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Abstract. We define branching systems for finitely aligned higher-rank graphs.
From these, we construct concrete representations of higher-rank graph C*-algebras on
Hilbert spaces. We prove a generalized Cuntz—Krieger uniqueness theorem for periodic
single-vertex 2-graphs. We use this result to give a sufficient condition under which
representations of periodic single-vertex 2-graph C*-algebras arising from branching
systems are faithful.
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1. Introduction. Higher-rank graphs, or k-graphs, are combinatorial objects that
generalize directed graphs. In [23], Kumijian and Pask introduced higher-rank graph
C*-algebras for row-finite higher-rank graphs without sources, as generalizations
of graph algebras and the higher-rank Cuntz—Krieger algebras constructed by
Robertson and Steger [28]. Since then, driven by the fact that higher-rank graph
C*-algebras include a larger class than graph C*-algebras, while still can be studied
via combinatorial methods, intense research has been done in the subject, see
4,5,7,8,21,24,26,27,32], for example.

Branching systems arise in disciplines such as random walk, symbolic dynamics
and scientific computing (see, for example, [9,20,30]). More recently, stimulated by
Bratteli-Jorgensen’s work connecting representations of the Cuntz algebra arising from
iterated function systems with wavelets (see [2,3]), a large number of papers have studied
representations of graph algebras from branching systems (see [6,12—19], etc). Farsi et
al. have studied connections of representations of finite higher-rank graphs C*-algebras
arising from semibranching function systems with wavelets, Kubo—Martin—Schwinger
(KMS) states (see [10,11]).
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It is our intention to connect the theory of higher-rank graph C*-algebras with
the branching system theory. Notice that when developing the theory of higher-
rank graphs, some additional hypotheses are usually assumed, such as finiteness, row
finiteness, local convexity or finite alignment. Of these, finite alignment is the most
general one, and we try to study the branching system theory of higher-rank graphs in
this generality as much as we can. As the paper goes on, to obtain interesting results,
we reduce the generality to row-finite higher-rank graphs without sources. Eventually,
we restrict to single-vertex 2-graphs, which have been studied in depth by Davidson
and Yang (see [7]).

The structure of the paper is as follows. Section 2 is devoted to recalling the
material on higher-rank graph C*-algebras. In Section 3, we define branching systems
for finitely aligned higher-rank graphs. Using the space of boundary paths of a higher-
rank graph, we build a branching system associated to any finitely aligned higher-rank
graph. We then show how branching systems induce representations of higher-rank
graph C*-algebras, which generalizes results in [15]. In Section 4, we look into some
examples of higher-rank graphs and build branching systems on R for these graphs,
which include higher-rank graphs that are not row-finite. It is usually not easy to
decide if a representation of a higher-rank graph C*-algebra is faithful. Therefore, in
Section 5, we focus on studying periodic single-vertex 2-graphs, and we aim to provide a
sufficient condition for representations induced from branching systems to be faithful.
To do so, we first extend the general Cuntz—Krieger uniqueness theorem proved by
Brown et al.in [4, Theorem 7.10], in the same spirit of Szymanski’s result for graph
algebras (see [31, Theorem 1.2]) and the author’s result for ultragraph algebras (see
[12, Theorem 7.4]). We finish the section by building branching systems for periodic
single-vertex 2-graphs such that the induced representations are faithful.

2. Preliminaries. Throughout this paper, the notation N stands for the set of all
nonnegative integers; the notation N stands for the set of all positive integers; and all
measure spaces are assumed to be o -finite.

In this section, we recall the definition of k-graph C*-algebras from [23, 26, 27].

DEFINITION 2.1 ([23, Definition 1.1]). Let k € N,. A small category A is called
a k-graph if there exists a functor d : A — N¥ satisfying the factorization property,
that is, for u € A, n, m € N* with d(u) = n + m, there exists unique v, & € A such that
d(v) = n,d(a) = m, s(v) = r(a), p = vae. The functor d is called the degree map of A.

Let (A, d1), (A3, dp) be two k-graphs. A functor f : A| — A, is called a morphism
ifdyof =d.

Throughout this paper, all k-graphs are assumed to be countable.

EXAMPLE 2.2 ([27, p. 211]). Let ke N, and let ne (NU{oo}). Define
Qi =1, 9) € N x N2 p < g < n}. For (p, q), (¢, m) € ., define (p, q) - (¢, m) :=

(p, m);r(p, q) := (p, p); s(p, q) := (¢, @); and d(p, q) := q — p. Then, (., d) is a k-
graph.

NoTATION 2.3 ([27, p. 211]). Let k € N4, let A be a k-graph. Denote by

Xy = U {x:Qr, — A:xisa graph morphism}.
ne(NU{oo})
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Fix a graph morphism x: €, — A for some n e (NU {co})¥. For u € A with
s(u) = x(0,0), denote by ux:Qau+n — A the unique graph morphism such
that (ux)(0, d(n)) = w, (ux)(d(n), m) = x(0,m —d(w)) for all d(u) <m <n. For
N¥ 5 m < n, denote by 6”(x) : Q.,_m — A the unique graph morphism such that
o"(x)(0,1) = x(m,m+1) for all N¥ 5/ <n—m. Moreover, for 4 C A, BC Xy,
denote by AB := {ux: pn € A, x € B, s(n) = x(0, 0)}.

The following lemma might be well-known, however we could not find any
reference to it.

LEMMA 2.4. Let k € Ny, let A be a k-graph, let uw € A, and let B C X. Then,
oW uB — s(w)B is a bijection.

Proof. It is straightforward to see. Indeed o?®(ux) = x for all ux € uB and the
inverse map of o™ is to attach u to the elements of B.

DEFINITION 2.5 ([27, Definition 2.8]). Let k € N and let A be a k-graph. Define

A=® = U {x: Qr,— Aisagraph morphism : INK 5 . <, st
ne(NU{oo} )k

vm e N with ny <m<n, wehave m; = n; = x(0, m)A“ = @}.

A=> is called the boundary path space of A. The range and degree maps may be
extended to boundary paths x : Q, — A by setting r(x) := x(0, 0) and d(x) = n.

NOTATION 2.6. Let k € N;.. Denote by ey, . .., ey the standard basis oka. Fori>1,
denote by

e1 fi=lLk+1,2k+1,3k+1...;

e ifi=kk+k2k+k3k+k, ...

For n,m € NK, denote by |n| :=ny + - -- 4+ m;n v m = (max{n;, m,-})le; andn Am =

(min{n;, m,-})f.‘zl. Furthermore, for z € TX, denote by 2" := Al

NoTATION 2.7 ([27, Definitions 2.2, 2.4]). Let ke N, and let A be a k-
graph. For n e N denote by A":=d '(n). For A,BC A, define AB:={uv:
we A, ve B, s(u) =rv)}.Foru,ve A,define A™ (1, v) :i={(a, B) € A X A 1 pa =
vB, d(na) = d(j) v d(v)}. For v € A®, a subset E of vA is said to be exhaustive for v
if, for any u € vA, there exists v € E such that A™(u, v) # ¢.

DEFINITION 2.8 ([27, Definition 2.2]). Letk € N. A k-graph A is said to be finitely
aligned if, for any u, v € A, we have that A™"(u, v) is a finite set.

DEFINITION 2.9 ([27, Definition 2.5]). Let k € N and let A be a finitely aligned
k-graph. A Cuntz—Krieger A-family in a C*-algebra B is a family of partial isometries
{S,}uen satisfying

(1) {S,},cn0 is a family of mutually orthogonal projections;

(2) Sy = SuSy if s(n) = r(v);

(3) .80 = D4 prenminuv) SaSp forall w, v € A; and

4) H;J.EE(SU —8,S;) =0forallv e A", for all finite exhaustive set E C vA.
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The C*-algebra generated by a universal Cuntz—Krieger A-family, denoted by {s,,},.ca.,
is called the k-graph C*-algebra of A and is denoted by C*(A).

REMARK 2.10. By [27, Proposition 2.12], each s,, is nonzero.

THEOREM 2.11 ([27, Theorem C.1]). Letk € N, let A be a finitely aligned k-graph,
and let (S, : w € (UL, A%) U A%} be a family of partial isometries in a C*-algebra B
satisfying
(1) {Sy}veno is afamily of mutually orthogonal projections,
(2) S[LSV = SaS,B if:u’ v, o, ,3 € (Uj’czl Aei) ) AO’ ny = O[IB;
(3) S.S, = Z(a!ﬁ)e,\minw,v) SaSp forall u, v € (Uf;l A@") U A%, and
(4) T1,ex(Sy — SuS%) =0 for all v € A°, for all finite exhaustive set E C v UL, A%).
Then, there exists a unique Cuntz—Krieger A-family {T,},en in B such that T, = S,, for
all e (Ue; A%) U A,

DEFINITION 2.12 ([23, Definition 1.4]). Let kK € N, let A be a k-graph. Then, A

is said to be row-finite if [vA"| < oo for allv € A°, n € N¥. A is said to have no sources
if vA” # @ forallv e A, n e NF,

PrROPOSITION 2.13 ([27, Proposition B.1]). Let k € N and let A be a row-finite
k-graph without sources. Then, a family of partial isometries {S,,} e in a C*-algebra B
is a Cuntz—Krieger A-family if and only if

(1) {Sy}oeno is a family of mutually orthogonal projections;
(2) Spv = SuSy if s(w) = r(v);

(3) 85,8, = Sy forall u € A, and

4 S, = ZMGUM SyuS}, for all v € A% ne N,

REMARK 2.14. Conditions (1)—(4) of Proposition 2.13 are exactly the definition of

a Cuntz—Krieger family for row-finite without sources k-graphs, as given originally by
Kumjian and Pask in [23].

The following proposition is a special case of [27, Theorem C.1].

PROPOSITION 2.15. Let k € N, let A be a row-finite k-graph without sources, and let
{(S,:ne ( Uf;l Ae") U A%} be a family of partial isometries in a C*-algebra B satisfying

(1) {Sy}veno is afamily of mutually orthogonal projections,

() S,Sy = SuSp if 1, v, e, B € (U, A%)UA, wv = af;

(3) 58, = Sy for all w € (UL, A%) U A; and

4 So =2 cona SuSy, forallv e Ai=1,... k

Then, there exists a unique Cuntz—Krieger A-family {T),} e in B such that T, = S,, for
all e (UL A%) U A,

Proof. First of all, we prove the uniqueness. Let {7}, }yea, {T),} en be Cuntz—
Krieger A-families in B such that 7), = T}, = S, for all 1 € (Ule A"f) U A°. For
we A\ A by the factorization property of A, we can write p in the form of
ph-pm where p!, ..., " € |, A%. So, by the assumption and by Condition (2) of
Definition 2.9, T, = T)n - - Ty = T/’L1 T =T,.

Next, we prove the existence. For 1 € (U, A%) U A°, define 7}, := S,.. For u €
AN\ (UL, A%) U A®), by the factorization property of A, we can write z in the form
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of ' ", where u', ..., u" € |J, A%. Define T}, := S, --- S, (the factorization
property of A and Condition (2) imply this is well-defined).

For u € |, A%, by Condition 3, T}, Ty, = T,. By Condition (4), Ty, T, =
T,. So, for p € A, we have T, Ty = Ty, Try Ty = Ty, T, T, = Ty, hence T, is
a partial isometry. For v € A%, n € N¥, we show that T, =Y, . T,. 7. We prove
by the induction on |z|. The equality holds for [n| = 0, 1 by Condition (4). Suppose
the equality holds for [n| = N > 1. When |n| = N + 1, write n = p 4+ g such that |p| =
N, |q] = 1. Then, by the induction assumption and by Condition (4), we have

T, = Z T, T = Z Z Top T = Z T, T

acvA? a€vAP Bes(a) Al HevAn

So,{T,},.en satisfies Conditions (1)—(4) of Proposition 2.13. Hence, by Proposition 2.13
{T.},en 18 @ Cuntz—Krieger A-family.

NOTATION 2.16 (]23, Section 3]). Letk € N, let A be a row-finite k-graph without
sources. Then, there exists a gauge action, which is a strongly continuous group
homomorphism y : T — Aut(C*(A)) such that a.(s,) = z%Ws, forallz € T*, u € A.
The fixed point algebra is the algebra C*(A)Y = span{s,s’ : d(u) = d(v)}. The gauge
action yields a faithful expectation ® from C*(A) onto C*(A)¥ such that ®(s,s}) =
So,d(m_d(,,)sﬂsj for all M,V e A.

DEFINITION 2.17 ([23, Definition 4.3]). Let k£ € N and let A be a row-finite k-
graph without sources. Denote by A the set of infinite paths, which consists of all
graph morphisms from €2 (so,..0c) to A. Then, A is said to be aperiodic if, for any
v e A, there exists x € vA® such that 6”(x) # " (x) for all n £ m e N,

The following theorem is the Cuntz—Krieger uniqueness theorem for row-finite
higher-rank graphs without sources.

THEOREM 2.18 ([23, Theorem 4.6]). Let k € N, let A be a row-finite k-graph
without sources, and let 7 : C*(A) — B be a homomorphism. Suppose that A is
aperiodic. Then, 7 is injective if and only if 7 (s,) # 0 for all v € A°.

DEFINITION 2.19 ([4]). Let k£ € N, and let A be a row-finite k-graph without
sources. A pair (u, v) € A x A is called a cycline pair if s(i) = s(v) and ux = vx for
all x € s(u)A™. The C*-subalgebra M := C*({s,,s} : (i, v) is a cycline pair }) is called
the cycline subalgebra of C*(A). Moreover, the C*-subalgebra D := C*({s,s), : n € A})
is called the diagonal of C*(A).

NoTATION 2.20 ([5, p. 2581]). Let k € N, let A be a row-finite k-graph without
sources. Define the set of periodicity of A by Per(A) := {d(n) —d(v): (u,v)is
a cycline pair }. By [32, Theorem 4.6] A is aperiodic if and only if Per(A) = {0}.

The following theorem is the general Cuntz—Krieger uniqueness theorem for row-
finite higher-rank graphs without sources.

THEOREM 2.21 ([4, Theorem 7.10]). Let k € N, let A be a row-finite k-graph
without sources, and let w : C*(A) — B be a homomorphism. Then, 1 is injective if and
only if 7w is injective on M.

3. Branching systems of higher-rank graphs. In this section, we introduce the
notion of branching systems of higher-rank graphs. The branching system definition
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will invoke the Radon-Nikodym derivative, and we refer the reader to [29] for
background on this material.

Notice that when studying the branching systems of higher-rank graphs, we always
consider those graphs satisfying certain hypotheses, like finiteness, row finiteness, local
convexity or finite alignment. Of these assumptions finite alignment is the most general
one, and we develop the theory of branching systems for higher-rank graphs in this
generality as much as we can.

3.1. Finitely aligned case.

DerINITION 3.1. Let k£ € N, let A be a finitely aligned k-graph, let (X, n) be a
measure space and let {R,, D,} o be a family of measurable subsets of X.

Suppose that

welUs, Aciven

n—a.e.

(1) RyNR, "= Pif pu#veA“forsomel <i<k;

n—a.e.

(2) D,ND, "="@ifv#we A%

(3) Ry ' Ea.e' Dy for all p € Uf‘(:l A%

(4) for each u € Uf;l A“, there exist two measurable maps f, : Dy,) — R, and f, ! :
R, — Dy such that f, of! = idg,. [ o fu "=%idp,,, the pushforward
measure 1 o f,, of fl; Uin Dy, is absolutely continuous with respect to 7 in Dy,
and the pushforward measure nof, ! of f,, in R, is absolutely continuous with
respect to n in R,,. Denote the Radon-Nikodym derivative d(n o f,,)/dn by ®;, and
the Radon-Nikodym derivative d(i o f,;')/dn by ®;.1;

—a.e.

(5) foru,v,a,B € Uf;l A% with uv = o, we have f,, o f, TE o o f8;
(6) for w,velU, A% with r(u)=r(v) and d(u)#d(), we have f,(Dyu \

n—a.e.
Ut preanngen Re) 0o(Dso) \ Ui preamny Rp)) =¥ and
(7) for any v € A°, and for any finite exhaustive set E C Uf;] vA¢ for v, we have

UMEE RM = D,.
We call {D,, R,L,fp}ﬂeux;_1 Avi veno @ A-branching system on (X, ).

REMARK 3.2. Informally, we can think of the maps f, as ‘representing’ the partial
isometries S, so that the subsets Dy, ‘represent’ the initial projection of S, and the
subsets R,, ‘represent’ the final projection of S,,. With this in mind, the conditions we
impose on the definition of a branching system become intuitive, except Condition 6
that we feel deserves further explaining. We will keep a rather informal tone in this
remark in order to explain the intuition behind this condition. Notice that we need
to rephrase Condition 3 of Theorem 2.11 as one of our conditions on a branching
system. Reading it directly, we would like that f,° 1] Ry :fmfﬂ_l, for all 8 such that
(o, B) € A™™(u, v) (notice that since for fixed w, v there exists j € N* such that if
(a, B) € A™n(u, v), then B € A/, we have that the {R; : (a, B) € A™"(x, v)} forms a
collection of a.e. disjoint sets). But if (a, 8) € A™"(u, v), then pa = vB and hence
Jufa = fufp (by Condition 5), so that fo, =7, ' f.fp and f,;lf,,|Rﬂ :fofI;1 is satisfied.
Notice that we also desire that on Dyw) \ Uy, g)eaning,.) Rp the equality i ol =
f&f,’;l not necessarily hold. This is the reason we require Condition 6.

In the following theorem, we build a branching system associated to any finitely
aligned higher-rank graph using the space of boundary paths of a higher-rank graph.
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THEOREM 3.3. Let k € N, and let A be a finitely aligned k-graph. Then, there exists
a A-branching system.

Proof. Let X := A=>, and let n be the counting measure on X. For v € A°,
define D, := vA=*. For u € Uf:l A%, define R, := nA=%. By [27, Lemma 2.11],
D,, R, are nonempty. It is straightforward to see that {R,, D,} , satisfies
Conditions (1)—(3) of Definition 3.1.

For ;€ U, A%, Lemma 2.4 yields a bijection 60 : R, — Dy,). Denote by
£, = (0?W)~1 Since 7 is the counting measure on X, it is straightforward to see that
the pushforward measure n o f,,, of f,7 Yin Dy, is absolutely continuous with respect to
n in Dy, and the pushforward measure n o f,~ I, of f,, in R, is absolutely continuous
with respect to n in R,,. So, Condition (4) of Definition 3.1 holds.

Fix u,v,a,B € Uf'(:l A% with wv = af. Then, for x € Dy, = Dyp), we have

Ju o /o(x) = fu(vx) = u(vx) = a(Bx) = fo(Bx) = fu o fp(x).

So, Condition (5) of Definition 3.1 holds.

Fix pu,v € Ule A% with r(u) = r(v) and d(u) # d(v). Suppose that there exist
X € Dy \ U(a’ﬂ)eAmw’v) Ry and y € Dy \ U(a’ﬂ)eAm(ﬂqv) Rg such that f,,(x) = £,(»).
Let z := pux = vy. Then, there exists n > d(u) v d(v) such that z : @, — A isa graph
morphism. So, z(0, d(i) Vv d(v)) = z(0, d(w))z(d(w), d(n) v d(v)) = pag for some oy €
A and 20, d() v d(v)) = z(0, d(v))z(d(v), d() v d(v)) = vB, for some By € AYM),
Hence, (g, Bo) € A™ (1, v)and z = p - ag - a9V () = v . By - o ¥ VA0 (2) By [27,
Lemma 2.10], x € Ry,, y € Rg,, which is a contradiction. Therefore, Condition (6) of
Definition 3.1 holds.

Fix v € A° and fix a finite exhaustive set £ C Uf.;l vA¢ forv. Itis straightforward
to see that J uer Ru € Dy. We prove the reverse inclusion. Fix a graph morphism
X : Q. — Ain D, (notice that n # 0). Suppose that x ¢ UueE R, for a contradiction.
By the definition of D,, there exists N* 3 5, < n such that whenever n, <m < n, m; =
n;, we have x(0, m)A% = . Since E is exhaustive, there exists u' € E such that
A™ (!, x(0, ny)) # . Take an arbitrary (a, 8) € A™"(u', x(0, ny)). Then, d(B) =
d(ul). So, ny+d(u') <n. Since x ¢ U,z R, and E is exhaustive, there exists
w? € E\ {u} such that A™(u?, x(0, n, + d(u'))) # @. Then, n, + d(u') + d(u?) < n.
Inductively, we deduce that n, + 3, _pd(un) < n. Then, we are not able to find any
path in u € E such that A™"(u, x(0, n, + ZueE d(w))) because x ¢ UueER Hence,
we get a contradiction and therefore Condition (7) of Definition 3.1 holds. ]

;/.EU?:I A¢i vel

Before we show that a branching system induces a representation of C*(A) on
L?(X), we need the following lemma.

LEMMA 3.4. Let k € Ny, let A be a finitely aligned k-graph, and let {R,, D,, f, :
u e Ule A%, v e A% be a A-branching system on a measure space (X, n). Fix pu, v €
Uf.;l A withs(u) = r(v). Then, n o f, of,, nof,, nare measures on Dyyy. Furthermore,

we have that nof, of, is absolutely continuous with respect to nof,, and nof, is
absolutely continuous with respect to . Hence,

d(mofuof)/dn) = (®y, o f)- Py,

Proof. It is straightforward to see that 5 of, of, is absolutely continuous with
respect to n o f,, and n o f, is absolutely continuous with respect to n by Condition 4
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of Definition 3.1. By the chain rule, we have

dmofuof)/dmn) =dmnofuof,)/dnof,)- &y,.

We show that d(n o f, o f,)/d(n o f,) = @, o f,. For any measurable set E C Dy, we
have

nofu oS BV = [0, o /dnef)- xedanof),
Let F := f,(E). Then,
nofuofu(E)=nofu(F)
_ / ® xr dn
= [(@ oo
= [(@0f) xedtrof.

So, d(n o f, o f,)/d(nof,) = Py, of, and we are done. O

Next, we show that branching systems induce representations of higher-rank graph
C*-algebras, which is a generalization of [15, Theorem 2.2] (see also [10,25]).

THEOREM 3.5. Let ke N,, let A be a finitely aligned k-graph, and let
{Dy, Ry, fu} el A veAd be a A-branching system on a measure space (X, n). Then,

there exists a unique representation w : C*(A) — B(LZ(X n)) such that (s, )(¢) =
XR, <I>1/2(¢ of, 1) and 7 (s,)(¢9) = xp,, for all u € U, A% v e A% and ¢ € L2(X, ).

Proof. For 1 € | J*_, A%, and for ¢ € L*(X, n), we have
/ LA CEVAS] dn—/ o f P dnof; )—/ 61> dn < oo.
R# D.\(#)

Define S, : L*(X, n) — L*(X, n) by Su(¢) == @1/2(¢> of 1. It is straightforward to
see that S, € B(L*(X, n)). For ¢1, ¢2 € L*(X, n), we have

(D1, () = /R - @/1 - profdn

= [ @ es o drefan

[ e @ion) mames

Dy

oy, - _,;”2 (@1 0f) - $2)dny

).
“J,.."

> of.) - ¢ dn.

r(u)
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S0, S5(#) = Xpy, - @)% - (@ 0 /) forall ¢ € LX(X, 7).

Notice that, for u € Uf.;l A% and ¢ € L*(X, ), we have S.S7(9) !
S, 1s a partial isometry.

For v € A, define S, : L*(X, n) — L*(X, n) by Su(¢) := xp,¢.

We will show that the family {Squv}ueuf;l auveno Satisfy the conditions of
Theorem 2.11.

Condition (1) of Theorem 2.11 follows from Condition (2) of Definition 3.1.
Condition (2) of Theorem 2.11 follows from Condition (5) of Definition 3.1 and
Lemma 3.4.

Next, we check Condition (3) of Theorem 2.11.

Fix 1, v e U, A%

Case 1. ;o =v. Then, A™"(u, v) = {(s(1), s(1))}. Since 858y = S5Su = Sy
Condition (3) of Theorem 2.11 holds.

Case 2. 1 # v,d() = d(v) = ¢; for some 1 <i < k. Then, A™(, v) = . By
Condition (1) of Definition 3.1, we have S}, S, = 0. So, Condition (3) of Theorem 2.11
holds.

Case 3. d(u) # d(v). Then, d(u) = e;, d(v) =e;, for some 1 <i#j<k. For
(o, B) € A™" (1, v), we have S, Se = 5,8 because we just verified Condition (2) of
Theorem 2.11. Then, S, S = 57,5855 = S}, S5S5. So,

Yo SuSy= Y SiS.SES).

(ce.p)eA™in (1, v) (e, B)eA™n (11, v)

—da.e.

Xr, 9. So,

We claim that 3", 5 amin.0) ShSvSpSh = S7S,. Fix ¢ € L*(X, ). Then,

Yo SISSESie = > SiSu(xe,9)
(ar, B)e AMIn (11, v) (a.B)eA™m (11,v)
= S;SV(XU(a,ﬁ)eAmi“(u,v) Rg ° ¢)
(By Condition (1) of Definition 3.1

and by the finite alignment of A)
172 12 _

= q)fu/ .(@j;?l ofu) (@ ofy ! ofu)

(XU(a,ﬁ)eAmin{/l,v) Ry ofv_l Ofp.)

=&, (@ of)-@of " ofy)

—1
v

= §7,5,¢ (By Condition 6 of Definition 3.1).

So, we finish proving the claim, and hence Condition (3) of Theorem 2.11 holds.
Finally, we check Condition (4) of Theorem 2.11. Fix v e A°, fix a finite
exhaustive set £ C Uf‘:l vA%, and fix ¢ € L*(X, n). It is straightforward to see that
[1.ce(Sv = SuSi)(@) = [1,ex(xp, — Xr,)®- So, by Condition (7) of Definition 3.1, we
have [ ] wee(xp, — xr,)¢ = 0. Hence, Condition (4) of Theorem 2.11 holds. Therefore,
by Theorem 2.11 there exists a unique Cuntz—Krieger A-family {7),},c4 in B(L*(X, 1))
such that 7), = S, for all u € (UL, A%) U A. By the universal property of C*(A),
there exists a unique representation 7 : C*(A) — B(L*(X, n)) such that 7(s,) = T,
forall u € A. 0
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3.2. Row-finite without sources case. In this subsection, we simplify the definition
of branching systems for row-finite k-graphs without sources.

DEeFINITION 3.6. Let £k € N, let A be a row-finite k-graph without sources, let
(X, n) be a measure space and let {R,, D,} jelU, Acl,vend be a family of measurable

subsets of X. Suppose that

(1) R,NR, ni'e'ﬂifu¢v e A% forsome 1 <i<k;

(2) D,ND, "2 pifv#£we A

(3) foreach u € Uf;l A, there exist two measurable maps f, : D) — R, and f; ' :

—a.e.

R, — Dy such that f, of7' "="idg,.f7 o f, "="idp,,, the pushforward
measure 7 o f,,, of f/; Uin Dy, is absolutely continuous with respect to 7 in Dy,
and the pushforward measure 1 o fu_ U of fu in Ry, is absolutely continuous with
respect to n in R,,. Denote the Radon-Nikodym derivative d(n o f,,)/dn by @ ,
and the Radon-Nikodym derivative d(n o f, /dn by Do

(4) for u,v,a, B € Ule A% with pv = o, we have f,, o f, "g'e'fa o f5;

n—a.e.

(5) forv e A% and for 1 <i < k, we have Ujcons R ' = Du.
We call {D,, Rl"f/‘}ueuﬁ;l JURCE: A-branching system on (X, n).

Next, we show that, for row-finite without sources k-graphs, the above definition
coincides with Definition 3.1.

PROPOSITION 3.7. Let k € N, let A be a row-finite k-graph without sources, and
let (X, n) be a measure space. Suppose that {D,, R,, f,} is a A-branching system in
the sense of Definition 3.1. Then, {D,, R, f,} is a A-branching system in the sense of
Definition 3.6. Conversely suppose that {D,, R, f,.} is a A-branching system in the sense
of Definition 3.6. Then, {D,, R,,, f,,} is a A-branching system in the sense of Definition 3.1.

Proof. Firstly suppose that {D,, R,,f,} is a A-branching system in the sense
of Definition 3.1. Then, it is straightforward to see that Conditions (1)—(4) of
Definition 3.6 hold. For v € A%, and for 1 <i < k, vA% is a finite exhaustive set for v
(see [27, Lemma B.2]). Then, Condition (7) of Definition 3.1 implies Condition (5) of
Definition 3.6. So, {D,, R, f,.} is a A-branching system in the sense of Definition 3.6.

Conversely suppose that {D,, R,,f,} is a A-branching system in the sense
of Definition 3.6. Then, it is straightforward to see that Conditions (1)-(5)
of Definition 3.1 hold. For u,v e Uf;l A% with r(u) =r(v),d(n) # d(v), for
a € s(u)AYY) with pa =v'B,v # V', d(v) =d(v'), Condition (4) of Definition 3.6
implies that f,(Ra) = /. 0 ful Dse) = for 0 f3(Dspy) C R S0, fu(Re) N fo D)) = .
So, Condition 6 of Definition 3.1 holds. For v € A?, for a finite exhaustive set
EC Uf-;l vA¢ for v, suppose that n(D, \ UﬂeE R,) # 0, for a contradiction. Since A
is row-finite without sources, there exists u € v A% such that n((D, \ U per R N
f1(Dyy)) # 0. Since E is exhaustive and E C |Ji_, vA“, there exist « € E with
d(a) < d(n) and B € A such that u = ¢B. By Condition (4) of Definition 3.6, we
have f,,(Dy)) = fu © fp(Dsp)) C fa(Dse)) = Ry, which implies that (D, \ U,,cx Re) N
Ju(Dswy) = 9. So, n((Dy \ U”eE R,) Nf,.(Dswy)) = 0. However, this contradicts with
n((Dy \ U,.ce Ri) N fu(Dsw))) # 0. Hence, Condition (7) of Definition 3.1 holds.
Therefore, {D,, R, f.} is a A-branching system in the sense of Definition 3.1. Il
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REMARK 3.8. Proposition 3.7 yields that for branching systems of row-finite k-
graphs without sources, Definition 3.1 is equivalent to Definition 3.6, and Definition 3.6
has an easier formulation than Definition 3.1. Therefore, from now on, whenever
we consider branching systems of row-finite k-graphs without sources, we will not
distinguish which definition we refer to.

NOTATION 3.9. Let k € Ny, let A be a row-finite k-graph without sources, let
{D,, Rl‘-’fI’-}ueUL]A“,veA" be a A-branching system on (X,n), and let w : C*(A) —
B(L*(X, n)) be the representation obtained from Theorem 3.5. Forn > 1, = -+ iy,
where [y, ..., Uy € Uf;l A%, denote by f, :=fu, 0---0ofu (fu is well-defined due
to Condition (4) of Definition 3.6); denote by ®;, the Radon-Nikodym derivative
d(n o fu)/dn; and denote by D the Radon—Nikodym derivative d(n ofﬂ’l)/dn. It is

straightforward to verify that 7w(s, )(¢) = Xr, CD}ME((]) ofﬂ’l), 7(5,)"(@) = XDy <I>}“/2(¢ o

Si)s 1 ($55,(D) = Ay ® and 7(s,SE @) = XDy > for all ¢ € LA (X, 7).

3.3. Semibranching function systems. Farsi et al. in [10] defined A-semibranching
function systems for a finite k-graph without sources A (being finite means that |[A”| <
oo for all n € N¥). In this subsection, we find connections between A-semibranching
function systems and A-branching systems.

The following definition is inspired by [10, Definitions 3.1, 3.2].

DEFINITION 3.10. Let A be a finite k-graph without sources, let (X, ) be a measure
space, let {D,,, R“}/AE(UA' A)uAY be a family of measurable subsets of X. Suppose that
i=1

(1) foreach u € (UL, A%) U A?, there exist two measurable maps 7, : D, — R, and

—a.e. —a.e. .
H 1oz, "= idp,, the pushforward

1, 't Ry — Dysuchthatt, o' "="idg,. 1,
measure 7 o T, of T, lin D,, is absolutely continuous with respect to n in Dy,
and the pushforward measure 7 o 7!, of 7, in R, is absolutely continuous with
respect to n in R;
() forne{0,er,... e}, X "= U, cpn Rus
(3) forne{0,ey,...,e}, foru#ve A", R, NR, T2 g
a.e.

(4) forve A°, 7, "= id, n(D,) > 0;
(5) for p e ", A% wehave R, ' C Dy Dy = Dyy;

(6) for n € {0, ey, ..., e}, define a measurable map 7" : X — X by t"[g, = rljl for
alliu € A". Then, t"ot™ =t"ot"foralln,m € {0, ey, ..., e}
We call {R,,D,, 1y, t":pne (Uf.;l A“f) UA®% ne{0,er,...,e)} a partial A-

semibranching function system on (X, n).

REMARK 3.11. Let A be a finite k-graph without sources. For u = py---u, € A\
A® where w1, ..., u, € |, A%, define D, := Dy, define 7, := 7, 0 -+ 0 1,,,, and
define R, := 7,(D,). For n= (ny, ..., n;) € NF\ {0}, define 7 :=nyt¢ o - - o v,
Then, {R,, Dy, tu, T": € Ayn e N} is in fact a A-semibranching function system on
(X, n) as introduced by Farsi et al. in [10].

PROPOSITION 3.12. Let A be a finite k-graph without sources, let (X, n) be a measure
space, and let {D,, R”’f"}MEUA;] v veno De a A-branching system on (X, n). Suppose

that n(D,) > 0 for all v € A°, and that X = Upeno Dv. Forv e A, define D, =R, :=
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D,, define T, : D, — R, to be the identity map. For u € Uf;l A“, define D,, := Dy,
define R, = Ry, and define v, := f,,. For n € {0, ey, ..., e}, define a measurable map
"X > X by t'|g, =1, forall p € A". Then, {R,,, Dy, 1, T" 1 1 € (Uf;l A“) U
A% nef0,e,...,e}} is apartial A-semibranching function system on (X, ).

Proof. 1t is straightforward to see. O

PROPOSITION 3.13. Let A be a finite k-graph without sources, let (X, n) be a measure
space, and let {R,,, Dy, T, T" : L € (Ui;l A)YUA nef0,e,..., e} beapartial A-
semibranching function system on (X, n). Forv € A°, define D, := D,. For . € Uf;l A4,
define R, = R, and define f,, :== 1,,. Then, {D,, R#’fﬂ}ueuf;l Aci peA? is a A-branching
system on (X, n).

Proof. It is straightforward to see. O

4. Examples of A-branching systems on R with the Lebesgue measure. In this
section, we will present many examples of branching systems on R. As we mentioned
before, due to the large combinatorial possibilities permitted by the factorization
property on a coloured graph, we are not able to provide a general construction of
branching systems on R. Instead, in the examples, we provide an algorithmic way to
build branching systems on R, covering many examples of k-graphs in the literature.

EXAMPLE 4.1. Let T be the following 2-coloured graph, where I'’ = {v}, ' =
{f1./f> : n € N} and I'> = {e}. This is an example in [11, Section 4].

There are two 2-graphs A, and As associated to the 2-coloured graph I'. The
factorization rules for A, are given by

fie=-ef1and fre = ef3,

and the factorization rules for Aj are given by

fie=-efrand fre = ef].

We will define a Aj-branching system and a Aj-branching system in the sense of
Definition 3.6 on [0, 1] with the Lebesgue measure.

Define D, = R, := [0, 1], define R, := [0, %] and define Ry, = [%, 1].

For A», let f, be the identity map, let f;.f, be any bijective differentiable
maps from D, onto Ry, Ry, respectively. It is straightforward to check that
{Dy, Re, Ry, Ry, fe. /7, [, } 1s @ Ap-branching system in the sense of Definition 3.6.

For Aj, define f.(x) :=x+ % if x €0, %]; define f.(x) :=x — % if xe [%, 1];
define f}; (x) := §x; define f1,(x) := $x+ 2 if x € [0, 1]; and define f;(x) := Sx + 1 if
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X € [%, 1]. It is straightforward to check that {D,, R., Ry, Ry, fe, f1i, [} 1s @ Asz-
branching system in the sense of Definition 3.6. ]

EXAMPLE 4.2. Consider A as the following 2-coloured graph, where A? = {v},
A ={g, :neN,}and A = {e}.

There are uncountably many possible factorizations in the above graph, each giving
a different 2-graph. For each of these 2-graphs, we build a branching system below.

Fix a factorization and let 4 : A — N? be the degree map. Notice that d(g;e) =
e1 + e, = ey + ey, and by the factorization property, there is a unique g; such that
gie = egj. So, we get amap h : N; — N such that g;e = eg). Moreover, note that
is injective, because if we suppose that i(i) = A(j), then g;e = egyi) = egy;) = gje and
then, again by the factorization property, we get g; = g;. The map £ is also surjective,
since if j € N, then, by the factorization property, there exist a unique i such that
gie = eg_,.

Our goal is to define a A-branching system on the interval (0, 1] with the Lebesgue
measure. Define D, = (0, 1] = R, and R,, = (HLI, %], for each i € N,. Now we need to
define the bijective maps {f;,}ien, and fe.

First of all, for each i € N,, define the set B; := {/"(i) : n € Z}. There are two
possible configurations for the B;: if #"(i) = h"(i), for some n,m € Z, then B; =
{i, h(i), h*(i), . .., K*(i)}, where the elements /(i) are pairwise distinct and #**1(i) = i;
if 1(i) # W™ (i) for each m, n, then B; = {..., h=2(i), k= '(i), i, h(i), h*(i), .. .}.

It is not hard to see that for i # j, B; = B; or B; N B; = . So, by choosing an
appropriate set F € N, we get that N is the disjoint union N, = U;crB;.

Now we define the bijective map f, : D, — R,. First, we define this map on each
set R,,. Fixani € F. Suppose first that B; = {i, h(i), . .., h*(i)}, and #*1(i) = i. Define,
for each n € {1, ..., k+ 1}, the increasing linear maps f, : Rq,.,, — R, 1 and piece
them together to obtain the map f, : Uﬁ:o Rg — Uﬁ:o Ry, - It follows by definition
that f%+! is the identity map. For B; = {..., h=2(i), h='(i), i, h(i), h*(i), ...} define f, :
Ry = R, a5 being the increasing linear diffeomorphism, for each n € Z. So,

we get a bijective measurable map f, : D, — R,, with the property that, for each i €

k
N, fo(Rg,,) = Ry and, moreover, if #57!(i) = i, for some k € N, then £, : |J Ry, —
n=0

(i)

(i)

k
U Rg,, is such that f5*! is the identity map (restricted to this set).
n=0

It remains to define the maps f;, : D, — R,, for eachi e N,.

Let i € F. If B; = {i, h(i), h*(i), ..., H*(i)} with A*H1(i) = i, define f;, : D, — R,
as being the increasing linear diffeomorphism, and define inductively fg,., = fto
Se, ofe forn e {1, ..., k}. Notice that, then the equality fefg,., = fg,, /e holds for

https://doi.org/10.1017/50017089518000058 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000058

744 DANIEL GONCALVES, HUI LI AND DANILO ROYER

eachn € {1, ..., k}. To see that the equality fofg,,,, = fg, /e also holds, note that
fgh"(frfe :]:3_1]:2%*1([)](5’2 :fe_zfghkfsz‘-? = :f"_kfg‘f"k-’_l

—k—=1p £ rh+1 ~ v
=Jo " Selale T =efo = eSgn,

since f¥*! is the identity map and #*1(i) = i.

If B; = {I"(i) : n € Z}, with h"(i) # h"(i) for each n, m, let fy, : D, — R,, be the
increasing linear diffeomorphism and define inductively fq,,, =f."' o Seur, 0 e and
fg/r"m =fe Of:g'/,—n-%—l(,') Ofe_l forn=>1.

Itis easy to see that Conditions (1)—(6) of Definition 3.1 are satisfied. Condition (7)
also holds, because each exhaustive finite set £ C vA° U vA° must containe, R, = D,
and any other R,, C D,. O

REMARK 4.3. To simplify notation, and when no confusion arises, from now on
we will denote the map £, associated to an edge e just by e.

EXAMPLE 4.4. We next turn our attention to the 2-graphs given in [26, p. 102].
Recall the 2-coloured graph, where /" and / have degree (0, 1) € N? and k, ¢ and g have
degree (1, 0):

There are two possible factorizations. One is kf = hk, ¢f = he and gh = fg. For
this 2-graph a branching system is obtained similarly to what we did in Example 4.1,
defining the maps associated to the loops in the graph as the identity. We will focus in
the second possible factorization, that is

he = kf, hk = ¢f and gh = fg.

Let D,=1[0,1] and D, =[1,2]. Notice that the sets {g}, {f}, {h}, {e, k} are
exhaustive, hence R, = Ry =[0,1] and R, =[1,2] = R, U Ry. Let R, =I, %] and
R = [%, 2]. From the factorization, we obtain the information on how to break up
the definition of the function A. Let Al 37 — [%, 2] be defined by A(x) = x + % and
hlz . — [1, 2] be defined by /(x) = x — 1 (notice that #* = id). Let g : [1,2] — [0, 1]
be defined by g(x) =x—1,¢:[0, 1] — [1, %] be defined by e(x) = %x + 1 and define
the remaining functions via the factorization, that is, f := ghg™' and k := h~'lef =
hef = hef~! (notice that f> = id). O

ExamPLE 4.5. Let A be the 2-graph whose 1-skeleton is given below, and where
the edges g; have degree (0, 1) and the edges ¢; have degree (1, 0).
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U2

RN
L

Notice that the sets {e;, e2}, {g1, 22, 23}, {e1, g3} and {e», g1, g»} are exhaustive for
vy and {g4, g5} is exhaustive for v,. So, take D,, =[i — 1, i], R., = [0, %], R, = [%, 1],
Ry, =[5.1, Ry, =[5 31. R, =10, 51, Ry, =[1, 3] and Ry, = [3.2]. Let f,, |z, be the
affine map onto Ry, and f,, |g,, be the affine map onto R,,. Define f;, and f, as affine
maps and let f;, = f.,f, e;‘. Analogously one define the reminder maps and sets. [

EXAMPLE 4.6. Next, we construct a branching system for the 2-graph A,
given in [27, Example A.2]. We reproduce a picture of the I-skeleton below.

U3 @ °
‘w‘
2 " ldzt ds

V2
Vs @ A2 o
. ‘. % M3
. Cq -.
c
[ 4 3 > @

In this example, the edges %;, ¢; and A; have degree (1, 0) and edges «;, u; and d;
have degree (0, 1).

To construct a branching system, first we need to enumerate the edges and vertices.
Respecting the labels already given in the example, we enumerate the red edges in v, A,
by w2, 13, ..., the blue edges in v, A, by Ay, A3, .. ., the blue edges in s(u2) by /3, hg, . . .,
the red edges in s(A;) by @3, oy, ..., for i # 2, we denote the red edge whose range is
s(A;) by d; and the blue edge whose range is s(u;) by ¢;.
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With the above labels, the factorization reads
w2h, = Apd, and Aoy = pic;.

As usual, to obtain a branching system, we define the sets associated to vertices
as intervals. In particular, let D,, = [0, 1] and D,, =[1, 2], where v3 = s(u2). We will
focus on defining the branching system for these vertices (once this is done it is clear
how to extend it to the remaining vertices).

Notice that {A,, us} is exhaustive. So, let R, = [0, %] and Ry, = [%, 1]. Also, let
Ry, =[1+%4 1+55]i=12 .. andlet R, =[0, }]. R, =[L. } + &1 and so on.
Define 11>, as the affine map onto R;,. Also, let 4, and d, be affine bijective maps.
Following the factorization define, for n # 2, A, := woh,d, .

Proceeding analogously one defines w,(i # 2), ¢;, a;, A and so a branching system
is obtained. O

EXAMPLE 4.7. Next, we construct a branching system for the 2-graph Aj given in
[27, Example A.3]. Differently from [27], we will keep all the notations of our previous
example (A.2). This example is the same as the example before, with the addition of
two edges, called B3 (of degree (1, 0)) and a3 (of degree (0, 1)) in [27] (we will call o3 of
v3, since in our setting w3 is already taken). Notice that this is a particularly interesting
example, since there is no finite exhaustive subset of vo A whose range projections are
orthogonal as mentioned in [27, Example A.3].

We reproduce a picture of the 1-skeleton below.

B3

The factorization is the same as before, with one more factorization property:

/Lzhn = )‘ndn , )\2061‘ = U;C;i and [,LQ,B3 = )le)g.

As before, we will describe the branching system mainly at v,. Notice that {A,, >}
is an exhaustive set in v,. Furthermore, the new factorization property implies that
R, and R,, can not be disjoint. Let D,, = [0, 1], D,, = [1, 2], where v3 = s(u»), and
D,, = [2, 3], where v4 = s(X;). Define

3 1
JQM2 = |:0, Z:| and R)L2 = |:§, 1:| .
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Break D,, in infinitely many intervals of positive length, namely, {Rg,, Ry, : i =
1,2,...} and break D,, in infinitely many intervals of positive length, namely,
{Ry;, Re,,, 11=1,2,...}. Now, break [%, 1] in infinitely many intervals of positive
length, say R, R,,, ... and break [0, %] in infinitely many intervals of positive length,
say RM, RM’ e
Proceeding similarly to the previous example, we define |, as the affine map
ontoR,,,n=3,4,...and /,L2|Rﬁ3 as the affine map onto R,,, N R;,. We also let s, and d,
be affine bijective maps and following the factorization define, forn # 2,1, := uah,d; !,
AalR,, = wafavy ! where B3 and v; are affine bijective. The remainder of the definition
of a branching systems follows analogously to above and the previous example. O

5. Faithful representations of periodic single-vertex 2-graphs C*-algebras via
branching systems. In this section, we exclusively study the branching systems of
periodic single-vertex 2-graphs and we intend to find a sufficient condition for
representations of periodic single-vertex 2-graph C*-algebras, induced from branching
systems, to be faithful.

First of all, we recall the work of Davidson and Yang on the periodicity of single-
vertex 2-graphs in [7] (they also studied the structure of single-vertex k-graph C*-
algebras in [8]).

THEOREM 5.1 ([7, Theorems 3.1, 3.4]). Let A be a single-vertex 2-graph. Suppose
that |A'|, |A®?| > 2. Then, the following are equivalent.

(1) A is periodic,
(2) Per(A) = Z(a, —b) for some positive integers a, b,
. o, . . el p _ 62 q .o . . p el
3) thire e)ilstposmve integers p, g wzl}i A = |A J and a bijection h : ]_[i_=11 AY —
[Tie; A% such that for p € [Ti_, A, v e [[_; A, we have v = h(u)h™" (v) (we
can identify [T_; A, T1L, A® with elements in A ).

NOTATION 5.2. Let A be a periodic single-vertex 2-graph with |A¢'|, |A®| > 2. Let
(a, —b) be the generator of Per(A), and let h:[[_, A“ — ]_[f;l A obtained from
the above theorem. Then, for each w € [ A, (i, h(w)) is a cycline pair. By [7,
Lemma 5.3] there is a distinguished unitary W := " pele, A4 Sh(uySy, in C*(A).

LEMMA 5.3. Let A be a periodic single-vertex 2-graph with |A€'|, |A2| > 2. We
inherit the notation from Notation 5.2. Then, the spectrum of W contains the unit circle.

Proof. 1t is sufficient to show that C*(W) = C(T), via a unital isomorphism
that identifies W with the identity function on T. By [22, Proposition 3.11] it
is sufficient to show that there exists an expectation & : C*(W) — C- l¢+(a) such
that ®(W") =0 for all n € Z\ {0}, and that ®(1¢«a)) = 1¢+(a). Let ¥ be the gauge
action on C*(A). Then, y induces a strongly continuous homomorphism from T2
to Aut(C*(W)). Denote by ¢ : T — T2, the embedding z — (1, z). So, we obtain a
strongly continuous homomorphism y ot : T — Aut(C*(W)). Therefore, y o yields
the desired expectation ® : C*(W) — C - 1¢+(a) and hence we are done. ]

The following theorem is an extension of the general Cuntz—Krieger uniqueness
theorem of Brown—Nagy—Reznikoff (see Theorem 2.21).
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THEOREM 5.4. Let A be a periodic single-vertex 2-graph with |A°'|, |A€?| > 2, let
A be a C*-algebra and let ¢ : C*(A) — A be a homomorphism. We inherit the notation
from Notation 5.2. Then, ¢ is injective if and only if

(1) o(lcxa)) #0;
(2) the spectrum of ¢(W) contains the unit circle.

Proof. First of all, suppose that ¢ is injective. It is straightforward to see that
Condition (1) holds. By Lemma 5.3, Condition (2) holds.

Conversely suppose that Conditions (1) and (2) hold. By Theorem 2.21, it is
sufficient to prove that ¢ is injective on M.

The faithful expectation ® from Notation 2.16 restricts to a faithful expectation
from M onto D satisfying that for d € D,n € Z, if n =0, then &(dW") = d; and if
n # 0, then &(dW") = 0.

Since ¢(1c¢+(a)) # 0, [27, Theorem 3.1] gives that ¢ is injective on C*(A)Y. Since
D C C*(A)Y, ¢ is injective on D.

By Condition 2, there exists an expectation W : (C*(W)) = @(C - 1¢«a)) such
that forn € Z, if n = 0, then W(p(W")) = ¢(1¢c+a)); and if n # 0, then W(p(W")) = 0.
As shown in the proof of [32, Theorem 6.2], M = span{s,s;, W" : u € A,n € Z} and M
is unital abelian, where M is the cycline subalgebra of C*(A) given in Definition 2.19.
We aim to construct a linear map I' : span{o(s,s;, W") : p € A, n € Z} — ¢(D) such
that if n =0, then I'(@(s,s), W") = ¢(sus},); and if n # 0, then I'(p(s,s);, W")) = 0,
where D is the diagonal of C*(A) given in Definition 2.19. In order to prove that
I' is well-defined, we show that it is contractive. Fix distinct wuq, ..., ur € A with
d(uy) =---=d(ur), for1 <i < L, fix{z;};ez C C with at most finitely many nonzero.
Then, we compute that

Zio@(8,, 8" H
ISZSL 10§0( i /4[)

L
|3 saotosi] = s
i=1

A

* ) i
a lnilfgé)i Hw(s“"sm) Zz zjp(W )H
Jje

(since W is an expectation on ¢(C*(W)))
L
= ” Z P(Sp,87,.) Z zjp( WQH .
i=1 jeZ

By Condition (4) of Proposition 2.13, every element in span{o(s,s;, W") : n € A, n € Z}
has the form Zle @(51,57,) > jez zjo(W/). Hence, we obtain a linear idempotent map
I of norm 1 from ¢(M) onto ¢(D). By [1, 11.6.10.2], T is an expectation. Finally, by
[22, Proposition 3.11], ¢ is injective on M. So, we are done. ]

Now we present a sufficient condition for representations of periodic single-vertex
2-graphs induced from branching systems to be faithful.

THEOREM 5.5. Let A be a periodic single-vertex 2-graph with the vertex v and
|A“|, |A®?| = 2. We inherit the notation from Notation 5.2. Let {D,,R,,f, : 1 €
U?:] A} be a A-branching system on a measure space (X, n) such that n(D,) # 0,
and let w : C*(A) — B(L*(X, n)) be the representation induced from the A-branching
system. Suppose that for any finite subset F of Z \ {0}, there exist n € [|_; A and a
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measurable subset E of f,(D,) such that n(E) # 0 and (f,, ofh?;))”(E) nE" ™= @ for all
n € F. Then, w is faithful.

Proof. Since n(D,) # 0, we have that 7(1¢«a)) # 0. By [4, Proposition 4.1],

n—a.e.

we have 7(ss;) = 7 (n(u)Sj ) for all e [T A So, fu(Dy) =" fiuu(Dy) for

nae.

all we ], A (D) Nf(D,) "= ¢ for distinct w,v €[], A9; and D, "=

UMEHE’: A Ju(Dy). By Theorem 5.4, in order to prove that = is injective, we only
need to show that the spectrum of (W) in C*(;r(W)) contains the unit circle. By [22,
Proposition 3.11], it suffices to construct an expectation ® : C*(w(W)) = C - w(lc+(a))
such that ®((1cxa))) = T(lex(n)), P@(W")) =0foralln € Z\ {0}. Fix {z,},ez C C
with at most finitely many nonzero. Let F := {0 # n € Z : z,, # 0}. By the assumption

of the theorem, there exist 1o € []_; A® and a measurable subset E of f,,(D,) such
n—a.e.

that n(E) # 0 and (f,, thf;io))n(E) NE "= @foralln € F. Take an arbitrary function
¢ € LX(X, ) with [[¢]| = 1 and supp(¢) ' E. Then,

H Z z, (W)

neZ

2

— ”Z()JT(IC'*(A)) —+ Z ZnJT(Wn)
neF

> o, + Yz o)

neF

= [ oo + S za o] an

neF

z/E 206 + Zznn(W”)(d))‘zdn

neF

2
= [ oo+ Xzt @) an

neF

2
=/ Zo¢} dup
E

2
= |zo|".

So, we get the required expectation ® and hence 7 is injective. ]

In the following, we modify the construction of the branching systems in
Theorem 3.3 and we obtain a branching system for each periodic single-vertex 2-graph
so that the associated representation is faithful.

EXAMPLE 5.6. Let A be a periodic single-vertex 2-graph with |A¢|, |[A®]| > 2.
Let X :=[0, 1] x A*. Define D, := X. For e € A“!, define R, := [0, 1] x eA*°, define
F,: D, — R, by F,(t, x) := (1, ex) (see Lemma 2.4). For / € A“, define R, := [0, 1] x
SA>, define Fy: D, — Ry by Fy(t,x) := (J/1,fx). Then, {D,, R,, Ful e, aa is a
A-branching system. By Theorem 5.5, the induced representation is faithful.

We finish this section by building a branching system on R? for a periodic single-
vertex 2-graph such that the associated representation is faithful.

ExAMPLE 5.7. Consider the flip C*-algebra from the 2-coloured graph of [7,
Example 4.3],
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£ -‘ o

with the factorization rule e;f; = fie;, for i, j € {1, 2}. For this 2-graph, here called A,
we obtain a A-branching system on the measure space ([0, 1] x [—1, 1], n) in the sense
of Theorem 5.5, where 7 is the Lebesgue measure in R?.

PROPOSITION 5.8. Let A be the 2-graph as above. Let D, =[0,1] x [-1,1], R,, =
Ry =10,1] x [0, 1], and R., = Ry, = [0, 1] x [—1, O]. Define the mapsf.,, /1, : Dy — R,
by fo (6, 9)) = (%, 5 + 3) andf;,(x, ) = (VX, 5 + %), and themaps f.,. ff, - Dy — Ry,
by fo,((x,) = (%% — %) and fi,(x,y)) = (V/X, 5 — %). Then, the representation of
C*(A) arising from this A-branching system is faithful.

Proof. Tt is easy to see that all the conditions of Definition 3.1 are satisfied.
Let 7 : C*(A) — B(L*([0, 1] x [—1, 1], n))be the *-homomorphism induced by this A-
branching system. Note that each cycline pair is of the form (e;, f;). So, to apply
Theorem 5.5, it is enough to show that, for each finite set F C Z \ {0}, there exists a

n—a.e.

subset £ C f,,(D,) with n(E) # 0 and (f,, of/'i’l)k(E) NE =" (@ foreach k € F. Note
that (f,, o f;7)(x, ») = (x*, »).

Let E = [, 4] x [0, 1]. Then, (f,, o];;l)k(E) NE "= @ for each k € Z \ {0}, and
hence by Theorem 5.5, 7 is faithful. O
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