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Explicit Upper Bounds for Residues of
Dedekind Zeta Functions and Values of
L-Functions at s = 1, and Explicit Lower
Bounds for Relative Class Numbers of
CM-Fields

Stéphane Louboutin

Abstract. 'We provide the reader with a uniform approach for obtaining various useful explicit upper
bounds on residues of Dedekind zeta functions of numbers fields and on absolute values of values at
s = 1 of L-series associated with primitive characters on ray class groups of number fields. To make
it quite clear to the reader how useful such bounds are when dealing with class number problems
for CM-fields, we deduce an upper bound for the root discriminants of the normal CM-fields with
(relative) class number one.

1 Introduction

Lately, various class number problems and class groups problems for CM-fields have
been solved. These problems include the determinations of the imaginary abelian
number fields with class number one (see [CK], [Yam]), relative class number one
or class numbers equal to their genus class numbers; the determinations of the non
quadratic imaginary cyclic fields of 2-power degrees with cyclic ideal class groups of
2-power orders (see [Lou7]) or with ideal class groups of exponents < 2 (see [Lou3]);
the determination of the normal CM -fields of relative class number one with dihedral
or dicyclic Galois groups (see [Lef], [LOO], [LO2], [Loul0]); the determination of
the non-abelian normal CM-fields of degrees 2n < 48 of class number one (see
[LLO], [LO1], [Lou6], see also [LP]); the determination of the dihedral or quaternion
octic CM-fields with ideal class groups cyclic of 2-power orders (see [Lou5], [YK])
or of exponents < 2 (see [LO3], [LYK]).

For solving such problems, there are three obstacles to overcome.

First, one must be able to construct the fields he is going to deal with. Usually this
is done by using class field theory (e.g. [Lef], [LO2], [LPL]).

Second, one must be able to compute efficiently the relative class numbers of the
CM-fields he is going to deal with. This is done by the method developed in [Loul3].

Finally, one must obtain a reasonable upper bound for the absolute values of the
discriminants of the CM-fields of a given degree or of a given Galois group with a
given relative class number, class number or ideal class group.
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Due to the deep results of [Sta], [Odl] and [Hof] one usually knows beforehand
that there are only finitely many such CM-fields. However, these three papers which
aimed at proving finiteness results are of little or no practical use when it comes to
explicit determinations, for they yield huge bounds on the root discriminants of the
CM -fields with small class numbers and small degrees.

In [Lou2], [Lou5], [Lou8], [Lou9] and [Loull] we developed a wealth of tech-
niques for obtaining lower bounds for relative class numbers of CM-fields, and these
lower bounds are particularly good for CM-fields of small degree. The key ingredi-
ent of our techniques is the use of explicit upper bounds for residues of Dedekind
zeta functions of numbers fields and on absolute values of values at s = 1 of L-series
associated with primitive characters on ray class groups of number fields.

The aim of this paper is to provide the reader with a uniform approach for proving
such useful explicit upper bounds. Not only will we simplify our previous proofs of
[Lou8], [Lou9] and [Loull], but we will also obtain new useful bounds (e.g. see (2),
(3), (4), (6), (7), (8), (12), (16) and (18)).

2 Upper Bounds for Res,_;(Cx) and |L(1, x)|
2.1 Notation

To begin with, we set the notation required for understanding the statements of the
results given in this section. Let L be number field of degree m = r; + 2r,. Let
denote its Dedekind zeta function. We set

Ay = dy/4nmm, To(s) =T (s/2)T7(s),  Fu(s) = ALTL(s)CL(s),
AL = Res—i (F1) = /di/(2m)?2 Res,—1 ((1),

li 1F !
=lim —F — —
P sI1 AL L s(s—1)

Br = pp Ress—1(CL).
Notice that g = (2 +~ — log(4m)) /2 = 0.023095 - - - where y = 0.577215- - -

denotes Euler’s constant. We will prove the following results.

2.2 Bounds for Residues of Dedekind Zeta Functions
Theorem 1  Let L be a number field of degree m > 1. Set e = exp(1) = 2.718 - - -.
1. It holds

elogdy

m—1
(1 Ress:l(CL) < (m) .

2. Moreover, % < B < 1land(L(B) = 0imply

(2) Rese—1((L) < (1 — B)Br.
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3. It holds

(3) BL< <€10gdL>m'

2m

Therefore, L < 3 < 1 and (1(3) = 0 imply

) Res,1(C) < (1 — ) (elOgdL> .

2m

2.3 Better Bounds for Totally Real Number Fields

Theorem 2

1. (See [Lou8, Proposition 6]). If L is a real quadratic number field, then
1.5
(5) By < ¢ log™dy,

which improves upon (3).
2. IfLis a totally real cubic number field, then

1
(6) Rese-1 (1) < ¢ log’ di,
which improves upon (1), and
7) BL < —log’d
L > 48 0g dr,

which improves upon (3).
3. More generally, for each integer m > 2 there exists d,, effective such that for any

totally real number field L of degree m we have:
(a) Ifm > 2,dy > d,—1 and {1/ is entire, then

1

m—1
(8) Res—1(CL) < T — 1) log™ ™" dy,
which improves upon (1).
(b) Ifm > 1anddy > dp, then
9) By < ! log™ d
L= gy 08 D

which improves upon (3).

Moreover, if m € {2,3,4,5} then (8) and (9) are valid without any restriction on
dy.
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Remarks 3

1. According to Aramata-Brauer Theorem (see [MM, Th. 3.1]), if L/Q is normal,
then (1 /¢ is entire. More generally, according to Uchida-van der Waal Theorem
(see [MM, Th. 4.2]), if the Galois group of the normal closure of L is solvable,
then (1. /( is entire.

2. Roughly speaking, the bound (8) is /27 (m — 1) times smaller than the bound
(1) and the bound (9) is v/27m times smaller than the bound (3) (use Stirling’s
formula).

3. The first d,,,’s are small enough to allow us to use the bounds (8) and (9) for any
totally real number field of degree m € {2, 3,4,5}. It would be nice to be able to
prove that the d,,’s can be chosen small enough so as to allow us to use these afore-
mentioned two bounds for any totally real number field L (see Subsection 6.4).

2.4 Bounds for Values at s = 1 of L-Functions

Theorem 4  Let L be a number field of degree m > 1. Let x be a primitive character
on some ray class group for L. Let f,, denote the norm of the finite part of the conductor
of x. Sete = exp(l) =2.718 - - -.

1. Then
(10) 20,0] <2 (5 log(d )

Consequently, if N is a CM-field of degree 2m > 2, then

(11) Iy < 20/ (5 log(dw/dy-))"

(see Section 3 for the notations hy, Qn, wy and N*).
2. Moreover, % < B < landL(B,x) = 0imply

m+1
(12) IL(L, )| < 4(1 =) (M%bg(dﬁx)) .

)

Theorem 5  Let L be a given number field, x a non-trivial primitive character x on a
ray class group for L which is unramified at all the infinite places of L, and f, the norm
of the finite part its conductor. We have

2By in all cases,

1
(13) IL(1,x)| < 5 Res,—1 (1) log f, + {BL if fo=lorif f, > peyry

See also [Lou4] and [Loull, Th. 7] for similar but less satisfactory results when we
drop the assumption that x is unramified at all the infinite (real) places of L. Since
both the upper bounds for |L(1, x)| given in Theorem 5 and [Loull, Th. 7] involve
the invariant By, of L, it was reasonable to determine in Theorem 1 a general upper
bound for By.
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Corollary 6 (Compare with (10)) Let L be a given number field of degree m > 2. For
any non-trivial primitive character x on a ray class group for L which is unramified at
all the infinite places of L we have

elogdy

m—1
(14) IL(1, x)| < <m> log(dy f,).

Proof Using (13), (1) and (3), we obtain
elogdy \"' (1
< [ Z
|L(1, x)| < (Z(ml)) (zlogfx+amlogdL)

where a,, = e(m — 1)""! /m™ < 1form > 2. ]

2.5 Better Bounds for Real Abelian Number Fields
Theorem 7  Let x be an even primitive Dirichlet character modulo f,, > 1.

1. (See also [Loul], [Loul2] and [Ram]). Then
1 1
(15) [L(1, x)| < 5(10g fie +2pq) < E(logfx +0.05).

2. Moreover, % < B < land L(B,x) = 0imply

1-p
(16) L1, %] < — = Tlog’ £,

which improves upon (12).

Notice that (15) follows from the second bound in (13) applied to L = Q and
that, for quadratic characters, (16) follows also from (4) and (9). Now, using the fact
that the geometric mean is less than or equal to the arithmetic mean and using the
conductor-discriminant formula, we obtain:

Corollary 8  Let L be a real abelian number field of degree m > 1, discriminant dy,
and conductor fi, (notice that dy, < fL’”fl).

1. We have the following improvement on (1) and (6):

1 m—1
(17) Res,—1(¢1) < <m logdy + #Q) .
2. Moreover, % < B < land (L (B) = 0imply
1 1 m—1
(18) Res,1(Gt) < (1 f) Oiﬁ <m log dy. + uQ) ,

which improves upon (4).
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Theorem 9  Let L be a real abelian number field of degree m > 1, discriminant dy.
We have the following improvement on (3):

logdy, 1 mt
< O EE—— .
(19) By < — <2(m_1)logdL+ﬂQ)

Notice that (18) is at least m1— 1 times better than the bound which can be deduced
from (2) and (19).

2.6 Remarks

Let L be a real abelian number field of degree m > 1, and let Xy denote the group of
primitive even Dirichlet characters associated with L. Then

L'(1,x)
L(1,x)

m—2 m 1
pup=1-— T'y - 510g(47r) + ElogdL+ Z
xexn\{1}

If we assume the Generalized Riemann Hypothesis then L'(1,x)/L(1,x) is
O(loglog f,) (see [GS, Section 3.1]), and py, is asymptotic to %log dy, as dy, goes to
infinity. In this respect, it is worth noticing that the bound (13) can be rewritten in
the following form:

(20) IL(1, )| < %Res5:1<<L><log fo + 2.

3 Lower Bounds for Relative Class Numbers

This section is devoted to giving four examples showing the use of the explicit results
of the previous section for obtaining useful explicit lower bounds for relative class
number of CM -fields: Theorem 12 which stems from Theorem 1, Theorem 13 which
stems from Corollary 8, Theorem 15 which stems from Theorem 5, and Theorem 18
which stems from Corollary 8. We make it clear to the reader that the lowers bounds
on relative class numbers for CM-fields which can be obtained by using the results
of Section 2 are not good enough to prove that there are only finitely many normal
CM-fields of a given relative class number, a result which is known to be true (see
[Odl] and [Hof]). However, we can obtain (and we have obtained) various lower
bounds for relative class numbers of CM-fields which are much better than the ones
given in the aforementioned two papers, provided that we deal with CM -fields of a
given degree. In particular, up to now all the determinations of the CM-fields of a
given degree (e.g. of degree 2m < 42) or of a given Galois group (e.g. with Galois
group any dihedral group) with a given class number (e.g. of class number one) or
a given ideal class group (e.g. of ideal class groups of exponent < 2) stem from our
lower bounds on their relative class numbers. Recall that a number field N is a CM-
field if N is a totally imaginary number field (of degree 2m) and N is a quadratic
extension of its maximal totally real subfeld N* (of degree ). In that situation, the
class number hy:+ of N* divides the class number iy of N. Their ratio hy = hx/hn-
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is a positive rational integer which is called the relative class number of N. Moreover,
let Qn € {1,2] and wx > 2 denote its Hasse unit index and its number of complex
roots of unity, respectively. Then

dn Res,—
(21) hy = Quwn [ dn Res—i((n)
(2m)™ || dn+ Rese—1(Cn+)
(see [Was]). In particular, the upper bound for hy given in (11) follows from the
upper bound (10) applied to the quadratic character associated with the quadratic
extension N/N*. For obtaining lower bounds for hy we will make use of the upper

bounds for Res,—;({n+) (for totally real number fields N*) given in Section 2 and of
the following lower bounds for Res,—; ({n):

Proposition 10 (See [Lou2, Proposition A])  Let N be a CM-field of degree 2m > 2.
Letry = d11\1/2m denote the root discriminant of N and set ey = max(ef, ef) with ey =
1 — 2mme®?" /1) and e = %exp(—Zwm/rN). Then, % <1—(a/logdy) < B <1
and (n(B) < 0imply

Res.—1((n) > en(1 — B)/e"/2.

We refer the reader to [Sta, Lemma 4] and [Hof, Lemma 4] for similar lower
bounds for Res,—;({n). Notice that the residue at its simple pole s = 1 of any
Dedekind zeta function (y is positive (use the analytic class number formula for N,
or notice that from its definition we get (x(s) > 1 for s > 1). Therefore, we have
lim,_, ;- {n(s) = —oco and (N(l — (a/log dN)) < 0 if ¢x does not have any real zero
in the range 1 — (a/logdn) <'s < 1.

Proposition 11

1. The Dedekind zeta function of a number field E has at most two real zeros in the
range 1 — 1/logdg <s < 1.

2. Let K be a normal number field and p a real simple zero of (k. There exists a
quadratic subfield F C K such thatk C K and (x(p) = 0 if and only if F C k.

3. IfN is a normal CM-field which does not contain any imaginary quadratic subfield,
then either {n+ has a real zero in the range 1 — 1/logdn < s < L or (n(s) < 0in
thisrange 1 — 1/logdny < s < 1.

4. IfN is an imaginary abelian field which does not contain any imaginary quadratic
subfield, then either {x+ has a real zero in the range 1 — 2/logdy < s < 1 or
(n(s) < 0inthisrangel — 2/logdny < s < 1.

Proof 1. This result is a generalization of [Sta, Lemma 3] and its proof is similar
(see [LLO, Lemma 15]).

2. See [Sta, Theorem 3].

3. Assume that there exists s, in the range 1 — 1/logdy < s < 1 such that
(n(s1) > 0. Since the residue of (y at s = 1 is positive, it holds lims; (n(s) =
—o0 and there exists some real zero p of (x of odd multiplicity #, > 1 in the range
1 —1/logdy < s; < s < 1 and, according to the first point of this proposition,

https://doi.org/10.4153/CJM-2001-045-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-045-5

Explicit Bounds for Res,—; (Cx), |L(1, x)| and hy 1201

in this range we have n, < 2. Hence, n, = 1 and, according to the second point
of this proposition, p is a zero of (¢ for some quadratic subfield F of N. Due to our
hypothesis this F is real, hence is a subfield of N* and (n+(p) = 0.

4. For 0 < s < 1 we have

/o= ] Lsx= [ EsxP=o0

x(—1)=-1 {xx}
xX(—=1)=-1

where the product is taken over the set of disjoint pairs {x, X} of odd Dirichlet char-
acters of the group Xy of primitive Dirichlet characters associated with the abelian
number field N. ]

3.1 The Case of Normal CM-Fields

Theorem 12 (Compare with [Loull, Th.4]) Let N be a normal CM-field of degree
2m > 2 which does not contain any imaginary quadratic subfield. Then

e ()

2uy, \ melogr

withu, = m™/(m —1)"Landr = dll\l/zm (the root discriminant of N). In particular,
hy > 1 forr > 40000, and hy > 1 for m > 10 and r > 14000.

Proof According to Point 3 of Proposition 11, there are two cases to consider.
First, assume that (x+ has no real zero in the range 1 — 1/logdy < s < 1. Then
(n(1—(1/logdy)) < 0and using Proposition 10 with a = 1 we obtain

Res,—1((n) > en/Velogdy.

Using (1) we conclude that

l d . m—1
(22) Res,—1((n)/ Rese—i (Cn+) > en/VVe (%) log d.

Second, assume that {x+ has a real zero § in the range 1 — 1/ logdy < s < 1. Then
(n(8) = 0 < 0 and using Proposition 10 with a = 1 we obtain

Res,_1((n) > ex(1 — B)/+/e.

Using (4) we conclude that

(23) Resszl(CN)/ Resszl(gw) > eN/\/E (elong+> .

2m
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Finally, since (23) is always greater than or equal to (22) (for dy > d¥.), we conclude
that (22) is valid in both cases. Using (21) and (22) we obtain

v/ dn/dn+
(24) hy > ex Quwn /ey / .
2my/e(%5 log dn+ )"~ 1 log dy

To deduce the desired lower bound, we use /dn/dn+ > dll\l/ Y= 2, logdn+ <
Logdn = mlogr, logdy = 2mlogr, Quwn > 2, €4 > 1 — (2mme'/*™ /r) and
eN > 2exp(—2mm/r). [ |

3.2 The Case of Imaginary Abelian Fields

Theorem 13  Let N be an abelian CM-field of degree 2m > 2 which does not contain
any imaginary quadratic subfield. Then

o (rs)

euy,, \ mlogr+0.146

withu, =m™/(m—1)"Landr = dllq/zm (the root discriminant of N). In particular,
hy > 1 forr > 10000, and hy > 1 for m > 10 and r > 1200.

Proof It is easily verified that

(25) e > enQnwN+/dn/dn+

N = 7T€((m—711) log dn+ + 2mpq)™ ' logdy

The proof of (25) is similar to the proof of (24): Point 4 of Proposition 11 allows us
to use Proposition 10 with a = 2 and we use (17) and (18) (instead of using Point 3
of Proposition 11, (1) and (4)). |

We refer the reader to [CK] for the solution of the relative class number one prob-
lem for the imaginary abelian fields, a solution based on refinements of the lower
bound given in Theorem 13.

3.3 Remarks

The reader can easily check that our proofs and statements of Theorems 12 and 13
are still valid under the hypothesis that if N contains an imaginary quadratic field k
then (x(s) < 0for 0 < s < 1. Now, according to [Hor, Th. 1] (for the abelian case)
and to [Oka] (for the non-abelian case), if k C N are CM-fields then hy_ divides 4hy
(see also [LOO, Point (iii) of Theorem 5] and [Lem, Theorem 2 and Corollary 1]).
In particular, if hy = 1 then b € {1,2,4}. According to [Arn], all the imaginary
quadratic fields k of class numbers 1, 2 and 4 are known and it is only a matter of
computation to verify that we have (x(s) < 0 in the range 0 < s < 1 for all the
imaginary quadratic fields k of class numbers 1, 2 or 4. Therefore, we are allowed to
use our lower bounds and we obtain:
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Theorem 14  The root discriminant of a normal CM-field N (respectively, of an imag-
inary abelian field N) of degree 2m > 20 with relative class number one is less than or
equal to 14000 (respectively, less than or equal to 1200).

We will prove in Theorem 15 that the use of Theorem 5 may sometimes drastically
reduce these bounds on root discriminants: we will prove that the root discriminant
of a dihedral CM-field N of degree 2m > 20 with relative class number one is less
than or equal to 3400. It may be worth noticing that if N ranges over CM-fields of
degrees 2m going to infinity, then as we have ry > rn+ and as N* is a totally real field
of degree m, Odlyzko’s bounds for discriminants yield lim infry > 87e’*™/? > 215
under the assumption of the generalized Riemann hypothesis (see [Ser]). In particu-
lar, our upper bound for the root discriminants of the normal CM-fields with relative
class number one is not sharp enough to prove that there are only finitely many such
normal CM-fields, a result which is a corollary of [Odl, Theorem 2, p. 279] (see also
[Hof, Corollaries 1 and 2, p. 47]). However, our bounds are sharp enough to prove
that there are only finitely many normal CM -fields of a given degree with relative class
number one and that there are only finitely many normal CM -fields with relative class
number one in any family of normal CM -fields whose root discriminants go to infin-
ity with their discriminants (e.g., the family of the imaginary abelian number fields,
or the family of the dihedral CM-fields). Moreover, it must be pointed out that our
lower bounds for relative class numbers become better and easier to use than those
given in these papers when the degree of N is not too large, say 2m = [N : Q] < 50.

3.4 The Case of Dihedral CM-Fields

Let N be a normal CM-field of degree 2m = 4n > 12 with m odd, and assume that
its Galois group Gal(N/Q) is isomorphic to the dihedral group D,,, of order 2m. Let
M denote the maximal abelian subfield of N. Hence, M is an imaginary biquadratic
bicyclic field. We have the following theorem which allows us to improve upon the
bounds given in Theorem 14:

Theorem 15  Fix an imaginary biquadratic bicyclic field M, assume that (m(s) < 0
for 0 < s < 1, let L denote its real quadratic subfield and set py, = Ress—1((L) and
pf = max(0, 21, — % logdy). Let N range over the dihedral CM -fields of degree 2m =
4n > 12, n odd, containing M. It holds

b > 2 r m/2
€
N =N ey, 4m?pr(logr + i)

with u,, = (n/(n — 1)) o (m/(m — 2)) (m=2)/2 and where r = dll\]/zm (the root
discriminant of N). In particular, m > 6 and hy = 1 imply r < 4500, and m > 10
and hy = 1 imply r < 3400.

Proof First, since

/e = [[ L= J[ IsxP>0 ©0<s<1)

X#1 {oxdx3#1
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(where x ranges over the 2n — 2 non quadratic characters associated with the cyclic
extension N/L of degree 2n), we conclude that (u(s) < 0 for 0 < s < 1 implies
CN(I —(2/ long)) < 0 and Res;—1({N) > 2en/elogdn. Second, using (13),
dn+/dp =11, 4 fx. and dn+ < V/dy = r*" we obtain

Res,—1 ((n+) = p1 H IL(1, x+)]

X+#1

<o o)

X+#1

L n el
< P E— +
< pL( 2(n — 1) log(dN /dL) + ZBL)

PL 2n ) gn 2n )nil
<p(—2—1 )+ ——
_pL<2(n_1) og(r™"/dp) Py

< uppf(logr+ pf)" ™"

(where x. ranges over the n — 1 non trivial characters associated with the cyclic
extension N* /L of degree n). Using (21) we obtain the desired lower bound for hy.
Now, the relative class number hy; of M divides the class number hy of N (see [LOO,
Theorem 5]). Hence, hy = 1 implies hy; = 1. However, it is known that there are
only 147 imaginary biquadratic bicyclic fields M with relative class number one, and
it is only a matter of computation to verify that (u(s) < 0in therange 0 < s < 1
for these 147 fields. Finally, the computation (based on [Lou9] and carried out in
[LL, Section 7]) of pr, and py, for the real quadratic subfields L of the 147 imaginary
biquadratic bicyclic fields M with relative class number one yields pp < 4.213 (for
dy = 65689) and i < 1.787 (for di, = 1608) whenever hy; = 1. Using these bounds
and our lower bound on ki, we deduce the last assertion. ]

Notice that exponent m/2 of logr in Theorem 15 is half as large as the one 2m
in Theorem 12. We refer the reader to [LO2] and [Lef] for the solution of the class
number one problem for the dihedral CM-fields, solution based on refinements of
the lower bound given in Theorem 15.

3.5 The Case of Some Non-Normal Sextic CM-Fields

Proposition 16 Let F be a real cyclic cubic field and K be a non-normal CM -sextic
field with maximal totally real subfield F. The normal closure N of K is a CM-field of
degree 24 with Galois group Gal(N/Q) isomorphic to the direct product Ay x Cy, N* is
a normal subfield of N of degree 12 and Galois group Gal(N" /Q) isomorphic to Ay, the
compositum maximal abelian subfield A of N is an imaginary sextic field containing F,

(26) O/ = (Ca/ o)k /Gr),

and dy divides di¢, and [1 — (1/12logdk),1) C [1 — (1/logdn),1).
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Proof Let us only prove (26). Set Ko = A and let K; denote the three conjugate
fields of K. Since the Galois group of the abelian extension N/F is the elementary
2-group C; X €, X C,, using abelian L-functions we obtain {n/{n+ = H?:O(CKZ/CF)'
Since the three K;’s with 1 < i < 3 are isomorphic to K, we have (x, = (x for
1 < i < 3, and we obtain (26). Finally, since N = K;K,Kj and since the three K;’s
are pairwise isomorphic, we conclude that dy divides di¢ (see [Sta, Lemma 7]). M

Lemma 17 (See [LLO, Lemma 15])  The Dedekind zeta function of a number field M
has at most two real zeros in the range 1 — (1/logdy) < s < 1.

Theorem 18  Let K be a non-normal sextic CM-field with maximal totally real sub-

field a real cyclic cubic field F of conductor fg. Setr = d11</6 (the root discriminant of K)
and eg = 1 — (6me/7 /r). We have

3
27) hg > —X ( VT )

~ 6el/273 \ 3logr + 0.1

Therefore, hyy = 1 implies r < 33000.

Proof There are two cases to consider.

First, assume that (¢ does not have any real zero in [1 —(1/121ogdk), 1 [ Ac-
cording to (26) any real zero 3 in [1 —(1/121ogdx), 1 [ of (x would be a triple zero
of {(y in [1 — (1/logdn), 1 [, which would contradict Lemma 17. Hence, (x does not
have any real zero in [1 — (1/log 12dx), 1 [, and (K(l — (1/1210gdK)) < 0. Using
Proposition 10 with a = 12 we obtain

Res.—; (Ck) > ex/12¢"/* log dx.

Using (17), (21) and Qgwk > 2, we conclude that

o8) _ 1 dx/ds

> .
K = K612 (log fr + 0.05)2 log dx

Second, assume that (g has a real zero 3 in [1 — (1/121ogdxk), 1[. Then (x(6) =
0. Using Proposition 10 with a = 12 we obtain

Res,—1 (Ck) > ex(1 — 3)/e"/?.

Using (18), (21) and Qgwg > 2, we conclude that

(29) h 4 i/ d

. |
K = K 172173 (log fi)(log fi + 0.05)2

Finally, since dx > di > fi, the lower bound (29) is always better than the lower
bound (28). Hence, the lower bound (28) always holds.

To deduce the desired lower bound, we use /dx/dp > dll(/ Y= P, log fy =
Hogdy < | logdg = 3 lograndlogdg = 6logr. ]
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We refer the reader to [BouL] for the solution of the class number one problem
for these non-normal sextic CM -fields (there are 19 non-isomorphic such sextic CM-
fields), a solution based on refinements of the lower bound given in Theorem 18. In
[Bou], point 2 of Theorem 2 is also used for settling the class number one problem
for the sextic CM -fields whose real cubic subfields are non normal.

3.6 Other Lower Bounds

We refer the reader to [LPP, Section 4] for other explicit lower bounds for relative
class numbers of non-normal CM-fields. It would also be possible to derive from
[Mur] effective lower bounds for relative class numbers of non-normal CM -fields.

4 Integral Representations

This section is devoted to proving Theorems 22 and 23 below which will then allow
us to prove the explicit results given in Section 2 of this paper.

4.1 Assumptions on f and Definitions of A¢, I'r and Fy

Let us stage the framework in which Dedekind zeta functions, L-functions and their
products will fit nicely. Let

(30) f&) =Y aufn

n>1

be a given Dirichlet series.

Hypothesis (i) We assume that ) -, a,(f)n~" is absolutely convergent in the half
plane {s = o +it;0 = R(s) > 1}. In particular, for any a > 1 we have | f(s)| = O(1)
in the open half-plane {s; R(s) > a}.

Hypothesis (ii) We assume that there exist some positive constant A¢ > 0 and some
Gamma factor
Ty(s) =Ts/2)T"((s + 1)/2) T(s)

(a, b and ¢ non negative rational integers) such that
Fy(s) = AL p(s) f(s)

extends to a meromorphic function on the complex plane with only two poles, at
s = l and s = 0, satisfying the functional equation

(31) Fr(1—5)= me = WfA}Ff(S)f(S)

(for some complex number W ¢ of absolute value equal to one) where

) = T = o

n>1
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for R(s) > 1 (in particular, f = f if all the a,( f) are real for n > 1).

We let ny > 0 denote the order of s = 1 and s = 0 as poles of Fy.

Notice that according to (56) below, (a, b, ¢) and A are not uniquely determined
by f (in fact, we could assume ¢ = 0 and in that case (a, b) and A would be uniquely
determined by f).

Hypothesis (iii) We assume that
s Ag(s) = (sts — 1)) " Fy(s)

is an entire function of finite order, thus such that there exists « > 0 and r, > 0 such
that |s| > r,, implies [Af(s)| < exp(|s|*).
Recall that according to Stirling’s formula, in any strip a < ¢ = R(s) < § and

|t] = |S(s)] > 1 we have
1
I(s) = O(efw|t|/2|t|(rfl/2) and —— = O(eﬁ\t\/2|t|f(071/2))
I'(s)
(see [Rad, Section 21]), which yields
(32) Ff(S) — O(ef(u+b+2c)ﬂ'\t\/4‘t‘((a+b+lc)af(a+c))/2)
and
Ty(s) _
33 I _—0 t(u+b+26)(0 1/2) )
() By = Ol )
In particular, let & > 1 be given. For R(s) = « and |t| = |(s)] > 1, we have

|f(s)| = O(1), | f(s)| = O(1) and
[f(1=9)[ = AP (9)/T (1 = 9)[[f(9)] = O(fe| 21/,

Hence, according to the Phragmen-Lindelof Theorem (see [Lan, Chapter XIII, §5]
and [Rad, Section 33]) and to (32), we obtain:

Lemma 19  Assume that f satisfies Hypotheses (i), (ii) and (iii) above. For a given
o > 1, there exists M > 0 such that f(s) = O(|t|M) and Fy(s) = O(e™(@*b+2mltl/4]¢|M)
intherangel — a < R(s) < aand |t| = |S(s)| > 1.

4.2 Properties of Mellin Tranforms

Leta < band 0 < 8 < 7 be given. Let M; denote the set of the functions ¥
holomorphic in the strip a < R(s) < b which satisfy foralle > 0and § > 0

[U(s)| < Cege™ BN are<R(s)<b—e

(e.g. U(s) = I'(s) with0 = a < band 8 = 7/2), and let M, denote the set of the
functions ® holomorphic in the sector {s; | arg(s)| < B and s # 0} which satisfy for
alle >0andd >0

|(s)] < ClslsI™¢, Jarg(s)| <B—9, ate<c<b-—e

(e.g O(s) =e*with0O=a < band § = 7/2).
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Theorem 20 (See [Mel] or [Rad, Section 27]) IfV¥ € M, thenfora<a <b
1
s M 1W(x) = —/ U(s)x*ds € My,
271 J(s)=a

if ® € M, then
o dt
s M®(s) = / <I>(t)t57 € M,
0
and we have M—'M® = ® and MM ' = . Finally, the inverse Mellin transform
® = M~V ofa product ¥ = []._, ¥; of functions U; in M, is equal to the convolution

D) % Dy % - - % D, of the inverse Mellin transforms ®; = M~1; (where &1 x ®,(x) =
fooo D (x/t)D,(t) dt), and the convolution of positive functions is positive.

4.3 Definitions of Hy(x), Sf(x) and hs(x)

We have assumed f regular enough to warrant the forthcoming calculations with
Mellin and inverse Mellin transforms (in particular, the Mellin inversion formula is
valid for Fy). We set

1
H(x) := Mlef(x) = — F¢(s)x*ds (a>0andx > 0)
271 JR(9)=a

(inverse Mellin transform of I' ) and

Sp(x) := M_lFf(x)
1

(34) = — Fe(s)x*ds (a>1landx > 0)
271 J(s)=a

(35) = an()Hy(nx/Af)
n>1

(inverse Mellin transform of F¢). The most important observation is that we have
Hy(x) > 0 for x > 0 (use the last assertion of Theorem 20).
Let pr, 0 < k < ny, be the complex numbers such that

ny
(36) Fr) = e —pkl)k +0(s — 1).
k=0
Then,
k
(37) Resszl(Ff(s)x*S = Z( D 11)‘?]( =l = in(logx).

Using (31), we obtain

ng _
(38) Res,—g (Ff(s)xfs) = —Wy Z ﬁ logk_1 x = —W;Ps(—logx).
k=1 :
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Now, Lemma 19 allows us to shift the line of integration in (34) leftwards to the line
R(s) =1 — a < 0. We pick up residues at s = 1 and s = 0 (see formulae (37) and
(38)), and using the functional equation (31) to come back to the line R(s) = a > 1,
we obtain the functional equation

(39) )—lcsf (3—1) = W;Sp(x) + hy(x)
where

(40) hy(x) == Pg(—logx) — %W
We have

Ff(s) = MM~ 'Fg(s) = MSg(s)
= / Sf(x)xsé = / Sf(x)xsé +/ Sy (l> x_S@.
0 X 1 X 1 X X

4.4 Definitions of R and Ir and Integral Representation of F,
Using (41) and (39) we obtain:

Theorem 21  Set

oo ny -
s Pk Pk
and
(43) If(s) == /oo Sf(x)xs_1 dx+ Wy /OO Sy(x)x " dx
1 1

(which defines an entire function). Then R¢(1—s) = WR(3) = WfR/;(s), If(1—s) =
Wils(5) = Wely(s) and for any s in the complex plane it holds

Ff(s) = Rf(s) + If(s).

Moreover, according to (36) and (42), we have

ny
(44) 1) = lim(Fy = R(s) = po = Wy 3 (=1
k=1
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4.5 General Upper Bounds
Theorem 22  Let f; and f, be two Dirichlet series for which
lan(f)| < au(f2)  (foralln > 1).
For% < B <1< swehave
15 (B)] < 2451 (5) fo(s).
Proof Since Hy,(x) > 0 for x > 0 and |a,(fi)| < a,(f2) forall n > 1, we obtain

1S5 < an(f)H ()
n>1
(for x > 0), and using (43) we obtain
1,(8)] < Zan(m/ H, (nx/A ) (P + 5P dx
1

n>1

< Zan(fZ) /00 Hy (nx/Ap) (" +x7%) dx
1

n>1

< ZZan(fQ) /00 Hy (nx/Ay, )5 dx
1

n>1

< ZZan(fQ) /00 Hy (nx/Ay, )5 dx
0

n>1
=2A% Z a,,(fz)n*s/ Hj, (%) dx
n>1 1
=2A%T 1 () 2 (s). ]
Theorem 23  Let f; and f, be two Dirichlet series for which 'y, = T'y,,

la,(f)| < an(fa) (foralln>1)

and Wy, = 1. Setd = Ay, /Ay, and n, = ny,. Let py denote the coefficients associated
with Fy, defined in (36). Assume % < B < 1. It holds

d d d
45)  [I,(8)] < Ju(d) == (d+1)If2(1)+d/ hfz(x)?ﬂ/ hy, (x) dx
1 1

and
(46) Jp(d) = Rese— <5 > Fp,(s) (% + S_%) (& + d15)>
(47) = i(?i + 2’12: (—l)kf(m)Pk) d+ (=17 E;l)i log' d
i—0 P
(48) = di—ﬁ log™ d + d% log™ ™" d+ O(dlog™ " d).

https://doi.org/10.4153/CJM-2001-045-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2001-045-5

Explicit Bounds for Res,—; (Cx), |L(1, x)| and hy 1211

If d = 1 then we have the better bound

nf

(49) 1B < 15(B) < Ip(D) = po+ 3 (~ D py.
k=1

It also holds

(50) I1,(8)] < (d+ 1)(logd)I (1) + (d — DI} (1) + Ky, (d) + Ry, (d)

d dx d
where Kp,(d) = d/ by, (x) log(d/x)? +/ hy, (x)log(d/x) dx
1 1

and Ry, (d) = d/ sz(x)(log(x/d)) % +/ sz(x)(log(x/d)) dx.
d d
Proof Since Hy,(x) = Hy,(x) > 0 for x > 0 and since |a,(f,)| < a,(f;) foralln > 1,

we obtain (use (35)):
IS (x)] < Sp(x/d)  forx > 0.

Since 8 — x%~! + x=% increases with 8 > % for x > 1 and since Sy, satisfies the
functional equation isfz(i) = Sf,(x) + hp,(x) (see (39)), using (43) we obtain

(51) 1:(8)] < / S (/)P + ) dx
1

(52) S/wsfz(x/d)dH/mez(x/d)%
1 1
0 > dx
:d/ sz(x)dx-i—/ S, () —
1/d 1/d x
o0 41 1\ dx
:d/l sz(x)dx-l-d/l ;sﬁ(;)?
o dx (91 /1
+/1 Spx)— +/1 ;sz(;) dx
< (d+ 1)(/oo sz(x)dx+/oc sz(x)%)
1 1

d [e's)
+d/ hfz(x)§+/ hfz(x)dx,
1 X 1

which provides us with the desired bounds (45) and (49) (for if d = 1 then the right
hand sides of (51) and (52) are equal to If,(3) and Iy, (1), respectively).

Since all the a,,(f;) are real and since Wy, = +1, we conclude that the p;’s are real
for 0 < k < ny, and, according to (37), (38) and (40), we have

"

Pk
hfz(x) = gr(x)
kzz:l (k—1)!
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where g (x) = (1 + (—l)k/x) logk_1 x is such that

d d d
d / g0 = + / gi(x) dx
1 X 1

d+(—1F
=

k—1

loghd+(k—1)! > (-1}~

i=1

d+ (-1
ISR

which, together with (44), yields (47). Finally, the reader will check that using (36) he
can compute the residue (46) and gets that this residue (46) is indeed equal to (47).
The proof of (50) is similar to that of (45): using (43) we have

|I}1(ﬁ)‘ < /OO sz(x/d)(logx)(xﬁ’l +x ) dx
1

o0

g/oosfz(x/d)(logx)dx+/ sz(x/d)(logx)%
1 1

e dx

= d/oo sz(x)(log(dx)) dx+/ sz(x)(log(dx)) —
1/d 1/d x
o 11 /1 dx
= az/1 8, (x) (log(dx)) dx+d/1 =85(5) (1ogd/) =
o d 1 /1
+/1 sz(x)(log(dx)) ;x 4—/1 ;sz<;> (log(d/x)) dx
< (d+ 1)(logd)</OO S, (x) dx + /Oo sz(x)d;>
1 1

+(d — 1)</OO S, (x)(log x) dx — /OO S,ﬁx)(logx)%) +Rp(d)
1 1

(recall the functional equation %S I < > = Sp(x) + hp(x)

1
= (d + 1) (logd)I;(1) + (d — DI}(1) + Kp,(d) + Ry (d). m

5 Useful Lemmas

As in [Loull], to obtain neat bounds in Section 2 of this paper, we will use the fol-
lowing Lemma:

Lemma 24 (See [Loull, Lemma9]) Let { denote the Riemann zeta function and I’
denote the Euler Gamma function, and set

A(s) = s(s — I)W*S/ZI‘(S/Z)((S) and G(s) = \/fr((;(-:/lz))/z)
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Then A and G are positive, log A and log G are convex on the open interval (0, +c0),
A(1) = G(1) = 1, A(6) = 47°/63 = 1.968 - - - and G(6) = 57/32 = 0.490 - - -.

The following coarse lower bounds for discriminants of number fields will be used
for proving our results:

Lemma 25 Let L be a number field of degree m = r + 2r, > 1. Then

dL Z eZ(mfl)/3 Z eZ(mfl)/S‘

Moreover, if m > 1 then
dy > 20D/5 > 5,

Hence, if x a primitive character on a ray class group of a number field L of degree m
then
deX > eZ(m+1)/5 > eZm/S‘

Proof According to Minkowski’s geometric bounds for discriminants we have
dy > (m™/m)* (7 /4)* > u,, == (m™/m!)* (7 /4)"™.

Now,

U1 Uy = %((1 + 1/m)’“)2 > %22 =7
and u; = 7/4 yield u,, > 17", and we obtain u,, > =113 for m > 2 and
Uy > D5 form > 3. Ifm = 2thend, > 5 > ™"D/5 and if m = 1 then
dp =1 > &m=D/3 Now, if m > 2 then dify > dy > 2mtD/5 and if m = 1 then
dy =1, f, >3anddyf, >3 > mD/5, |

v

The following Lemma will allow us to use Theorems 22 and 23:

Lemma 26  Let L be a number field of degree m > 1, let { denote the Riemann zeta
function and let x be a character on a ray class group for L. For any positive rational
integer n > 1 we have

(53) 0 < |an(s Lis, X)) | < an(én),
(54) 0 < a,(¢) < a,(C™)

and

(55) |a,(CL/Q)] < an(¢™).

Here, the a,(f)’s are the coefficients of the Dirichlet series expansions of the considered
functions, as defined in (30).
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Proof Thebound (53) follows from the fact that for any integral ideal J of L we have
|x(T)| < 1and from the fact that a, (s — L(s, X)) = >4 x(J) where J range over the
integral ideals of L of norm #. Since n +— a,((1), n — a,(¢") and n — a,({1/¢) are
multiplicative, it suffices to prove that (54) and (55) are valid for n = p* any prime-
power. Let (p) = le P% be the prime ideal factorization of (p), let pli = N(P;)
denote the norm of the prime ideal P; and set E; = {(x1,...,%);> 5, fixi = k}
and F; = {(x1,...,%); > 5, % = k} (where the x;’s denote nonnegative rational
integers). Let us first prove (54). Since (x1,...,%;) € Eg — (fixi,..., foX;) € Fgis
injective, we do obtain 0 < a,((y) = #E, < #F, = (g_£+k) < (m_k“k) = au(¢").

Let us now prove (55). To begin with, notice that apk(CL/C) = a,(CL) — ap—1(CL)-
Now, if g = m then au((L/¢) = ap(() — ap-1(G) = (") = (") =
('"72”‘) = ap(C m=1) (which also follows from the fact that the Euler factor of (/¢

k
and ("' are equal), and if g < m — 1 then 0 < a((L) < (g7,(1+k), 0 <ap(¢L) <
(E 5N < (3% and we also obtain |ap(CL/Q)] = lap(CL) — ap—1 (G| <
(g_]:"’k) < (m—k2+k) _ apk(cmfl). -

Remarks 27 Suppose we want to refer to this Lemma 26 to allow us to use Theo-
rem 23 with fi(s) = L(s, x) and f, = {1, with fy = (and f, = ", orwith f; = (/¢
and f, = (™!, Then the Gamma factors which arise in the functional equations of
f1 and f, must be equal. This clearly amounts to asking that x be unramified at all
the infinite places of L or that L be totally real, respectively, thus explaining the as-
sumptions made in Theorems 2 and 5, together with the assumption that x be even
in Theorem 7.

We will finally make use of the following functional equation:

(56) I(s) = m 227 ' (s/2)0 ((s + 1) /2) .

6 The Proofs

We are now in a position to prove all the results stated in Section 2. For each function
f which we will introduce, we refer the reader to subsection 4.1 for the definitions of
the contant Ay > 0, the Gamma factor I'f and the meromorphic function Fy. We
then refer the reader to subsection 4.4 for the definitions of the rational function Ry
and the integral function Iy.

6.1 Proof of Theorem 1
Choose f(s) = (u(s) = ZnZl a,(L)n~*° and change the notation accordingly, that
is to say change all the indices o in ;. We have Ay = \/dp /427" and I'y(s) =

T"(s/2)T"2(s), W, = 1. Set AL def Res,—1(FL) = ALI'L(1) Res;—;(¢1). According to
Theorem 21 we have

(57) Fi(s) = Ri(s) + I(s) = s(s)\—L 0 +/ SL(x) (7 + x7%) dx.
1
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1. First, since a,,(L) > 0 for n > 1 we obtain S;.(x) > 0 for x > 0 and

s RO = AROGE < ATECE (> 1

and we finally rewrite this inequality as

(s—1)/2
Res,;—1(¢1) < (Siﬁgl(ﬂ (s>1)

where
gi(s) = s~ TUAT(5)G (s)

with A and G as in Lemma 24 (use (56)).
Now, to get the term d(LS_l)/z/(s — 1)~ ! as small as possible we choose

$=5L:1+M € [1,6]
logdy,

(use Lemma 25). Since A and G are log-convex on the open interval (0, +00), we
deduce that g is convex on [1, 6] and, for (r1, ;) # (0, 1), we obtain

g1(st) < max(g1(1),1(6)) = max(1,6(27°/189)" (57" /47628)") =1,

whereas for (r1, ;) = (0, 1), i.e., for k an imaginary quadratic field, we have dy >
3,50 < 3,81(3) = A’(3)G(3) = 0.878--- < 1and gi(sp) < max(g(1),81(3)) =
1, thus proving the first point of Theorem 1.

2. Second, since s — x*~! + x~° increases with s > % for x > 1 and since Si.(x) > 0
for x > 0, we deduce that % < g < land (L(B) = 0imply FL.(8) = 0, and using
(57) we obtain

A= B0 =BL(B) < (A=) < (A=) =1—B)Apr,

thus proving the second point of Theorem 1.

3. Third, since s — x*~! + x~° increases with s > %, for s > 1 we have

A
Avpr = I(1) < Ip(s) < S(sj D +1I(s) = Fu(s) < ALTL(s)C™(s)
which we write
(Ls—l)/z
<L
By < G 1)mg2(5) (s>1)

where

&(s) = s~ TIAT(5)G™ ()

with A and G as in Lemma 24.
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Now, to get the term d(LS —h72 /(s — 1)™ as small as possible we choose

2m

s=sg =1+ € [1,6]

log dy,

(use Lemma 25). Since A and G are log-convex on the open interval (0, 4+00), we
deduce that g, is convex on [1, 6] and we obtain

©(s) < max(g(1),£(6)) = max(1,(2n°/189)" (577 /47628)") =1,
thus proving the third point of Theorem 1.
6.2 Proof of Theorem 4
Let b denote the number of real places of L at which x is ramified and seta = r; — b.
6.2.1 Proof of the First Point of Theorem 4
Choose fi(s) = L(s, x) and fo(s) = {"(s).

We have A, = \/dpf,/427m, T'f(s) = F“(s/Z)Fb((s + 1)/2) I'"2(s). Since Fy, is
entire, we have R, (s) = 0 and Fy,(s) = Iy, (s). Applying Theorem 22, we have

[Fr(D] = [I(D] < 245T4(s)¢"(s) (s> 1)

and we rewrite this inequality as

IL(1, x)| < 27(””")(5_1)/2

S22 &) (s>1)

where
% (5) _ 5—(a+r2)Am (S) Gb+rz (S)

with A(s) and G(s) as in Lemma 24 (use (56)).
Now, to get the term (deX)(S_l)/z/(s — 1)™ as small as possible we choose

2m

SX =1+ _log(deX) S []-76]

s =

(use Lemma 25). Since A and G are log-convex on the open interval (0, +00), we
deduce that g; is convex on [1, 6] and we obtain

€3(s,) < max(gs(1),5(6)) = max(1, (27 /189)*" (57 /504)"*") =1,

thus proving the first point of Theorem 4.
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6.2.2 Proof of the Second Point of Theorem 4

Choose fi(s) = L(s, x)¢(s) and fo(s) = ¢"™*(s).

We have A, = /dpf, /427 and ' (s) = I‘““(S/Z)I’b((s + 1)/2) I'2(s). Set
A1 = Res—(Fj,) and A\g = Res,—(Fy,) = —WX;\l. We have Ry, (s) = 5’1—11 + % Since
L(B,x) = 0 implies Ff,(3) = 0 and Ry, (8) = —I, (), according to Theorem 22 we
have

AN
1-5 B

R, (3)] = } L (B)] < 245 TR (5> 1),

Since 2/3 < 3 < 1, in setting A = |A;| = |Aq|, we have

A < 1 1)
<A— =)=
2(1-08) ~ 1-8 B

and we obtain

A1 Ao

-8 B

M

< ‘

5|5
1-p B

A <41 = PALT ()¢ () (s> 1)

which we write

fo)s 1)/

IL(1, x)| < 4—2—— Ty g4(s) (s>1)

(s —

where
g4(5) _ 5—(a+r2+1)Am+l (S)Gb+r2 (S)

with A(s) and G(s) as in Lemma 24.
Now, to get the term (dy, f,)©~"/2 /(s — 1)"*! as small as possible we choose

2(m+1)

Tog(difo) € [1,6]

s=s, =1+

(use Lemma 25). Since A and G are log-convex on the open interval (0, +00), we
deduce that g, is convex on [1, 6] and we obtain

2(sy) < max(ga(1),24(6)) = max(1, (27 /189)* ! (57*/504)"*") = 1,

thus proving the second point of Theorem 4.

6.3 Proof of Theorem 2

Let us first prove the bound (6). Choose fi(s) = (1./{q (which is entire) and f,(s) =
C*(s). Wehave I'f (s) =T (s) = *(s/2),d = A, /Ay, = Vdy,

Fp(s) = W*SI‘Z(S/Z)(Z(S) = pa(s — )72 +pis—1)""+po+ O((s — 1))
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with p, = 1, p; = v — log(4m) = —1.953808 - - - and py = 2.954838 - --. Hence,
according to Lemma 26 and to (47) in Theorem 23 in which d = /dy, we have

dBy = Ao = I (1)

d+1
2

< % log® d — 0.953(d — 1) logd + 0.002(d + 1)

<p2 log2d+(p1+p2)(d—l)logd+(p0+p1—p2)(d+1)

which is less than 1d log” d for dy = d* > 22, which is always the case.

Let us now prove point 2 of Theorem 2, from which (7) will follow. To prove the
bound (8), we choose fi(s) = (r and fo(s) = ("(s). We have I',(s) = I'(s) =
I'"(s/2),d = Ag /Ay, = V/dy. To prove the bound (9), we choose fi(s) = (1/(q
(which is entire) and fo(s) = (" '(s). We have s (s) = T'p(s) = " '(s/2),
d = Aq /Ay, = v/dy. Now, in both cases we deduce the desired result from (48)
in Theorem 23 once we notice that since for a given m > 1 we have

1 Cin

F,.(s) := (7-(*5/211(5/2)4.(5)) "= (s — 1)m + (s — l)m—l +

wherel+¢, =1 — n(log(47r) — ’y) /2 is less than 0 for m > 2, there exists d,,, > 0
effective such that for d > +/d,, we have J,,(d) < % log™ d where

Jm(d) := Rese—y <5 = Fm(S)G + s—%) (& + d1‘5)> .

As for the last assertion of point 2 of Theorem 2, using Maple for computing the ex-
pressions (47) of J,,(d) and plotting the graphs of the d — J,,(d) form € {2,3,4,5},
the reader can check that the lower bound d = v/dp > ¢™/° (see Lemma 25) yields
Ju(d) < 4 log™ d form € {2,3,4,5}.

m!

6.4 An Open Problem

It would be rather desirable to have an explicit expression (depending on m only)
for such d,,’s. Numerical investigations suggest that such d,,’s can be chosen small
enough so that the condition di > d,, will always be satisfied for any totally real
number field of degree m. More precisely, according to Lemma 25, for totally real
number fields of degree m we have dy, > ¢*"/5 and it seems that for any m > 2 we
have J,,(d) < % log” d for d > "/,

6.5 Proof of Theorem 5

Choose fi(s) = L(s, x) and fo(s) = (L(s).
We have I'y, = I'y, = I', R;,(s) = 0 and Fp,(s) = I5(s), ny, = 1, py = A and
Po=Aupr — AL, d = Ag [Ay, = \/ fy. According to (47) of Theorem 23, we have

AL, )|/ Resot () = [F (D] = |1, (D] < A ((d+ Dpar + (d = 1) logd) .
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Hence,
d|L(la X)| S Resszl(gL)((d - 1) logd + (d + I)NL) )

and the desired result follows (for if f, = 1 then d = 1 and we use (49) to obtain
|If1(1)| < Ifz(l) =pot+tp1= ALUL)-

6.6 Proof of Theorems 7 and 9
6.6.1 The Key Proposition

Proposition 28 (Corollary to Theorem 23)  Let x be a primitive even Dirichlet
character of conductor f, > 1. Set I'y, = T'(s/2), A, = +/fy/m and F,(s) =
A;FX(S)L(S, x). Then, for% < B < 1 wehave

BBV < 3logfy + o

and
1/1 1
FUOIVE < (108 fi— 1) < g log’ f-
Proof Choose fi(s) = L(s,x) and f,(s) = ((s). We have R, = 0, I, = F, = F,,
d= \/TX, np = land
P

s—1

Fr,(s) = 7 92T(s/2)¢(s) = + o+ poi(s— 1)+ 0((s— 1)?)

with p; = 1, po = (7 — log(4m)) /2 = —0.976904 - -+, p_; = 1.000248- - - and
1Q = po + p1. Then (47) in Theorem 23 gives

I (B)] < (po+ p1)(d+1) + pi(d — 1)logd = d(logd + pq) + (uq — logd),
which yields the first assertion, and (50) in Theorem 23 gives

dg ! log2d+p0(d+ Dlogd+ (p1+p_1)(d— 1)+ Rp(d)

1 (B) < py

_1 2
> log” d + (uq — 1)(d + 1) logd + (py + p_1)(d — 1) + e

<
- 6d

for (% +1)log(%) < % forx > dand Sp,(x) = 2 anl RS yield

1 [ 1 | . e
<1 _ ~ —mn < =
sz(d) = d/d xsfz(x) dx wd nz>:1 n2€ - 7d Z n? 6de

The desired second assertion follows. [ |
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6.6.2 Proof of Theorem 7

We have F, (1) = 4/ f,L(1, x) so that the first point of Proposition 28 yields (15). If
L(B, x) = 0 then F, (8) = 0, and using Proposition 28 we obtain

IL(1, )| = [E\(DI/V/f = IF () = BB/ fe
<(1-p s |F O/ VF < 2

log f

6.6.3 Proof of Theorem 9

Let X; be the group of primitive even Dirichlet characters associated with N.
Then dL = HxEXL\{l} fx) FL(S) = FQ(S) HXEXL\{l}Fx(S)’ HL =
uqQ + ZXeXL\{l}(F/X/FX)(l) and v/dy Res,—; ((1) = erXL\{l} F,(1). Hence,

Fy(1)
By, =y H — =
vexnny Ve

FL(1)

Fw(l) Fw(l)
e I ER, v [ hw

Using both points of Proposition 28 and noticing that the geometric mean is less than
or equal to the arithmetic mean, we obtain

F (1) Fy(1)

Vi pexiin VI
( log f — ><ilogfx+uo) 1T Clogfwue)

peXi\{1,x}

1/1 1 o
< — | = — J—
<3 (2 log f, MQ) (2( 7 logdL+,uQ>

NM—‘

and

m—1
1 1 1
B, < > > (Gloshi—ma) | (50!
L= | Kety 5 log f — ko (2(m_1) OgdL+uQ>
xex\{1}
m—1

1
= Z(logdL+2(3— m)MQ) < logdL+,uQ)

1
2(m—1)

log dy, 1 &
(Z(m—l)logdL—i—MQ) form >3

- 4

Finally, if m = 2 then 9 provides us with a better bound than the one we want to
obtain.
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