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Abstract

Let M be a I'-ring with right operator ring R. We define one-sided ideals of M and show
that there is a one-to-one correspondence between the prime left ideals of M and R and hence
that the prime radical of A is the intersection of its prime left ideals. It is shown that if M
has left and right unities, then M is left Noetherian if and only if every prime left ideal of M
is finitely generated, thus extending a result of Michler for rings to I'-rings.

Bi-ideals and quasi-ideals of M are defined, and their relationships with corresponding
structures in R are established. Analogies of various results for rings are obtained for I'-rings.
In particular we show that M is regular if and only if every bi-ideal of M is semi-prime.

1991 Mathematics subject classification (Amer. Math. Soc.): 16 A 78.

1. Introduction

All definitions and fundamental concepts concerning I'-rings and their op-
erator rings can be found in [5]. Throughout this paper M will denote an
arbitrary I'-ring (which does not necessarily possess unities, except for part
of Section 2), and L and R will denote its left and right operator rings, re-
spectively. We note that an ideal, one-sided ideal or other substructure I of
M is called finitely generated if there exists a finite subset X of I such that
I is the intersection of all such substructures of M which contain X . We
call M left (right) noetherian if M satisfies the ascending chain condition
for left (right) ideals. The following characterization of noetherian I'-rings
is proved as for rings.
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ProrosITION 1.1. 4 T-ring M is left (right) noetherian if and only if every
left (right) ideal of M is finitely generated.

Let A be aring. If B is an additive subgroup of 4 such that BAB C B,
then B is called a bi-ideal of A. If C is an additive subgroup of A4 such that
(CAYN(AC) C C, then C is called a quasi-ideal of A. A bi-ideal, quasi-
ideal or one-sided ideal B of A is called prime (semiprime) if a, b € A,
aAb C B implies a € B or b€ B (a € A, ada C B implies a € B).
For further details concerning bi-ideals and quasi-ideals of a ring, we refer
to Steinfeld [7] and Van der Walt [8].

2. Prime one-sided ideals

A one-sided ideal P of M is called primeif x,y e M, xTMT'y C P
implies x € P or y € P. As for rings, we have

PrOPOSITION 2.1. Let P be a left ideal of M. Then the following are
equivalent:

(a) P is prime;

(b) I,J leftidealsof M, ITJCP imply ICP or JCP.

PrOOF. (a) = (b) Let I, J beleftideals of M suchthat I, J ¢ P. Let
xel,yeJ with x,y & P. Then there exist me M, y, u € I' such that
xymuy & P. Since xymuy € ITJ, ITJ ¢ P.

(b) = (a) Let x,y € M be such that xXI'MTyC P. Then (MTI'x)['(MTy)
C P. Since MI'x and MTy are left ideals of M, we have that either
MT'x CP or MT'y C P. Suppose MI'x C P. Let I be the left ideal of M
generated by x. Then ITT C MI'x C P, whence I C P. Hence, x € P.
Similarly, MI'y C P implies y € P.

We now establish the relationships between prime one-sided ideals of M
and R.

PROPOSITION 2.2. Let P be a prime left (right) ideal of R. Then P* isa
prime left (right) ideal of M .

PRrOOF. Since P is aleft (right) ideal of R, P" is aleft (right) ideal of M .
Let x,y € M\P*. Then there exist y, u € ' such that [y, x], [u, y]1 ¢ P.
Since P is prime there exists r € R such that [y, x]r[u, y] € P. It follows
that there exist v € I', m € M such that [y, x][v, m]{u, y} € P, that is;
[y, xvmuy] ¢ P, whence xumuy ¢ P*. Hence, P is prime in M .
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PROPOSITION 2.3. Let Q be a prime left (right) ideal of M . Then Q"' is
a prime left (right) ideal of R.

PROOF. Since Q is a left (right) ideal of M, Q" is a left (right) ideal of
R. Suppose a, b € R\Q". Then there exist x, y € M such that xa, yb ¢
Q. Since Q is a prime one-sided ideal of M , thereexist me M, y,uel
such that (xa)ymu(yb) ¢ Q, i.e. x(a[y, mliu, ylb) ¢ Q. It follows that
aly, mllu, ylb ¢ Q"' , whence aRb ¢ Q. Hence Q" is prime in R.

THEOREM 2.4. The mapping P — P* defines a one-to-one correspondence
between the sets of prime left ideals of R and M .

PROOF. Let P be a prime left left ideal of R. By Proposition 2.2, P* is
a prime left ideal of M . It is easily verified that (P*)* = {r € R:Rr C P}.
Since P is a left ideal of R, P C (P*)”. If a € (P*)”, Ra C P, and hence
aRa C P. Since P is prime a € P, and so P = (P*)".

Suppose now that Q is a prime left ideal of M . By Proposition 2.3,
Q" is a prime left ideal of R. Moreover, (Q")" = {x € M:MT'x C Q}.
Since Q is a left ideal of M, Q C (Q™)*. If x € (Q*)", then MT'x C Q,
whence xI'MTx C Q. Since Q is prime, x € Q, and so (Q*)" = Q. This
completes the proof.

COROLLARY 2.5. Let (M) be the prime radical of M. Then P (M) is
the intersection of the prime left ideals of M .

PrOOF. Let Z#(R) denote the prime radical of R. Then S(R) is the
intersection of the prime left ideals of R [1, Proposition 2.1]. Moreover,
P(R)" = P (M) [3, Theorem 4.1]. Hence

P(M) = (n{l: I is a prime left ideal of R})*
={I:1 is a prime left ideal of R}
=({J:J is a prime left ideal of M}  (by Theorem 2.4).
Michler [6, Theorem 6] showed that if A is a ring with unity, then A4 is
left noetherian if and only every prime left ideal of A is finitely generated.
We prove an analogue of this result for I'-rings.

We recall that a left (right) unity for M is an element E:’;l[dié,.] of
L(X7_,l¢;, e;] of R) such that, forall x € M

m n
;diéix =X (X;xsjej = x) .
i= Jj=
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Note that in this case }_7,[d;, 91 (X]_,l¢;, ¢]) is the (two-sided) unity
for L(R). If M has a left unity, and I is a left ideal of M which is finitely
generated by the subset {a,, ..., a,} of I, it may be shown that

I=MIa +---+MTla,.
For the remainder of this section, M will be assumed to have left and right
unities d = "7 [d,, 6,] and e = Z;;l[s ;> €], respectively.
LEMMA 2.6. If A is a left ideal of M, then A™ ={Y]_|[¢;, a;]:a; € A}.

ProoF. If aq,,...,a, € A, then for all x € M, xea; € A, whence
Y \lej>a;] € A4”. Conversely, if a € 4", then a = (¥]_[¢;, ¢;])a =
Z;’zl[sj , €;a] . Since a € A, e;a € A for 1 < j<n and the result follows.

LEMMA 2.7. Let A be a finitely generated left ideal of M. Then A” isa
finitely generated left ideal of R.

PROOF. Suppose that A is finitely generated by the set {a,,...,a,} C 4.
Let a € A”. By Lemma 2.6, there exists x,,..., X, € 4 such that a =
Z;zl[aj, x;]. Now 4 = MTI'a, +---+MTa, whence there exist /;, € [M,T]
(1<j<n, 1 <k<r) such that

r
X = xay
k=1
Hence

a—Z[s,,xl Z[e,,z ]
j=1
—22[81’ jkak]_ZZ[]’ ik (Z[d1’6]> ak]

o1 k=1 j=1 k=1

= 222[81’ Ly d)19; > a;]
j=1 k=1 i=1

=zZ(Z o L )w,,akl
k=1 i=1 \ j=1

Hence, A" is finitely generated by the set {0 al1<i<m, 1<k<r}.

LEMMA 2.8. Let A be a finitely generated left ideal of R. Then A* isa
finitely generated left ideal of M .
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PROOF. Suppose A is generated by the set {a,,...,a,} C 4. Let a €
A Thena—z:,l dd,a, and [4,,a] € 4 for1<z<m Hence there
ex1stsx,keR 1<i<m, lgkgrsuchthat

[6;,al=)_x,a, _Z ( ,kZ[aj, e. ]) a,.

k=1 k=1
Hence
a= Za’iéia =]Z Z X )e;(e;a;)
i=1 i=1 k=1 j=1
=Yy (Z(d,.x,.k)) g;(e;a;)-
k=1 j=1 \i=1

So A" is finitely generated by the set {eq:1<j<n, 1<k<r}.

THEOREM 2.9. 4 I'-ring M is left noetherian if and only if every prime left
ideal of M s finitely generated.

ProOF. Now M is left noetherian if and only if R is left noetherian [4,
Corollary 1]. Hence, in view of Michler’s result, we need only show that
every prime left ideal of M is finitely generated if and only if every prime
left ideal of R is finitely generated.

Suppose every prime left ideal of R is finitely generated. Let P be a prime
left ideal of M. Then P*’ is a prime left ideal of R by Proposition 2.3, and
is therefore finitely generated. By Lemma 2.8, (P*')" is finitely generated.
By [4, Theorem 1], P = (P*)", and so P is finitely generated. Conversely,
suppose that every prime left ideal of M is finitely generated. Let Q be a
prime left ideal of R. By Proposition 2.2, Q" is a prime left of M, and
is thus finitely generated. By Lemma 2.7, (Q*)" is finitely generated in R.
Again by [4, Theorem 1], Q = (Q*)", and so Q is finitely generated. This
completes the proof.

Analogues of all the results in this section may of course be obtained by
substituting L for R and “right ideal” for “left ideal” wherever these occur.

3. Bi-ideals and quasi-ideals

An additive subgroup 4 of M such that ATMT 4 C A is called a bi-ideal
of M. If B is an additive subgroup of M such that (BTM)N(MTB)C B,
then B is called a quasi-ideal of M . It is easily seen that one-sided ideal

https://doi.org/10.1017/51446788700035394 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035394

60 G. L. Booth and N. J. Groenewald [6]

= quasi-ideal = bi-ideal. We now establish some relationships between the
bi-ideals and quasi-ideals of M and of R.

PROPOSITION 3.1. If A is a bi-ideal of R, then A* is a bi-ideal of M . If
M has a right unity and B is a bi-ideal of M , then B*' is a bi-ideal of R.

PROOF. Since A is an additive subgroup of R, it is easily verified that A"
is an additive subgroup of M. Let a,be A*, y,u,vel, me M. Then
[¥,a],[v, bl € A. Since A4 is a bi-ideal of R, [y, a][u, m][v, b] € A4, i.e.
[y, aumvb] € A. Hence aumvb € A*, whence A"TMT'A* C A*. Hence
A" is a bi-ideal of M.

Suppose that M has a right unity 3" |[¢;, ¢;], and that B is a bi-ideal
of M. Let a,be B”, reR. Let r=3_[y;;] and let x € M. Then
xa€ B and e;b € B for 1 <i<n. Hence

(xa)y;y;e(eb) € B, 1<i<n, 1<j<r

Hence

> (xa)yye,(eb) € B,

i=1 j=1
that is,

xa (Z[y., yj]) (Z[ai , ei]) beB,
=1

that is, x(arb) € B, whence arb € B*, and so 4" RB* C B* . Hence B"
is a bi-ideal of R.

LEMMA 3.2.
(a) Let A, BCR. Then A'TB" C (AB)".
(b) Let AC M. Then A”R C (ATM)* and RA™ C (MTA)" .

PROOF.

(a) Let ac A", be B*, y,ueT. Then [y, aubl =[7, allu, bl € AB.
Hence aub € (AB)* and so A'TB* C (4B)".

(by Let a € A”, r=3,[y;,,x] € R, x € M. Then xa € A, whence
x(ar) = (xa) ¥,[y,x;] = ¥;(xa)y,x; € ATM . Hence ar € (ATM)” and so
AR C (ATM)" . Similarly, RA™ C (MTA4)" .

PRrOPOSITION 3.3.
(a) If A is a quasi-ideal of R, then A* is a quasi-ideal of M .
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(b) If B is a quasi-ideal of M, then B* is a quasi-ideal of R.

PROOF.

(a) Clearly, 4" is an additive subgroup of M. Moreover, A'TM =
A'TR® C (AR)" by Lemma 3.2(a). Similarlyy, MT4* C (RA)", whence
(A'TM) N (MTA") C (AR)* N (RA)" = ((AR) N (RA))" C A", since 4 is a
quasi-ideal of R. Hence A" is a quasi-ideal of M .

(b) B* is an additive subgroup of R. By Lemma 3.2(b), we have that
B*R C (BTM)" and that RB* C (MT'B)* . Hence

(B”R)N(RB") C (BTM)"' n(MTB)" = (MTB)n (BTM))” C B”,

since B is a quasi-ideal of M . Hence B™ is a quasi-ideal of R.

A bi-ideal or quasi-ideal P of M is called primeif x,y e M, xTMTy C
P imply xe Por yeP.

ProrosITION 3.4 (cf. [8, Proposition 2.2]). A prime bi-ideal P of M isa
prime one-sided ideal of M .

PROOF. Suppose that P is not a one-sided ideal of M. Then PTM ¢
P and MITP ¢ P. Since P is prime, (PTM)I'MI'(MTP) ¢ P. Since
(PTMYI'MT(MTP) C PTMTP, and since P isabi-idealof M, PTMTP C
P, then (PTM)ITMI'(MI'P) C P, a contradiction. Hence, PTM C P or
MTP C P, thatis, P is a one-sided ideal of M .

As an immediate consequence of this result, Corollary 2.5 and its right
analogue, we obtain

COROLLARY 3.5. SP(M) is the intersection of the prime bi-ideals of M .

ProPOSITION 3.6 (cf. [8, Proposition 2.4]). A bi-ideal P of M is prime
if and only if I a right ideal of M, J a left ideal of M, IT'J C P imply
ICPorJCP.

The proof is similar to that for the ring case, and will be omitted. We
remark that although van der Walt considers only a ring with identity in [8],
the analogues for rings of Propositions 3.4 and 3.6 are valid for arbitrary
rings. In view of Proposition 1.1 and Theorem 2.9, we obtain the following
characterization of I'-rings which are both left and right noethertan. The
proof is again similar to the ring case [8, Proposition 2.7].
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ProrosiTION 3.7. Suppose M has both left and right unities. Then M is
both left and right noetherian if and only if every prime quasi-ideal of M is
finitely generated (as a quasi-ideal).

4. Semi-prime bi-ideals and regular I'-rings

A bi-ideal or quasi-ideal Q of M is called semiprimeif x € M, xI'MT'x
C Q implies x € Q.

PROPOSITION 4.1. Let Q be a semiprime bi-ideal of M. Then Q is a
semiprime quasi-ideal of M .

ProOOF. Let x € (QTM)N(MT'Q). Then xI'MT'x C QT MT'MTMTQ C
QIrMTQ C Q since Q is a bi-ideal of M . Since Q is semiprime, x € Q,
and hence (QTM)N(MTQ)C Q.

We now establish some relationships between semiprime quasi-ideals of
M and R.

PROPOSITION 4.2,

(a) Let P be a semiprime quasi-ideal of R. Then P* is a semiprime
quasi-ideal of M .

(b) Let Q be a semiprime quasi-ideal of M. Then Q"' is a semiprime
quasi-ideal of R.

PROOF.

(a) By Proposition 3.3(a), P is a quasi-ideal of M. Let a € M\P".
Then there exists y € I' such that [y, a] € P. Since P is semiprime,
there exists r € R such that [y, a]r[y, al € P. Put r = 37 [7;, x;]. Then
>..[7,ay;x;yal ¢ P, whence ay,x;ya ¢ P* for some i. Hence al'MTa ¢
P*,so P* is semiprime.

(b) By Proposition 3.3(b), 4™ is a quasi-ideal of R. Let a € R\Q" .
Then xa ¢ Q forsome x € M . Since Q is semiprime, there exist y, u €I,
m € M such that (xa)ymu(xa) ¢ Q whence afy, m]lu, xla ¢ Q" . Thus
aRa ¢ Q"' ,and so Q" is semiprime.

From Chen [2], M is regular if for all a € M, a € al’'MTa.
ProrosiTION 4.3. M is regular if and only if every bi-ideal of M is

semiprime. The proof is similar to that for the corresponding result for rings
[8, Proposition 3.3].
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Finally, we remark that it is easily shown that if 4 and B are bi-ideals
of M, then AI'B is a bi-ideal of M . Van der Walt [8, Corollary 3.5] has
given an example of a ring 4 with two quasi-ideals P and Q such that PQ
is not a quasi-ideal of 4. A is a Z-ring with the normal addition operation
and xny = n(xy) forall n € Z, x,y € A. Furthermore, it is easily seen
that P and Q are quasi-ideals of 4 considered as a Z-ring and PZQ = PQ
is not a quasi-ideal of the Z-ring.
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