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W-Groups under Quadratic Extensions of
Fields
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Jan Mina¢ and Tara L. Smith

Abstract. To each field F of characteristic not 2, one can associate a certain Galois group G, the so-called
W-group of F, which carries essentially the same information as the Witt ring W (F) of F. In this paper we
investigate the connection between Gr and S 7, where F(y/a) is a proper quadratic extension of F. We
obtain a precise description in the case when F is a pythagorean formally real field and a = —1, and show
that the W-group of a proper field extension K/F is a subgroup of the W-group of F if and only if F is a
formally real pythagorean field and K = F(1/—1). This theorem can be viewed as an analogue of the classical
Artin-Schreier’s theorem describing fields fixed by finite subgroups of absolute Galois groups. We also obtain
precise results in the case when a is a double-rigid element in F. Some of these results carry over to the general
setting.

1 Introduction

Throughout the entire paper, we assume that the characteristic of all considered fields is
not 2. To each field F, one can associate a certain Galois group G, the W-group of F,
which carries essentially the same information as the Witt ring W (F) of F. To be precise,
the following is true.

Theorem Let F and L be fields. Then W (F) = W (L) implies Gr = G1. The converse is also
true under the further assumption that s(F) = s(L) whenever (1, 1) is universal.

(See [MiSp3, Theorem 3.8]. We denote s(F) to mean the level of F. It is the smallest
positive integer n such that —1 can be written as a sum of n squares. If no such expression
exists, we say that s(F) = o0.)

The W-groups G and their properties have been studied in [AKM], [MiSp2], [MiSp3],
[MiSm1], [MiSm2]. In this article we examine the connections between Gr and G, 7 for
a € F — F2. This is an important open problem as in general any classification of possi-
ble W (F(\/a)) for given W (F) is not known. In the case of algebraic number fields, some
interesting results have been obtained; see, for example, [PSCL] and the references con-
tained therein. For the basic theory of quadratic forms and quaternion algebras, we refer
the reader to [L1] and [Sc]. For the basic theory of profinite groups and Galois cohomol-
ogy, see [Ser]. For the basic notions on Pontrjagin duality, see [Mor]. In addition to the
connection with quadratic form theory, our other motivation is the investigation of the
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cohomology rings of W-groups. In particular, Theorem 3.2 below is used in [AKM, The-
orems 5.12 and 5.13]. In this paper we concentrate on the Galois-theoretic aspects of the
problems outlined above.

The W-group G of a field F is the Galois group over F of the field F®), which is the
compositum over F of all extensions which are cyclic of order 2, cyclic of order 4, and
dihedral of order 8. The field F®) can also be constructed as follows: Let F?) denote the
compositum over F of all quadratic extensions of F. Then F® is the compositum over F
of all quadratic extensions of F*) which are Galois over F.

These groups all lie in the category Cat, whose objects are those pro-2-groups G sat-
isfying ¢* = 1 and g* € Z(G) for all g € G. The Frattini subgroup of such a group G,
denoted ®(G), is (topologically) generated by squares [MiSm2, Proposition 1.3]. For G in
Cat, ®(G) = [G, G]G* = G%. Let G be a group in Cat. Given a set of elements g; € G, i
in some index set I, we write {g; | i € I) for the subgroup of G topologically generated by
the set {g; | i € I}, that is, the closed subgroup of G generated by the set of elements g;.
From now on we shall always assume that all our subgroups are closed subgroups of our
pro-2-groups.

We will need to understand precisely how the relations on W (F) determine Gy and con-
versely. This is explained in detail in [MiSm1], [MiSm2], [MiSp3], but we give a brief
description below.

Let G = F/F? be the group of square classes of F. Then G has a natural structure as
a vector space over the field 7/27, and we can choose a basis B = {b; : i € I} for G as
a 7,/27-vector space, where I is some linearly ordered index set. Let Q be the subgroup
of the Brauer group Br(F) of F generated by the classes of quaternion algebras over F.
(See [L1, Chapter III], or [Ma, Chapter 2].) Let F be the free group in the category Cat
on the symbols {z; : i € I}. Then ®(¥), the Frattini subgroup of F, is generated by
(z},[zi,2zj) i, j € 1, j > i). Itis a topological product of copies of /27 on the generators
described above. Let P be the set of homogeneous polynomials of degree 2 in the variables
ti, i € I, with coefficients in 7Z/27. Thus P is a 7Z/27-vector space. There is a natural
pairing (, ) : ®(F) x P — Z/2Z, obtained by letting {27, [z, z;] : i,j € I, j > i}
and {t?,t;tj;i,j € I, j > i} be dual bases. We have a group homomorphism §: P — Q
given by 0(t?) = (b;, by), 0(t;t;) = (b;,b;). Let R = (ker0)* = {s € ®(F) : (s,p) = 0
Vp € ker@}. Then R can be viewed as the dual Q* of Q. It can then be shown that the W-
group Gr and the group F/R are isomorphic pro-2-groups. (For any abelian topological
group T, we denote as T* its Pontrjagin dual.)

We now consider what happens when we take a proper quadratic extension K = F(+/a)
of the field F. Letting H = Gal(F(3)/K), we see that H sits as a subgroup of index 2 in G,
and is a quotient of Gx (see Lemma 2.1). Thus it is natural to ask just how H sits in G, and
how Gk projects onto H. In other words, we want to understand the short exact sequences

11— H— G — Gal(K/F) = 1

and
1 — Gal(K®/F®) 5 G - H — 1.

In particular, when are these sequences split? Just what can be said in each case?
To assist us in analyzing what is happening, we recall the Square-Class Exact Sequence
for quadratic extensions [L1, Theorem 3.4]:
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Theorem (Square-Class Exact Sequence) Let K = F(\/a) be a quadratic extension of
the field F. Let e: F/F* — K/K? be the map induced by the inclusion of F in K, and let
N: K/K?* — F/F? be the homomorphism induced by the norm from K to F. Then the follow-
ing sequence is exact:

€

1 — {F*,aF?} — F/F> - K/K* 25 B/

2 The General Case

We now consider what can be said in general regarding the relationship between the W-
group of a field F and the W-group of some quadratic extension of F. If K is any field
extension of F we see immediately that F® C K@, But also we have the following.

Lemma 2.1 Let K/F be any field extension. Then F® C K®. In particular, if K = F(,/a)
is a quadratic extension of F, then F®) C K®.

Proof Because F® is the compositum of all quadratic, cyclic of order 4, and dihedral of
order 8 extensions L of F, it is enough to show that for each such L we have that the com-
positum KL is itself a compositum of quadratic, cyclic of order 4 and dihedral of order 8
extensions over K. But it is well known that for any field extension K/F, if L/F is a finite
Galois extension and H = Gal(L/F), then the compositum KL/K is a finite Galois exten-
sion and Gal(KL/K) is a subgroup of H (see [Art, pp. 67—68]). This gives the desired result.

|

Lemma 2.2 Let K = F(+/a) be any proper quadratic extension of F. Then K® C F®),

Proof Since K® is the compositum of all quadratic extensions of K it is enough to show
that each quadratic extension K (V/k) is contained in F®. However the Galois closure of
K(vk) over F is of the form F(y/a, Vb, Vk) for some b € F (see the proof of Cor. 2.19 in
[MiSp3]), so K(vk) C F(v/a, Vb, vVk) C F®. [

These two lemmas combined show that we have the tower of fields
FCKCFYcCck®cCF®ck®,

Corollary 2.3 Let K = F(+/a) be any proper quadratic extension of F. Then we have the
short exact sequence

1 — Gal(K®/F®) — Gx — Gal(F®/K) — 1.

Moreover, Gal(K® /F®) is elementary 2-abelian (possibly infinite), and the extension given
by the short exact sequence is central. Finally, Gal(F®) /K) is a subgroup of index 2 in Gp.

Proof The short exact sequence follows immediately from our tower of field extensions
and Galois theory. That Gal(K® /F®) is elementary 2-abelian follows from the fact that it
is a subgroup of Gal(K® /K?)), which has exponent at most 2. Since also Gal(K® /K®) C
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Z(Gk) this shows that the extension is central. From Pontrjagin duality theory between
compact and discrete groups it follows that Gal(K®) /F®)) = T ,(Z/2Z) for some index set
J. (See, e.g. [Ko, p. 39].) The fact that Gal(F(3)/K) is of index 2 in Gr follows from the fact
that K = F(v/a) is a proper quadratic extension of F. ]

Assume now that K = F(y/a) as above and let B = {[a], [a;] | i € I} be a basis for F/F?
and {o,0; | i € I} be a minimal set of generators for §p which is dual to B. (That is, o
fixes \/a; forall i € I, o0(y/a) = —+/a, 0; fixes \/aforalli € I, and 0:(,/a;) = (—1)‘5‘1\/(1_]-
foralli, j € I.) Let B be the smallest closed subgroup of Sf containing the set {o; | i € I'}.
Recall that in Section 1 we asked under what circumstances does the exact sequence

l1—>H— S —172/22 —1

split. The answer turns out to be quite simple.

Proposition 2.4 Let H = Gal(F® /F(\/a)). Then §p = H x Z/2Z (i.e., the short exact
sequence above is split) if and only if F is formally real and a is not a sum of squares in F.

Proof Keeping the notation as above, we have that Gr/H is generated by the image of o,
so that the given sequence is split if and only if we can find such a o with 02 = 1. But this
can happen if and only if F is formally real (so that there exist an involution in ), and a is
such that 1/a is not fixed by some involution ¢ € G which does not belong to ®(G). (See
[MiSp2, Theorem 2.7 and Corollary 2.10].) But this in turn happens if and only if there is
some ordering P = P, such that a ¢ P. This can be found if and only if a is not a sum of
squares in F. (See [L2, Theorem 1.6].) [ |

Suppose still that K = F(y/a) and that B = {[a], [a;] | i € I} is a basis for F/F?, and
again let {0, 0; | i € I} be a minimal set of generators for Gy which is dual to B. Let B
be the smallest closed subgroup of Sf containing the set {o; | i € I}. ThenB C H :=
Gal(F® /K). Clearly H is generated by B and all commutators [0, ;] and o2, that is, H =
B®(GF). Then ®(B) = BN ®(Gr) and B is the essential subgroup of G associated with H.
(In general, a subgroup U of G is called an essential subgroup of Gr iff () NU = @(U).)
Then, as in [CSm1], we see that H = B x H](Z/ZZ) where ®(Gr) = ®(B) x H](Z/ZZ).
Thus we have shown the following.

Proposition 2.5 Let K/F be any proper quadratic extension of fields, and let B be the essential
subgroup of Gal(F®) /K) described above. Then there exists an index set ] such that H =
B x [1,(2/22).

We can further determine |]J| as follows. Let D(1, —a) denote the set of all non-zero
values assumed by the quadratic form x*> — ay? over F. Let A be any 7/27-basis for
D(1, —a)/F.

Proposition 2.6 |]| = |A|.
Proof Once again we apply the Square-Class Exact Sequence to our particular quadratic
/P

extension. Then K/K?* = ey @ N(K)/F?*. On the other hand from Kummer theory
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we know that K/K? is dual to Sx/(®(Sk)). We already observed that Gal(K® /F®)) C
®(Gk). Hence

B/P

W @N(K)/Fz = K/Kz = (SK/(I)(SK))* = (H/(I)(H))*

(A)
— (B/3(B))" (Q} Z/ZZ)

This decomposes into two isomorphisms: {Fi/—:;} =~ (B/®(B)) *and D(1,—a)/F? =
N(K)/F* = @,7/21.
For the reader’s convenience we shall justify the statements above with more details.
We have

9 Gal(K 75

P
D(Gx) Il (K((%K/};m)

. H
 Gal(By)
_ H

T B(H)

We indeed have Gal (F®®) /K?) = ®(H) because K'? is the maximal multiquadratic subex-

tension of F®® /K. Hence @9" = H . All other isomorphisms in (A) follow immediately

(S — ¥
from the discussion preceeding Proposmon 2.5. The isomorphism ﬁ >~ (B~ @) fol-
lows from the Kummer theory applied to the subgroup K*F of K and its corresponding
multiquadratic extension of K. (See [AT, p. 21 Theorem 3].)

Now we shall prove the key isomorphism &) F =2 (T)* = @ ;37 Where T & 1, Z ;37 isthe

right factor in the decomposition H = Bx [ ](Z /27). (We assume that this decomposition
is fixed.)

Let us think about —/ i

{F2,af?} @ F2

) as the Pontrjagin dual of =2 Observe that by Kum-

<I>(H
s

mer theory {Fi/in} can be considered as a subspace of (T))* in a natural way, but an
N(K)

embedding of (3@ H)) depends on the choice of representatives of the cosets of
K/FR? = N K) We assume that we have some fixed set of representatives of the cosets of

K/EK2. Because T C ®(GF) we see that when we consider {FF/ FFZ} as a group of continu-

ous functions = q) 5 — {£1}, then restricted to T consists of just the trivial function

N(K)

_EB/P
{P.af7}
which sends all of T to 1. Consider restrictions of

- ((I)(H )* to T. In this way we ob-

tain a homomorphism ¢: M K) — T*. We claim that ¢ is the promlsed isomorphism. First
we shall show that ¢ is sur]ectlve Let s be any element of T* C (- ) Then there exist

elements [f] € {;{ffZ} and [k] € Y& = [f1+[k € {FIQ{FA

[f] is trivial on T. Hence ¢(k) = s.
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Now we shall show that ¢ is injective. Suppose that [k] € Ng) such that ¢(k) = 1.

Then we can find an element [f] € {52/—1;2} such that the map % — {=£1} associated

with [k] restricted to % coincides with the map % — {=£1} associated with [ f]. Then

s=[f1+1k] € {Fi/f;} &) Néf) is the trivial map % — {1}. Hence we see that both [k]
N(K)

F2

o
and [h] are unit elements in {FIZ/%Z} and respectively and ¢ is injective.

Therefore we proved that NF@ is the Pontrjagin dual to T = []; Z/2Z. Thus we see that

NK) . D, —a) P2z~ <HZ/2Z)*.
J J

F2 F2

Hence indeed |A| = |]] as claimed. [ |

Note that im (N) is the subgroup of F/F? consisting of elements represented by the form
(1, —a). In particular, if a = —1 and F is pythagorean, then ¢ is surjective. In this case,
F@ = K@ Also, if —a is rigid, then a minimal set of generators for Gx has the same
cardinality as a minimal set of generators for G.

3 Adjoining v/—1 to a Real Pythagorean Field

Recall that a formally real field F is Euclidean if |F/F*| = 2. Such a field has a unique
ordering in which F? consists of the positive elements and —F? consists of the negative
elements. Aside from real closed fields, the most natural example of a Euclidean field is the
field of all constructible real numbers. (See [L3, p. 89].)

Recall also that for any field, F; denotes the quadratic closure of F, i.e., the smallest
quadratically closed field containing F (hence F, = Fé). The most basic example is Q
which is the field of all constructible numbers.

In analogue with the classical results of Artin-Schreier, Becker proved the following.

Theorem 3.1 (Becker) Let F be a formally real field and E/F be an algebraic extension. Then
the following are equivalent.

(1) Eis Euclidean and E C F,.
(2) Eis asubfield in F, of finite codimension # 1.

One can also think about F®® as an analogue of the quadratic closure F, despite the
fact that in general we do not have (F®))® = F®), We are able to characterize all field
extensions K/F such that F®) = K®. We show that the only case when F®® = K
and F # K occurs when K = F(v/—1), and F is a formally real pythagorean field. (See
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Theorems 3.2 and 3.6 below.) This statement can be thought of as an analogue of classical
results of Artin-Schreier and Becker.

Recall that the following conditions are equivalent: (See [MiSp2, Theorem 2.1].)

(1) Fis pythagorean.
(2) Sr is generated by involutions.

(3) ®(Sr) = [Sr, SFl-
We have the following result.

Theorem 3.2 Let F be any pythagorean field. Then F® = F(y/—1)©).

Proof Let F be any pythagorean field. As noted at the end of Section 2, from using the
Square-Class Exact Sequence we see that the map N is trivial and the map e is surjective, so
F® = F(/=1)®. We set F; := Fand F, := F(y/—1). We have F, /F? = F, /E2 U —F, /F2.
We then have the exact sequences

1 —Vi— S — G —1

where S, is the free group in Cat on dimg, (F; /F?) generators, i = 1,2.

From [MiSp3, Corollary 2.21] we know that V; and Quat(F;) are dual to each other.
(Recall that the groups V; are compact topological groups and the groups Quat(F;) are
discrete groups generated by the classes of quaternion algebras sitting inside of the Brauer
groups Br(F;) of F;, i = 1,2.) Let Br,(F;) denote the subgroup of Br(F;) consisting of
elements of order at most 2. Then we know Br,(F;) = Quat F; [Me]. Furthermore, by
Merkurjev [Me] we have the exact sequence of groups

a

F/F? —% Bry(F) - Bry (F(v/=1)) -2 Bry(F)

where § is the corestriction map, 7 is induced by the inclusion F < F(y/—1),and ([ f]) =
[(*lef)] for each [f] € F/F?. Because F is a pythagorean field, « is injective and ¢ is
the trivial map. Namely, the injectivity of « is equivalent to the fact that each sum of
two squares is a square. The surjectivity of 7 can be seen as follows: From Merkurjev’s
theorem on the second cohomology of absolute Galois groups with 7/27Z-coefficients and
[Wd, Lemma 1.7] as well as the projection formula [Wd, 1.4] we see that the corestriction
map is determined by its restrictions on the classes of quaternion algebras defined over
F(y/—1) with one ‘slot’ in F. Applying the projection formula and using the fact that the
image of the norm map is the squares in F, we obtain the desired result. Hence Br,(F) =
F/F? & Br, (F(v/—1)). On the other hand, since F(v/—1)® D F®), we see that we have the
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following commutative diagram:

1

l

1 1 Gal(F /FY)
1 V2 S2 9F2 1

Lo l

1 V] Sl 9F1 1

l

Gal(F2/F1)

l

1

Our goal is to show that Féz') = F?), which is equivalent to showing that the map G, —
GF, is injective. From the commutative diagram above we see that it is enough to show
that V, = V; N S,. Dualizing our isomorphism Br,(F;) = F,/F? @ Br,(F,) we obtain
V) 2 (F/F})* x V,. We shall consider this isomorphism from a slightly different point of
view. Choose a basis {[—1]} U {[a;] | i € L} of F;/F?} such that {[a;] | i € L} isalso a
basis for F, /2. Then we have the commutative diagram

0 Q —— HAGP) My Bry(F) —— 0
[ e b

0 Q —— HAGY) My Bry(F) —— 0
0 0

(We employ the same notation for the kernels of inflations as in [MiSp3, Theorem 2.20].)
We can identify HI(GE]) with F;/F?, i = 1,2. Then 3 is defined via [—1] — 0 and
[a;] — [ai]. In other words, it is the restriction map. Then « and + are induced via .
We see that « is well-defined, that is a(Q;) C Q,, because «y is well-defined: it is again
the restriction map. We claim that in fact a(Q;) = Q. Indeed, suppose g, € Q,. Let
s € H*(GY) such that 3(s) = i5(q2). Then y(infl;(s)) = 0; therefore infl; (s) = [(=)]
for some f € F;. Hences = [—1](21-6][61]']) + qi1, where [f] = Hje][aj] and g is a
suitable element of Q;. Thus 8(s) = B(q1) = i2(q2), and a(q1) = ¢, as desired.

Using the condition a(Q;) = Q; and the pairings ®(S;) x H2(GE]) — 7./27 described
in [MiSp3] (see also Section 1), we see (where V; = Ann Q; is the annihilator of Q; with
respect to the pairings above) that V; NS, = V,. Our proof is now complete. ]
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Remark 3.3 A further explanation of the equality V; NS, = V, is as follows: Suppose that
reVinsS, =ViN®(S,). Then (r,q;); = 0forallq; € Q. Let g, € Q,. Then there exists
q1 € Qy such that a(q1) = qp. We have (r,q2), = (r,q1)1 = 0. Hence r € V.

Remark 3.4 One can also obtain the results above from the approach taken in [CSm1],
[CSm2]. (In [CSm2], subgroups of W-groups and their relationships with homomorphic
images of Witt rings are investigated.)

Corollary 3.5 Let F be a formally real pythagorean field. Then Gp = Gp —) x (0-1),
where o_, is an involution and the action of o_; on Sr(y=) s given byo_itio_, = Ti_l for
a suitable generating set {; | i € I} of G,/ =)

Proof Since F®) = F(y/—1)®®, we see that Sr(/=T) is a subgroup of index 2 in Gr. The
fact that §p & G /=) (o_1), where o_; is an involution, follows from the short exact

sequence
F(v/—1
: F )> !

1—>9F(\m)—>9FL>Gal<

and the fact that for any involution o _; € Gr—®(S), 7 restricted to {1, o_ } is an isomor-
phism. The existence of such o_; follows from [MiSp2, Theorem 2.7 and Corollary 2.10].
(Alternatively, one can apply Proposition 2.4 above.)

Finally we shall show that we can choose a suitable generating set {7; | i € I} of G, /)
suchthato_;m0_; = 7’;1 foreachi € I.

Because Gr is generated by involutions ¢ € Gr — ®(GF) and since for each such invo-
lution o we have o(v/—1) = —v/—1 we see that G F(/=T) is generated by products of an
even number of involutions o € Gr — ®(Gr). Since we can rewrite any product 0,0, as
(o10_1)(0_102) we see that 7; = g;0_1, 0i € G — P(9F), generate SF(ﬁ) as a topolog-
ical group. Because o_ 1101 = Tlfl for each 7; as above we see that the set {7; | i € I} is
the desired generating set of §r /). ]

Now we shall prove the converse of Theorem 3.2.

Theorem 3.6 Let K/F be any proper extension of fields such that F® = K®. Then F is
pythagorean and K = F(v/—1).

Proof Let K/F be a proper field extension such that F® = K®. Then K C F®®. We begin
by showing the existence of a subfield L of K of index 2. If K C F®, choose 1 #* 0 €
Gal(K/F) and let L be the fixed field of o. Otherwise, let KF®) denote the compositum of
K and F? inside F®). Choose 1 # o € Gal(KF? /F?). Consider & = o|k. The fixed field
of & cannot be K or else ¢ fixes KF'?). Then let L be the fixed field of & in K. Since 62 = 1,
we see [K : L] = 2 as desired.

Since F® = K®), we see that Gy C Gp. From [CSm1, Theorem 2.1], we see that
Sk = H x [[;2/27 where H N ®(SF) = ®(H) and [[,Z/2Z C ®(SF). On the other
hand, no W-group other than 7/27 can have a direct factor isomorphic to 7,/27 [CSm1,
Proposition 2.3]. Therefore either Gx = 7/27 C ®(Gf) or ®(Gx) = Gx N ®(Gr). If
Gk = 7/27, then K is a Euclidean field (see [MiSp2]), and K® = K(y/—1). Because
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®(Gr) O Gk we see that K DO F? C F(y/—1). This is a contradiction to the assumption
that [K(y/—1) : K] = 2. Thus the case Z,/27 = Gx C ®(S) cannot happen. (Alternatively
one could use the well-known fact that real closed fields do not have subfields of finite
codimension.) Thus we see that ®(Gx) = Sx N ®(Gr).

Observe that the natural map F/F* — K/K? can be identified with the restriction map

(SF/'@(SF))* — (SK/q)(SK))* = (SK/(SK N @(SF))) , where * denotes the Pontrja-
gin dual of the group described in the corresponding bracket. Since the canonical map
Sx/®(Gx) — Gr/P(SGF) is injective and since both Gx /®(SGk) and G/ P(Gk) are products
of copies of 7,/27, we see that the natural map F/F?> — K/K? is a surjective map. Since
the map F/F* — K/K? factors through L/L?, we see that /1> maps surjectively onto
K/K? as well. Letting K = L(y/a) and applying the Square-Class Exact Sequence to this
quadratic extension, we see that the norm map N must be trivial, in which case necessarily
[—a] € L? so that K = L(v/—1) and L is pythagorean. Then we see by Theorem 3.2 that
F® = K® = [®, If L = F we are done. If L # F we can repeat the argument above
where K is replaced by L. We thus obtain a pythagorean field M, with F C M C L and
L = M(+/—1). Since L is also pythagorean, we see L = L?> + L?> = L?. But then [K : L] = 1,
a contradiction. Then in fact L = F, F is pythagorean, and K = F(y/—1) as desired. ]

Corollary 3.7 Let K /F be any extension of fields. Then F? = K@ if and only if F® = K,

Proof By the preceding theorem, if F®) = K®) then F is pythagorean and K = F(y/—1)
so by the square class exact sequence we see that F?) = K. Conversely, if F? = K®),
then K C F?, and by Kummer theory we see that K = FK?, and therefore again the
map F/F* — K/K? is surjective. Proceeding as in the previous proof, we see that F is
pythagorean and K = F(y/—1). Then by Theorem 3.2, we have that F®) = K®),

Remark 3.8 In the introduction to this section, we pointed out that in general (F®))®) £
F®, Itis not a surprising fact that (F®))®) = F® happens only in a “very few cases”. To be
precise we have

Proposition 3.9 Let F be any field. Then (F®)®) = F® if and only if

(1) F is quadratically closed, or
(2) F is Euclidean.

Proof If F is quadratically closed then F®® = F and (F®)® = F® = F. If F is Euclidean,
then F® = F(y/—1), (see Theorem 3.2 above), and (F®)® = F(v/=1) = F®. On the
other hand if (F®)® = F®) then from Theorem 3.6 above, we can immediately conclude
that either F is quadratically closed or F is pythagorean and F®® = F(y/—1). However, in
the latter case we see that |F/E?| = 2, —1 ¢ F? and F is pythagorean. Hence F is Euclidean
as desired. ]

There is a quite nice method we can employ here to construct WF from WK, since we
are working with a formally real pythagorean field. We know from [L2] that we have an
embedding WF — C(X,Z), where (X, Z) denotes the ring of continuous functions from
the space of F-orderings X to 7 and the embedding is given by ¢ — ¢ with ¢(P) := sgn, ¢
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for each form ¢ € WF and each ordering P € X. Further, we know that the image of WF
in €(X,7Z) is completely and constructively determined by the following Representation
Theorem [L2, Theorem 7.2], provided that we know all fans T of finite index in F/F2.

Representation Theorem Let f € C(X,Z). Then there exists ¢ € WF such that f = ¢ if
and only if for each fan T C F of finite index in F we have a congruence

> f(P) = 0(mod |X/T]).

PEX/T

(Here X/ T denotes the set of those orderings P € X which contain T.) ]

Then given Sk, we know Gr 2 Gx % (o) and therefore we know the space of orderings
Xr of F, including the structure of all fans of finite index in F. Hence via the Representation
Theorem we know WF as well. One recovers Xr from G as follows: There is a one-to-one
correspondence between the cosets c®(Gr) with 02 = 1, ¢ ¢ ®(Sr) and orderings P, on
F, as explained in [MiSp2]. We can then identify Xr with the folowing set of subsets of
H'(Gr) (the set of all continuous homomorphisms Gy — 7,/27):

P, := Ann(o) := {¢ € H(Gp) | ¥(c0) = 0}.

Thus
Xp={P, |0 €Gp, 0" =1,0¢ P(Gp)}

Moreover, recalling that F/F* = H'(G), we see that we can represent elements [p] € WF
as [{(w1, %, ..., ¥,)] € WF, where 4y, ..., 1, € H(Gr). Then Xg is the topological space
with subbasis the family of Harrison sets H(1)) := {P € Xg | ¢ € P}. Further we see that a
set S C Xpisafanifand onlyif S = {P, | ¢ € Hs C G, 0% = 1,0 ¢ ®(Hs)} where Hy is
any essential subgroup of Gy generated by involutions which have the property that for any
three involutions 01, 0,, 03 € Hg — ®(GE), the element 00,073 is again an involution. (See
also [CSm1, Section 4] for more details on fan subgroups of Gg.)

4 Adjoining the Square Root of a Double-Rigid Element

Recall that an element b € F — (F? U —F?) is called a rigid element of F if and only if the
set of values Dr(1, b) of the quadratic form x* + by? over the field F is the smallest possible,
namely Dr(1,b) = {[1], [b]}.

In the case when both elements [b] and [—b] are rigid we call b a double-rigid element
of F. Double-rigid elements play an important role in the theory of quadratic forms. (See
e.g. [Bel], [Be2], [BCW], [MiSp1].) In particular, one can define the following interesting
subset A(F) := {x € F | x or —x is nonrigid.} Remarkably enough, one can show that A(F)
is a subgroup of F. (See [Bel] and [Be2].) In this section we shall assume that K = F(+/a)
and a is a double rigid element. Then Dp(1, —a) = {F?, —aF?*}.

In the Square-Class Exact Sequence we have im N = F* U —aF? and dimy,; K/K* =
dimy,; F/F?. Since kere = {F?,aF*}, we see that we can choose a basis {\/a,b; | j € J}
for K/K?* such that {a,b; | j € J} is a basis for F/F?. (For if \/a = b (mod K?) for some
b € Fthen \/a = b(x* + ay* + 2xy+/a) for some nonzero x, y € F, so that x* + ay* = 0,
forcinga = —1 (mod F/F?), a contradiction.)
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Suppose that B = {[a],[a;] | i € I} is a basis for F/F?. Let {o,0;, | i € I} bea
minimal set of generators for §r which are dual to B. (That is, o fixes y/a; for all i € I,
o(v/a) = —/a, o; fixes \/aforall i € I, and 0;(,/a;) = (—1)‘5"7\/a—jfor alli,jel.)

Recall that B is the smallest closed subgroup of G containing the set {o; | i € I}. (See
Section 2.) Then B C H := Gal(F(3)/K). Then from Propositions 2.5 and 2.6, we obtain
the following result:

Proposition 4.1 Let K = F(y/a) where —a is rigid. Then H = B x 7,/217.

Proof In this case [—a] is a Z/27-basis for D(1, —a). [ |

In the case when a is a double-rigid element, it was shown by Berman [Be2, Corol-
lary 2.6] that WF = WF(y/a), though not canonically. This was also proved, under the
assumption that F was not formally real, in [MiSp1]. (Note that when F is not formally
real, the notions of rigid and double-rigid coincide [Bel].) Here the authors would like to
point out two minor inaccuracies in [MiSp1]. First, in Remark 1.7 on p. 837, one should
still assume that the field L is not formally real and that L has at least four square classes.
Second, in Remark 1.8 on p. 838, one should observe that in the case when L is a C-field,
both L and L(1/a) are fields of the same level and with square-class groups of the same size,
so they must have isomorphic Witt rings by [Wa].

Now we can say a good deal more about S and Gy in the case where K = F(y/a) and a
is a double-rigid element.

Proposition 4.2 Let K = F(\/a) where a € F is a double-rigid element. Then K® =
F@(Ja), K» C F®), and K& = FO (Va).

Proof Because a is a double rigid element in F we see from the Square-Class Exact Se-
quence that
K _ E VaF

K2 (ar} © (b

Therefore K® = F?(/a).

Because K is the compositum of all quadratic, cyclic of order 4 and dihedral of order 8
extensions of K, we shall investigate which Galois extensions of K of the types above occur.
It is well known that this is essentially equivalent to the characterization of the splitting
quaternion algebras over K. (See e.g. [MiSp3, Propositions 2.3 and 2.4, p. 41].) Each such
quaternion algebra has one of the following shapes:

(1) Ax= (L&), fi, e R,
(2) A= (Ll £ f € F,
(3) A= (Yehab) 1 £ cF.

Casel SetA = (f‘l;fz), fi, f» € Fand [Ax] = [A ®F K] = 0in Br(K). Using once again

the exact sequence of groups

F
7 -5 Bry(F) - Br(K),
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where a([f]) = [( ’f)] foreach [f] € & and 7 is induced by the inclusion F < F(y/a)

K, we see that there exists an element f € F such that [(%) ® (T)] = 0in Br,F.
Consider now the group extension

1— ®(Gr) > 9 > Er—1

where Er is the Galois group of the maximal multiquadratic extension of F (i.e., Er =
Gal(F? /F)).
Applying the 5-term short exact sequence we obtain (see [E, p. 77]):

0 — H'(Bp) 25 H'(Gp) =% H'(B(Sr)) % H?(Er) 25 H*(Gp).

Here inf = inflation, Res = restriction and tra = transgression are well-known maps in the
cohomology of groups.
Because inf: H'(Er) — H'(G) is an isomorphism we see that our sequence can be re-

placed by 0 — H'(®(Sp)) — B H2(Ep) 2% H2(Gp). Thus we can think of H' (®(SF)) =

(%)Ef (see [GMi, p. 100]) as elements of H?(Er) which die in H*(GF). In particular we
see that the element (f;)U(f,)+(a)U (f) € H?(Ep) can be identified with a certain element,
say z, of the square-class group ((F<2 )2 )E Here (f1), (f2), (a), (f) correspond to elements

of H'(Eg) associated with [fi], [ /], [a], [ f] respectively.
Observe that we have the commutative diagram

inf

I —— ®(5¢) Sk Ex 1
AN
I —— ®(5p) Sr Ep 1

where all vertical maps are induced by inclusions
FCKCF?Y CK? CFY Ck®

observed earlier and the restrictions of Galois actions.

Therefore one can compare our short exact sequences of cohomology groups attached
to the horizontal rows of our diagram above.

We obtain

0 —— H'(®(5x) —"— H(Ex) —— H(Sx)
0 —— H'(®(Sr)) —"— H(Er) —— H(Sr)

Since (a)g Vanishes in H'(Ek) we see that tra(u* (z)) = (fi)x U (f)x. But this means
that the element of (25— 1<<2 )2 )Ex associated with u,(z) (and (f1)x U (f)k), is the image of the
element in (W) associated with z. Therefore if L/K is the Galois extension “associated
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with the splitting quaternion algebra (%) =0 € Br(K) (i.e., L = K®(\/b), where b is
any element in F(/f;) whose norm in F is f,), then L C F® . K = F©®),

Case2 A= (IV2E) £ f € B, [A] = 0in Bry(K).

Here the key observation is that —/af; is a rigid element of K. (See [Be2, Theo-
rem 2.3].) Then [(ﬁ’Tﬁfz)] = 0in Br, K forces [fi] € Dg(1,—+/afs) (see [L1, p. 58,
Theorem 2.7]), and [fi] = [1] or [—+v/af2] = [fi]. In the first case, we do not obtain

any associated Galois extension L/K so there is nothing to worry about. The second case is
impossible as v/a ¢ FK>.

Case3 A= (Y2fab) f 6 c B, [A] = 0inBry(K).

We pointed out in our discussion that —/af;, —+/af, are both rigid elements of K.
Hence [A] = 0 forces [filxk = [— falk- (Thus [fi]r = [— f]lror [filr = [—af2]F.) In any
case, using arguments as in Case 1, we see that if L/K is any Galois extension (either a cyclic
of order 4 or a dihedral of order 8 extension) associated with A, then LK®) = K?({/\/af,).
However K® ((‘/ﬁ ) C F® and therefore we see that each Galois extension L/K as above is
contained in F®(\/a).

Observing that \/a € K®, we see that we can combine the three cases above to a single
statement K® = F®)(/a). ]

Remark 4.3 Observe that although +/a is not uniquely determined by the field extension
K /F, the field extension F®)(\/a) is determined by K /F. This can be seen directly as follows.
For each element ¢ € F such that K = F(y/c) we have ¢ = ab?* for some b € F. Hence
FO(¥e) = F¥(Yav/b) = F®(/a). The last equality is true because v/b € F®.

Proposition 4.4 Let K = F( /a) where a € F is a double-rigid element. Then K©® =
F®(Ya) is a nontrivial quadratic extension of F® which is Galois over F.

Proof Because /a € F® and K® = F®(/a) we see that K® /F® is a quadratic exten-
sion. From Theorem 3.6, we see that K©®) # F®). Hence we see that K® /F®®) is a nontrivial
quadratic extension.

Set L = F((g,/a), where (g is a primitive 8-th root of unity. We may set (s = @ S
F@_ Then L/F is a Galois extension of F. Because K is the compositum of F*®) with L,
we see that K®) /F is Galois as well. [

Theorem 4.5 Let K = F(y/a) where a is a double-rigid element in F. Then G = 7,/47 % B,
where B is an essential subgroup of G associated to the subgroup H = Gal(F® /K). Further-
more if B is an essential subgroup of Sk associated to the subgroup H = Gal (KB)/K(W)),
then B = B and Gx = 1.]47. B. Moreover, one can find a subgroup C of index 2 in B such
that B = C U oC for some element 0 € B and the action of C is trivial on the first factor
1/47 = (1) in the isomorphism Gx = 7./47 x B and the action of o is either also trivial or
o~ 70 = 73. The choice of action of o on 7./47. depends on the presence of /—1 € F.
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Proof That Gp = 4[7 x B follows directly from Theorem 3.5 in [MiSm2] and its proof.
There it is further shown that the action of Bon 7 € Z/4Z is trivial if —1 € F*. If —1 ¢ F?,
then choosing [—1] = [a;] € {la;],i € I}, the action of all o; on 7 is trivial, except
o, Top =T

We claim that we can choose our generators o;, i € I, of B such that 0;(y/a) = /a for
all i € I. Indeed we have for H = Gal(%),

H\"_ KO _ ¥R N
(@(11)) = ®oy = ey VR ey

Therefore we can choose a minimal set of generators {0;,i € I} of B such that they act

trivially on +/a and such that (%)* = {Fi/—;z} (Recall that H) ~ ((<I)(H )*)* ~
Fi/aFFz} ® Va {Fi/sz *) Then H & B x & = B x (r) where 7 acts trivially on F?

and 7(v/a) = —/a. (See Proposition 2.6 and its proof.)

Now we consider the natural projection ©: Gx — H. We claim that there exists a
subgroup B of Gx which is mapped isomorphically onto B under the map ©.

Because o;(y/a) = /a for each i € I we may choose ; = G, i € I, such that ©(d;) =
o and G;(v/a) = v/a. We set B to be the subgroup of Gx topologically generated by {5, €
I}. Then O(B) = B. In order to show that © restricted to B induces an isomorphism, it
is enough to show that for each v € ®(B) such that O(y) = 1, we have y = 1 € Y.
To show that v = 1 (when assuming O(y) = 1, which is equivalent to assuming that
7|F® is the identity), it is enough to show that y(y/a) = \/a. Since 7y is a product of some
commutators of the form [5;, 5], i, j € I and squares 5,-2, i € I, it is enough to observe
that [6;,6;](\/a) = v/a for each i, j € I and 67(/a) = /a for each i € I. To see this
consider restrictions of [6;, ;] and &7 onto K(v/a, v/—1), which is a Galois extension of K.
Because all 5; act trivially on y/a we see that for each i, j € I, i # j, both G; and G; restrict
to an abelian subgroup of G := Gal(K(vy/a,/—1)/K), hence [6,6;]|K(/a, /1) is the
identity. Similarly for all &;, we see that 6|K(s/a, v/—1) is the identity. Hence B is indeed
an isomorphic image of B under the map ©.

On the other hand, because 7(v/a) = —+/a and 7(v/—1) = /—1, we see that for any
lift 7 € Gk (i.e., O(F) = 7), we have the restriction of 7 to Gal (K (/a, v/—1)/K(v/=1)) =
7./4Z is a generator of this cyclic group. In particular the order of 7 is 4. Moreover, since
72(/a) = —Ya and for each y € ®(B) we have y(/a) = \/a, we see that BN (7) = {1}.

)*/\J

On the other hand from our observations (ﬁ)* = (%)* x ({T) (1; )z we see

that {B U 7} generates the group Gx. Thus we see that indeed Gx = (7) x B = Z % B.
Finally using once again [Be2, Theorem 2.3], we see that 1/a is a double-rigid element
of K. Therefore we can again refer the reader to Theorem 3.5 and its proof in [MiSm2]

to conclude that the action of all o; on 7 is trivial, except #;76; = 7 in the case when
V=1 ¢ F(= +/—1 ¢ K). Our proof is now complete. [

Remark The authors would like to take this opportunity to correct a misprint in the table
of W-groups in [MiSm2]. The group 16.43 in the table on p. 1287 should be Z/47 x
(Z/47 x (2/27 % 1/21Z)), of order 27, and not the group of order 2% as indicated.
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