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ON THE INTERACTING FREE FOCK SPACE AND
THE DEFORMED WIGNER LAW

Y. G. LU

§1. Introduection

The Fock space is a basic structure for the quantum field theory and quan-
tum stochastic calculus. In all the cases, a Fock space can be described as a direct
sum of a sequence of some Hilbert spaces, ie. a Fock space has the form of
D, #, where, #,:= C is the complex field and #,:= # is a given Hilbert
space. Moreover,

i) the Boson Fock space corresponds to the case of #, 1= #H", where ™" is
the n-folds symmetric tensor product of # ;

ii) the Fermion Fock space corresponds to the case of #, 1= #™" where #™"
is the #-folds anti-symmetric tensor product of #;

iii) the Free (or Full) Fock space corresponds to the case of #, = #°" the
usual n-folds tensor product of #.

In the consideration of the central limit of the time evolution operator of the
quantum electric-magnetic field (see [1,2]), a new type of Free Fock structure is
erquired in order to describe the limit of the time evolution operator. The limit is
a quantum stochastic process satisfying a certain quantum stochastic differential
equation.

In the new Free Fock structure, the n-th space #, is not exactly equal to the
n-folds tensor product Hibert space #®" one obtains the #, by introducing a
scalar product <+, -, on the algebraic tensor product #®” and for f;, &,,..., f,,
g, € #, in general, the product IT;_, {f,, g is not the same as the scalar pro-
duct (O - O f,, 8O -+ © g2, where, we have omitted the sub-index # of
#n-th scalar product and throughout the paper, the same omission will be adopted.

Thus, the Free Fock (one could also make the same consideration for the
Boson and the Fermion cases, see [3]) space has the form
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L =ce ®x,
n=1

and the #-th Hilbert space is (#®", <, *>).

The present article is devoted to discuss such new Free Fock structure.
Moreover, we shall restrict ourselves to the case in which

i)y #:=L*WM, dy), where, M is a measurable space and 4 is a o-finite mea-
sure on M ;

ii) there exists a sequence of functions {A,(x,, T, . .., Z)) ooy A, M"—
R,) and two sequences of positive numbers {b,, d,},-,, such that, for any n € N,

2n+1(x1: Zoyo ooy Ty, 'rn+1)
/11(1'1) . ﬂ,,(l'z,. voy Ly Ly

(1.1) 0<21,<hb, y < d,

iii) the scalar product of #-th Hilbert space is defined as:

12) {AO - Of, 8.0 - Ogp:= fu(dxl) coeuldxy) Ay, .., 2y

I (f.g,) (x)
h=1

for any f, &1,..., f» &n € #.

Such type of Fock space will be called the interacting Free Fock space over
the Hilbert space # = L*(M, dy) with the interacting functions {1,};_,. It is ob-
vious that with the choice 4, = 1(r =1,2,...), one gets the usual Free Fock
space over #.

In the section 2, we introduce some basic concepts like the creation, annihila-
tion operators; calculate the action of any annihilation operator on each #-th space
#, (it is not so trivial like in the usual Free Fock space case) and formulate the
joint distribution of any product of some creation and annihilation operators. The
section 3 is devoted to introduce the deformed Gaussianity on the interacting Free
Fock space. Finally, in the section 4, we study some examples; introduce what so
called the deformed Wigner distribution and obtain the explicit expression of the
density function of the deformed Wigner ditribution.

§2. Creation and annihilation operators, the joint distributions

Having defined the interacting Free Fock space, we shall, in this section, in-
troduce the creation and annihilation operators and obtain the joint distribution of
the operators. Such investigations is essential for setting quantum stochastic calcu-
lus theory on the interacting Free Fock space (see [4]).
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DErFINITION (2.1). The vector
=100 -

is called the vacuum of the interacting Free Fock space I,(#). The operator
A*(g), where g € #, defined by, for any # € N and g,,..., g, € %,

(2.1) A@ 5O Ogli=g0gO - Og,
is called the creation operator (with respect to g € #).

LEMMA (2.2). For any g € #, the creation operator AT () maps #,, into #,,,,
and is bounded on each K, :

(2.2) A" @ < vd, -l gl

Proof By the definition

23 1A"@gO - Ogll
= ”g®g1®°"®gn"2
<g®gl®".an!g®g17®"'®gn>

= Judp) - 1) dna, @ 2) 6@ - 11 g P @)

- fﬂ(dxl) culdx) A, (2., X)) hf_i lg, *(x,) -

Apii (X, 2y, ., x,,)]

[f ﬂ(dx)ll(x) I g(x) ‘2 ’ /zl(x)lzn(xla- L xﬂ)

By our assumption on the interacting functions, the quantity [...] in the right
hand side of (2.3) is less than or equal to d,, * ||g||2 Thus we have obtained the
proof.

Of course, A+(g) is not necessarily to be bounded on the interacting Free
Fock space Iy(#) and the boundness depends on the sequence of the interacting

functions {4,},_,. But we have

COROLLARY.
i) A*(g) is, for any g € #, an operator densely defined on Iy(#) and the set

N
ry={2¢G,NeEN,G,€#,,¢,€EC,n=0,1,2,"}
n=0
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is included in DA () : the domain of A* (g).
ii) Ifsup, vVd, < o, then for any g € #, the creation operator A*(g) is bound-
ed on Iy(#) and

IA" (@) | < supvd, -l gl

In the usual Free Fock space, b, = d, = 1, so any creation operator is bound-
ed.

Since A¥(g) is an operator densely defined, its essential adjoint exists and
will be denoted by A(g), named by the annihilation operator (with respect to g €
#).

LEMMA (2.3). For any g € #, the annihilation operator A(g) possesses the fol-

lowing properties:
(2.4a) A@#,=0, A :#,—X,_,
(2.4D) I, < 9(A(®)

and moreover, foranyn = 1,2,..., m EN, f,, fo,.. ., [, € X, G, E X,
(2.4¢) O Of, A@G) =90,,g0 L0 - Of, G

Proof. For any n=1,2,...,m EN, f,, fo,. .., f,n, G, € #,, by the defini-
tion

This shows that I, © D(A(g)) ; the left hand side of the (2.4c) is equal to zero if
m ¥+ n. Moreover, in the case of # = m, the above scalar product is equal to the
right hand side of the (2.4 c¢).

In particular, the formula (2.4 ¢) implies that, if # = 0,

(F,A(@®> =0, VFETI,

and A(g)#, € #,_,. Therefore, the proof the thesis is compeleted.

Now, an interesting problem is to calculate the expression
(2.5) A@lg, © - Og,l

for n = 1. By the definitions of the creation and annihilation operators, one knows
that for any n =1, 2,...,N, f,, g&,..., f,, €. € X,
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(2.6) OO AR 6,0 - OgD
=hOLO - Oh 5O Ogp

= fu(dxl) < uldx)2,(x,,. .., x,) hfi (f, * &) (x,)
= [tz - u(dxm,,-l(xz,. SESES RVAPALEN

[ sty s )7 g1><x1]

FRNCTE D] ,x)

Thus, in fact we have proved that
LEMMA (2.4). Foranwyn €N, G, € #,and f, g € X,

(2.7) [AH O GYI(x,...,z,) = G,(x,,...,2,) *
Apii (@, 2y, .., 2,) -
fu(dx) /{n&f“’ xn)x (f 9@

where, here and in the following, the O-th interactiong function A, is defined as 1.

The boundness of the annihilation operator is the same as that of the creation
operators.

LEMMA (2.5). For any n € N and f € #, the annihilation operator A(f) on the
n+ 1 — space #,,, is bounded and with the bound yd,,,, - | f1.

Proof. The proof is the same as that of Lemma (2.2).

In the following, we consider the creation and annihilation operators only on
I, (i.e. we do not distinguish the operators themselves with their restriction on I7)
and therefore, they are adjoint each other.

Now, we try to understand the vacuum expectation of a product of many crea-
tion and annihilation operators, i.e. to get more information on

(2.8) (@, AV(f) -+ A () D
where, n € N, e € {0, 1}, £,,..., f, € # and for any € € {0,1},
2.9 o {A:r if e =0;

A", ife=1

Since A(f)#, = 0, we get immediately that
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LEMMA (2.6). The quantity (2.8) differs from zevo only ife(n) = 1, e(1) = 0.

For any fixed ¢ € {0,1}" with the property of e() =1 and e(1) = 0,

n
there is a unique 1 < m < 5 and 1 <k, <k, < -+ < ky,_; <, such that

(2.10a) 0= e(kzj +1)=¢ck,+2)="-= 5(k2,+1)

(2.10Db) 1= e(l’cm1 +1) = S(kzj_‘_l +2)=":- = s(k2j+2)

for each j = 0,1,..., m — 1. Where, we have introduced the conveniences k,,, :=
n and k,:= 0.

With the above notations, we are able to rewrite (2.8) as

ky ky Kom-1 kam
(211) <@, T A(g): I A'(g) -+ I Al - O A'(g)®
1 1

h=ko+ h=ky+ h=kam_p+1 h=kym-1+1
where and hereinafter, for any elements @, ..., @, in a certain group G, by
r
Il,., a,, we denote the ordered product @, ***** a,.

A generalization of Lemma (2.4) can be stated as following:

LEMMA (2.7). Foranym, n €N, fi,. .., fns &1s..., & E K, the expression

(2.12) A, AR g, © - Og,l
=AU TARIAS [g,© - O g, 11+ -]

s equal to zero if m > n ; equal to
GO Of, g0 Og
ifm = n and equal to
(213) [ © - Og) Aefo s 1580 s 8 Eprs .5 )
in the case of m < n (which belongs to ¥,_,,), where

(2.14) Lo STopr oo s F13 800 s 80 Epitse oy )

:=f,u(dx1) - pldz,) ATy T (7, - & (@)

Ao Eir, L) 5
Proof. Because of (2.12) and the fact:
Nonlfs 85y 0 8) = CAO - Of,, 50 - Ogp

we know that the conclusions of Lemma (2.7) in the cases of m > #n and m = n
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are particular cases of that in the case of m < n. In order to prove the last con-
clusion of Lemma (2.7), we should calculate the right hand side of (2.14) for
m < n.

By the definition of annihilation operator, we know that A(f) (g, ®© -+ - ©
g, € #,_, is given by

(2.15) AR @O Og)] @,..., 1)
Az, .., x,)
= (0 0g)a,...,z) [ pldz) 7T

A Xy .., Z,)

(ﬁ - &) (x).

Now by acting the annihilator A(f,) on the two sides of (2.15), we find that

(2.16) [A(RIAND (g, © - © gz, ..., x,)
= (g3® : @gn)(xs» . .Z')
J wtaz) G BB )y -
f u(dx,) X_f‘az '. (f Lt &) ()

and which is equal to
(2.17) (g3®"'®g,,)(x3,..., xn) *
ATy, ., x ~ -
J ey L0 ) @) (- ) @)
=[(g0O - Og) A, fis 8, &)1, ..., x,).

By repeating the above arguments and applying the induction, we finish the proof.
A trivial generalization of Lemma (2.7) is that

LemMa (2.8). Foramym, n €N, f,..., [, EX and G, € ¥,
(2.18) AL AR G, =V, (frr. .., 153G
where, V,_,(fos. .., J1; G,) is defined as zeroifm > n;
O Of G
ifm = n and in the case ofm < n, V,_,(f,,..., fi; G,) € #,_,, is defined as

219) Voo £1:G) @iy ..y T,)

= fﬂ(dxl) -+ u(dzx,,) 7 Rn(xp... z,)

n—m (xm+1’ - &

y ] Hf,,(x,, G,(z,..., x,)
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LEMMA (2.9). The quantity (2.11) differs from zevo only if
i) orany; =0,1,..., m—1,
(2.20) (k21+1 - kz;') + (k2i+3 - k21+2) +oee t (kz(m—1)+1 - kz(m—l))
< (k2(;‘+1) - kz;‘+1) + (k2<j+z) - k21'+3) ot (kZm = Kyom-ny+1)

and
ii) (2.20) takes equality for j = 0, i.e.

2.21) 20+ ket o F hgpne) = 20, + ko F k) F Koy

“Proof. By Lemma (2.7) and Lemma (2.8), for any j =0,1,2,...,m — 1, if
(2.20) is not true, then in a certain step we shall have an annihilation operator to
act on #, and which gives zero.

Moreover, if the left hand side of (2.21) is strictly less than the right hand
side, then the vector

ky ky kom-1 kom
(2.22) Im A(g) - T A'(g)--- I Ag) - 1O A'(g)o
+1 1

h=ky h=k 4 By p+1 h=kgpy_ +1
belongs to #, for some p = 1. Therefore, in this case, (2.11) must be equal to zero.
Remark. 1t follows easily from Lemma (2.9) that (2.11) (or equivalently, (2.8))

differs from zero only if # is even. So, we are able to assume that # = 2N for
some N € N.

Now, we are ready to calculate (2.11) for 1 £k, <k, < --- <k,, ; <2N
satisfying (2.20) and (2.21), or equivalently, to calculate (2.8) for such ¢ €
{0,1}*" that

(2233) |[{r=h:e=0|<|{r=>2h:e( =1}, Yh=1,2,...,2N,
and
(2.23b) [ {r:e =0 =|{re(» =1}

We shall denote, by {0,1}%", the totality of such & € {0, 1}*" that satisfy
(2.23 a,b) and also by {0,1}*" the subset {0,1}**\ {0,1}?".
By the definition of the creation operator, the vector (2.22) is equal to

ky ky kam-1
(2.24) I A(g) - I A+(gh) T Im Adg) Lgkzm_,+1 OO gkzm]

h=ko+1 h=ky+1 h=kym_p+1
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This is, by Lemma (2.8), equal to

ky ky kam-z
(2.25) m A I A'(g)--- II A'(g)
h=ko+1 h=ky+1 h=kyp_5+1

szm‘2k2m~1+kzm—z(gkzm—z‘”’ oot Bk Bgmoy+1 OO g"zm)

By repeating the above procedure, one is able to rewrite the expression (2.11)
to

(2.26) V"zm—ZE;ﬁE! ket “z;(gl’ w8k Bk ©-0o 8k,
Qszm‘zzﬁIl el e kzi(gkz‘“’ eor By s Bkrl OO 8k,

j =

OO0 szm"z"zm—l*'kzm—z(gkzm—z+1’ oot Bhgpey? Bkgmoytl ©-0 gkzm) )

The expression (2.26) has a quite complicate form. We shall try to give
another formula to express the quantity (2.11). In order to do this, we should first
recall some basic facts about pair partitions on 2N points.

For each ¢ € {0, 1}*" therearean m < Nandaset 1 <[, <[, < -+ <1,
< 2N, such that

), = {k:ek) = 0}.

It is clear that the m € N and the ordered set {l,},-, are determined uniquely by
the . In the following, the set {[,},-, will be called the left-index set of the &. We
have an equivalent statement of Lemma (2.9):

LemMa (2.10). ¢ € {O,I}iN if and only if its lefi~index set {lh}:,nzl satis fies that:
Dm=N,l,=1,1,<2N
2) foranyk=1,2,...,2N

[ {k, k+1,-+-, 2N} 0 {1} ) |
<k, k+1,-, 2N 0 {1,2,-++, 2N\ ) b

Proof The proof follows immediately from the equivalence between ¢ €
{0,1}% and its left-index set.

For each & € {0,1}%", with respect to its left-index set {/,}}_,, we can consid-
er all pair partitions {(J,, I[;)}}_,. Where, {I,}}_, = (1,2, -+, 2N} \ {I,}}_, must
satisfy the following:

i) forany h=1,2,---, N, [, > [,;

ii) for any h, k = 1,2,---, N different, [} differs from I,.

Of course, for each fixed left-index set {lh}f;l (or equivalently, for each fixed
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S {0,1}2+N), there is at least one (possibly many) pair partition and the number
of possible pair partitions depends on the left-index set. But we have:

LeEMMA (2.11). For each fixed € € {O,l}iN (or equivalently, for each fixed lefi-
index set {L,}3_,), there is exactly one non-crossing pair partition {(I,, I,)Y}-, which is
determined by the usual non-crossing principle: for each k < h, if I, < I}, then I,
<.

Proof. The result is a consequence of the following two observations:

i) {(,, 1)}, forms a non-crossing pair partition, only if Ij = Iy + 1.

ii) {(I,, I)}-) forms a non-crossing pair partition of {1,2, - -, 2N} \ {l, I3}
if and only if {(I,, I;)}_, forms a non-crossing pair partition of {1,2,* -, 2N}.

In the following, the unique non-crossing pair partition determined by a given
left-index set {I,}}_, will be denoted by {(l,, #,)}r_, and the set {r,}}-, will be
called the right-index set.

For each given left-index set {/,}}_,, its right-index set {#,}}, is, in general,
unordered and determined in such a way that: for any p = 0,1, -, N — 1,

(2.27) ry,=mindk: (k, k+ 1, -+, 2N\ {ly_ppp,  +, Iy}) © {ri_)
With the help of the results and terminologies given before, our main result
in this section can be stated as:
THEOREM (2.12). The quantity (2.8) is equal to a possibly non zevo value only if
n=2Nand ¢ € {O,l}iN‘ In this case, there is a function of N-variables
KWL, vy yy)
(where, {1, r,)3-, is the lefi-right-index set of the & € {0,1}2) such that the quanti-

ty (2.8) is equal to

N
@28) [ wldy) - uldyy) T2, @08, * Kty n)ii -0 9

where, the function K is determined uniquely by the € € {O,I}iN and the interacting
Junctions Ay, Ay . . ., Ay. Morveover, if we define, on the space M> = M X M, the

o- finite measure p,(dx, dy) ‘= p(dx)u(dy) 6(x — y). Then, the expression (2.28)
can be represented as
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N
@29 [ wlz, dz) o [ pldn, dz,) 1@, (5)8,x,)
M? M2 h=1

N
Nﬁl /IZN—IN_,,—ZII({'IIN_,ﬁI! oo T\ {xl,,r xr,}p=N-h+1

N
k=0 RZN—IN_,,—Zh—l({xlN_,,+1! T AN {1':,: xrp}p=N—h+1 U {er—h}))

where and hereinafter, for any n € N, m < n, any set {p,} -, © {1,2, - -, n} with
cardinality m and any function F of n — m vatiables, we have adopted the notation:

N

F({z,, z,,..., t}\ {z, }j_) = F(x,,..., 51,\,. cr Ty s Ty

1

Proof. It is clear that we have only to prove the last conclusion.
For each given € € {O,l}iN, i.e. each given left-index set {l,,}f,;l, by Lemma
(2.7), one knows that the vector

A(gzN)A+(g1N+1) T A+(g2N)Q) = A(gl,,) [g1N+1 © O gl
belongs to in #,y_, _, and

(2.30) [A(g,N) [glNH OREEXO) gzN]] (‘rlN+2: L J»'ZN)
= [g’N*'Z ©--0 gZN] (x1N+2, ey sz) .

Aoy (), Zyongy e s vy Zon)
[tz ) St B B g g (g )
2N

ZzN-tN—1 (xlN+2r )

= [g1N+2 @ e @gZN] (.II,N+2,. . ey xZN) .

R € N U A
j,; (dx,, dz,) e Ry et 3 xg;;v g, (r)g, (x,).

/ZZN—IN—l (xz,,,+2r .-

Since 7y = Iy + 1, we are able to rewrite the right hand side of (2.30) as

(2.31) ® gaf p,(d, , dx, )
Iy+1<a<2N M?
aeiryt

/zzN—tN(xth» Lyyt2se v s Zoy)
N S A R e 38))

g_IN (sz)ng(er) .

It follows from the same arguments that

(232)  Alg, )A* (g, ) - A'(g, DA(g,) A*(g, ) -+ A'(g,) @
=Ag )l O g

Iy +1<a<2N
aellyry}

f /-‘2(dxl,,’ dxr,,,)
MZ

lzN—zN(xl,,Hr Liy+210 09 Zoy)
N CC N A

78,8, ,)]
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- zN-1+1C2aszN £a ./1:42 Hz (dx‘N“l’ dx,N_l)g,N_l (x’~~l)g’~-1 (x'N—x)
ael{ry_y,ly.7y}
Aoty ir o o\, 2, 1)

XZN—IN_1—3({'Z'1N_1+1?- o T \ {xr,,_,’ Ty er})

3 ZZN—IN(‘ZIN+1} x’N+2’ ey .Z'ZN)
./1;12 ﬂz(dxuv, der)glN(xlN)gYN(er) ZZN_,N_l({.Z‘,NH, ceey sz} \ {xyN}) .

By repeating the above arguments, the proof is completed.

Remark.

i) From the above Theorem, we know that in order to calculate the quantity
(2.8), one must only consider non-crossing pair partitions. In other words, the
creation and annihilation operators on the interacting Free Fock space still satisfy
the non-crossing principle.

ii) The function K is, in general, not a constant.

§3. The deformed Gaussianity and the vacuum distribution of field operator

In the present section we discuss some more properties of the creation and
annihilation operators.

Creation and annihilation operators on the usual (uninteracting) Boson, Fer-
mion and Free Fock spaces (over a certain Hilbert space #) possess an important

property: for any # €N, g,,..., & € # and ¢ € {0,1}", the vacuum expectation
of the product
(3.1) AV g) - A" ()

vanishes certainly in the following two cases

i) n is odd;

ii) # = 2N for some N € N but ¢ € {0,1)*".

In the case of ¢ € {0,1}%" with the left-index set {I,}}_,, the vacuum expecta-
tion of (3.1) has of form
(3.2) 0 fU, bhi) T <0, A(g A (g,) ®

U I elp.p.20) k=1

Where and hereinafter, by {p.p.2N}, we denote the totality of all pair partitions
of {1,2,..., 2N}. The f({l,, l;}Ll) factor depends on the tensor structure:

i) f({l,, I;},_) =1, if we are considering the Boson case;

i) fUL,, B) = (— 1)”””'1;’)?""“, if we are considering the Fermion case,
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where | {1, l,’,}2’=1 | is the index of the permutation
{1,2,34,...,2N—= 22N} — {1, I, 1,, I},..., Ly, I3}

iii) in the Free Fock case,

£, Y = [1, if {1,, I;})_, € {n-c.p.p.2N}
0, otherwise

where, here and in the following, by {#-c.p.p.2N} we denote the totality of all
non-crossing pair partitions of {1,2,..., 2N}.

Roughly speaking, in all the above three cases, any 2N — 1 points function is
equal to zero and any 2N points function equal a sum of products of two points
functions. In other word, under the vacuum state, the creation and annihilation
operators possess the Gaussianity.

Now let us see the interacting Free Fock space. It is clear that under the
vacuum state, creation and annihilation operators do not, in general, possess the
above property. For example, in the case of N = 2, according to the results in the
section 2, the expression

(3.3) (D, A(g)A(g) A" (g) A" (g) D>

is equal to

[ wldn)pan) @, - &) @ @ - ) WA, )
and which is in general impossible to be represented to a form like

agg C,,fﬁ(dx)u(dy) (Zr) * o) @ G5y * &ow) @)
"
where, by J,, we denote the n-permutation group. Therefore, under the vacuum
state, the creation and annihilation operators do not, in general, possess the Gaus-
sianity.

But, on the interacting Free Fock space, under the vacuum state, the creation
and annihilation operators possess some properties similar to the Gaussianity. In
order to look it, let us introduce some notations.

DerINITION (3.1) For each n, m € Z, k € N and a function f defined on the

set {m+1,n+2,..., n+ m} the = k-shift of the function f is a function de-
finedontheset in+1xk,n+2xk,...,n+m=xk}:
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Wephth):=Ffh), YVhen+1,n+2,...,n+m

With this terminology, we can state a simple result:

Lemva (3.2). For each NEN, p < N and ¢ € {0,1}2 (with the lefi-right-
index set {I,, 7,}h-y), if we define a map €, which takes value in {0,1}, by

(3.4) € Iu,z,,---,l,—n = Iu,z,---,t,,-l)

€l i=er,+ 1), el,+1):=¢er,+2),...,e@GN+1,—r,— 1) :=e2N)

2N-=1l,—7,—1
2N—lp=7p=1
2 2

then, € € {0,1}}

Proof. First of all, one has to show that 2N — [, — 7, — 1 is even. In fact,
by the non-crossing principle, if I, € (/,, 7,), then it is certainly true that 7, €
(l,, ;). Therefore, 7, — I, — 1(< 2N) is always even, and 2N — [, — 7, — 1 so
is.

Again by the non-crossing principle, the restriction of the given ¢ €
0,)* on the set {1,2, . . . , 2NN\, I, + |, -+ -, 7} permits a unique
non-crossing pair partition {(,, ) h € {1,2,. .., NN\\{d:1, < I, < r,}. So the

thesis is obtained.

Let us now examine the quantity (2.8) for = 2N and ¢ € {O,I}iN. It is ob-
vious that [, = 1, 7, is even and

27
€ lznnry € {0,1}52.

By the non-crossing principle, 7, + 1 must be a left-index, say l,,l. Moreover, we
know that 7, — [, — 7, + 1is even, 7, + 1 is a left index and

) - {(L]_}ird =14 —r,+l'

7
(uZe) ‘(1,2,---,14,1—1,1,1+1--rl
By repeating the argument, having obtained the pices
Lo+ 13,07, g 1) vy (g F 1)1, 7,
since the 7, + 1 must be a left-index, say /, , we have the next pice

l +1,...,rd‘+1+1.

diy? ldhl

Thus, in fact we have proved that

LemMa (3.3). Each ¢ € {O,I}iN determines uniquely an m < N, 1 < N,,. ..,
N,<Nande, € 0,12 (=1,2,..., m) such that ,_, N, = N and
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2N, _
(u_"e) I(ZN,-+1,2N,.+2,---,2N,~+1) =&

Thank to this result, we find immediately that
LevMa (3.4).  The quantity (2.8) forn = 2N and ¢ € {0,1}? is equal to

(3.5) @, T A% (g) T A% (g)- T A" (g)d
h=1 =y, h=ly,
where,
)1<m<N,d <N,({G=12,...,m),d,= N and they are determined
uniquely by the given €
i), =1l =t =, 1.

Remark. In the language of diagram, each € € {O,I}iN permits a unique
non-crossing diagram with the vertices {1,2,..., 2N}. Any leg in the diagram
connects two vertices [, #,(h =1,..., N). The decomposition stated in Lemma
(3.3) means that the diagram determined by ¢ € {O,I}iN can be decomposited into
m pices with the following properties:

i) there is not any leg connecting two vertices from two different pices. In
other word, for any [, [, in two different pices, if I, < [, then 7, < [,;

ii) in any pice, the first vertex is paired to the last vertex;

iii) the restriction of the full diagram (determined by the given ¢ € {O,I}iN)
on each pice gives a non-crossing diagram on the set of the corresponding
vertices.

In the following. we shall call an ¢ € {0,1}*" total-connected if 7, = 2N and
call the decomposition (stated in the above) the total-connected decomposition of
the given ¢ € {O,I}iN‘

Now we are ready to state what we call the deformed Gaussianity.

LemMa (3.5). For each & € {0,1}%" with the total-connected composition given
m Lemma (3.4), the expression (3.5) is equal to

3.6 (O, hﬁIlAe(h)(gh)@ o, B AP )0y (0, T AP (g) D

h=lg, h=lg,

Proof By the definition of the creation and annihilation operators, for any
vector G in a certain #,, any f, f;,..., f, € #. and any ¢ € {0,1}", the action
of operator H',f:lAE(h)(f,,)A(f) on the vector G is equal to that of the operator
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IT,_, A" (f,) on the vector A(f)G, i.e.

[n AP (£APIG = n AP (£ G
Hence, the quantity (3.5) is equal to

(37) <@’ hI=I1 Ae(h)(gh) . I—f As(h)(gh) v ﬁ‘l Ae(h)(gh)[ rf—f' AE(h)(g,,)(DD.

h=la, h=ldy s h=ly,

In (3.7), since {l, , I, +1,...,7,) is a total-connected pice determined by
the ¢, the vector I A*™ (g,) @ must be a number, ie. it belongs to #, = C.
This argument guarantees that (3.5) is equal to

38) <@ MA@ B A% T 490 . (o, T Ao,

h=lg, =am-q h=ly,

By repeating the above argument to the first scalar product in (3.8) and ap-
plying the induction, we finish the demonstration.

The result of Lemma (3.5) could be stated in a simple way: for any € €
{O,I}iN, the vacuum expectation of the operator

2N
(3.9) I A" (g)

k=1
is equal to a product of some scalars. Moreover, in the product, each factor is
equal to the vacuum expectation of a sub-product of (3.9) and the indices of the
operators in a sub-product belong to a certain total-connected pices of the given
E.

By this result, in order to calculate a quantity like (3.5), one has only to do
the calculation for ¢ € {O,l}iN being total-connected, i.e. #, = 2N. But unfortu-
nately, on such calculation, we have few thing to say more than the results
obtained in the section 2. Of course, in some special cases, one can get very clear
expression of the quantity like (3.5) even for ¢ € {O,l}iN being total-connected
and such results will be presented in the next section.

Now, we are going to compute the vacuum moments of an operator with the
form A(g) + A"(g). Obviously, this is equivalent to calculate the vacuum

1
moments of the field operator o (Ag) + A" (9)).

It is easy to see that for any # odd, the #-th vacuum moment of the operator
A(g) + A" (g) is equal to zero. So, we shall assume that # = 2N for some N € N.
By expanding the power (A(g) + A*(2))®, one has that
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2N
(3.10) (0, (Al +A @) = T <o, T AY(0o.
ee{o,1)2V h=1
Thank to the results obtained in the section 2, the scalar product in the right
hand side of (3.10) is possibly not equal to zero only if ¢ € {O,I}iNA Therefore,
the 2N-th vacuum moment is equal to

2 e(h)
(3.11) uy:= 2 <0, A (9.
ee{o, 12V k=1

By Lemma (3.5), the scalar product in (3.11) is equal to a product of some num-
bers. In the product, each number is nothing else but the vacuum expectation of a
sub-product of (3.9) and the indices of the operators in the sub-product belong to
a certain total-connected pices of the given &. Now, define

2m
(3.12) v, = > @, MA"(@®, m=0,1,....
e€{0,112™ h=1
€ is total-connected

One gets easily that
(3.13) Uy =v,=u, =0, =1
and moreover,
LEmMMA (3.6). With the above notations, for anyn = 2,3,...,
(3.14) Uy = 20 Vyly_y-
Proof In order to prove (3.14), we reconsider the sum in the (3.11) for all
€E {0,1}2+N according to the possible length of the first total-connected pice, i.e.

the possible value of #,. It is clear that #, takes value in {2,4,..., 2(N — 1), 2N}.
Hence, u,, is equal to

& e o e
(3.15) 2 2 Ko, A (e T A" (Q@o.
k=1 ¢e{o,1)2" h=1 h=2k+1
=2k

By Lemma (3.5), the scalar product in (3.15) is equal to

LTS mo e
(3.16) (O, MA(9®> - <0, T A" (9.
h=1 h=2k+1
For each fixed k = 1,2,..., », since », = 2k, it is clear that if one defines
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(3.17a) &= €l
(3.17b) = U_E

then, ¢, € {0,1)%, ¢, € {O,I}i("_k). Moreover, as & running over the set {e €
0,1} : v, = 2k}, ¢, runs over {0,1}* and ¢, over {O,l}i("_k). So, (3.15) is equal

to
L LLI meo
2 2 Ko, IA (@ I A" (9o
k=1 geio, )2 =1 h=2k+1
71=2k
z LI oo ew
=2 2 Ko, IA" (@ - <0, o A" (g o
k=1 55(0,1)3'1 h=1 h=2k+1
71=2k

and which is equal to

n 2k » 2(n—k) @
(318) X X K@, MA"Y(@d-.- X <Ko, T A" (@d).
h=1

k=1¢,e{0,1)2¥ h=1 £,10,1)20~H

This is nothing else but the right hand side of (3.14).

Remark. A trivial conclusion of Lemma (3.6) is that on the usual Free Fock
space, the formula (3.14) is certainly valid. Moreover, in that case, any total-
connected pice is controlable: In fact, v, = #,_,. Therefore, on the usual Free Fock
spae, (3.14) takes the form

n
(3.19) Uy = 20 Up_ Uy, Uy = th; = 1.
k=1

As the end of the section, we give a result which can be easily proved by
expanding the operator (A(g) + A+(g))" as a sum of products of the creation,
annihilation operators and applying Theorem (2.12).

THEOREM (3.7). For any # € N, g € #, the vacuum expectation of the oper-
ator (A(g) + A" ()" is equal to zero if 7 odd; if # = 2N, the vacuum expectation
of (A(g) + AT ()" is given by

N
B2 w [ ey dz) o [ e, dn) T @, @8, @)
e M? h=1

(U, 7)) wy €ln—c.p.p.2N}

N
N1 XZN—IN_,,—Zh({xIN_,ﬁIr oo T\ {xl,,» Ib}p=N—h+1)

1N

TN-h

N
h=0 22N—1N_h-2h—1({xtN_h+1r~ o Tt \ ({xt,: ‘rr,}p=N—h+1 Uiz
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§4. Examples and applications

In this section, we present some examples of the interacting Free Fock space.
The first example is that the interacting functions 4, A,,... possess the fol-
lowing forms: there exist functions {@, .}, <;<n<w Such that

Ay, .., x,) = 0, () »a,,(x) ().

A special interesting case is that

_ (k—=1p
(4.1) M=1la, bl, with0<a<b, a,,lz)= (:bk——aa)—)(m’ with a p = 0.
That is
(z, — a)’
(4.2) =1, A, z) =-—2—2
1 2\ Ly, Ly b — a)’
@-a x—a” (@-a""

Anly Ty o0 ) b—a’ b—a” b—a""

Of course, with these interacting functions {4,},_,, we can construct an interacting

Free Fock space as before, which is the usual Free Fock space if and only if p = 0.
For such interacting functions {1,},., the vacuum expectation (3.5) can be

handled even for p > 0. The main idea to do this is to notice the following fact: If

the interacting functions {4,),_, are given as in (4.1), then for any #n € N, f, f,,

foreo s fo, € # = L*([a, b], du), by Lemma (2.7)

(4.3) [ANAT(f) - AT (f) Ol (..., z,)

A, x,,. .., x,)
;(n—l(xzv s JJ”)

b
= (O O @z [ wdd (F )@

(-rg _ a)l) (x3 _ a)ZP . (xn _ a) (n—1p

b-a" G-a? (b-a"”
(1'3 _ a)l’ (.Z'4 _ a)ZP . (x,, _ a) (n-2)p
b-a' 0-a” (G-a"™

b
= (50 O @ x) [ wdd) (T H@

@-a" @-o" -
b-a’ OG-0 (-a

b
= (L OO, [y, z) [ wdd ()@

b
= (O O @y [ pd) (TN -
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Y
where, I, is the map on [a, b] defined as: I(x) := Lr_a)? Again by Lemma
(2.7) (b - a)
(4.4) [ANAT(S) -+ A" (f,_ )0 (x,,. .., x, )

ApilX, 2y .0, 2, y)
Apes(Tyy. .o, Xy )

b
= (O Of) @y 2, [ 1D (F )@

b
= (L0 QLD @5 [ 2@ (F @

(l'z - d)# (xa —a) * A (‘rn—l —a e
G-a’ G—a”  G—a"
=" @=-0” @, -2
b-o’ G-a®  b—a"
s _ (z, — a)p
= (,0- OFf_)(,.. .,x,,_l)f; wldz) (f - f) (@) b—a)
(z, — a)’ o (T, — )’

b—a’ b—a)’
b P
=6 O Oy L)@y 2, [ wldd) (F )@

This means that the influences to the part of A*(f),..., A*(f,_,) in the following
two actions:

ANAT(R) - AT(F) 0
and
ANAT(S) - A" (f,_.)®

are the same. And moreover, each procedure of pairing an annihilation operator to
a creation operator (according to the non-crossing principle) contributes a map I,
to the last creation operator. Thus, in fact we have proved the following result:

LeMMA (4.1). For any n €N, g, . . . , 8n €# and ¢ € {0,1}” totai-

connected, the vacuum expectation
n e(h)

(4.5) (o, T A" (g,) D
k=1

18 equal to
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2(n-1)

(4.6) (@0, T A"(g)® - <D, A(g)A(g,, I} ®>
h=2

where, for any k € N.

Remark. 1t seems true that from the central limit of the quantum Bernoulli
processes, one could find an interacting Free Fock space with the interacting func-
tions given by (4.1).

It is interesting to calculate the above expectation for g, = 1. Moreover, up to
a trivial linear transformation, we shall assume in the following that a = 0, b =
1. In this case, we also assume that g is the Lebesgue measure.

LEmMA (4.2). Foranyn € N and p = 0, let us define

U,, = <@, (AQ) + A*(1)"®)

Then,
n—1 1
(4.7) U,=U,=1 U, = EO 1+ pk Uiy Up—i—1p-

Proof Thank to Lemma (4.1), Lemma (3.6) and the above discussions, in
order to prove the present lemma, it is sufficient to show that

1

(4.8) (D, A(l)A(I:) o) = mj\;

But this requires only a trivial computation.

An important problem is to know the density function (if it exists) of the ran-
dom variable corresponding to the operator A(1) + A*(1). The density function
(if it exists) will depend on the parameter p = 0 and be equal to the density func-
tion of the Wigner distribution on (~ 2,2). Just by this reason, we shall call the
distribution of the random variable corresponding to the operator A(1) +
A" (1) as the deformed Wigner distribution.

In order to know more informations on the distribution, we do some analysis.
First of all,

Lemma (4.3). Foranyp =20, n=0,1,2,.. .,
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(4.9) U,, < U,y

Proof. For m = 0,1, the inequality (4.9) takes equality. If (4.9) is true for
n < m,
then

m m m
m+111 g Z_: Uk,OUm—k,O é ; m k0 Um+1,0

—I—pk 1+pk

The induction guarantees the thesis.

LemMA (4.4). Forany p 2 0, the gemerating function of {U, ,},,

£

(4.10) E (2= 2 U,,2"

n=0

is well defined on a neighborhood of the origin. Moreover, for each n € N
s 1 n)

(4.11) Upp = 51 Ey (0

and E,(2) satisfies the following integral equation :

1
(4.12) E@=1+z"E,Q) fo E,2dy

Proof. (4.11) is an easy consequence of (4.10), so we shall prove only (4.10)
and (4.12).

Since U,, is nothing else but the 2xn-th moment of the Wigner distribution on
(— 2,2), we know, from the properties of the Wigner distribution, its generating

function

n

Ms

(4.13) E@ =X Uz

n=0

]

is well defined on a neighborhood of the origin. So, Lemma (4.3) guarantees that
for any p = 0, the generating function E, is well defined on a neighborhood of the
origin.

In order to prove (4.12), we should calculate the generating function. By the
definition and Lemma (4.2),

(4.14) E,(2) = > U,z =1+ >
n=0
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s n—k—1
2 Uy yoip? .

had 1
— R [
=1tz k§0 Uk'pz 1+ pk n=k+1

1
By changing of variable m:=#n — k — 1 and rewriting the factor W as

1
f ykﬁdy, (4.14) is continuously equal to
0

Ms

1+2z-

U "fl Pay 2 U
6 oy ym=0

k

oo 1
=1+2-E, 2 U, [ y"dy
k=0 0

0

1 o
=1+z-E@ | U, y"dy
0 k=0
1
=1+2-E,@ [ EG'Ddy.
0
By the same arguments, we can study the characteristic function of the ran-

dom variable (A1) + A" (1)), say F,(®. In fact, Lemma (4.2) makes sure that the
characteristic function F, has of form:

U,,Gt
(4.15) F(t)—1+Z "”(,2)
By Lemma (4.1), F, is equal to
) (lt)n n—1 1
(4.16) 1+ 2= 2 Uy Unes T3 pf
B = 1 = G
St E Tk, el Ul
o oo ('t)m+k+1
:1+,§0Uﬁ1+pk Z o+ kT D1 Uno

o ty
=1+i3% U, f Y’ dy f dt, f dty < [ty Pyt

It is important to give an explicit expression to the sequence {U,,},_, For
this, we have the following more general result:

LEMMA (4.5). Foreachn € N, ¢ € {0,1}7,

2n n
(4.17) @, T A" (g @) = H 7 g, &,
h=1 h=1 ya
T3
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Proof. We prove the result by applying the induction. In the case of n = 1,
the thesis is obvious. Suppose that (4.17) is true for any # < m and ¢ € {0,1}",
we shall prove that (4.17) is still valid for n = m + 1.

Let be given an non-crossing pair partition € € {O,l}i(mm and denote by
{lh, rh}:,": its left-right-index set. If the non-crossing pair partition € is not total

connected, we consider its total-connected decomposition € € {O,I}im", 1=1,...,

M < m. Any ¢, is total connected with the left-right-index set {I,”, 7.}, and
any m, is less than or equal to m.
By Lemma (3.5) and the assumption of the induction, we know that the left

hand side of (4.17) is equal to

M m; 1
(4.18) on b q :
i=1 h=1 1+ E(r;it) _ l;(:) _ 1)

(g,;», gr,‘,‘)> .

By the definition of the total connected decomposition, any ¢; is a shift of ¢

restricting on a subset of {1,2,..., 2m + 2}. More precisely,
(4.19) &, = €lua.omp
Smi-1 :
& = uz_ e |(227;;*+1,zz;‘;;'+z ,,,,, asmy, J=2,3,..., M.
For any h=1,2,...,m + 1, the left-right indices {l,, 7,} is surely a
left-right indices {I,", r."} of (exactly) one of ¢, for a certain i = 1,2, ..., M.

Moreover, by the construction of the total connected decomposition, any pair {l;,i),
7"} is a shift of (exactly) one of pair {/,, 7,}. So, the quantity (4.18) is nothing
else but the right hand side of (4.17).

Ifee {O,I}i(mm is total connected, the (4.17) is just a consequence of Lem-
ma (4.1), the expression (4.8) and the assumption of the induction. Therefore, the
proof is completed.

An easy consequence of Lemma (4.5) is that
Concrusion. For each # € N,

420) <0, AQ) +ATAT® = ¥ p 1 .
eeioni" k=1 1+ 5 (7’}, - lh - l)

Now we can state a result on the construction of the density function of the
sum of the creation and annihilation function with the text function 1.
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THEOREM (4.6). The density function of the random wvariable A(1) +
A1) (under the vacuum state) is equal to

(4.21) D, (@) =fdP%x(w(x)é~/:%,

Where, & is a vandom variable on a certain probability space (2, F, P) with odd mo-
ments zero and 2n-th moment

4n

1
(r,—1,— 1

| {n — cp.p.2n}t | 2o IT,, 5

1+5

Proof The proof follows immediately by verifying the moments.
Remark. The existence of the random variable & will be given elsewhere.

We call the distribution given by the density function D, the deformed Wig-
ner distribution since D, is a generalization the density function of the Wigner
distribution on the interval (— 2,2), which is nothing else but the density function
D,.

The next example is: there exists a measurable space (S, S, v) and a
measurable function A(s, x) on the product space S X M, such that

H)O0<A(s, ) £b< o

ii) the #-th interacting function A, has of form:

Ay x) = [v(ds) T 26, z,)
N h=1

For each fixed s € S, we define a Hilbert space # by introducing on # =
, au) the scalar product
L*(M, dy) the scal d

(4.22) f, &= f,a(dx) As, 2) f(x) - g(2).

By I,(#,), we denote the Free Fock space over the Hilbert space #,. Notice that
for each fixed s € S, the Free Fock space is practically the same as the usual
Free Fock space. So the usual creation and annihilation operators (depend on s €
S) can be introduced by the usual way and in the following, they will be denoted
by A,(f), A:(g) respectively. It is easy to verify that {#},.s forms a measurable
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field (of Hilbert spaces) and the family {A,, A:}ses is a measurable field of oper-
ators. So we have right to consider the direct integral of the Hilbert spaces and
the family of the creation and annihilation operators with respect to the given me-
asure V.

On the set
(4.23) H:={(E(): S—#: {E(5)) o is measurable and fs (E(s), &), (ds) < o)

we define the scalar product
(4.24) EG () :=fs<5(s>, ()Y, v(ds).
53]
Thus, X = f #, v(ds) is nothing else but the direct integral of the Hilbert
S
spaces {#} 5. Similarly, for any #n € N,
At(g) - AT (g)D = f V(ds) A (g) - Al (g) O,

where, @ is the vacuum vector of the Free Fock space I',(#,). Moreover, for any
e € {0,1)",

AV () Ao = fs v(ds) AXV (g) -+ AS"(g,) @,
So, for any f € L*(M, dp),
(4.25) <@, (A() + A*(N)"®> = f v(ds) <D, (A,(f) + AL(N"DY
and which is equal to
(4.26) j;v(ds) 1A - | {n-c.p.p.2N} |
if # = 2N and zero if # is odd. Where

2l [ _ 2
(4.27) w®) = Xiipigimg 7 1T ":;—“2

is the density function of the Wigner distribution on [— || £, | fl].
Finally, we consider an example in which M = R’ with d > 1 and the in-
teraction functions have of form:
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-1 §n

(4.28) @y, x) = e Em Bl oy =12

where, ¢ > 0 is a constant. In this case, for any € € {O,I}iN and text functions g,
8- .-, &5y, We have that

(4.29) (@, AV (g) A (g, 0> =

N n—1 "
- f w(dy) - pldyy) T (g, g,) (y,) e & Frmltl X,
h=1

The formula shows that this example is in fact a natural analogue of the example
obtained from the central limit of the time evolution of the quantum
electro-magnetic field (see [1,2]) and its proof is similar as what did there.
Moreover, the distribution of the field operator in this case is under investigation
(see [B]).

At the end of the paper, we would like to make some discussions. It is well
known that the Wigner distribution was found from the investigation on some phe-
nomena in heavy particle physics. Wigner presented the Wigner distribution (or
semi-circle distribution) as some type of limit distribution of the biggest eigenva-
lue of some random matrices (see [6,7]). 30 years after, Voiculescu found the same
distribution by studying Free type non-commutative probability (see [8,9] and the
references within) and Kiimmerer, Speicher set and then Fagnola developed the
corresponding Free stochastic calculus theory (see [10,11,12,13] and the refer-
ences within). The interacting Free Fock space comes, originally, from the inves-
tigation of the central limit behaviour of the time evolution operator of the quan-
tum electric-magnetic field (see [1,2]) and the corresponding quantum stochastic
calculus theory is set in [4,14] (the reference [14] is devoted to study the Free
quantum stochastic calculus theory on some Hilbert modules). We can ask
ourselves: Is it possible to get some interesting constructions of the interacting
Free Fock space in the ways similar as did by Wigner or Voiculescu ? Such in-
vestigation now is being performed.

Remark. Recently, some interacting Free Fock spaces have been constructed
by central limit theorem (see [15, 16, 17]) and the distribution of field operator on
some interacting Free Fock spaces is also be investigated (see [18, 19, 20]).
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