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TRUNCATED MICROSUPPORT AND HYPERBOLIC
INEQUALITIES

ANA RITA MARTINS anp TERESA MONTEIRO FERNANDES

Abstract. We prove that the k-truncated microsupport of the specialization
of a complex of sheaves F' along a submanifold is contained in the normal
cone to the conormal bundle along the k-truncated microsupport of F. In the
complex case, applying our estimates to F' = RHomp(M,O), where M is a
coherent D-module, we obtain new estimates for the truncated microsupport of
real analytic and hyperfunction solutions. When M is regular along Y we also
obtain estimates for the truncated microsupport of the holomorphic solutions
of the induced system along Y as well as for the nearby-cycle sheaf of M when
Y is a hypersurface.

81. Introduction and statement of the main results

Let X be a real manifold and let F' denote an object of the derived cat-
egory of abelian sheaves on X. The microsupport of F', denoted by SS(F),
was introduced by M. Kashiwara and P. Schapira ([13]; [14]), as a subset
of the cotangent bundle 7 : T*X — X describing the directions of non
propagation for F. The truncated microsupport of a given degree k (or
k-truncated microsupport), SSi(F'), defined by the same authors, is only
concerned by degrees of cohomology up to the order k& and allows us to
consider some phenomenon of propagation in specific degrees. Such notion
is particularly useful in the framework of the theory of linear partial dif-
ferential equations. More precisely, when F' is the complex of holomorphic
solutions of a coherent module M over the sheaf Dx of holomorphic differ-
ential operators on a complex manifold X, SSi(F') is completely determined
as a subset of the characteristic variety Char(M), which itself coincides with
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SS(F). In the characteristic case, interesting propagation results (cf. [2],
[19], [11]) may be obtained with the truncated microsupport. The truncated
microsupport and its functorial properties were studied in [11] and [12].

It is now natural to study the behaviour of SSy(F') under specialization
along a submanifold. That is the main purpose of this work, having in scope
the application to D-modules, specially to holomorphic solutions of induced
systems and to real analytic solutions.

Let k be a field. Let D?(ky) denote the bounded derived category of
complexes of sheaves of k-vector spaces.

Let M be a submanifold of X. We shall identify Try x (1" X), T* (T X)
and T*(T5;X) thanks to the Hamiltonian isomorphism. Unless otherwise
specified, we shall follow the notations in [13]. In particular, for F' €
D’(kx), vp(F) denotes the specialization of F along M, an object of
D’(kr,,x) and Crz, x (SSk(F)) denotes the normal cone to SSi(F) along
Ty;X. For a morphism f : Y — X we shall use f#, a correspondence
which associates conic subsets of T*Y to conic subsets of T*X as well as
the operation + which associates to pairs of conic closed subsets of T*X
conic closed subsets of T*X.

The main result of this work is the following:

THEOREM 1.1. Let M be a closed submanifold of X and let F € D(kx).
Then:
SSp(wm(F)) C Cry, x (SSk(F)).

The main difficulty in its proof is that the use of distinguished triangles
is not always convenient because of the shift they introduce. To overcome
it, we needed to deduce a number of further functorial properties. Namely,
as an essential step of the proof of this theorem, we obtain the following
estimate:

THEOREM 1.2. Let Y and X be real manifolds, let f: Y — X be a
morphism and let F € Db(kx). Then

SS(f'F) C f#(SSK(F)).

Let us denote by f; and fr the canonical morphisms (f; was noted by
tfin [13]):

oY xxT*X -T*X and fg:Y xxT*X — T*Y.
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Regarding f as the composition of a smooth map with a closed embed-
ding, the proof of Theorem 1.2 relies in two steps. The first is to apply
Proposition 4.4 of [11] which proves the estimate when f is smooth. The
second is Proposition 6.1, where we obtain the estimate

SSk(Flar) C jajz H(SSp(F)FT5X),

when j : M — X is a closed embedding.
Remark that, in that case, j#(SSk(F)) = jajz ' (SSk(F)F¥T5X).
In particular, when f is non characteristic with respect to F', we get

SSp(f7YF) C faf H(SSL(F)).
Namely, when M is non characteristic with respect to F', in other words,
SS(F)NTyX Cc Tx X,
we have SSy,(F)+T5; X = SSi(F) + T;,;X and
Jajz (SSK(F) + Ti1X) = jajz " (SSk(F)).

Let now Y be a complex closed smooth hypersurface of a complex an-
alytic manifold X and assume that Y is defined as the zero locus of a
holomorphic function f. Let 1y denote the functor of nearby cycles associ-
ated to Y. Recall that Y may be regarded as a submanifold Y’ of Ty X by
a canonical section s given by s such that 1y (F) ~ s lvy (F).

Then, Theorem 1.1 entails:

COROLLARY 1.3. Let F € D%(kx). Then
SSk(wy (F)) C sqsy (Cre x (SS(F)+ T3 (Ty X)).

Let us point out that one interesting application of Proposition 6.1 is
the new estimate for the k-truncated microsupport of the tensor product
(see Proposition 6.7).

We end this paper with the application of our results to the complex
F = RHomp, (M, Ox) of holomorphic solutions of a coherent D x-module
M on a complex manifold X (see Section 6.2). Let Dx be the sheaf of linear
partial differential operators of finite order and O x the sheaf of holomorphic
functions. Let Y be a complex submanifold of X and j be the embedding
of Y in X. We shall denote by My the induced system, an object of the
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derived category of left Dy-modules. Recall that, when M is regular in
the sense of [10], My has coherent cohomology. Let 7: Ty X — Y be the
projection. Still under the assumption that M is regular along Y, one
defines a coherent Dy, x-module vy (M), the specialization of M along Y,
satisfying a natural isomorphism

vy (RHomp (M, Ox)) =~ RHomp,,,  (vy (M), Or, x).

Moreover, if Y has codimension 1, one defines the nearby-cycle module
1y (M), a coherent Dy-module, satisfying a natural isomorphism

Yy (F)) = RHomp, (1y (M), Oy).

We refer to [8] for the details on these isomorphisms.

Set V. = SS(F) = Char(M) and denote by V' = ||, V, the (local)
decomposition of V in its irreducible components. Let Y, be the irreducible
complex analytic subset m(V,) of X. The notion of orthogonality between a
submanifold Y of X and an involutive subvariety V' of T* X will be recalled
at Section 6.2. We recall in Lemma 6.8 that if Y is orthogonal to V and V
is irreducible, then V' = j;(j-1(V)) is irreducible and 7(V') has the same
codimension of 7/(V'). Here, ' : T*Y — Y denotes the projection.

As a consequence of Theorem 1.1 together with the results of [8] we
obtain:

THEOREM 1.4. Let M be a coherent Dx-module. Then:
SSK(RHom,-1p, (7'M, vy (0x))) € Cre x (SSk(F)).
If, moreover, M is reqular along Y in the sense of [10] we have:
SSk(RHomDTYX(Vy(M), Ory x)) C Oz x (SSk(F)).

From the preceding theorem, the results of [8] and Corollary 1.3 we
obtain:

COROLLARY 1.5. Assume that M is regular along Y in the sense of
[10]. Then

SSk(RHomDY (wy(./\/l), Oy)) C Sds;l(CT;X(SSk(F)):i\-T;/(TyX)).

Furthermore, Proposition 6.1 together with the results of [8] and The-
orem 6.7 of [11] entails:
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THEOREM 1.6. Assume that M is reqular along Y in the sense of [10].
Then:
SSk(RHomp, (My,Oy)) C jajz (SSK(F)+Ty X).

If, moreover, Y is non characteristic for M, we have
SSk(R'HomDY (My, Oy)) C jd];I(SSk(F))

If Y is orthogonal to each V, such that codim w(V,) < k, the preceding
inclusion becomes an equality, for every 1 < k:

SSi(RHomp, (My, Oy)) = jajz (SSi(F)).

Recall that M. Kashiwara has proven in [9] that, when Y is non char-
acteristic for M,

SS(RHomp, (My, Oy)) = jajz L (SS(F)).

The condition of orthogonality is required in Theorem 1.6 in order to have
the analogous equality up to a given degree k.

Let us now assume that the complex manifold X is the complexified
of a real analytic manifold M. Denote by Aj; the sheaf of real analytic
functions on M and by j the embedding of M in X.

Another important application of Theorem 1.2 is:

PROPOSITION 1.7. Let M be a coherent Dx-module. Then we have the
estimate:

SSp(RHompy (M, Anr)) C jajr  (SSk(F)¥T5X).

Let Bjs denote the sheaf of Sato’s hyperfuntions on M. As an immediate
consequence of Proposition 1.7 together with Theorem 6.7 of [11] we get:

COROLLARY 1.8. Let M be an coherent Dx -module. Assume that
SSp(F)NTyX C TxX.
Then,

SSk(RHomp, (M, Arr)) = SSi(RHomp, (M, Bar)) C jajrt (SSk(F))

cigr (U VauC U LX)

codimY, <k codimY,=k
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We shall illustrate this corollary with an example (see Example 6.10)
of a propagation phenomenon for real analytic solutions of a class of non
elliptic differential operators, which, as far as we know, is new.

When M is elliptic, in other words,

SSM)NTy X C TxX,
we get the estimate:

For any k, SSi(RHomp, (M, Apr)) = SSp(RHomp, (M, Bar))

cir (U Vaul U X))

codimY, <k codimYea)=k

We thank M. Kashiwara and P. Schapira for the useful discussions
through the preparation of this work.

§2. Notations

We will mainly follow the notations in [13].

Let X be a real manifold. We denote by 7 : TX — X the tangent
bundle to X and by 7 : T*X — X the cotangent bundle. We identify X
with the zero section of T*X. Given a smooth submanifold Y of X, Ty X
denotes the normal bundle to ¥ and 7y X the conormal bundle. Given a
submanifold Y of X and a subset S of X we denote by Cy (S) the normal
cone to S along Y, a closed conic subset of Ty X.

Let f: X — Y be a morphism of manifolds. We denote by

fr: X Xy T*Y - T*Y and fg: X xy T*Y - T*X

the associated morphisms.
Given a subset A of T*X, we denote by A® the image of A by the
antipodal map

a:(x;€) — (z;-8).

The closure of A is denoted by A. For a cone vy C TX, the polar cone 7° to
v is the convex cone in T*X defined by

v ={(z;§) € TX;x € w() and (v,&) > 0 for any (z;v) € v}.
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Given conic subsets A and B of T*X, the operations A + B and A+ B
are defined in [13] and will be recalled in Section 3.

Given an open subset Q of X, as in [13], we denote by N*(2) the
conormal cone to §2.

When X is an open subset of a real finite-dimensional vector space F
and 7 is a closed convex cone (with vertex at 0) in F, we denote by X, the
open set X endowed with the induced y-topology of F.

Let k be a field. We denote by D(kx ) the derived category of complexes
of sheaves of k-vector spaces on X and by Db(kx) the full subcategory of
D(ky) consisting of complexes with bounded cohomologies.

For k € Z, we denote by DZ*(ky) (resp. D=F(kx)) the full additive
subcategory of Db(kx) consisting of objects F satisfying H7(F) = 0, for
any j < k (resp. HI(F) =0, for any j > k). The category DZ*+1(ky) is
denoted by D>F(kx).

Given an object F of D®(kx) and a submanifold M of X, vj;(F) denotes
the specialization of F' along M, an object of D®(kr,,x).

Let F be an object of Db(kx); we denote by SS(F) its microsupport, a
closed R*-conic involutive subset of T*X. For p € T*X, Db(kx;p) denotes
the localization of D?(kx) by the full triangulated subcategory consisting
of objects F' such that p ¢ SS(F').

Let X be a finite-dimensional complex manifold. We denote by Ox
the sheaf of holomorphic functions, by Dx the sheaf of linear holomorphic
differential operators of finite order and by Dx(+) the filtration by the order.
Given a coherent Dx-module M, we denote by Char(M) its characteristic
variety.

Let Y be a closed submanifold, let 7 be the projection of Ty X on Y and
let Vy denote the V-filtration on Dx with respect to Y. Let Dip, x] denote
the sheaf of differential operators on Ty X with polynomial coefficients with
respect to the fibers of 7. Let 6 denote the Euler operator on Ty X. Recall
that M is regular along Y if for any local section u of M there exists a non
trivial polynomial b of degree m such that

b(O)u € (ViH(Dx) N Dx(m))u.

Following Kashiwara in [8], given an appropriate good Vy-filtration on M,
the specialized of M along Y, vy (M), is the coherent D, x-module gene-
rated by the associated graded module. When Y is a hypersurface, one
defines a coherent Dy-module, the nearby-cycles module ¢y (M), as the
degree zero homogeneous term of that graded module.
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83. Review on normal cones in cotangent bundles

For the reader’s convenience we shall recall here some operations on
conic subsets in cotangent bundles defined on [13].

Let X be a real manifold, (z) a system of local coordinates on X and
denote by (z;€) the associated coordinates on 7* X . Given two conic subsets
A and B of T* X, one defines the sum

A+ B={(z;§) e T*X;& =& + &, for some (z;&1) € A and (x;&) € B}.

When A and B are closed, A¥B is the closed conic set containing
A + B, described as follows: (z0;&0) belongs to A¥ B if and only if there
exists sequences {(z,;&y)}n in A and {(yn;nn)}n in B such that:

Tn, Yn — Z0,
n
En + M 7 &0,

|Zn — Ynllén| — 0.
n

Let M be a submanifold of X. Let (z/,2”) be a system of local coor-
dinates on X such that M = {(2/,2");2’ = 0} and let (a/,2";¢,&") denote
the associated coordinates on T*X. Given a subset A of T*X we describe
the normal cone to A along T3, X, Cr; x(A), as follows: (x4, 24;8),&y) €
Crz, x(A) if and only if there exist sequences of real positive numbers {c, }n
and {(x], ;& &M}, in A such that:

nrSn»

(@3, 3 €s €0) — (0,203 €0, 0),

enlhi ) — (i ).

Thanks to the Hamiltonian isomorphism, one gets an embedding of
T*M into Try, xT*X and, for a conic subset A of T*X, the set T"M N
Cr;,x(A) is described as follows: (zq, 2q;&p,&0) € T*M N Cr;, x(A) if and

only if there exists a sequence {(z/,,x/;&!,&")}, in A such that:

(@0 &n) — (26:€0),

|z7,| — 0
n

[ l1€] — 0.
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Let f : Y — X be a morphism of manifolds. The notion of f#, a
correspondence introduced in [13] associating conic subsets of T*Y" to conic
subsets of 7% X, is rather complicated and we refer the reader to [13] for the
details. We just recall the following results:

PROPOSITION 3.1. (cf. Proposition 6.2.4 of [13]) Let A be a conic sub-
set of T*X.
(i) Assume that f: M — X is a closed embedding. Then,

FHA) =T"M N Oy, x (A).

(ii) Let (z) (resp. (y)) be a system of local coordinates on X (resp.
Y ) and let (z;€) (resp. (y;m)) be the associated coordinates on T*X (resp.
T*Y ). Then

(yo;m0) € f7(A) if and only if there exist a sequence {(xn;&n)}n in A
and a sequence {yn}n in'Y such that

Yn 7 Yo, Tn 7 f(yO)’ (tfl(yn) : én) 7 Mo, |mn - f(yn)||€n| 7 0.

We shall also need the following description of j# when j is an embed-
ding:

LEMMA 3.2. Let M be a closed submanifold of X and let j denote the
embedding of M in X. Let A be a closed conic subset of T*X. Then:

Jajy (AFT3X) = T*M N Crz, x (A),
where we identify Tr: xT*X and T*Ty X by the Hamiltonian isomorphism.
Proof. It is enough to prove that
g HAFTHX) = 57 (A
Jajx (A+TiX) = j7(A).

Let p € jaj='(AFT;,;X) and let (2, 2") be a system of local coordinates on
X in a neighborhood of p such that M = {(z);2’ = 0}. Let (x;&) denote
the associated coordinates on T*X. Suppose p = (z(; ().

AThen there exists &) such that (0,20;&),&4) € AFT;,X. By definition
of +, there exist sequences {(x},z":¢& . ")}, in A and {(0,y);n.,,0)}, in

nysSn? n
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Ty, X such that

(
(. 2). (0.90) — (0.7,

& — &0
n
&+ — o,

(s ) = (0, 97)[1(€5, &) — 0.

Hence

2 llgh] — 0

and (z(;£p) € 5% (A).
Conversely, let p € j#(A), p = (z;&}). Then there exists a sequence
{(x),, 2 &0, €N}, in A such that

n»sSn?
(@3: &) — (20 &),
x, — 0,
n
[z ll€al — 0.
n

The sequences {(z,,zp; &, &0) 1 in A and {(0,2); —¢),,0)} in T, X satisfy
the necessary conditions so that (0,z;0,£)) € AT, X, hence (zf); &) €
Jajz " (AFT3X). 0

LEMMA 3.3. Let A be a closed conic subset of T*X and M a closed
submanifold of X. One has:

(AFT X)FT5 X = AFT;X.

Proof. Let (2/,2") be a system of local coordinates on X such that
M = {(a',2");2' = 0} and let (a/,2";¢&,&") be the associated coordinates
on T*X.
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Let (z0;&) € (AT, X)FT5, X, then there exist sequences {(zn;&,) }n
and {(yn;nn)}n in AFT3, X and T3, X, respectively, such that
Tn,Yn — 20,
n
gn + n 7 505

|Zr = Ynl|&n| — 0.
n

For each n € N, since (,,;&,) € ATT, X, there exist sequences {(z7; &%) b
in A and {(y%; 7)) }m in T5;X such that
24y — T,
Em + M — &n,s
m
| = ymll&ml — 0.
m
Hence we can find subsequences {(z; &) be and {(yx; 7)) b of {(z70:6%) bnom
and {(y7; 1% + Mn) bmon, respectively, such that
Ly Yk ? o,
Sk + Mk — o,
|k = yxllékl — 0,
which gives (wo; &) € A+TT;,X.
Conversely, since m(A+T5,X) C M, we get:
AFTHX C (AFTHX) + T X C© (AFTEX)FT5X.
[

Let us now assume that X is an open subset of R™ with the coordinates

() = (x1,...,2,) and that M is the submanifold {(z’,2") € X;(2') =

(x1,...,29) = 0}. Let 6 > 0 and let v be the closed convex proper cone

given by:
1

Y= {(.f,,.%'”);l'n < _gl(x,7xd+17 "'7xn—1)’}-

Hence

,.YO(I - {(5,75”)3571 > 5’(€,7€d+17 ---7€n—1)’}-
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Moreover (z +v) N M =z + (yN M), for each x € M. Let R™ denote
the set of real positive numbers and let us introduce the following notation:
for any A € RT

n={',2') € X; (Al 2") €}
Va={(,2"); A\t ") e V)
Remark that if A < 1, Int(73%) D 7°%.

LEMMA 3.4. Let A be a conic closed subset of T*X.
Let 2" € M Nw(A) and assume that there is a compact neighborhood V
of " such that
(V x4°) N (A+T5X) C Tk X.
Then, there exists a real positive number C such that for any A and € satis-
fying 0 < Aje < C,
(Me X NY)NACTYX.

Proof. We shall argue by contradiction. Therefore, we can find se-
quences (A;)ien, (€7)en of positive numbers converging to 0, (x], 2}; &/, &' )ien
in A, (§,§) # (0,0), such that |z}| < C’¢);, for some positive constant C’
only depending on V, and (0,z}; \i&},&)) € V x v°%.

Since the n-component of (&) is positive, after dividing (&;,¢]") by
&1.n, We may assume that & ,, = 1 and that (\&/,¢]’) is a bounded sequence.
Since [€]||z;| < C'eN|€]| we get that (|&||z)|); converges to 0. Moreover,
since 2]’ is bounded, we may assume that /' converges to some z” € VN M
and that (A&, ") converges to some (£, &() € v°%, with &y, = 1. Consider-
ing the sequences (7,27 ¢/, & )ien € A and (0, 2]; =& + N§J, 0)ien € Th X
we get that (0,25 &), €0) € (V x 4°%) N (AT, X), which entails &, = 0, a
contradiction. []

Let Q be a subset of X. We shall now recall the notion of conormal
cone to 2, N*(€2). It is the subset of 7*X defined as follows:

Given z € X, we denote by N, () the subset of T, X consisting of
vectors v # 0 such that, in a local chart in a neighborhood of z, there exist
an open cone v containing v and a neighborhood U of x such that

Un({(QnU)+~v) cQ.

Note that, in particular, N,(Q) = T, X if and only if z ¢ Q or z € Q. We
denote by N(2) the open convex cone of TX:

N(Q) = U N (),

zeX
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and call it the strict normal cone to €.
Finally N*(£2), the conormal cone to €2, is given by

N (@) = [ V().

zeX

where, for each x € 2, N} (Q) = (N;(2))°.

84. Review on the truncated microsupport

We shall now recall equivalent definitions of the truncated microsup-
port, following [11].
Given (zg,&) € R” x (R™)* and ¢ € R we set:

He(x07§0) = {1’ € an <.7J - $07€0> > _5}7
and if there is no risk of confusion we will write H. instead of H(xg,&p).

PROPOSITION 4.1. Let X be a real analytic manifold and let p € T*X.
Let F € D’(kx), k € Z and o € NU{oo,w}. Then the following conditions
are equivalent:

(i)x There exist F' € D>*(kx) and an isomorphism F ~ F' in D*(kx;p).

(i), There exist F' € D>*(kx) and a morphism F' — F in D’(kx)
which is an isomorphism in D®(kx;p).

(ili)g,o There exists an open conic neighborhood U of p such that for
any © € ©(U) and any R-valued C*-function ¢ defined on a neighborhood
of x such that p(z) =0, de(x) € U, one has

Hi sy (F)e =0, for any j < I

When X is an open subset of R™ and p = (x0; &), the above conditions
are also equivalent to:

(iv)g There exist a proper closed convex cone v C R"™, & > 0 and an
open neighborhood W of xq with & € Int(y°) such that (W +~%) N H. C X
and

Hj(X;k(m+'ya)ﬂHg ®F)=0, for any j <k and x € W.

Remark 4.2. Note that when X is an open subset of R" and p =
(x0;&0), the equivalent conditions of Proposition 4.1 are also equivalent to:

There exists some F’ € D°(ky) isomorphic to F in a neighborhood of
xo and a closed proper convex cone «v in F, with 0 € v and &y € Inty°?,
such that R, (F') € D>*(kx. ).
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DEFINITION 4.3. Let F' € D%(kx). We define the closed conic subset
SSi(F) of T*X by: p ¢ SSk(F) if and only if F satisfies the equivalent
conditions in the preceding Proposition.

We shall need the following properties of the truncated microsupport
also proved in [11]:

(i) Given a distinguished triangle F" — F — F" L, one has

(1) SSk(F) C SSk(F’)USSk(F”),

(2) (SSE(F)\SSk-1(F")) U (SSk(F")\SSk41(F")) C SSk(F).
(ii) For any F € D®(ky), one has
(3) SSL(F)NTEX = n(SS(F)) = supp(r=F(F)).

PROPOSITION 4.4. Let X and Y be two manifolds. Then for F €
Db(kyx), G € D’(ky) and k € Z, one has:

SSHFRG) = | SSi(F) x S5;(G).
i+j=k

PRrROPOSITION 4.5. LetY and X be two manifolds, let f: Y — X be a
morphism and let G € D%(ky) such that f is proper on the support of G.
Then for any k € Z,

(4) SSH(RIAG)) C frfy  (SSK(G)).
The equality holds in the case f is a closed embedding.

PROPOSITION 4.6. Let Y and X be two manifolds and let f: Y — X
be a smooth morphism. Let F' € D’(kx). Then

(5) SSk(f'F) = faf: (SSk(F)).

To end this section, we shall prove the following characterizations of the
truncated microsupport not included in [11], which will be useful in the
sequel.
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LEMMA 4.7. Let E be a real finite-dimensional vector space, X an open
subset of E and let ' € D®(kx). Let U be an open subset of X and v be a
closed convex proper cone in E with 0 € v. Assume that

SSE(F) N (U x Int(7°%)) = 0.

Then, given (xg,&) € U x Int(y°*), € > 0 and an open subset W C X
such that (W +~) N H. CC U, one has:

(6) I—Ij(X;k(gCJw)mq6 ®@F)=0, foranyx € W+~ and j < k.

Proof. We may assume that X is an open subset of R™.

Let (x0;&0) € U x Int(y°*), € > 0 and W C X be an open subset such
that (W +~) N H, CC U. Let us prove (6).

By the microlocal cut-off lemma (Proposition 5.2.3 of [13]), we have a
distinguished triangle

6, RoouF — F — G 1,

with SS(G) N (X x Int(y°*)) = 0. Therefore, setting F/ = ¢ R, F, one
has
H (X5 K(gqmynm. @ F) ~ H (X Kgyynm, @ F'),
for any € W 4+~ and j € Z, and SSk(F’) N (U x Int(7°*)) = (). Hence we
may replace F' by F’ to prove condition (6).
Arguing by induction on k, we may assume that (6) holds for k£ — 1 and
hence F' € DZ*(kx). Hence, given x € W + 7,

H¥(X;K(pyynm. ® F) = D(X; K(giynm © HY(F)).
Given s € I'(X; K(p49)nm. @ H*(F)) we can extend s to a section
5eD(Qky ® HY(F)) c T(Q; HFYN(F)),

where €2 is a y-open neighborhood of z 4 v such that Q" H, CC U.

Set S = supp(s) C QN H.. Since Hﬁozo}(F) ~ T >0y (HF(F)), for
any real analytic function ¢ defined on R", we get S = () from the following
Lemma, and hence H*(X; K(oqy)nm. ® F) = 0. 0

LeEMMA 4.8. ([11]) Let~y be a proper closed convex cone in R™. Let ) be
a y-open subset of R™ and let S be a closed subset of Q) such that S CC R"™.
Assume the following condition: for any x € R™ and any real analytic
function ¢ defined on R™, the three conditions S N {z;p(x) < 0} = 0,
e(x) =0 and dp(x) € Int(y°*) imply x ¢ S. Then S is an empty set.
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COROLLARY 4.9. Let E be a real finite dimensional vector space, X an
open subset of E and let F € D%(kx). Let U be an open subset of X and ~y
a closed convex proper cone in E with 0 € v. Assume that

SSH(F) N (U x Int(°**)) = 0.

Then, for each xg € U there exists an open neighborhood V' of o in U such
that

Ro(RTq,\0,(F)) € D7*(kx,),
for every v-open subsets Q1 and Qo with Qo C Q1 and Q1\Qy CC V.
Proof. We may assume X = R™. Let (z¢;&) € (U x Int(y°*)). We

may find € > 0 and a y-open neighborhood € of xy such that QN H. CC U.
Then, by Lemma 4.7, one has:

HI(X:K(giq)nm. ® F) =0, forall z € Q and j < k.

It follows that (¢5 ' Réy.Fp.)a € D>k (k).

Set V' = QNH, and let Qy C ©; be two y-open sets such that 2,\Qy CC
V.

One has:

Ry (RU g\, (F)) = Ry (R \q, (Fr.)) = RUg, \qq, By (Fh.) ~
= RPQM\QowRﬁbv*(?;lRﬁbv*(FHs) = R(b'Y*RPQl\QO((b;leb'Y*(FHs)) =

~ R RT o 0, (65 Ropu(Fi.))a) € D7F(kx,).
0

§5. Complements on functorial properties of the truncated mi-
crosupport

In order to prove the main results we need further functorial properties
of the truncated microsupport similar to those of the microsupport itself
but requiring adapted proofs.

LEMMA 5.1. Let X be a finite dimensional real vector space, v a closed
convex proper cone of X with 0 € v, and 2 a y*-open subset of X such that,
for any compact K of X, QN (K +7) is relatively compact. Let F € D®(kx)
and assume Ré,, F € D>*(kx ). Then we have

Ré,, Fo € D7*(kx,).
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Proof. The proof is contained in the proof of Lemma 5.4.3 (i) of [13].
O

PROPOSITION 5.2. Let X be a manifold, F € D?(kx) and § be an open
subset of X.
(i) Assume SSE(F)NN*(Q)* C TxX. Then

SSk(RFQ(F)) C N*(Q) + SSk(F).
(ii) Assume SSE(F)NN*(Q) C TxX. Then
SSk(Fa) C N*(Q)* + SSk(F).

Proof. The proof is an adaptation of the proof of Proposition 5.4.8 (i)
and (ii) of [13], using Corollary 4.9, Remark 4.2 and Lemma 5.1 instead of
Propositions 5.2.1, 5.1.1 and Lemma 5.4.3 of [13], respectively. b

PROPOSITION 5.3. Let ) be an open subset of X and let j be the em-
bedding Q2 — X. Let F € D°(kgq). Then:

(i) SSK(RjF) C SSK(F)FN*(Q).

(i) SSp(RjF) C SSK(F)FN*(Q)°.

Proof. The proof is the stepwise adaptation of the proof of Proposi-
tion 6.3.1 of [13], using Propositions 5.2, 4.1 and Corollary 4.9 instead of
Propositions 5.4.8, 5.1.1 and 5.2.1 of [13], respectively. [

86. Proofs of the main results

6.1. Proofs of Theorems 1.1, 1.2 and Corollaries
Proof of Theorem 1.2. Let us first consider the case of the embedding
of a closed submanifold of X:

PROPOSITION 6.1. Let M be a closed submanifold of X and F € D®(kx).
Then
SSk(Flar) C jajy ' (SSu(F)+T3X),

where j is the embedding of M in X.

Proof. Let d denote the codimension of M. Let (x1,...,x,) be a system
of local coordinates on X such that M = {(z1,...,x,);21 = ... = 4 = 0} and
let (z;€) denote the associated coordinates on T*X. Set 2’ = (1, ...,24),
2 = (Tgi1y e, Tn)-
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Let (x;€0) € T*M such that (zf;¢0) ¢ jajz (SSK(F)¥T5,X). We
shall prove that (z(;&() ¢ SSk(F|um).

By the assumption, (0,z;¢&,&0) ¢ SSk(F)+T;, X for any ¢ € RY. In
particular, (0,20;0,£8) ¢ SSk(F)+T;;X. We may assume that (0,z() €
m(SSk(F)) N M and by (3), that & # 0.

Setting zo = (0, z(), {0 = (0,&)) and p = (x0;&o), there exists a closed
convex proper cone 7y such that Int(y) # () and

§o € Int(7°7),

(7) -
({zo} x %) N (SS(F)FTS,X) C TLX.

Therefore we may find a neighborhood V' of zg such that

(8) (V x 4°) N (SSk(F)+T5X) € T X.

In particular, ({zo} x v°%) N SS(F) C {(20;0)}. Therefore,
({zo} x Int(y**)) N ISk (F) = 0,

and we may choose V such that

(9) (V x Int(7°*)) N SS(F) = 0.
and
(10) (Vx4 )NnTyX Cc Tx X.

After changing the local coordinates on X if necessary, we may also
assume:

& = (0,...,,0,1),
fyoa = {(51761/);571 > 5’(€/7€d+17 "'7€n—1)’}7

for some & > 0. Hence,

—_

Y= {(‘T/’x”);xn < _S|( I’xd-‘rla "'7zn*1)|}7

and, for any x € M, (x+~v)NM = z+(yNM). For € > 0 let us denote by H.
the open half-space H. = {z € X; (v — x0,&) > —¢}. Let us choose € > 0
and an open neighborhood W C V of xg such that (W +~)NH. CC V. Set
Y =yNM, V' =VNM,W =WnNM and H, = {2" € M; (z" —x(,£)) >
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—e}. Since 7' is a closed convex proper cone in M such that & € Int(y/°*)
and W’ is an open neighborhood of z{, in M, by Proposition 4.1 its enough
to prove that there exists ¢ > 0 such that (W' ++/) N H, C M and
H)(M;kgiyynpmr, @ Fly) =0, for all j <k and x € W'

This will be a consequence of Lemma 3.4 with A = SSj(F'). We shall use
the notation vy, V) introduced in Section 3. Let C' be given by Lemma 3.4
and let us choose sequences (A\;)en, (€)ien of real positive numbers, satis-
fying 0 < €, \; < C, such that (\;);en converges to 0 and (€;);en converges
to C'. Replacing the sequences by convenient ones we may assume from the
beginning that C' < 1.

Remark that 73" © 7°* and that

Ve "M =VNM=V
Wy "M =WnM=W,
W)\lq + ’YAlq m HE - V)\lq’

(W)\lel + f)/)\l) N H515 - V)\lﬁl'

Let 2" € M NW be given, choose a sequence z; in W converging to " such
that 2 € Int(z] +~') and note H' = HN M. Then, for any j > k, we have

Hj(M; k(x”—l—'y’)ﬂH’CE ® F|p) =~ hﬂ,lHj(X;k(mg’+vAl)ﬁH ® F) =0,

l €l5
thanks to Lemma 4.7. Hence (z(; &) ¢ SSk(F|ar)- [

End of the proof of Theorem 1.2. Let us decompose f by the graph map

Y—>Y><X7X,f:hog
g9

where g(y) = (v, f(y)) and h is the second projection on ¥ x X.
Identifying Y with the graph of f, we may assume that Y is a closed
subvariety of Y x X, and we get by Proposition 6.1 and Proposition 4.6,

SSk(f'F) = SSp(g ' (h'F)) C

C gagyt(hahz Y (SSK(F)FTH(Y x X)).
We shall prove that

9agy ' (hah; ' (SSK(F)FT5(Y x X)) = f#(SSk(F)).
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Let (y) be a system of local coordinates on Y, (x) a system of local
coordinates on X and let (y;&), (z;n) be the associated coordinates on T*Y
and 7% X, respectively.

Let (y0;&0) € gagx ' (hahz (SSK(F))+ Ty (Y x X)), then there exists &,7
such that (o, f(y0); €,1) € hahy ' (SSE(F))FT3(Y x X) and & = £+ f/(yo)-
n. Hence we may find sequences {(yn,Tn;&n,Mn) tn in hgh1(SSk(F)) and

{(Wn, fFn); &nsmp) o in T (Y x X)) such that
(Yns 20, (Wns £ (Yn)) — (w0, f(90));
(&ns ) + (§s15) — (€5 ),

|Yns 2n) = Wos £ (s 100) | — 0.

One has (x,;1,) € SSp(F), & = 0 and &, + ' f'(y)) - 1), = 0, for all
n € N, and since *f'(yy,) - (1 + 1) — “f'(y0) -1 = o — &, it follows that

tfl(ylz) “Tn 7 &o-
Therefore we have sequences {(x; nn) }n € SSk(F) and {y), }, in Y such
that

Yn — Yo,Zn — f(y0),
n n

() -1t — o

|20 = f(yp)lIna| — 0.

This gives (yo; &0) € f#(SSk(F)) and also the converse thanks to Propo-
sition 3.1. 0

COROLLARY 6.2. Let M be a closed submanifold of X and F € D°(kx).
Then

SSk(Far) C SSp(F)FT5 X.

Proof. Let j : M — X denote the embedding of M on X. Then
Fyr ~ j.(F|p) and by Proposition 4.5 and Proposition 6.1

SSk(Fur) = jrig ' (SSk(F|ar)) C

C jriy dads (SSK(F)FT5X) C SSp(F)+TiX.
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PROPOSITION 6.3. Let M be a closed submanifold of X, U = X\ M,
j the embedding U — X, 1 the embedding of M in X and let F € D(ky).
Then:

(i) SSk(Rj.F) N7w= (M) C SSy(F)FT5 X,

(ii) SSK(RjF) N7~ (M) C SSi(F)FT;, X,

(iii) SSk((Rj«F)|nr) C tarz (SSK(F)FT5, X).

Proof. The proof of the two first conditions is analogous to the proof of
the two first conditions of Proposition 6.3.2 of [13], replacing Proposition
5.4.4 and Theorem 6.3.1 of [13], by Propositions 4.5 and 5.3, respectively.

Let us now prove the third inequality. By Proposition 6.1 and (i),

SSL((RjF)|par) C taty N (SSK(RIF)FTi X) C
C gty H(SSK(F)F T X) FTh X).
By Lemma 3.3
(SSp(F)FTiX)FTi X = SSK(F)FT5 X.
Hence
SSk((RjxF)|ar) C taty (SSk(F)+TiX).

0
Note that, with Lemma 3.2 and Proposition 6.3 in hand, we obtain the

analogue of Proposition 6.3.2 of [13].

COROLLARY 6.4. Let M be a closed submanifold of X and F' € D°(kx).
Then

SSu(RT 3 (F)) C SSK(F)FT X.

Proof. This is a consequence of Proposition 6.3, together with the
distinguished triangle

RTp(F) — F — Ry (F) *5
O

COROLLARY 6.5. Let M be a closed submanifold of X and F' € D°(kx).
Assume that
SSK(F)NTyX C Ty X.

Then
SSk(Fy ® wM|X) = SSL(RTp(F)).
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Proof. Let 7 be the restriction of 7 to the cotangent bundle deprived
of the zero section. We have a distinguished triangle

— .

Fy @ wyx — ROy (F) — Rir(pa (F) =

T% x)
Since by Theorem 5.1 of [11] and the assumption we have
supp(m=* (uar(F))) € Tx X,

we get that pps(F) 7 x € D>k(kT;;IX)' Hence the third term of the distin-

guished triangle above is an object of D>*(ky), which entails that

Sk (Rt (it (F)l: x)) = 0.

O

COROLLARY 6.6. Let M be a closed submanifold of X and F' € D°(kx).
Let j denote the embedding of M in X.Then

SSK(G'F) C jajz  (SSk(F)¥Th X).

Proof. This is a consequence of Proposition 6.1 and Corollary 6.4 to-
gether with Lemma 3.3. b

Proof of Theorem 1.1. The proof is the adaptation step by step of the
proof of Theorem 6.4.1 of [13], applying Proposition 4.6, and Proposition
6.3 instead of Proposition 5.4.5 and Proposition 6.3.2, respectively of [13].

0

Let now Y be a complex closed smooth hypersurface of X defined as
the zero locus of a holomorphic function f. Let 1y denote the functor of
nearby cycles associated to Y. Then Y may be regarded as a submanifold of
Ty X by a canonical section s such that ¥y (F) ~ s~ vy (F). Once more we
identify Ty xT* X, T*(Ty-X) and T*(Ty X) (cf. Proposition 5.5.1 of [13]).

Recall that, in a system of linear coordinates x = (z1, ..., ;) on X such
that Y is defined by 1 = 0, s: Y — Ty X is the section s(za,...,x,) =
(x2,...,xpn;1). With the local coordinates described above, and A being a
conic closed subset of T*(7Ty X ), we have:

SdS;I(A) = {([1}2,...,wn;fz,...,fn);ﬂfl, (xg,...,l'n, 1;{2,...,67“{1) S A}

Corollary 1.4 is an immediate consequence of Proposition 6.1.
The following estimate for the tensor product can be seen as a genera-
lization of Proposition 6.1:
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PROPOSITION 6.7. Let F and G belong to D?(kx). Then:

SSk(F " G)c | (SSi(F)F55;(G)).
i+j=k

Proof. Let 0x : X — X x X be the diagonal embedding.
Since F @ G ~ 63 (F K G), the result follows from Proposition 6.1
and Proposition 4.4. 0

6.2. Application to D-modules

Let X be a complex finite dimensional manifold. One of the important
problems in the theory of D-modules is the relation between the charac-
teristic variety of a system M and that of its induced system My along a
closed submanifold Y, which was completely solved in the non characteristic
case by M. Kashiwara as well as in a more general situation treated in [15],
which includes the case where M is regular along Y in the sense of [10].
Similarly, in the case of a smooth complex hypersurface, it is interesting to
relate Char(M) and Char(yy (M)), where 1)y denotes the functor of nearby
cycles.

Let d be the codimension of Y, denote by j the embedding Y — X and
by 7’ the projection T*Y — Y. Given an homogeneous involutive subvariety
V of T* X of codimension > d, we shall say that Y is orthogonal to V' if there
exists a smooth involutive submanifold V* containing V' such that Y and V*
are orthogonal. More precisely, there exist a set {f1, ..., f¢} of homogeneous
functions of degree zero vanishing on 7=1(Y), such that the differential
df; are linearly independent on 7= *(Y), and a set {g1,...,gp},p > d, of
homogeneous functions of degree one linearly independent on V* such that
the matrix of the Poisson brackets [{f;, g;}]|v+ has everywhere rank d.

As before, F' will denote the complex RHomyp, (M,Ox). Let SS(F) =
U Vo be the decomposition of SS(F) in its irreducible involutive compo-
nents in a neighborhood of p € T*X. Let us denote by Y, the variety
(V).

Recall that in Theorem 6.7 of [11] it is proved that, for any k, SSi(F) =
(U Vaul U LX)

codimYa <k codimYa=k

Proof of Theorem 1.4. The first assertion is an immediate consequence
of Theorem 1.1 and the second follows from the regularity of M. 0

Proof of Corollary 1.5. It is a consequence of Corollary 1.3 and the reg-
ularity of M. 0
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Proof of Theorem 1.6. Since M is regular along Y, one has the isomor-
phism
RHomp, (My,Oy) ~ RHomp, (M, Ox)|y,

and the first part is an immediate consequence of Proposition 6.1. Let us
now prove the second assertion. It will be a consequence of the Lemma
below:

LEMMA 6.8. Assume that the homogeneous involutive variety V is ir-
reducible and that 'Y is orthogonal to V.

Then :

(1) V' = ja(j-1(V)) is an irreducible homogeneous involutive subvariety
of T*Y .

(ii) The codimension of ©'(V') is equal to the codimension of (V).

(iii) When V is the characteristic variety of a coherent D x-module, the
orthogonality of Y implies that Y is non characteristic for M.

Proof. Let V* be a smooth involutive manifold containing V' such that
Y is orthogonal to V*. Since the assertions can be checked locally, by
a standard reasoning we may consider a system (z;¢) of local symplectic
coordinates on T*X in a neighborhood of p € V Nrw~1(Y) = j-1(V), such
that Y is the submanifold {(z) = (x1,....,2n);21 = ... = 24 = 0} and V*
is defined in T*X by the equations & = ... = & = gqr1(2”;¢") = ...

gp(x";¢") = 0, where we set (z') = (z1,...,za) (resp. (§') = (&1, 8a)),
(") = (g41y s Tn) (vesp. (") = (€441, --,&n)). Therefore, the irreducible
ideal of definition (V') is generated by a set of functions

{617 vy €d7 gd+1(x”; 6”)7 veny gp(x”; 6”)7 hp-i—l(x”; 6”)7 veny hp+l (.%'”; é.”)}v
for some [ > 0. Hence I(V’) is generated in Op+y by the set of functions
{gd-i-l(x”; 5”)3 seey gp('x”; 5”)’ thrl('T”; 5”)7 seey hp-‘rl ('T”; 5”)}3

which entails (i), (ii) and (iii). U

Since Y is non characteristic, we have
SS(Fly) = Char(My) = jaj= ' (SS(F)).

On the other side, since SSi(F) N Ty X C Tx X, we get from the first
assertion that SSy(Fly) C jajz ' (SSk(F)), for any k. Moreover, setting

https://doi.org/10.1017/50027763000025745 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000025745

TRUNCATED MICROSUPPORT AND HYPERBOLIC INEQUALITIES 87

V! = j45-1(V,), by the preceding Lemma, for any « such that codimY, < k,
V! is an irreducible component of SS(F|y). Therefore by Theorem 6.7 of
[11], for any i < k,

SSi(Fly) D jajx ' (SSi(F)).

0

EXAMPLE 6.9. Let X = C", with n > 3, endowed with the coordinates
(1, ..., xp). Let Y be the hypersurface {z,, = 0} and Q = {z € X;Re(z; —
Zp—1) < 0}. Let J be a coherent left ideal of Dx and set M = Dx/J.
Assume that there exist in J an operator P in the Weierstrass form with

respect to the derivation D, and an operator () such that the principal
symbol of @, o(Q), is of the form

O-(Q) - xlq(mla ceey 'rnfl;é-l, ceey gn—l),
and ¢ does not vanish on T, X. Then,T5, X N SS;(M) C {0} and, setting
Q' =QnY, & has smooth boundary 6§’. By Theorem 1.3, Tj,Y N
SS1(My) C {0}. Therefore
HomDY (MY’ H«%Re(xl—arnfl)ZO}(OY))|5Q’ =0.
Proof of Corollary 1.5. As proved in [8], we have the isomorphism
RHomp, (Yy (M), Oy) ~ ¢y (RHomp, (M, Ox)).

It is then enough to use Proposition 6.1. 0

Let M be a real analytic manifold of dimension n, X a complex analytic
manifold complexifying M and M a coherent D x-module.

Let Aps denote the sheaf of real analytic functions on M. Remark that
Ay = Ox|y. Let By denote the sheaf of Sato’s hyperfunctions on M.
Recall that

B ~ RUy(Ox) ® or g x[n).

Proof of Proposition 1.7. One has
RHomp, (M, Ap) >~ F|ur.
Therefore, by Proposition 6.1
SSk(RHomp (M, Anr)) C jajx ' (SSk(F)+T5X)
O

Let us remark that a variant of the preceding result was obtained in
[19] for k = 1 using directly the properties of holomorphic functions.
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Proof of Corollary 1.8. The first part is an immediate consequence of
Corollary 6.5. The second follows from Proposition 1.7 and Theorem 6.7 of
[11]. 0

ExaMPLE 6.10. Let M = R™, with n > 2, endowed with the coor-
dinates = = (z1,...,2,). Let Q = {& € M;¢(x) < 0} for some real
Cl-function. Let X = C" and M be a coherent Dx-module defined by
M = Dx /Dx P where P is a differential operator. Assume that the princi-
pal symbol o(P) is of the form

a(P) = a(z)q(;¢),

where a(z) is a holomorphic function and ¢ does not vanish on T, X,
more precisely, ¢ is the principal symbol of an elliptic operator. Recall
that SS1(F) C {(z;¢);a(z) =0,¢ € Cda(x)} U ¢~ 1(0). This entails that
Ty, X NSS1(F) C T X and hence

SS1(RHomp, (M, Ay)) =

= SS1(RHomp (M, Bar)) C jajz L (SS1(F)).

Assume that d¢(z) is not in Cda(z) for any z € §Q2 Na~'(0). Then
Tio M N SS1(RHomp, (M, An)) C Ty M. In other words

Homp, (M, Hiy, 50, (Anr))lse

= EXtIDX (M, F{(b(a:)ZO} (BM))|6Q =0.

Remark 6.11. In general we do not have an interesting estimate for
SSk(RHomp, (M, Byr)). Let j denote the inclusion M — X. Then Bjs ~
§j'0x ® oryx[n] and RHomp, (M, Ba) ~ §'(RHomp, (M, Ox))[n]. By
Corollary 6.6, one gets

SSi(RHomp, (M, Bar)) = SShin(j RHomp, (M, 0x)) C

C Ssk+n(RH0mDX (/\/l, Ox))—T—T]EX.
By Theorem 6.7 of [11],

SSkin(RHomp, (M,Ox)) = SS(RHomp, (M,Ox)) = Char(M).
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Hence we get
SSk(RHomp, (M, Byr)) € Char(M)FT;, X for any k > 0,
in other words, if M is hyperbolic for M then
SSk(RHomp, (M, Bur)|ar) C ThM.

But this is well known and is an example that the notion of truncated
microsupport does not work well under Fourier Transform.

Let D% __(kx) denote the full subcategory of D’(kx) consisting of ob-
jects with C-constructible cohomology, that is, the objects F' € D®(kx) for
which there exists a complex analytic stratification X = |J X, such that
the sheaf H7(F)|x, is locally constant of finite rank, for every j € Z and a.

A perverse sheaf is an object F' of D%f .(kx) satisfying the following
two conditions: A

(a) for any complex submanifold Y of X of codimension d, H3,(F)|y is
zero for j < d;

(b) for any j € Z, HI(F) is supported by a complex analytic subset of
codimension > j.

P. Schapira proved in [18] that, when F is a perverse object of D(%f kx),

HI(RTs(F)), =0, for j > 2n,

for any closed subanalytic subset S of X and any = € X being non isolated
in S.

PROPOSITION 6.12. Let M be a coherent Dx-module Then
SSn—1(RHomp, (M, By)) = SS(RHomp, (M, Bur)).

Proof. Let ¢ be a real analytic function defined on X and z¢g € X
such that ¢(z¢) = 0. Then the set {x € X;¢(z) > 0} is a closed subana-
lytic subset of X. Assume that M is holonomic. By the Riemann-Hilbert
correspondence ( [7]), F' is perverse.

Hence,

HI (Rr{gaZO}RHom"DX (M7 BM))J:O = HjJrn(RF{gaZO}ﬂM(F))J:o =0,
for every j > n. By Proposition 4.1,

SSn_l(R'Home (./\/l, BM)) = SS(RHOmDX (./\/l, BM)),
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under the assumption that M is a holonomic D x-module.

To treat the general case, we argue as in the proof of Theorem 2 of
[18]. Let us denote by * the functor N' — N* = Ext (N, Dx). Recall
that Kashiwara proved in [6] that if M is coherent, then M™ is holonomic,
M** ~ M* and M*™ is a submodule of M. Defining the coherent D x-
module £ by the exact sequence:

0= M= M—L—0,

one gets L* = 0 and so £ locally admits a projective resolution of length
n — 1. Therefore,

H(RT {50y RHomp (M, Bar))zy 22 H? (R {50y RHomp  (M™, Bar))ay =

for j > n.
This proves

SSn_l(RHome (M, BM)) = SS(RHOmDX (M, BM)),

for every coherent D x-module M. ]
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