N Z 2k (n+N) — ‘y’2)n+N’

if N is chosen sufficiently large. That finishes the proof of (i).
Since m = p/q > 1, duality gives that

(2.3) [P NI g0

pM.N do(y)  ——
L P s i dnto)|

||w||Lm <1
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Next, Holder’s inequality shows that if 0 < ¢ < N then

[PV () ()]

1—zP)MA = y»)V = EY=z) (1-|y*)"
S/n\ (z)|q( |1|_’Z%|n§1+M|ﬂv)s (1_|(Z’3)n( EétJ(ygl)) dv(z)

4 '
y ( / (LM =y Bo) ()" dv(z))q/q
. Zy’n—l—l—l—M—i—N—i—e%/ (1—|z]2) E¥(y)

1—Z2M1— 2\N—¢ E&UZ 1— 2\n
j/n| (Z)|q( ‘1‘_’z;|nsr1+N‘ﬂw)g (1_‘2’3)71( Eg"é/gl)) dv(z),

where in last inequality we have used (i).
Consequently,

(2.4)

1P g

/ / / |F(2)|10 = [zH)M (A = Jy>)V e
<1lJsn Jyens(c) JBr |1 — zg|nHitN+M=e

<C sup
N o () <1

w o 2\n v
T e >(1 0000 do(0)

/ / / — |y dv(y)
||¢||Lm( y<tlsm B Js(0) \1—zy!”+1+N+M “E(y)(A = [yt

< |1 = 2B (2) do(2)$(Ow(C) da(()‘-

Next, it y € Dy(C), EY(y) = W(B,) = W(B(C, (1—|y[*)), and [1 - 7| ~
-y +1 -z
Assume first that |1 — z(| < 1. Hence,

(1= Jy>)Ntn—= dv(y)
25 /Dﬁ(C)

1 — 2yt =2 Ep(y) (1 — [yf?)m*!

(1—1Jyl")
= /]3n (1—yl2)+ 11 3 2C| 1IN +M—e XDB(C)(y)
(1 —lyP)" dv(y)
W(B(¢, 1= [y) (1= [yl?)"+
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which by integration in polar coordinates is bounded by

/1 ,,,,2n—1(1 o TQ)N-HL—& dr
o (0= 2) & 1= =i (T = ) W(B (. CL - 1)
[1—2(] tN+n—e—1 dt
- 0 (t + ’1 _ ZZ‘)n+1+N+M76 W(B(Cvt))
1 tN‘FTL*E*l dt
— =I+1I.
Jr/|1_ZZ| (t+ |1 — 2C|)ntHN+M -2 W(B((,1)) "

In I we have that (¢t + |1 — 2(|) ~ |1 — 2(], and, since w € A,,

tn 1 p—1
-~ (_/ w—(p’—1)> )
W(B(C 1) \t" Jp

Thus we obtain that

1—2zC N—e—1 p—1
I~ /| . _t - (i/ w_(p/_1)> dt
0 |1 — 2N+ == X2 g

P 1 1]
= </ w(z/l)) _ / tN*E*n(p/fl)—l gt

1 1
= = =
1= 2¢|MHLW(B(20, 1 = 2(]))
where we have used that N > 0 is chosen big enough, and that w satisfies

the A, condition.
In II, (t + |1 — 2C|) ~ ¢, and since M + 1 > 0, we have

7 /1 1 dt /1 1 dt
B |1—2C| M2 W(B(Cv t)) N |1—2C| M2 W(B(C7 ’1 - Za))
D 1 1
T L= 2 (MW (B (20,1 - 2C))
If |1 — 2¢| > 1, then we have that (1 —r2)+|1 — 2¢| ~ 1. We return to (2.5)
and obtain

/1 (1 o 7,2)N+n—6—1 dr
0 (=72 +]1 = )N =W (B 1= 12)

p/p 1
< (/ w_p//p> / thsfnﬁfl dt
- \UB(1) 0

1 1
< — ——.
T L= M W(B (20, [1 - 2C]))
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Then we have in any case that (2.5) is bounded by

1 1
1= 2C[MH W (B(20, 1 - =¢]))

In consequence, we return to (2.4) and we obtain

(2.6) 1PN g

(1= o) " EY(2)
||w||m (<1 // !1 - ZCIM“W( (20, |1 = 2¢]))

< H(C) dol2)w() da«)'

||w|| e / n / " — M "X Do) (2)
Lm

X/ _YQu(Qda(()
s [1 = 2([MHW(B(20, 1 = 2(]))

dv(z)w(n) do(n))|.
Next, if 2 € Do (1), B(n, |1—2(|) C B(zo, C|1—2(|), and if By = B(n,2F(1—
|z2)), k>0 and ¢ € Bgyq \ B, |1 — 2{| ~ 2¥(1 — |2/?). Thus

[ OO0
sn 1= 2 MW (B(z0, 11— ()

1
j (1 _ |Z|2)M+1W(B(T], 1— ‘Z|2)) /Bo |¢(C)’w(<) dO‘(C)

1
+ Z 2k(M+1 ‘2’2)M+1w(3(77,2k(1 — MQ))) /Bk [9(¢)w(¢) do(C)

k>1

1 1 w 1 w
= (1 [z[2) M+ > srarrny Mic(¥)(n) = WMHLW)(U)-
k>0

Plugging the above estimate in (2.6) and using Hoélder’s inequality with
exponent m = p/q, we obtain

PN g% s [ N ko () ()
x Mg () (n)w(n) do(n)

= swp (fGpgul MEL O ) 2 M lapgwr
peL™ (w)
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We deduce from the previous theorem the following characterization of
the weighted holomorphic Triebel-Lizorkin spaces. If f € H(B"), s,t > 0,
let

Lif(2) = (1= [2[)' (I + R)'f(2).

THEOREM 2.8. Letl <p< 400, 1 <qg< 400, t>s5>0 and a>1.
Let
HF&UP9(w) = {f € HB") ; ||LL fllapq < +00}

Then HE®P9(w) = HEP (w).

Proof of Theorem 2.8. If s < tg < t1, a, 8 > 1, we just need to check
that HF®P4(w) = HF>"P4(w). Any holomorphic function f on B"
satisfying that L! f(z) € F®P4(w) is in A~°°(B"), the space of holomorphic
functions in B” for which there exists k& > 0 such that sup, (1—|z|2)*|f(2)| <
+00. Consequently, f and its derivatives have a representation formula
via the reproducing kernel CNOQ%%, for N > 0 sufficiently large and
an adequate constant cy. Once we have made this observation, we can
reproduce the arguments in [OF] and obtain

— |22V
(I+ R)*f(y) —C’N/ (I+R)"f(2)(I + Ry)o™ (1= |2P) dv(z).

n (1 — yz)nt1+N

Since for m > 0 we have that

1 m—1
(2.7) (I+R)"g(y) = ﬁ/o (log %) g(ry)dr,

we obtain

(- )Y (L s
o B e

= [|[PATOF 07 (L2 ) apgaws

a7p7q7w

and we just have to apply Theorem 2.6 to finish the proof. 0

THEOREM 2.9. Let1 < p < +o00, 1 < ¢ < +o00, w an A,-weight, and
f a holomorphic function. Then the following assertions are equivalent:

(i) f isin HFY(w).

(i1) Agkqs(f) € LP(w), for some a>1 and k > s.

(113) Aakqs(f) € LP(w), for allao > 1 and k > s.
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Our next result studies some inclusion relationships between different
weighted holomorphic Triebel-Lizorkin spaces.

THEOREM 2.10. Let 1 <p < +o00,1<qy < q1 < +00, s >0 and let w
be an Ap-weight. We then have

HFP®(w) C HFP" (w).
Proof of Theorem 2.10. We begin with the case q1 = +o0o. Let 0 <
e < 1. IfLEf(2) = (1 — |2/)F5(I + R)¥f(2), the fact that (I + R)*f is

holomorphic gives that

kfr - k zedvz)l/s —p2)k=s
001 = (g [ OFRSEFdE) 0

where for y € B" K(y,t) is the nonisotropic ball in B™ given by
K(y,t) ={z e B"; [2(z —y)| + [y(y — 2)| < t}.

In [OF] it is obtained that

1 e/q 1/e
1L§f<rc>|5(MHL(/O r<I+R>kf<tn>rq<1—t2><ks>q1dt) <<>) .
Thus

£ e = [ sup [EFGOPw(C) do(c)

Sn 0<r<1

= MpL 1|(I+R)’“f(tn)]q(1—tQ)(kfs)qfldt E/q(o p/e
Lol )
x w(¢) do(C).

Since p/e > p, and w is an Ap-weight, w is in A, ., and in consequence the
unweighted Hardy-Littlewood maximal function is a bounded map L/ (w)
to itself. Hence the above is bounded by

1 p/q
q(1 _ 42\(k—s)g— w o
c Sn( [+ mfpecra - ey 1dt) () do ()
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In order to finish the theorem, we will prove that if gy < g1 < +o00, then

LA e pon gy < HfIIHFmo IIfHHFpoo

(w)

Since

/ ([ ! ol s (g1—q0)p/q1
By < [ (50 16+ RO -0

1 /a1
kgre)90(1 — p2)(k=s)q0—1 g,. w o
X </0 (I + R)*f(r¢)|%(1 —r?) d> (€) do (),

Holder’s inequality with exponent q1/qp > 1, gives that the above is bounded
by

p(1=32)
CHf| Hquo(w Hf”HF;"’O(w)’ I:I

We now consider the weighted Hardy space HP(w), for 1 < p < 400,
and w an A, weight. It is shown in [Lu] that f € HP(w) if and only if
f=C[f*], where f*({) = lim,_; f(r¢) € LP(w) is the radial limit, C is the
Cauchy-Szeg6 kernel. In addition, f = P[f*], where P is the Poisson-Szego
kernel. It follows also that HfH’I’{p(w) ~ | f* || 2o (w)-

It is immediate to deduce from this that f € HP(w) if and only if for
any o > 1, M, (f) € LP(w), where M, is the a-admissible maximal operator
given by

Mo (f)(¢) = sup [f(z)].

2€Da(()

In addition ||f||gr@w) =~ [[Ma(f)|lzr@w), With constant that depends on a.
Indeed, since |f(r¢)| < Ma(f)(¢), we have that || f[| grw) < [Ma ()l e (w)-
On the other hand, assume that f € HP(w). Then f = P[f*], f* € LP(w)
and since M, (f) < CMgr(f*), (see for instance [Ru]), we deduce that

| OLOPe©do©) = | (unr)(O)Pulc) do(c)

= [ 17 OPw(Q) do6) = 1 o

where we have used that since w in an A,-weight, the Hardy-Littlewood
maximal operator maps LP(w) continuously to itself.

Our next result gives a proof for the weighted nonisotropic case of the
fact that the spaces HP(w) can also be defined in terms of admissible area
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functions. Similar results, but using a different approach based on local-
ized good-lambda inequalities, have been obtained in [StrTo] for weighted
isotropic Hardy spaces in R™.

THEOREM 2.11. Let 1 < p < +o00, and w be an A,-weight. Let f be an
holomorphic function on B™. Then the following assertions are equivalent:

(i) f is in HP(w).

(#1) There exists « > 1, k> 0, such that Ay 20(f) € LP(w).

(t13) For every o> 1, and k >0, Aq r20(f) € LP(w).

In addition, there exists C > 0 such that for any f € HP(w),

1
EHf”HP(w) < Aa1.2,0(F)lrw) < ClFl e (w)-

Proof of Theorem 2.11. We already know that (ii) and (iii) are equiv-
alent, so we only have to check the equivalence of (i) and (ii) for the case
k = 1. The proof of (i) implies (ii) is given in [KaKo], using the arguments of
[St2]. For the proof of (ii) implies (i), we will follow some ideas of [AhBrCal].

Without loss of generality we may assume that f(0) = 0. Let us assume
first that f € H(B"). Then f = P[f*] where f* € C(S™). We want to check
that

1f o) < CllAa,1,2,0(f) |12 (w)-

We will use that the dual space of LP(w) can be identified with
Lp/(w_(p/_l)) if the duality is given by

(f0) = [ F(Q(C o (0)

Hence,

1y = sup{\ /S PO do(Q)], g7 € CS™), 9 1) < 1}.

If g = P[g*], we have (see [AhBrCa] page 131)

nm"

(n—1!Js

—n? [ f(2)g(z) dv(z) + / (Vo (=), Vigng(2))pn —2E)
Bn

n 122

(28) F(Q(Q) do(c)
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where Vpn is the gradient in the Bergman metric (see for instance [St2]),
and
(F(2),G(2))Br = (1~ |21 (Z(%’ - Ziz_j)E(Z)éj(Z))
1,J
We then have (see [St2]) that since F' is holomorphic

VB F(2)|[Bn = (VB F(2), VBr F(2))B2

~(1- |z12>{2 0

2
0% B
i=1 v

F(z)

n 8 2
;Zla_zzF(Z) }

In order to estimate [g, f(2)g(z)dv(z) we will need to obtain estimates of
the values of the functions f, g on compact subsets of B” in terms of the

norms [ Aa,1,2,0(f) |l Lr(w) and [[Aa,12,0(9) |l L (-1 Tespectively.

LEMMA 2.12. Let 1 < p < +oo and w an Ap-weight. There exists
C > 0 such that for any holomorphic function f in B", and any z = r(

1= (101 + [ e e 20 Ol )

In particular, if K C B™ is compact and

[fllx = sup [f(2)],
zeK

then there exists a constant C' > 0, depending only on w, p and K such that
1k < CUFO) + 141,200 Lo (w)) -

Proof of Lemma 2.12. Since f is holomorphic, we obtain that if z =
r( € B", there exist C; > 0, i = 1,2, such that for any n € B(¢,C1(1—1r?)),

then
1
VIOP 2 e V£ ()P duty)
(1—12[?) K (2,Ca(1-|2]2))
1 / 2\1—n 2
LIV ] -y V()| dv(y
TESERE K(z,02(17|z|2))( ) V()| du(y)
C

< m(/la,Lz,o(f)(n))Q-
Consequently
(A= [=PNVFED" = (Aa20(f) ().
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Then we have

(1= 2DV £(2)))' W (B(C, 1 - r2))
= /B (QHQ)(Aa,l,z,o(f)(n))pw(n) do(n) = || Aa,1,20 () s -

In particular, if 0 < r < 1 and { € S™,

of 1
EW)‘ = WBET =)

[ Aa,1,2,0()llLe(w),

and integrating, we finally obtain

" dt
1601 = (1101 + [ e e 20Dl )

For the remaining affirmation, let K C B™ be compact. Then there exists
0 < 60 < 1 such that forany z=r{ € K,r <1-9, and

1
(B(C,0)Hrs

1= (1101+ 5 4as20(Dlrc )

Since w is doubling, and there exists N > 0 (not depending on () such that
S™ C B(¢,cNd)), W(S™) = W(B(¢,9)), and consequently

[l 2 O]+ [ Aar20(N)zr@). 0O

Going back to the proof of the Theorem 2.11, let 0 < ¢ < 1. The above
lemma together with the fact that if w is an A, weight, then w=® =1 is an
A,-weight, give by (2.8) that

[ 105 da@)\ < Aa 2000 o | At 200 1o (-1

dv(z)

+ T2 EEk

/ F(2)g(2) du(2)
1—e<|z|<1

+ / V8 £ (2)l5+ [ VB9 (2) |13
Bn

In order to estimate the second integral, we use polar coordinates, and
obtain

)

/ £(2)g(2) du(2)
1—e<|z|<1
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which by Holder’s inequality is bounded by

1 1
| [ 1860t o€ = [ 1wl - dr

= €||f||Hp(w)Hg”HP,(w—(p/—l)) = €”f*HLP(w)Hg*HLP’(w—(p/—l))'

For the third integral, we use (5.1) of [CoiMeSt] to estimate it by

/ Aa120(£)()Aa120(9)(€) dor(€)
=< ||Aa71,270(f) ||Lp(w) ||Aa,1,2,0 (9) HLp/ (w=(@'=1)"

Since we already know (see [KaKo]) that [|Aa1,2,0(9)l 1 (-0r-1)) =
Hg*|’LP'(w*(P'*1))’ we finally obtain

1 2wy = N1 Aa1,2,0(F) e @) + €l f 5l Lr(w)

which gives the result for f € H(B").

So we are left to show that the estimate we have already obtained holds
for a general holomorphic function in B™. If f is an holomorphic function
on B™ such that [|Aa,1,20(f)|lr@w) < 400, let f(2) = f(rz) € H(B"), for
0 < r < 1. We then have that

(2.9) [ frll e w) = [ Aa,1,2,0(fr) || 2o (w)-

Let us check first that
sup || Aa,1,2,0 (fr) | e w) < CllAa,1,2,0(F)| e (w)-
T
Notice that

1t 200 By = 0l = |- PUT + R g toer .

(1—lz|2)n+1
We will check that there exists 0 < G((,z) € Lp(w)(LQ((l_Tgl%))
such that for any 0 <7 < 1, ¢ € S", 2 € B", Jo,(1— |- )T+ R)f-)((, 2) <
<
G(C,Z), and HGHLp(w)(LQ((lfle](QZ) ) — ||A0171,270(f)”LP(w)'

)n+1

Let us obtain such a function G. Since by hypothesis Aq 120f € LP(w),
we have that the holomorphic function f satisfies that A, 120f € L(do),
and consequently that there exists C' > 0 such that for any z € B", |f(2)| <

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

CARLESON MEASURES FOR HP (w) 49

1/(1 —|z|*>)". Hence, the integral representation theorem gives that for
N > 0 sufficiently large, and z € B",

(LY +R)f(y)
Br (1 _ sz)nJrlJrN

(I+R)f(rz)=C v(y).

Next, there is a constant C' > 0 such that for any 0 < r < 1, 2,y € B",
|1 —rzy| > C|1 — 27|, and the above formula gives that

1—|y>)N|(I+ R
( ||$1/’_)Z|y(,n;+1\2f(y)‘d“(y)'

(I + R)f(r2)| = /

n

Combining the above results we have that

X0, (L = R + R)f(r2)
<xouipte) [ LT B N+ BN 4,

|1 _ Zy’nJrlJrN

= CxXpo (AP I — |- )T+ R)f)(2) = G(2,0).

Theorem 2.8 shows that provided N is chosen sufficiently large, PV—1:!
maps FP2(w) to itself, and in particular that

IGI )= PN = - PYT + R) e

LP(w)(L2( %

=@ =[P + B) fllapzw = CllAai20()l o) < +oo.
Consequently
| frll e () = 11 Aa1,2,0(F) || Lo ()
and therefore f € HP(w). 0

We will now remark on some facts about weighted Hardy-Sobolev
spaces. Let us recall, that if 1 < p < 400, 0 < s < n, and w is an
Ap-weight, we denote by HY(w) the space of holomorphic functions f on
B" satisfying that

1 ez ) = I+ B)* Fll 1o oy < 400

The results obtained in the previous theorems give alternative equivalent
definitions of the spaces HY(w) in terms of admissible maximal or radial
functions and admissible area functions.
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On the other hand, when w = 1, and 0 < s < n, it is well known, see
for instance [CaOrl], that the space HY admits a representation in terms of
a fractional Cauchy-type kernel Cs defined by

L
A=

The same lines of the proof of the unweighted case can be used to obtain

Cs(zv C) -

a similar characterization in the weighted case. We just have to use that
the Hardy-Littlewood maximal operator is bounded in LP(w), if w is an
Ap-weight and Lemma 2.1.

THEOREM 2.13. Let1 <p < +o00, 0 < s <n, and w be an A,-weight.
We then have that the map

e = | IO 4500,

Bn (1 —2¢)"~*
is a bounded map of LP(w) onto HE(w).

§3. Holomorphic potentials and Carleson measures

In this section we will study Carleson measures for HY(w), 1 < p < 400
and 0 < s < n, that is, the positive finite Borel measures p on B” satisfying

(3.1) 1Al ze @y < CllF ) [ € LP(w).

In what follows we will write

7).
wdo = — [ w,
XE |E|l JE

where F is a measurable set in 8™ and |F| denotes its Lebesgue measure.
By Theorem 2.13, this inequality can be rewritten as follows:

(3.2) 1Cs(Flerany < Clfllrwy, [ € LP(w).

We recall that we have defined the non-isotropic potential of a positive Borel
function f on S™ by

B3 KDE = [ KEQd© = [ Y,

sn s [1 = z(|n=s

for z € B".
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Analogously to what happens for isotropic potentials (see [Ad]), in the
nonisotropic case it can be proved that if w is an A, weight and (, € S"
satisfies that

1 —(p'—1
(3.4) /S" Ww P =1(¢)do(¢) < +oo,
then for any f € LP(w), K,(f) is continuous in (y. Observe that when
w =1, (3.4) holds if and only if n — sp < 0. In the general weighted case,
if w satisfies a doubling condition of order 7, and 7 — sp < 0, we also have
that (3.4) holds, and consequently the Carleson measures in this case for
weighted Hardy Sobolev spaces are just the finite ones. Indeed, assume that
7 — sp < 0. We then have

I S
/S" 11— COZ!(”*S)p’w 7Y do(0)

— —(p'-1) / / fB (Cot)
w ¢
/n ( ) - C0C|<t t( (n S)p

N /K £ dt <y 2~ ksv’
B 0 Pt n—s)p’ B W(B(C072_k))
(fB«;o ,t>w) s

The fact that w satisfies condition D, gives that W (S™) < 2" W (B (¢, 27F)),
and consequently the above sum is bounded, up to constants, by

Z ok(r(p'=1)—sp’)

k

Since 7 — sp < 0 we also have that 7(p’ — 1) — sp’ < 0, and we are done.
From now on we will assume that 7 — sp > 0.
The problem of characterizing the positive finite Borel measures p on
B" for which the following inequality holds

(3.5) 1K (Pl ey < CIFllzew)

has been thoroughly studied, and there are, among others, characterizations
in terms of weighted nonisotropic Riesz capacities that are defined as follows:
fECS" 1<p<+4ooand0<s<n,

O (E) = nf{| £17, ) 5 £ > 0, Ku(f) > 1 on E}.

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

52 C. CASCANTE AND J. M. ORTEGA

It is well known, that when w = 1, Cg,(B((, 7)) ~ " 7°P, ( € 8", r < 1. See
[Ad] for expressions of weighted capacities of balls in R™.

As it happens in R" (see [Ad]), we have that if 0 < n — sp, (3.5) holds
if and only if there exists C' > 0 such that for any open set G C S™,

(36) WT(G)) < CCL(G).
Here T'(G) is the admissible tent over G, defined by

C
T(G) =Tu(G) = <U Da(C)) .
(¢a

The problem of characterizing the Carleson measures y for the holomor-
phic case (3.2) is much more complicated, even in the nonweighted case.
Since |Cs(z,¢)| < Ks(z,(), it follows from Theorem 2.13, that (3.5) im-
plies (3.2), and consequently that if condition (3.6) is satisfied, then p is
a Carleson measure for HE(w). Of course, when n — s < 1 both prob-
lems are equivalent, even in the weighted case, simply because if f > 0,
|Cs(f)| =~ Ks(f), but when n > 1 (see [Ah] and [CaOr2]), condition (3.5)
for the unweighted case is not, in general, equivalent to condition (3.2).
Observe that when n — sp < 0, HY consists of regular functions, and conse-
quently any finite measure is a Carleson measure for the holomorphic and
the real case. It is proved in [CohVel] that this equivalence still remains
true if we are not too far from the regular case, namely, if 0 < n — sp < 1.
The main purpose of this section is to obtain a result in this line for a wide
class of Ap,-weights.

In [Ab] it is also shown that if (3.2) holds for w = 1, then the ca-
pacity condition on balls is satisfied, i.e. there exists C > 0 such that
w(T(B((,r))) < Cr"=*P for any ¢ € S™ and any 0 < r < 1. The follow-
ing proposition obtains a necessary condition in this line for the weighted
holomorphic trace inequality.

PROPOSITION 3.1. Let 1 < p < 400, 0 < s < n. Let u be a positive
finite Borel measure on B", and w be an Ap-weight. Assume that there
exists C' > 0 such that

£l e @y < ClNFIl P )
for any f € HY(w). We then have that there exists C > 0 such that for any

CeS* r>0,
) < WBED)

TSP

(T (B,
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Proof of Proposition 3.1. Let ¢ € 8™, 0 < r < 1 be fixed. If z € B", let

1
=0y

with N > 0 to be chosen later. If z € T(B((,r)), and z0 = 2/|2|, (1—|z]) < r
and |1 — 2o¢| < r. Hence \1 — (1 —7)2{| = r, and consequently,

HITBLC,T)) <C/m<> 2P du(z).

TNP

On the other hand,

1
112,00 < CéwhﬂfmﬁwmﬂMMdm

1
N /B(g,r) 11— (1 —r)nl|(N+s)p w(n) do(n)
i Z/B - w(n) do(n).

=1/ Bc2rrim\B(c2t |1 — (1 —r)nc[(NFer

If £k > 1, and n € B((, 2" )\ B(¢,2%), |1 — (1 — r)nc|] ~ 2Fr. This
estimates together with the fact that w is doubling, give that the above is
bounded by

W (B(¢, 26 r)  W(B((, 7)) c \"
];0 (2kr)(N+S)p = r(N+s)p I;()(z(NnLS)p)’

which gives the desired estimate, provided NN is chosen big enough. U

We observe that for some special weights besides the case w = 1, the
expression that appears in the above proposition W (B({,r))/r*P coincide
with the weighted capacity of a ball (see [Ad]).

If v is a positive Borel measure on S™, 1 < p < 400, 0 < s < n and w
is an A,-weight, it is introduced in [Ad] the (s,p)-energy of v with weight
w, which is defined by

(37 enw) = [ (K0

/

w(¢)"" Y do (¢).

/

If we write (K4(v))? = (K,(v))” " K,(v), Fubini’s theorem gives that

v = [ use)©) (o)
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where
UL(C) = Ko(w K (v))P 1(C)

is the weighted nonlinear potential of the measure v. When w = 1, Wolff’s
theorem (see [HeWo]) gives another representation of the energy, in terms
of the so-called Wolff’s potential.

In the general case, it is introduced in [Ad] a weighted Wolff-type po-
tential of a measure v as

(3.8)  Wg()()

- /01 <V((]13(—C;‘§"_;)))p/_1)(3(<,1r)w_(p/_l)(n) do () 16?7“

In the same paper, it is shown that provided w is an A,-weight, the following
weighted Wolff-type theorem holds:

(3.9 en) = [ WHQd(C).

In fact, we have the pointwise estimate Wg,,(v)(¢) < ClUg, (v)(¢), and Wolft’s
theorem gives that the converse is true, provided we integrate with respect

to v.

In [Ad] a weighted extremal theorem for the weighted Riesz capacities
it is also shown, namely, if G C S™ is open, there exists a positive capacitary
measure Vg such that

(i) supprg C G.

(i) v6(G) = CB(G) = £ (va).

(iil) We,(va)(¢) > C, for Cg-ae. ( € G.

(iv) Wg,(ve)(¢) < C, for any ¢ € supp vg.

We now introduce two holomorphic weighted Wolff-type potentials,
which generalize the ones defined in [CohVel]. These potentials will be used
in the proof of the characterization of the Carleson measures for H (w), for
the case 0 <7—sp < 1. Let 1 < p < 400, 0 < s < n/p, and v be a positive
Borel measure on S™. For any A > 0, and z € B", we set

o - [ (RS

—(p'=1) d dr
(XB(CI T)“’ ) Q)72
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and

e p'—1
X (X w(pl1)> v d]/(C)) 1dT .
B(Cvlf,r) -r

Obviously, both potentials are holomorphic functions in the unit ball.
We will see, that if p < 2 the first one is bounded from below by the weighted
Wolff-type potential we have just introduced, whereas if p > 2, the second

one is bounded from below by the same potential.

In the unweighted case, [CohVel] the proof of the estimates of the holo-
morphic potentials, rely on an extension of Wolff’s theorem. This extension
gives that if 1 < p < 400, s > 0, 0 < ¢ < +00, and v is a positive Borel
measure on S”, then

/Sn (/01 (%)q%)p//qda(o = / W (1)(C) dv(Q).

Observe that if the above estimate holds for one qq, it also holds for any
q > qo- The case ¢ = 1 is the integral estimate in Wolff’s theorem, since we

have that i . V(B(C’t))ﬂ y
en = [ ([ HEEDEY doto)

The arguments in [CohVel] can easily be used to show the following
weighted version of the above theorem. We omit the details of the proof.

THEOREM 3.2. Let 1 < p < +o0, w an A, weight, s > 0, K > 0,
0 < g < +o0, and v be a positive Borel measure on S™. Then

(3.12)

/ " (/OK (M (XB (Cﬁt)w*p‘l)(n) da(n)) ”'11>q%>p//qw<c> do(¢)

Before we obtain estimates of the HE(w)-norm of the weighted holo-
morphic potentials already introduced, we will give a characterization for
weights satisfying a doubling condition
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LEMMA 3.3. Let 1 < p < 400 and w be an A, weight on S™, and
assume that w € D., for some T > 0. We then have:

(1) For any t € R satisfying that t > T —n, there ezists C > 0 such that

+o0 1
(3.13) / X w— <C— X
r B(¢,x) T Cr

r<l1, (eS".
(1) For any t € R satisfying that t > 7 — n, there exists C > 0 such
that
T p—1 p—1
(3.14) / ! <X w(p/l)) dz <Cr <X w(p/1)> ,
0 B(¢,x) x B(¢,r)
r<l1, (eS".

Proof of Lemma 3.3. We begin with the proof of part (i). Let ¢t > 7—n.

Then
/+°° 1X / T IX dzx
t w—
B(C:v) x 2k " J B(¢w)
1

k+1 kT
= ;0 WW(B(C72 7”)) = Z WQ W(B(C,T))

= k>0
1
" J B(¢r)

since w is in D,, and t4+n > 7.
Next we show that (ii) holds. If { € 8™ and r > 0, the fact that w € A4,

, -1 -1
gives that (fB(C x)w_(p _1)>p ~ (XB@ x)w> , and consequently,

r 1 —1
/xt()( —(p—1>)p dﬁ_z/ <)( w—(p/—n)p dz
0 B(C.a) B(C.) x

k>0

—kt t t—nokt

w
k>0 (<2 kr) k>0

p—1
~ pt <X w_(p/_1)> . U
B(¢,r)

2k+1

k>0

2—k+1
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Remark. In fact, it can be proved that both conditions (i) and (ii) are
in turn equivalent to the fact that the A, weight is in D,.

We can now obtain the estimates on the weighted holomorphic poten-
tials defined in (3.10) and (3.11).

THEOREM 3.4. Letl <p < +o00,0<a<n,w an Ay-weight. Assume
that w is in Dy for some 0 <17 —sp < 1. We then have:

(1) If 1 < p <2, there exists 0 < A < 1 and C' > 0 such that for any finite
positive Borel measure v on S™ the following assertions hold:

a) For anyn € S",

lim ReU 2} (v)(pon) > CWENv)(n).
p—1

b) HUS“;)‘(V) < CE,(v).

Iz ()

(2) If p > 2, there exists 0 < XA < 1 and C > 0 such that for any finite
positive Borel measure v on S™ the following assertions hold:

a) For anyn e S™,

lim Re VE(v) (pn) = W () ().
b) (VX)) < CEB).

Proof of Theorem 3.4. We will follow the scheme of [CohVel] where it
is proved for the unweighted case. The weights introduce new technical
difficulties that require a careful use of the hypothesis A, and D, that
we assume on the weight w. In order to make the proof easier to follow
we sketch some of the arguments in [CohVel], emphasizing the necessary
changes we need to make in the weighted case.

Let us prove (1). We choose A such that 7 — sp < A < 1 and define

u;gﬁ as in 3.10. Then 7 — s < H%W. Consequently there exists ¢

such that 7 —s < t < m;%(f_p). Observe that t +s —n > 7 —n and
7/\4—5;(5—1) —Nn>T-—n.
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We begin now the proof of a). The fact that A < 1 gives that if p < 1,
n € S™ and C > 0,

p'—1 A—n
R Z/{UJ)\ ( (C,I—T))) (1 _T) _
ot 1) / /B(nCl —y\ (L —r)nep 11— rpn¢ A

_(p/ 1) d d’f’ '
<XB(C1 —r) ) J(C)l—T

If C' > 0 has been chosen small enough, we have that for any ¢ € B(n,C(1—
7)), B(n,C(1 —7)) C B(¢,1—r). In addition, |1 — rpn¢| =< |1 —rp|. These
estimates, together with the fact that w~®~1) satisfies a doubling condition,
give that the above integral is bounded from below by

C/ / B(n,C(1-7)) ( ((1 7—%}1_“”;))))#1 (lll_—?;!;n
()[ - 1)>dg(g) d_rr
B(n,l i _) p—1 (1 i ) —p-1n) _dr
>C/ < 1—7")” 5P > ll—TPIA(XB(n,l—r)w >1_T
p'—1 , T
= C/ ( 1—6;()i Sp)))) (XB(n,lmw(p 1)> 1d_7“’

where in last estimate we have used that since r < p, 1 —rp>~1—r.

We have proved then

[, s memonm

and letting p — 1, we obtain a).

In order to obtain the norm estimate, lets us simply write U(z) =
L{;‘I’))‘(u)(z), and prove that for k& > s,

p

1 p
o [ ([ or1a R ) o doo)
< CE(v).
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But

1
[ a=o=ia+ mum L

< [amp [ (e e

«( f w0 ) o011 < V),
B(¢,1-7) I—=rl-p

0= [ L) T
n 1 —r)n=sp |1 — rpl|r+s
w= @D ) do dr )

(X B(¢,1-1) >d (C)l_r

Observe that [U(0)|P < CHTHLF (w)- Consequently, in order to finish the
proof of the theorem, we just need to show that

where

(3.15) HTHLp(w < CE(v).
Holder’s inequality with exponent =g > 1 gives that

(3.16) Y(n) < Ti(n)P~ ' Ta(n)*?,

// B((1-r)@—r)™"
no (L= 1=t
x ()( w(p’1)>pldo(<) &

B(¢,1-r) 1—7’

Ats—t(p—1)

oo [ (S o

|1 — (]

% (X w_(p/_1)> dO’(C)d’r
B(¢,1—7) 1—r

where

and
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We begin estimating the function Y;. If ( € B(7,1 — r), we have that
B(¢,1—r) C B(r,C(1—r)), and since w~ ¥ ~1) satisfies a doubling condition,

t 2n+s (C)
(3.17) T1(n) = /0 /n /B(TC 1-r) |1 — TTZCV

% <X w (p)) dV( )d’l"
B(r,1-r) 1—r

Next, we observe that if ¢ € B(r,C(1 —r)), |1 — 7| < |1 — rn¢|. Hence,
the above is bounded by

/ p—l
X —r wf(p 71)
c/ tn+s/ (B(,l ) ) () dr

|1 — ro7]|t 1—7r

Since
p—1

/ ) (fBﬁvlfmw‘(p'_l)) dv ()

|1 —rn7|t

P ds
j w(p,1)> / —dv(T 3
/” <XB(T,1T) |[1—rn7T|<6 ot ( )

the above estimate, together with Fubini’s theorem and the fact that ¢t —
n+s > 7 —n give that Y1(n) is bounded by

1 s \Pt ds
C/ / (5t_n+8 (X w_(p _1)) dV(T)ﬁ
0 JBmo) B(r,5) d
- /1 (X w(p'1)>p1 v(B(n,9)) d_5’

“Jo \JB@s) on—s 9

where we have used the fact that if 7 € B(n,¢), then B(7,0) C B(n,C9),
for some C' > 0 and that w~®'~Y satisfies a doubling condition.

Applying Holder’s inequality with exponent ﬁ > 1, we deduce that

1 , p—1
318 ¥l = ( | </ <)( w—<p—1>>
S 0 B(n,1-r)
vBm o) a\” T p2-p)
XTH’S?) wda) (/ Tgw) .
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Theorem 3.2 with ¢ = 1 gives that the first factor on the right is bounded
by CEL(v)P=1)7,
Next we deal with the integral involving Y. We recall that | =

HSQ%(;_I) —n > 7 —n. Fubini’s theorem gives that

/Sn Tow = /n / ( (1—mr)= :)))p/(l - T)l <XB(C,1r)w(p/1))p

[ uta)dcts) dotQs
sn [L—rp¢lttn 1—r

But, as before, since | > 7 —n,

w(n)do(n) _ _C
/S” 11— rp¢jtn — (11— T)ZXB(g,lr)w'

The above, together with Fubini’s theorem gives that

Lo [ Fy CREY

T

Butif ¢ € B(n,1—r), B((,1—7r) C B(n,C(1—r)), for some C' > 0, and in
consequence the above is bounded by

c Lo ’ w@0) ) do ().
/n/ ( 1 r) XB(MT) 1=r

The change of variables C'(1 — 1) = y — 1 gives that we can estimate the
previous expression by

o [EBBY ([ o o
+ (S (/n w‘p—il)p =T +1I.

Theorem 3.2 gives that II < C&y (v), and Theorem 3.2 with ¢ = p’ gives
that [ < C&¥(v). Consequently, [q, Tow < CEY(v), and plugging this
estimate in (3.18), we deduce that

w —1)2 cw — w
”THLp(w -< Cgsp(l/)(p 1) gsp(y)p(2 p) & gsp(l/)'
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We now sketch the proof of part (2). We choose A\ > 0 such that 7—sp <
A <1, and define V2}(v)(z) as in (3.11). Let us simplify the notation and
just write V(z) = V¥ (v)(2). Let ¢ € R such that 7 < e4+n < X+ sp.

The proof of a) is analogous to the one in case 1 < p < 2.

For the proof of b), let us consider k > s. It will be enough to prove
the following:

(319) VI o,

1 p
=+ [ ([ a-ot1u R ) woa
< CcEn(w).

Let us begin with the estimate [V(0)|? < £, (v). If p > 2, Hélder’s inequality
with exponent ﬁ > 1, gives that

1 = p'—1
vors ([ [a-or(f — wo) ao )
0o Jsn B(¢,1-7) 1—r
1 / ;/ d’f’ 2*p/
_ @' =) (At+sp—n—g) ) 2-p
x (/0 <(1 T) ) 1 —7")

< (ST X w @D,
The case p = 2 is proved similarly. Consequently, for any p > 2,
P
Vo < v (w0 < ceno)

where the constant C' may depend on w.
Following with the estimate of ||V|| HEP (i)> We recall (for example see
[CohVe2], Proposition 1.4) that if £ > 0,0 < A <1, and z € B",

Plugging this estimate in (3.19) and using that p’ — 2 < 0, we get

1
(T + R V(o) = / /
0 J1-r<d,1—p<do<3

, o\ T Pl
(1 — 1)@ =DOFsp=n) ( st (XB( 1oy *”) n dV(C)) dédr
SAFRHT(p —2)A 1—r
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Assume first that p > 2. Fubini’s theorem and Hélder’s inequality with
exponent ﬁ > 1, gives that the above is bounded by

(3.20)

. =
/3 (/ (1-@5/ <)( w(P/1)>p1dV(C) dr )p
1-p \J1-r<é<3 B(n,6) \J B(¢,1-r) L=r

(1 — r)Atsp=m) @/ =)=/ =)\ =5 g H/da
x s PRI 2N 1 :

Next, Fubini’s theorem and the fact that € > 7 — n give that

1
/ (1 —T)E/ (X w—(P'—1)>p_1dV(C)1dr
1—r<6 B(m,5) \J B(¢,1-7) -
1
< / 5 ()( w—(p/—1)> r dv(¢).
B(n,0) B(¢,9)

We also have that since A + sp —n — e > 0, (3.20) is bounded by

3 % plil
,(plfl) p'—1 d5
/1p (/B(n,&) (XB(g,&)w > dV(O) Sn—sp)(p'—1)+k+1"

For the case p = 2, we obtain the same estimate, applying directly
condition (3.14) on (3.20).
Integrating with respect to p, and applying Fubini’s theorem we get

1
| =01+ R n

’ 7 L s
= w_(p/_1)> T ) AT
B /0 (/B(n,a) (XB(C,&) (©) §n—s)(p'—1)+1

since (n —sp)(p' — 1) +s=(n—s)(p' —1). If 7 € B((,9), and ¢ € B(n,0),
we have that 7 € B(1,C48). The fact that w1 satisfies a doubling
condition, gives that the last integral is bounded by

0/3<M>p1)( L
0 gn—s B(n,5) 0

Applying Theorem 3.2 with exponent ¢ = p’ — 1, we finally obtain that

/sn </01(1 — )"0+ R)'“V(pn)!d—;>pw(n) do(n) = / W2 ()(C) dv(C).
a
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We can now state the characterization of the weighted Carleson mea-
sures.

THEOREM 3.5. Let1 <p < +o00,0<n—sp<1,w an A,-weight, and
1t a finite positive Borel measure on B™. Assume that w is in D, for some
0<7—sp<1. We then have that the following statements are equivalent:

(@) 1Ka(H)llr@ny < ClFfllew)-

(@) [fllr(apy < CU N ae ) -

Proof of Theorem 3.5. Let us show first that (i) = (ii). Theorem 2.13
gives that condition (ii) can be rewritten as

1Cs( zr(ap) < CllgllLew)-

This fact together with the estimate |Cs(f)| < CK,(|f]) finishes the proof
of the implication.

Assume now that (ii) holds. Since a measure p on B™ satisfies (i)
if and only if (see (3.6)) there exists C' > 0 such that for any open set
G C 8", u(T(G)) < CCL(G), we will check that this estimate holds. Let
G C S™ be an open set, and let v be the extremal measure for C’;%(G).
We then have that Wg(v) > 1 except on a set of Cg)-capacity zero, and
Jon W (v)dv < CCY(G). Let us check that the first estimate also holds
for a.e. x € G (with respect to Lebesgue measure on S™). Indeed, if A C S”
satisfies that C§(A) = 0, and ¢ > 0, let f > 0 be a function such that
Ky (f) > 1on A and [g, fPw < e. Since LP(w) C LP'(do), for some
1 < p1 < p, (see Lemma 2.1) we then have || f|| o1 (as) < Clfllzr(w) < Cel/p,
Thus Csp, (A) =0, and in particular [A| = 0.

Following with the proof of the implication consider the holomorphic
function on B" defined by F(z) = L{;}}))‘(V)(z) ifl <p <2 F(2) =
VMv)(z), if p > 2 where X is as in Theorem 3.4. Theorem 3.4 and the fact
that v is extremal give that

lim Re F(r¢) > OWi(1)(Q) > C,

for a.e. x € G with respect to Cg), and in consequence, for a.e. z € G with

respect to Lebesgue measure on G. Hence, if P is the Poisson-Szego kernel

[E(2)] = |Pllim F(r-)](2)] = [P[Relim F(r-)](z)] = C,

r—1
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for any z € T(G), and since we are assuming that (ii) holds, we obtain

wT(E)) < / [F(2)” dp(2) < ClFp(, < CEG(v) < CCG(G). [

T(E)

We finish with an example which shows that, simmilarly to what hap-
pens if w =1, if w € D; and 7 — sp > 1, then the equivalence between (i)
and (ii) in the previous theorem need not to be true.

PROPOSITION 3.6. Letn > 3, p = 2, and 7 > 0, 0 < s such that
1+2s <7< 2s+n—1. Assume also that n < 7 < n+ 1. Then there
erists w € As N D, and a positive Borel measure o on S™ such that u is a
Carleson measure for H2(w), but it is not Carleson for Ks[L?(w)].

Proof of Proposition 3.6. If e = 7—n, and { = (', (,) € S™, we consider
the weight on S™ defined by w(¢) = (1 — [¢/|?). A calculation gives that
w(z) = (1—|2]?)¢ € Ay if and only if —1 < € < 1, which is our case. We also
have that if ¢ € S, R > 0 and j > 0, then W(B((,2'R)) ~ 27"W (B((, R)),
ie.w € D,.

Next, any function in HZ(w) can be written as [g, % do(¢), f €
L?*(w). Tt is then immediate to check that the restriction to B"~! of any

such function can be written as

[ I¢'2)=e/2
Br-1 (1 _ z/g/)nfs

dv(¢’),

with g € L?(dv). This last space coincides (see for instance [Pe]) with the
Besov space B2 ;, .(B"1)=H? , .(B" ).

$T2732 $T27 32

Next, n—1—(s— 4 —5)2 =7 —2s > 1, and Proposition 3.1 in [CaOr2)]

gives that there exists a positive Borel measure  on B™ which is Carleson

for Hs, i - (S™1), but it fails to be Carleson for the space K [L?(do)).

Thus the operator

olo

_£ 1
272 2

f(©)

sn1 |1 — Zan,l,(s,%,%)

f—

is not bounded from L?(do) to L?(du). Duality gives that the operator

9(z)
Bo1 |1 — Zan,l,(s,%,%)

g—)

dp(z)
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is also not bounded from L?(du) to L?(do). But if ¢ > 0, g € L?(dp),
Fubini’s theorem gives

/ 9(2)
e T a1 210

/Sn 1 (/Bn 1 — zf|”g(f)(5§§) dﬂ(z)) QdU(C)
/Sn 1/]3 Zang—(i(s_%_%) dp(z)

g(w)
< T dp(w)do Q)

I O )

z w
= [ R duepauto).
Br—1 . /Bn—-1 |]_ — Zw’n (S 2 2)

where the last estimate holds since n —1 —2(s — 3 — £) = 7 —2s > 0.

2

Consequently, we have that for the measure p, it does not hold that for any
g € L*(du)
9(2)g(w)
3.21 - d d < C
( ) /]3n1 /Bnl |1 _Zw|n72(57§) IU(Z) /’L(w) = HgHLQ(dp,)

We next check that the failure of being a Carleson measure for
K [L?(w)] can be also rewritten in the same terms. An argument simi-
lar to the previous one, gives that y is not Carleson for K[L?(w)] if and

only if the operator
B

no1 |1 —yz|?=s

is not bounded from L?(wdv) to L?*(du). Equivalently, writing f(z) =
h(z)(1 — |2|?)¢/2, this last assertion holds if and only if the operator

= P

Bt |1—yz["e

f—

v(z)

is not bounded from L?(dv) to L?(du). But an argument as before, using
duality and Fubini’s theorem, gives that the fact that of the unboundedness
of the operator can be rewritten in terms of (3.21). [

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

CARLESON MEASURES FOR HP (w) 67

REFERENCES

[Ad] D. R. Adams, Weighted nonlinear potential theory, Trans. Amer. Math. Soc.,
297 (1986), 73-94.

[AdHe] D. R. Adams and L. I. Hedberg, Function Spaces and Potential Theory,
Springer-Verlag Berlin-Heidelberg-New York, 1996.

[Ah] P. Ahern, Exceptional sets for holomorphic Sobolev functions, Michigan Math.
J., 35 (1988), 29-41.

[AhCo] P. Ahern and W. S. Cohn, FEzceptional sets for Hardy-Sobolev spaces, Indiana
Math. J., 39 (1989), 417-451.

[AhBrCa] P. Ahern, J. Bruna and C. Cascante, HP-theory for generalized M -harmonic
functions in the unit ball, Indiana Math. J., 45 (1996), 103-135.

[BeLo] J. Berg and J. Lofstrom, Interpolation Spaces, an Introduction, Springer-
Verlag Berlin, 1976.

[CaOrl] C. Cascante and J. M. Ortega, Tangential-exceptional sets for Hardy-Sobolev
spaces, llinois J. Math., 39 (1995), 68-85.

[CaOr2]  C. Cascante and J. M. Ortega, Carleson measures on spaces of Hardy-Sobolev
type, Canadian J. Math., 47 (1995), 1177-1200.

[CohVel] W.S. Cohn and I. E. Verbitsky, Trace inequalities for Hardy-Sobolev functions
in the unit ball of C™, Indiana Univ. Math. J., 43 (1994), 1079-1097.

[CohVe2] W. S. Cohn and I. E. Verbitsky, Non-linear potential theory on the ball, with
applications to exceptional and boundary interpolation sets, Michigan Math.
J., 42 (1995), 79-97.

[CoiMeSt] R. R. Coifman, Y. Meyer and E. M. Stein, Some new function spaces and
their applications to harmonic analysis, Journal of Funct. Anal., 62 (1985),
304-335.

[HeWo] L. I. Hedberg and Th. H. Wolff, Thin sets in nonlinear potential theory, Ann.
Inst. Fourier (Grenoble), 33 (1983), 161-187.

[KaKo] H. Kang and H. Koo, Two-weighted inequalities for the derivatives of holo-
morphic functions and Carleson measures on the ball, Nagoya Math. J., 158
(2000), 107-131.

[KeSa] R. Kerman and E. T. Sawyer, The trace inequality and eigenvalue estimates
for Schrédinger operators, Ann. Inst. Fourier, 36 (1986), 207-228.

[Lu] D. H. Luecking, Representation and duality in weighted spaces of analytic func-
tions, Indiana Univ. Math., 34 (1985), 319-336.

[Ma] V. G. Maz’ya, Sobolev Spaces, Berlin: Springer, 1985.

[OF] J. M. Ortega and J. Fabrega, Holomorphic Triebel-Lizorkin Spaces, J. Funct.
Analysis, 151 (1997), 177-212.

[Pe] M. M. Peloso, Mobius invariant spaces on the unit ball, Michigan Math. J., 39
(1992), 509-537.

[Ry] W. Rudin, Function Theory in the Unit Ball of C", New York: Springer, 1980.

[St2] E. M. Stein, Boundary behavior of holomorphic functions of several complex

variables, Princeton University Press, 1972.
[StrTo] J.-O. Stromberg and A. Torchinsky, Weighted Hardy Spaces, Lecture Notes
in Math. 1381, Springer-Verlag, 1989.

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

68 C. CASCANTE AND J. M. ORTEGA

Carme Cascante

Departament de Matematica Aplicada i Analisi
Facultat de Matematiques

Universitat de Barcelona

Gran Via 585, 08071 Barcelona

Spain

cascante@ub.edu

Joaquin M. Ortega

Departament de Matematica Aplicada i Analisi
Facultat de Matematiques

Universitat de Barcelona

Gran Via 585, 08071 Barcelona

Spain

ortega@ub.edu

https://doi.org/10.1017/50027763000009351 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000009351

