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1. Introduction and summary 
B Y AN F?-RELATED FAMILY J WE MEAN A NON-EMPTY FAMILY J OF ELEMENTS 

SUCH THAT TO EACH ELEMENT F E J IS ASSOCIATED A SET R(F) OF ELEMENTS OF J , 
CALLED THE R-CLASS OF F, WHICH CONTAINS F. A N ELEMENT G E R(F) IS SAID 
TO BE I?-RELATED TO F. B Y AN R-SECTION S OF J WE MEAN A SET OF ELEMENTS 
OF J SUCH THAT FOR ANY ELEMENTS FX, F2 OF S EITHER FX E R(F2) OR F2 E R(FX). 
IF R(F) = {F} FOR EACH F EJ THEN THE ONLY I?-SECTIONS ARE THE SETS {F}. 
THE INTERESTING APPLICATIONS OF THE LEMMA PROVED BELOW ARE TO THOSE CASES 
WHEN THERE EXIST I?-SECTIONS WHICH DO NOT CONTAIN A FINITE NUMBER OF ELEMENTS. 

TWO I?-SECTIONS OF J", SX, S2 ARE SAID TO BE IJ-RELATED, AND WE WRITE 
(SJ)2?(S2), IF EITHER FXER(F2) OR F2ER(FX) FOR EACH F1ES1 AND EACH 
F2ES2. EVIDENTLY (S)R(S) FOR EACH /̂ -SECTION S AND (S 1 )2?(S 2 ) IMPLIES 
( S 2 ) I ? ( S 1 ) . THAT IS THE RELATION R IS REFLEXIVE AND SYMMETRIC BETWEEN R-
SECTIONS. 

A N I?-SECTION S OF J IS SAID TO BE MAXIMAL IF THERE IS NO OTHER F?-SECTION 
OF J WHICH CONTAINS S AS A PROPER SUBSET. THE FUNDAMENTAL RESULT OF THIS 
PAPER, LEMMA (2.1) ASSERTS THAT AN I?-RELATED FAMILY ALWAYS HAS A MAXIMAL 
I?-SECTION. THE LEMMA IS EQUIVALENT TO THE AXIOM OF CHOICE SINCE WE PROVE 
IT BY MEANS OF ZORN'S LEMMA AND THEN SHOW THAT IT IMPLIES THE AXIOM OF 
CHOICE. 

WE THEN USE THE LEMMA TO ESTABLISH AN EXTENSION OF VITALI'S COVERING 
THEOREM TO ABSTRACT SPACES. THE FORM OF THIS EXTENSION IS SIMILAR TO THAT 
OF DENJOY [1] AND TRJITZINSKY [3]. 

ANOTHER APPLICATION OF THE LEMMA OCCURS IN FINCH [2]. 
IN SECTION 3 THE ELEMENTS OF <F WILL BE SUBSETS OF AN ABSTRACT SPACE 9C 

OF POINTS X AND THE I?-CLASS OF ANY ELEMENT F E J WILL CONSIST OF F AND ALL 
THE ELEMENTS OF J WHICH ARE DISJOINT TO F REGARDED AS SUBSETS OF 3C. 

2. The lemma 
WE ASSERT 

LEMMA (2.1). AN R-RELATED FAMILY POSSESSES A MAXIMAL R-SECTION. 

195 
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PROOF. Denote by & the set of all i?-sections of J. This set may be 
partially ordered by inclusion. A chain in @ is a subset of St in which the 
partial ordering by inclusion is a total ordering, that is, a set # C !% such 
that if Sj , S2 are two /^-sections belonging to then either Sx C S 2 or 
S2 C St. If St, S2 are two elements of a chain ^ in St such that Sx C S a 

then Si, S2 are /^-related /^-sections of J. It follows that the union of all 
the elements of J contained in the chain is an i?-section. Thus this union 
is an upper bound of the chain in It follows from Zorn's lemma that there 
exists a maximal chain in 3%. The union of all the elements of J contained 
in the chain is easily seen to be a maximal i?-section of J. This completes 
the proof of the lemma. 

We show now that lemma (2.1) implies the axiom of choice, namely, 
"If Xa is a non-empty set for each element a of an index set A, then there 
is a function F* on A such that F*(a) e l , for each a in A". 

For let J be the family of all functions F such that the domain of F 
is a subset of A and F(a) eXa for each a in the domain of F. To each 
element F s / we associate an R-class R(F) as follows. For each F e / , 
R(F) contains F and all the elements of J whose domains are disjoint 
to that of F. By lemma (2.1) this family possesses a maximal 7f-section. 
A maximal i?-section of J is itself an element of J, that is, a function 
F* e J. The domain of F* is the set A for if there is an a e A which is 
not in the domain of F* then since Xa is non-empty there is an x e Xa 

and F = {a, x) e J. Hence F* is contained in the i?-section F* u F 
contradicting the maximality of F*. This completes the derivation of the 
axiom of choice from lemma (2.1). 

3. Application to the theorem of Denjoy-Vitali 

Let X be an abstract space of points x. Let Ji be a <r-field of subsets 
of 3C, that is, a family of subsets of X such that (i) X e J(, (ii) if M e JK 
then X—M e Jt', and (hi) if {Mt} is a sequence of elements of Jl then 
VjMj e Jt. We suppose that a cr-finite measure u{-) is defined on Jt', that 
is, fi(M) is a real valued function defined for each MeJt such that (i) 
fi(M) ;> 0 (ii) n(£jM}) = £ffi(Mf) for each sequence {M,} of disjoint 
elements of J( and (iii) there exists a sequence of disjoint elements of Jl 
such that E,Mt = X and fi(Mt) < oo for each j. 

As is well-known one can define a Caratheodory outermeasure /**(•) 
on the family C(X) of all subsets of X by writing 

H*(X) = inf {p(M) : X C M, M e JC), Xe C(X). 
The outer measure ju* is such that (i) ft*(X) = ju(X) if X e i , (ii) 
fi*(Xi) ^ /i*(X2) if XiCX2 and (iii) fi*(UtX,) ^ 2 > * ( X , ) for any 
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sequence {X,} of elements of C(£E). An element M* eC(SE) is said to be 
/**-measurable if 

for a D I e C(3E). 
Denote by JK* the family of all /i*-measurable elements of C (.£*). 

Then J(* D Jl, is a cr-field of subsets of № and /u* is a o--finite measure 
on Jt*. In order to avoid ambiguity we shall identify Jl* with Jl. Elements 
of J( will be said to be ̂ -measurable and we reserve the use of u* for the 
outer measure of sets which are not necessarily //-measurable. We shall 
assume also that /* is a complete measure, that is if M e Jt and u(M) = 0 
then each M' CM is /^-measurable and /J.(M') = 0. 

Throughout the remainder of this paper we shall assume that the 
measure is such that fi* ({x}) = 0 for any point x e X. 

If J is a family of subsets of £C and a; is a point of 3C we say that x 
is covered finely by J if there is a sequence {Fn}, n 2: 1 of elements of J 
such that for each n, 

We denote by J* the set of points of 9t" which are covered finely by J. 
We prove the following theorem. 

THEOREM (3.1). Let si, SS be two families of subsets of 3C such that 
(i) n*(A) > 0 for each A est; 
(ii) each element of SB is u-measurable, fi(B) > 0 for each Be88 and, 
there is a one-one mapping b(-) of si onto SS such that B = b(A) C A 
for each A esi; 
(iii) if x et%* then any sequence {B„}, n ^ 1 of elements of SS such that 
xeBn, n 1, and lim^ f̂i(Bn) = 0 has a subsequence {Bn,} such that 
if An. = b~\Bn.) then lim„^ fi*{An,) = 0; 
(iv) u*{o B : B e Si) < oo; 
(v) for each B eSS the union of all points of si*—B • si* which are covered 
finely by the elements of si which intersect B is a set of u-measure zero. 

Then, to each a > 0 there exists a sequence {B"}, j^l of mutually disjoint 
elements of SS such that if B ( a ) = £ £ x B* then 

u*(X) = u*{XM*)+p*{X(ar-M*)) 

f**{Fn) > 0. and limfj.*(F„) = 0. 

(3.1) I u(s/*-B{a) • si*) = 0. 
Further the sets si* and SS* are u-measurable, and 
I u(si*) = n(SS*) 
\ u[99*) < u(B^) < ti(38*)+<L. 

(3.2) 

(3.3) 
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Remarks. The conditions of theorem (3.1) are similar to those im­
posed by Denjoy [1]. In fact the only difference between theorem (3.1) 
and the 'théorème général' of Denjoy is that condition (hi) above replaces 
Denjoy's condition 2°, namely 
2° There exist two positive numbers a, (i, (1 < a < /3) such that for any 
B e & the union si(B) of all elements A' of si which intersect B and 
satisfy /i(B') < «.ft(B) where B' = b(A'), has an outer ^-measure less 
than (3fi(B). 

This condition implies (iii) above for if x e 3S* and {Bn}, n 2ï 1, is a 
sequence of elements of 38 containing x and such that lim,,.,̂ ,ft(B„) = 0 
there is no loss of generality in supposing that ju(Bn+1) < a./u(Bn), 
« ^ 1 . If A„ = b-i(Bn) then /J* (A m) < Pfi(Bn) for all m > » and so 
!""»..«>,«* M ») = 0. 

Proof o f theorem (3.1). Let {<xn}, n 1 be a monotonie decreasing 
sequence of positive real number such that lim an = 0 and fi(B) < ax 

for each B e 38. Note that otj < oo because of condition (iv) of the theorem. 
Denote by 38n the family of all elements of @ such that u(B) < « B , n ^ 1. 
For each B eâSn

 define the i?-class of B to contain B and all the elements 
of 38n which are disjoint to B. For each n ^ 1 the family J"1 has a maximal 
i?-section by lemma (2.1). Since {u B : B e has finite outer ^-measure 
and since each element of 3Sn has positive /i-measure a maximal Tc-section 
of ¿9" consists of at most a countable number of mutually disjoint elements 
B'l, / ^ 1 of 38n. Then B<"> = B]1

 is /z-measurable and n(B<*>) < oo. 

Let E" be the set of points of s/*~B" • si* which are covered finely 
by elements of si which intersect B". By condition (v) of the theorem 
n(En,) = 0. We shall prove that 

(3.4) jf*—B*n> • si* — £<"> 
where £<"> = (J£ t En

s and hence that the left-hand side of (3.4) has /u-
measure zero. This will prove (3.1). 

If xesi*—B<n>-si*—Ein)
 then x is covered finely by elements of 

si which do not intersect B ( n ) and so there is an A\ e si such that x e A„, 
ju*{A%)<oin and A%B; = 0, / ^ 1. Let B% = b{A%), since B%CA%, 
n{Bn

a) < a„, that is e Further B^B' = 0, / ^ 1 and this contradicts 
the maximality of the i?-section {B"}, j ¡2 1. This proves (3.4) and hence 
(3.1). 

Write En = (U B : B e 3Sn), then 38* = -S". For if x e then 
for each n S; 1 there is an element of which contains x and hence x e Bn 

for each n ^ 1. Conversely if x e Bn for each « ;> 1 there is an element of 
0fn

 which contains x for each « ^ 1, that is, xe&*. 
Write = n~_! B < n > then since B ( n » C 5" we have 38"C38*. 

Since (iii) implies that 38* C si* we obtain 
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(3.5) 8 8 " C 8 8 * C S T * . 

Note that S S " is //-measurable since each B W is //-measurable. 
It is easily verified from (3.4) that 

S T * - 3 8 " = E 

where E = UnLi £ ( n > n a s /^-measure zero since each E { N ) has //-measure 
zero. Since 8 8 " is //-measurable it follows that S / * is //-measurable and that 
U ( S / * ) = ¡ 1 ( 8 8 " ) . Because of (3.5) we have 

38* = S / * - E ' 

where E ' C E has //-measure zero since // is complete. Thus @ * is measurable 
and 

U ( 3 B * ) = FI(S4*). 

To prove (3.3) we note firstly that 

//(£<">) ^ M ( & - > ) = FT(&*) 

and hence 
(3.6) Mm inf U ( B I N ) ) =• U ( 3 8 * ) . 

n-+oo 

On the other hand £<"> C 5" and 5"« C 5", thus 

l imsu P B" ' ) = n^ 1 U Z M B < » > 

c ns-i U Z M B* = fl^i 5™ = 3 8 * . 

Thus 
(3.7) Urn sup /z(B ( n ) ) ^ //(lim sup £<">) ^ / / ( ^ * ) . 

n-»oo 

From (3.6) and (3.7) we deduce that l i m B J 0 0 / / ( £ ( B ) ) = / / ( ^ * ) , this estab­
lishes (3.3) and completes the proof of the theorem. 

REMARK. If the condition (v) of the theorem is replaced by 
(vi) FOR EACH B E 3 8 THERE ARE NO POINTS OF S I * WHICH DO NOT BELONG TO B 

AND WHICH ARE COVERED FINELY BY ELEMENTS OF S / WHICH INTERSECT B , 

a simple modification of the argument shows that (3.4) is replaced by 
S / * C B'"> for each n _ 1 and so S / * C 3 8 " . Because of (3.5) we obtain 
S / * = 3S* = and so we can state 

THEOREM (3.2) UNDER CONDITIONS (*'), (II), (HI), (IV) AND (VI) WE HAVE 

S I * = 38* AND TO EACH X > 0 THERE EXISTS A SEQUENCE { B * } , J 2j: 1 OF MUTUALLY 

DISJOINT ELEMENTS OF 38 SUCH THAT IF B W = B ' 

(3.8) S T * C B««> 

AND 
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(3.9) fi{si*) g (̂J3<»>) < / i ( j / * ) + a . 

Note that theorem (3.2) is apphcable to the hypotheses of Vitali's theorem 
in the form B of Denjoy [1], section 5, since the fact that the elements of 38 
are closed sets and the elements of si are open sets implies that (vi) is true. 

Following Denjoy we call a regular family of sets in the family that 
results from the identification of the families si and 38 in the hypothesis of 
theorem (3.1). Explicitly, a family si of subsets of 3C is a regular family if 
(i) each element of si is ^-measurable and fi{A) > 0 for each A esi 
(ii) fi*{u A : A e si} < oo 
(iii) for each A esi the union of all points of si*— A - si* which are 
covered finely by the elements of si which intersect A is a set of ^-measure 
zero. 

Note that condition (iii) of theorem (3.1) is trivially true when si = 38 
whereas Denjoy's condition 2°, which (iii) replaces, must still be retained 
when si = 38. 

If, in the definition of a regular family we replace (iii) by 

(iii)' for each A esi there are no points si* which do not belong to A and 
which are covered finely by elements of si which intersect A, 
we shall say that the family si is completely regular. 

Every subfamily of a regular family is regular and every subfamily 
of a completely regular family is completely regular. From theorems (3.1) 
and (3.2) we obtain 

THEOREM (3.3). If si is a regular family of subsets of 3C then to each 
a > 0 there is a sequence {Afj, j = 1 of mutually disjoint elements of si 
such that if A^ = 2tiA<t 
(3.10) ix(si*—AW . si*) = 0 

si* is /^-measurable and 

(3.11) fi(si*) < fi{A<">) < fi(st*)+ai 
and 

THEOREM (3.4). If si is a completely regular family of subsets of 3C 
then to each a > 0 there is a sequence {A*}, j ~— 1 of mutually disjoint 
elements of si such that if Aw = 2~i Af 

(3.12) si* CAM, 

si* is ^-measurable and 

(3.11) fi(si*) < (i(si*) < n(si*)+x. 
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All the results of Denjoy [1] which are derived from the conclusions of 
Theorems (3.1) and (3.3) remain valid and a family which is regular in 
the sense of Denjoy is also regular in the sense of this paper. 
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