
P R O B L E M S F O R SOLUTION 

P . 1 5 3 . K u r a t o w s k i h a s shown tha t at m o s t 14 d i s t i n c t s e t s c a n b e 
c o n s t r u c t e d f r o m a s u b s e t A of a t o p o l o g i c a l s p a c e X by s u c c e s s i v e 
a p p l i c a t i o n s in any o r d e r of the c l o s u r e o p e r a t o r f and the c o m p l e m e n t a t i o n 
o p e r a t o r g . Le t us c a l l s e t s thus c o n s t r u c t e d r e l a t i v e s of A . Def in ing 
the r i m of A to be r (A) = A O fg (A) , p r o v e the fo l lowing : 

(i) If the r i m of A is n o w h e r e d e n s e then A h a s a t m o s t 
10 r e l a t i v e s ; 

(ii) If t he r i m of A i s d e n s e in a r e g u l a r c losed s u b s e t of 
X , t hen A h a s a t m o s t 12 r e l a t i v e s . 

K . P . Shum, U n i v e r s i t y of A l b e r t a 

P . 154 . Le t n i d e n t i c a l we igh ted co in s , e a c h fa l l ing h e a d s wi th 
p r o b a b i l i t y x , be t o s s e d , and le t p .(x) be the p r o b a b i l i t y tha t e x a c t l y i 

of t h e m fa l l h e a d s . E v a l u a t e 

n 
= m in 

0 < x < 1 l 

m a x 

= 0, 1, . . . > n 

P.(x) 
l 

W. M o s e r , M c G i l l U n i v e r s i t y 

P . 1 5 5 . If a < a < . . . < a <_ n i s a s e q u e n c e of p o s i t i v e 

k i 
i n t e g e r s s u c h tha t [a . , a . ] > n for a l l i f j , show tha t 2 — < 2 , 

i J . . a. 
i = l l 

w h e r e [a . , a . ] d e n o t e s the l e a s t c o m m o n m u l t i p l e of a and a 
1 J i j 

A n o n y m o u s 

SOLUTIONS 

P . 1 4 5 . If two d i s j o i n t s u b s e t s of a m e t r i c s p a c e h a v e the p r o p e r t y 
tha t e v e r y func t ion l i p s c h i t z on e a c h is l i p s c h i t z on t h e i r union, then e v e r y 
func t ion con t inuous on e a c h is c o n t i n u o u s on t h e i r un ion . P r o v e th i s and 
give an e x a m p l e to show tha t t h i s is f a l s e if the s e t s a r e not d i s j o i n t . 

J . B . Wi lke r , P a h l a v i U n i v e r s i t y , I r a n 
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Solution by the proposer 

The function which is 0 on one set and 1 on the other is Lipschitz 
on each. If it is to be Lipschitz on their union then the two sets mus t be 
bounded apar t . They are therefore separated and a subset of the union 
is open if and only if it is open in each. Under these c i rcumstances a 
function continuous on each of the sets is necessa r i ly continuous on their 
union. 

For an example of intersect ing sets for which the Lipschitz proper ty 
holds and the continuity proper ty fails, consider the following subsets of 
the Euclidean plane: 

A = {(x, y) : 0 < x < 1 , 0 < y < 1 , x + y > 0 } and 

B = {(x, y) : x = 0 , 0 < y < 1 } • 

It is not hard to show that the Lipchitz proper ty holds. However, the 
continuity proper ty fails because of the function 

x +y 

f (x ,y) = 

Also solved by J. Marsden . 

if x + y > 0 

if (x ,y ) = (0, 0) 

P . 147. Let p be a p r ime with p = 1 (mod 3). P rove that 

)P - xP -
1 < x < p - 1 
(x + 1) - x - 1 = 0 (mod p ) has at least two solutions in the range 

H.A. Heilbronn, Universi ty of Toronto 

Solution by the proposer 

If p > 3 , in Z[x] 

(x + 1 )P - y? - 1 = - x P - xP - 1 mod (x2 + x + 1 ) 

and 

2p p 2 ^ 
x + x + i = x + x + l m o d (x - 1 ) . 
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As x3 - 1 = (x- 1) (x2 + x + 1) 

(x + 1 )P - xP - 1 = 0 mod (x + x + 1) 

If p = 1 (mod 3), and p is pr ime, and therefore odd, 

d 
dx 

( x + l ) P - x P - 1 = p((x + l ) P - xP" ) = 0 mod (x2 + x + 1) . 

The coefficients of (x +1 ) - x - 1 a re all divisible by p . Hence 
for p = 1 (mod 3) , 

(x + 1)P - xP - 1 = p(x2 + x + l ) 2 g(x), 

where g(x) is a polynomial in Z [x] . The polynomial x + x + 1 has 
exactly two zeros mod p , namely the third roots of 1 mod p . 

This completes the solution. 

Also solved by W. J. Blundon, L. Carlitz and R. Breusch . 
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