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Spatial Homogenization of Stochastic
Wave Equation with Large Interaction

Yongxin Jiang, Wei Wang, and Zhaosheng Feng

Abstract. A dynamical approximation of a stochastic wave equation with large interaction is de-
rived. A random invariant manifold is discussed. By a key linear transformation, the random in-
variant manifold is shown to be close to the random invariant manifold of a second-order stochastic
ordinary differential equation.

1 Introduction

Let D be an open bounded regular domain in R” with 0 < n < 3 and denote by I
the boundary of D. We consider the following singularly perturbed stochastic wave
equation under the homogeneous Neumann boundary condition with a large k > 0:

(L1) ub v vk = kauk + f(uF)+ W, xeD,
ouk

%’ ap

This system describes the motion of the particles in the continuum in a stochastic

force field W, where k represents the strength of near neighbor, particle-particle,

quasi-elastic interaction forces. If the interaction is strong enough, namely, k is large

enough, the behavior of the system has a spatial homogenization phenomenon. First,
let us look at a spatial homogeneous system

1.2) Upr + VUy = 7(14) + W,

where f is the spatial homogenization of f, which is to be determined later, and
— 1
W)= [ Wit x)dx.
(=155 J, Wt ds

For a large k, we show that the random dynamics of the stochastic problem (1.1) is
approximated by that of the spatial homogeneous system (1.2).

Random invariant manifolds are very important in modelling random dynamics
of a stochastic system [17], especially infinite dimensional systems (see e.g., [1,16]).
Duan et al. [5,6] generalized deterministic methods to construct a random invariant
manifold for stochastic partial differential equations with multiplicative noise. Lu and
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Schmalfuss [8] and Liu [7] constructed random invariant manifolds for a stochastic
wave equation. There has been considerable attention dedicated to the approximation
of the stochastic wave equation on finite time intervals [3, 4] and for the long time
behavior in an almost sure sense [10,18]. Lv et al. [9,11] explored the approximation
of the random inertial manifold of singularly perturbed stochastic wave equation.

Spatial homogeneity of the asymptotic behavior has also been paid much attention
in the study of infinite-dimensional dynamics systems. Carvalho and Hale [2] studied
the spatial homogeneity when the diffusion coeflicients are large. Qin [15] discussed
the spatial homogeneity and invariant manifolds for the damped hyperbolic equa-
tions.

In this paper, we are concerned with the random dynamics of the stochastic prob-
lem (1.1) approximated by using the spatial homogeneous system (1.2) when k is suf-
ficiently large, that implies the spatial homogeneity of the stochastic system. To show
this, after presenting preliminaries and main results in Section 2, we consider an as-
sociated linear system in Section 3, whose solutions can be expressed explicitly. In
Section 4, we introduce a linear transformation that is a critical step in our discus-
sions. In Section 5, we study the nonlinear problem (1.1) by constructing a random
invariant manifold which is asymptotically complete. By virtue of an estimate of the
random invariant manifold and the linear transformation, we obtain the limit of the
random invariant manifold.

2 Preliminaries and Main Results

Recall the abstract linear operator A = —A on D with the zero Neumann boundary
condition. Then thereare0 = A; <A, <--- < A; <---andfunctionse; (x) (i =1,2,...)
such that Ae; = A;e;.

Define L?(D) as all square integrable functions on D and

ou
H) (D) = {u e L*(D): Vu e L*(D) and %‘GD = 0},

Rewrite the stochastic nonlinear wave equation as the following second-order sto-
chastic evolutionary problem

(2.1) ub +vuk = —kAu® + F(uF) + W,
uk(0) = ug,  uk(0) = uy,

with (w9, u;) € H,(D) x L*(D), and W is the formal derivative of the Wiener process
W. For the above problem, we assume that the following conditions (H) hold:

(H) (a) Thereisa constant Ly > 0 such that [f(s) - f()| < L¢|s - t| for
anys,t € Rand f(0) =0.

(b) The stochastic process W is a Q-Wiener process with tr Q < oo.

(c) The probability space (Q,F, {F;}, P) is the canonical proba-

bility space with the Wiener measure [P [1]. More precisely, W is
the identity on Q, where

Q= {w e C(R,L*(D)): w(0) = 0}.
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Using a similar discussion as that in [14], we have the following result regarding
the existence of solutions of system (2.1).

Theorem 2.1 For k > 0, assume that conditions (H) hold. Then for any (uo,u;) €
H. (D) x L*(D) and any T > 0, system (2.1) has a unique solution

(u*,u}) e L*(Q,C(0, T; H, (D) x L*(D))).

Denote the norm of L?(D) by || - |. The following result is regarding an approxi-
mation that describes the random dynamics of system (2.1) for the large k > 0.

Theorem 2.2 Assume that conditions (H) hold and Ly is sufficiently small. System
(2.1) has an invariant manifold M*(w) that is exponentially attracting. That is, for
any solution (u*(t),u* (1)) of system (2.1), there is a solution (u"(t),u" (t)) lying on
MK (w) such that

[k (e), ub (1) - @ (0,7 ()] — 0 ast—> oo,
Furthermore, for any t > 0 we have
|G (), 55 (1)) = (@ (), 5:(1))| — 0 ask —> oo,

where (u, u;) is the solution of the spatial homogeneous system (1.2) with initial condi-
tions

E(O):fDﬁk(O)dx and Ht(o):fDﬁf(O)dx.

3 Linear Problem
Let us consider a linear problem

(3.1 n];t + vn;‘ = kAnk + W,

where 7% = 3%, #¥e;. So we get

.k .k k 5
i +viiy = —kdini +/q;Bi.
For i > 2, we know that the above equation has a unique stationary solution #;
with the distribution
qi
N 0> >
( 2Vk/\,‘ )

which is strong mixing with the exponential rate. Furthermore, one can see that for
i > 2 there holds #; — 0 as k — oo. So the behavior of the higher modes (i > 2) is
simple, and is killed after a long time as k - oo.

For i = 1, we have a k-independent system, and so denote #¥ by #;; that is,

(32) iin + v = /31
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To describe the dynamics of the above system, we change it into an equivalent first-
order system

1 =01, 51 =—vé; + \/a/—;l

The linear part has eigenvalues 0 and —v with two eigenvectors

_ 1(1) _ 1(1)
e = — and e, =— ,
v\0 ACRY

respectively. Recall the inner product as [12]:

(U, Up) = 2[%2u1u2 + ( gul +v1) ( %uz +vz)],

where U; = (u;,v1)T and U, = (uy,v,)T. Using this inner product, the components
of (11, 81) along the eigenvectors e; and e, respectively, are

X =/@Pn  J1=-vy— V@b

with x; = ((11,61),e1) and y1 = ((#1,61), €2). Thus, we decouple #; and &, into x;
and y;. The dynamics of this system can be described by one-dimensional Wiener
process

x1(t) = x1(0) +/q,f1(¢)

and the one-dimensional Gaussian process

B0 =00 - VT [ api(s)

Notice that the dynamics of (x;, y;) are independent of k. Then the dynamics of
the linear problem (3.1) as k — oo, are described by those of equation (3.2), namely,
the case of equation (1.2) with f(u) = 0.

4 A Linear Transformation

We present an explicit representation of a linear transformation that plays an impor-
tant role in the proof of our main result in the next section.
For i > 2 and the fixed k, we change the second-order system

i + vl = —kAin; + /QiBi.

into an equivalent first-order system

i = 0is b; = —kAini = vé; + \/E/J):

A simple calculation gives the eigenvalues of the linear part as

Y v2
i = T X 7_k/11')
Hi >*\V 1

with the two corresponding eigenvectors

1 .
e,-*:[”ii], i>2.
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Use the inner product defined as [12]:
2
<U1, Uz) = Z[k)t,-ulﬁz + ( VZ - 2/\2) Lilaz + ( gul + V]) ( %az +Vz) ] s

where Uy = (u1,v1)T and U, = (ua,v5) 7. We set

. 1 1 _ 1 1
= — d L = 1.
AW/ [ﬂ?] Ny [#i]

By the above inner product, considering the components of (#;, §;) along the eigen-
vectors e; and e; respectively, gives

(x,-)_ 1 k/\i'f'%z—ZAz—\/vﬁ:—kli —\/%z—kli (111)
il NG =Ka (kA 5 - 2hy + /5 -k /5 kA |\

Thus, we further get

k11+ —21,

‘ ; 1 1 x;
1) 8

ks
8 2(kAi+ 2 —2),) [ 1+ m M |V
that is,
(4.1) ni = &(ﬁ’y")’ i22.
2(kA; + % —215)

5 Nonlinear System

Now we get back to the nonlinear problem (1.1). We restrict our attention to the limit
of the dynamics of u* as k — co. The expected limit equation becomes

U + vy = Pf(u) +PW,

where P is the projection from H to H; = span{e; }. Denote by Q = Idy — P and split

uk as

uk = puk + Quk = ybk 4 2k,
Then the problem (1.1) can be re-expressed as

ubk 4 vut = Pf(ub* + u®*) + Wy,
uZ® +vuPk = kAuP* £ Qf(ubF + u®F) + Wy,
ou*k

on ‘BD_

where W; = PW and W, = QW.

>

https://doi.org/10.4153/CMB-2015-083-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2015-083-4

Spatial Homogenization of Stochastic Wave Equation with Large Interaction 547
5.1 Random Invariant Manifold

In this subsection, we construct a random inertial invariant manifold for the problem
(1.1) with the fixed k > 0.

The construction of random inertial manifold has been discussed by a number of
works [7,8]. To make this paper self-contained and state our discussions in a straight-
forward way, we give a brief introduction of this construction. For the detailed anal-

ysis, we refer the reader to [7, 8].

We use the transformation % = u* — ¥, where n* = 5% + 4>k with 4% = ,

satisfies equation (3.2) with #;(0) = 0, and #>* and (#**, #>*) are stationary such
that (5%, n*) satisfies system (3.1). Make the change of variables

k=9 and U= (@, 7).

By the definition of U¥, we get a random differential equation
(5.1) ﬁf(t,w):Cﬁk(t,w)+F( ﬁk(t,w),etw),
where

fo 1 S 0
C_[—kA —V:| and F(U ’w)_[f(ﬁk+11k)]'

Let E = Hy(D) x L?(D). Set

0 i 0 .
Ey = span{[(g] , [61]} and E,; = span{[eo] , |:6i:| ti= 2,3,...}.

Then E = Ey; & E»,, where Ej; is orthogonal to E,; by the orthogonality of {e; }, and
dim Ey; = 2. Moreover, both E;; and E»; are invariant subspaces of the operator C.

Since the eigenvalues of Aare 0 = A; < A5 < --- < A, < --- with corresponding
eigenvectors e; (i = 1,2,...) by restricting C to Ejj, the eigenvalues of C|g,, are 0 and
—v with the associated eigenvectors

1(1 1/1
e = 7( ) and e = 7( ),
v\O v\-v
respectively.

By restricting C to Es,, the eigenvalues of C|,, are

2
pi= e\ -k i=23.

with the corresponding eigenvectors

+ €; .
e; = , 1=2,3,....
’ [#?ef]

E; =span{e;} and E_; =span{e;}.

Let

Sowesee that Ey; = Ey®E_;, and E; and E_, are invariant subspaces of the operator C.
Let P, and P_; be the corresponding spectral projections [13], and let P, be the unique
orthogonal projection onto E,,. Then there exists a decomposition E = E;®E_; ® E;
with projections Py, P_;, and P,;, respectively. Note that E; is not orthogonal to E_;.
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To overcome this obstacle, we may use an equivalent inner product on E, as defined
for deterministic wave equations ([12]), to ensure that E; is orthogonal to E_;.

Let U; = (u;,v;) (i = 1,2) be two elements of Ej; or E;y. Assume that v> > 81,.
We define the new inner products on Ej; and E,; by

(Uy, Uz)g, = 2[%2u1u2 + ( gul +v1)(%u2 +v2)],

(U1, Uz)g,, = 2[(kAu1,u2) + (VZZ - 2)&;) (up, un) + ( gul +v1, %uz + vz”,

respectively, where (-, - ) is the usual inner product of L?(D). Define a new inner
product on E by

(U, V)e = (U, Vi) gy + (U2, Vaz) s
where U = Uy +Up and V = Vj1+ Vyp with Uy, Vi; € Ej; (i = 1,2). The corresponding
norm is denoted by || - | .

Since v* > 81,, one can see that (-, - ), is equivalent to the usual inner product
on Ejy, and (-, - ),, is equivalent to the usual inner product on E,,. Hence, the new
inner product (-, - ) is equivalent to the usual inner product on E.

In terms of this new inner product, by the orthogonality of sin kx, a straightfor-
ward calculation shows that

E 1Ey, E 1Ey, E 1LE;.
Let E; = E_; & Ep); then E; 1 E,. Furthermore, for U = (0,v) € E, we have
(5.2) 1Ule = V2|[v]2(p)»
and for any U = (u,v) € E, we have

(5.3) 1Uls > V2p|ul2(p)

with p = min{v/2, \/v?/4 + (k- 2)A,}.
Let Cy, Cy, C_y, Cy; denote Clg,, C|g,, C|g_,» and C|g,,, respectively. By a discus-
sion similar to Mora’s bounds [12], we have

le“| <1 fort <0,
(5.4) eS| < e for t > 0,
(5.5) |eCoat| < eRetst for t > 0.

From (5.4) and (5.5), we have
|| < eRe¥2 fort> 0.
For the nonlinearity F, in terms of the new norm, by (5.2) and (5.3) we have

|E(U1, w) = F(Us, 0) g = V2| f (@ + 1) = £ (@2 + 1) 12(p)

~~ Ly ~ -~
<V2Lg|i - ) 12 (py < ?fﬂ Ui - Uze.

So F is Lipschitz with respect to U and the Lipschitz constant Ly = L £/p is indepen-
dent of k when k > 2.
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Note that by choosing & = 0, 8 = Re y3, and { = Re 3 /2, using a similar discussion
to that of Liu [7] and of Lu and Schmalfuss [8] leads to the following theorem.

—k
Theorem 5.1  There is a one-dimensional inertial manifold M (w) for equation (5.1),
which is represented by

—k
M ((0) = {(f) hk(f’ w)) : EE El}
with h*: Ey — E, is a Lipschitz continuous mapping given by
0 —
h* (& w) = / (P_y + Pyy)e”“ F(U(s), w)ds.

Moreover, if f € C(L*(D), L*(D)), then the random invariant manifold is C*, which
implies that h € C'(Ey, E,). Here U is the unique solution of

_ t _ t _
U(t)=e“"E+ f PeCIF(U(s), w)ds + f (P_y + Py)eC ) E(U(s), w)ds
0 —o00
in the space
C; = {u € C((~o0,0]; H) :stliope_aﬂu(t)H < oo}
with the norm

lulc; =sup e Ju(t)].
t<0

Let 4 = u — 1, and 7 satisfies (3.2). We have
(56) Htt + V;It = Pf(ﬁ+ I’]l)

Hence, we have the following result. Notice that in this case, E; = E_; holds.

Theorem 5.2  There is a one-dimensional inertial manifold M(w) for equation (5.6)
that is represented by M(w) = {(& h(& w)) : € € E;} with h: Ey — E, being a Lipschitz
continuous mapping.

5.2 Limit of M ()
Let U be the unique fixed point of the nonlinear map J: Cr ~> C:
_ t _ t 7
J:(U) = e“'E+ [ PeCUIE(U(s), w)ds + / (P_y + Pp)eC ) F(TU(s), w)ds.
0 —oo

In view of the Lipschitz property of F, one can see that J¢ is Lipschitz with Lip(J¢) < 1,
and

Ule; < 13:(0) - 3:0) . + 1360l leqLip@) [Tl + 120,
By the definition of J; and using the assumption F(0) = 0, we have

13e(0)lc; = I€]l-

So we have HﬁHC; < L| €] for some L > 0.
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Consider U(t) = (U.(t), Us(t)) with

0O =] [+ P)e S BT (s), w)as|.

In view of the Lipschitz property of f, we get
T < V3L [ 0] [T(s)]ds,
<va, [ ; 629 | e85 =45 T (5) | ds,
< VaLy [ MO0 s T

Thus, we have
— 0 + _
(O] =100 < V2L, [ WD as| ], <KIg]

for some constant K > 0.
To consider estimates of the solution on the random invariant mamfold M (w),
we start with the limit of k — co. For any (u ) e M (w), we rewrite 1" as

=2k _ ok
u u;e;.

i=2
By the transformation (4.1), there exists a constant ¢ > 0 such that

N AGLONE C“}K) 141,

Assume that (%) € M(w) with the same initial £ € E;. We now show that for
any t > 0 there holds

(5.7) 7™ <

7" (t) -u(t)| — 0, ask — oo.
Let ﬁl'k =% % So we have

Uttk + vﬁ = Pf(ﬁl’k Iy qk) -Pf(u+m).

—1,k

Letp" = ﬁt’k + 80" with & < v. Then we deduce that

1 1 —1,
prf =S (v =0 - (-0 + 8(v- )T
+ PF(a™ + 0>+ %)~ Pf(a+m).
In view of the definition of ﬁl’k and the Lipschitz property of f, we have
_ —1,k
[p"* ] + (v - )T 7]

il P

1 _ 1 —1k,, 02(v-208),—1k
- - - - IT - S T

+(6(v—6)U )+ (PFE 7™ + *) — PF(+ 1), ™)
_ —1,k _
< Lo[ ">+ 8(v = &)|U " 2] + Lo (7™ > + | #* - m|?)
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for some constant Ls > 0. By the decaying estimate (5.7) and
Hrlk_anz—)O, a.s. as k—>oo,

for any ¢ > 0 it follows from Gronwall’s inequality that

1B ()] + 1T ()] — 0, as.as k —> oo.
Denote by dist( -, - ) the Hausdorff semi-distance on E x E with
dist(A,B) =supinf |x - y|g, A,BcE.
xeA YEB

Thus, we obtain the following result.

—k
Theorem 5.3  For the random invariant manifold M (w), we have
—k —
klim dist(M , M) = 0.

By virtue of Theorems 5.1-5.3, we arrive at Theorem 2.2.
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