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REPRESENTATIONS OF FOUNDATION
SEMIGROUPS AND THEIR ALGEBRAS

M. LASHKARIZADEH BAMI

Introduction. The aim of this paper is to extend to a suitable class of
topological semigroups parts of well-defined theory of representations of
topological groups. In attempting to obtain these results it was soon
realized that no general theory was likely to be obtainable for all locally
compact semigroups. The reason for this is the absence of any analogue of
the group algebra L'(G). So the theory in this paper is restricted to a
certain family of topological semigroups. In this account we shall only give
the details of those parts of proofs which depart from the standard proofs
of analogous theorems for groups.

On a locally compact semigroup S the algebra L(S) of all u € M(S) for
which the mapping x — X * |u| and x — |u| * X of S to M(S) (where x
denotes the point mass at x) are continuous when M(S) has the weak
topology was first studied in the sequence of papers [1, 2, 3] by A. C. and
J. W. Baker. A locally compact topological semigroup S is said to be
Joundation if S coincides with the closure of U {supp(p):p € L(S)}.

In the first three sections of the present paper we investigate the
relationship between the representations of S and the representations of
L(S) by bounded operators on reflexive Banach (or Hilbert) spaces,
whenever S is a foundation topological semigroup with identity. The
techniques yield results about automatic continuity of representations of S
and the *-semisimplicity of the Banach *-algebras M(S) and L(S). In
Section 4, we study the weighted measure algebras M(S, w) and L(S, w)
for a topological semigroup S with a Borel measurable weight function w.
(We have been unable to find, in the literature, a full investigation of the
basic properties of algebra M (S, w) for arbitrary w.) Finally, in Section 5,
we extend the major results of the earlier sections to foundation
topological semigroups with a Borel measurable weight function.
Although many of the results of Sections 2 and 3 are special cases of
those given in Section 5, it was felt preferable, for the reason of clarity,
to give proofs (for the case w = 1) in the earlier sections, and explain in
Section 5 how these proofs are modified to deal with more general weight
functions w.
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1. Definitions and notations. Let S be a topological semigroup and E be
a normed linear space. A representation V of S by bounded operators on E is
a homomorphism x — ¥V, of S into B(E), the space of all bounded
operators on E. That is; for each x € S,

V. € B(E) and V, =V, V, forallx,y &S
If there exists a positive constant k such that
IV &l = k|l§]] forallx € Sandall { € E,

then V is said to be bounded. The infimum of all such k will be denoted by
[IV]]. A subspace E| of E is said to be invariant for V if V (E,) S E, for all
x € §, and Vis said to be topologically irreducible if {0} and E are the only
closed invariant subspaces for V. For notational reasons (as in the group
case) whenever we are concerned with reflexive Banach spaces we shall
consider the representations of S by bounded operators on E*, the dual
space of E. If E is a Hilbert space, the distinction vanishes.

Let E be a reflexive Banach space and V be a representation of S by
bounded operators on E*. If the function

x = (V&)

is continuous [Borel measurable, y-measurable] for all § € E* andn € E,
then V is said to be (weakly) continuous [weakly Borel measurable, weakly
u-measurable]. If S has an involution * (a map *:S — S such that x** =
x and (xy)* = y*x* for all x, y € §), and V is a representation of S by
bounded operators on a Hilbert space H such that V. = V¥ forallx € §,
where V¥ is the adjoint operator of ¥, on H, then V is called a
*-representation. We denote by Z(S) the space of all bounded and
continuous *-representations of S by bounded operators on Hilbert
spaces. We also denote by [#(S) ] the subspace of C(S) (the space of all
bounded, complex-valued continuous functions on S) generated by all
functions of the form

x = (V€ 6),

where V' € 2(S) and § belongs to the representation Hilbert space of V.
The representation V is said to be faithful if for each x|, x, € S with
X} # X, we have V, # V, . Given a nonvoid family of {H } cr of
Hilbert spaces, and, for every y € T, a representation VY of S by bounded
operators on H, such that

sup{ [[V]|:y € T} < oo,

the mapping x — V, which is given by

V=2 VI
yerl'
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defines a bounded representation ¥ of S by bounded operators on

H = yeEBF H,

It is easy to see that V is a *-representation if and only if for each y € T,
V'Y is a *-representation.

We assume that the reader is familiar with the representation theory of
normed algebras. We recall that a representation T of an algebra A by
bounded operators on a normed space E is said to be topologically cyclic if
there exists a vector { € E such that the linear subspace {T.{:x € A} is
dense in E. Such a vector { is called a cyclic vector.

2. Relations between representations of L(S) and representations of S
for a foundation topological semigroup S. We begin with the following
theorem. The proof is similar to that given for Theorem 22.3 of [7] in the
group case, so we omit it.

THEOREM 2.1. Let S be a topological semigroup and E be a reflexive
Banach space. Let A be a subalgebra of M(S) and V be a bounded
representation of S by bounded operators on E*. Suppose that for every
u, v € A, Vis weakly |u|-measurable and weakly || * |v|-measurable. Then
the formula

(Tg ) = /S<Vx$n>du(x) (ne A e Ex,nEE)
defines a bounded representation T of A by bounded operators on E* with
i = vl

The proof of the next lemma is straightforward.

LEMMA 2.2. Let S be a topological semigroup and let f be a Borel
measurable function on S such that

Jo £y = 0

for all p € L(S). Then [ = 0, p-almost everywhere, for each p. € L(S). In
particular, if S is foundation and f is continuous then f vanishes identically
on S.

We now state and prove the basic theorem of this section.

THEOREM 2.3. Let S be a foundation topological semigroup with identity
and let E be a reflexive Banach space. Suppose that T is a bounded and cyclic
representation of L(S) by bounded operators on E*. Then there exists a
unique continuous and bounded representation V of S by bounded operators
on E* with ||V|| = IT|l, V| = I, and
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() (T ) = [Min’ nydu(x) (n € L(S). § € E*,q € E).

Furthermore, VT, = Tesyand TV, = T:5 ¢ for every . € L(S) and every
x € S. The representattons T and vV have the same closed invariant
subspaces. If T is faithful then V is also faithful, and in this case V. # 0 for
all x € §.

Proof. Let { € E* be a fixed cyclic vector for T; thus the linear
subspace

= (T8 € L(S)}

of E* is dense in E*. Let (v,) be a fixed approximate identity for Z(S)Evith
[l |l = 1 for all « (see [10, Theorem 3.13] ). For every x € S and p € L(S)
we have

Q) Moy = Tel SNTNX * g *p — w i
= (ITM v * p — pll =0,

as a increases. Let £ € Ef. Then § = Tpf for some p € L(S). From (2) it
follows that

hm Tuy op(§) = T (§),

for every x € S. For each x € S we denote this limit by V£, so
() V&= llm Tey i) = hm w0, (8) = T ().
We now prove that for every x € S and every £ € Ef, V' { is well defined.
To prove this we take £ € Ef and we suppose that
& = Tmf = T”Z{, for some py, p, € L(S).
Then for each a we have
Ten (T,8) = Ty (T,5) (x € S).
Thus
Tepan @) = Touy O for all a.
By (3), we have
lim Ty,, ., (§) = lim Tg,, ., ().

This proves that V7 is well defined. By the use of (3), one can easily prove
that /” defines a bounded representation of § by bounded operators on E¥
with ||V’]| = ||T|| and V} = I, the identity operator on E¥. Let (xp) be a net
which 1 converges to x € S, and suppose that§ € E; w1th£ =T § for some
p € L(S). Then we have
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IV® = Vi@ Il = 1T 0O = T |
S ITI I * 1 — % * pll 81— 0,

by the norm continuity of the mapping x — X * p (see [10; Theorem
3.13]). Therefore V' is continuous. Now, since for each x € S, V/ is
a bounded operator on E*, we can extend V) uniquely to a bound-
ed operator V, on Ef with |[V,]| = [[V]l. It is easily seen that V' de-
fines a bounded representation of S by bounded operators on E* with
[[V]| = ||T]|. Using the continuity of ¥’ and the fact that V' is bounded we
can also prove that V' is continuous.

We now proceed to the proof of formula (1). For each fixed n € E the

mapping
p= (T8 )y (€ L(S))

defines a bounded linear functional on L(S). So, by Lemma 2.2 of [3] we
have

4 (Tl = /S<Tx*y§, mydu(x)

for all p, » € L(S). Let £ € Efwith & = T,{ for some v € L(S). Then for
every p € L(S) we have

(T& m) = (T8 m)

= L(Tm{, nydux) (by (4))

- fS<Vx§, nydu(x) (by (3)).

Since both functions

- (Temy and £ [ (V.6 myduco)

are linear in £ and bounded by ||T|| [|pl| IInll on E*, and Ef is dense in E*,
we infer that

G (Temy = [ (Vi mduo)
forall £ € E*, n € E, and u € L(S). This establishes the formula (1).
From (5) it follows that

LCTE )y L= IVIIEN imll ]

(v € L(S), £ € E*,n € E). Hence ||T|| = ||V||. Therefore ||V|| = ||T]|.
Lemma 2.2 together with the formula (5) imply the uniqueness of V.

We now suppose the M is a closed invariant subspace for 7. If M is not
invariant for V, then there =xists a §; € M and x, € S such that
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Vo & M.

Since F is reflexive, there exists n € E such that
n(M) =0 and (V,& n) = 1

From (5) it follows that

0= (Tt n) = L(Vxéo, nydp(x), (n € L(S)).
Therefore by Lemma 2.2 we have
(Vi€p,my =0 forallx € S.

This is a contradiction. So, M is also invariant for V. The converse is
trivial. That

VXY;L = T.’?*p and T;l.Vx = T;A*.?

(x € S,pe L©))
are easy consequences of (5). Finally, we suppose that T is faithful and
let x;, x, € L(S) with x; # x,. Choose a measure p € L(S) (with

1 € supp(n) ) such that x; * p # X, * p. Since T is faithful, we have
T.,, # T:

Xy orpe

Hence
Vx, 7;1 #* VX2 Tu'

Thus V, # V, . The last assertion can be proved similarly. So the theorem
is established.

In the next theorem we extend the above result to (not necessarily
cyclic) *-representations of the Banach *-algebra L(S) by bound-
ed operators on a Hilbert space H and the bounded continuous
*-representations of S by bounded operators on H, where S is a
foundation topological semigroup with identity and with a continuous
involution *.

THEOREM 2.4. Let S be a foundation topological semigroup with identity
and with a continuous involution *. Suppose that T is a *-representation of
the Banach *-algebra L(S) by bounded operators on a Hilbert space H such
that for every 0 # ¢ € H there exists a p € L(S) with T,§ # 0. Then there
exists a unique bounded and continuous *-representation V of S by bounded
operators on H with ||V|| = 1 such that

6 (Tg&n = /S<Vx£, nydu(x) (p € L(S), & n € H).

Moreover, T and V have the same closed invariant subspaces. For every
we L(S)andx € S,
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VT, =T,

X*p
If T is faithful then V is also faithful and v, # 0 for all x € S.
Proof. The proof of the formula (6) is essentially the same as that for

groups (see [7], p- 339, (II) of Theorem 22.7). The rest of the theorem is an
easy consequence of the formula (6).

and TV, =T,

prx

As a consequence of the above theorem we obtain the following
corollary.

COROLLARY 2.5. Let S be a foundation topological semigroup with identity
and with a continuous involution *. Let V be a bounded and weakly Borel
measurable *-representation of S by bounded operators on a Hilbert space H
such that V¢ # 0 for every 0 # ¢ € H. Then V is continuous if and only if
for every &, m € H the set

{x € SV, &) = 0}
is closed.

Proof. If V is continuous, then it is evident that for every ¢, n € H the
set

{x € S(V.£ 1) = 0}

is closed. To prove the converse we define T by

N (Tt = _/;(Vxﬁ, nydu(x) (p € K(S), & € H).

By Theorem 2.1, T defines a bounded representation of L(S) by bounded
operators on H, and it is also easy to see that T is a *-representation.
Moreover, for every 0 # £ € H there exists a p € L(S) such that T,ﬁjé 0.
For if not, then there exists a0 # £ € H with 7§ = 0 for all p € L(S).
So,

(T, m) =0 forallp € L(S),

and hence

e vigyancey = o

for all p € L(S). Therefore by Lemma 2.2
(Vi Vi§) = 0ae p,

for all p € L(S). This is a contradiction, because
U= {x e SV, Vi # 0}

is an open set which contains 1, and S is foundation. By Theorem 2.4,
there exists a bounded-continuous *-representation V” of S by bounded
operators on H such that
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®) (Tgn) = fS<V;€, nydu(x) (p € L(S), & n € H).

From (7), (8), and the fact that ¥ and V”’ are *-representations it follows
that

©)  (T& Vym)y = (T& V) (€ L(S). & n € H).

Using the same argument given on page 339 for part (i1) of the proof of
Theorem 22.7 of [7], we can write H as a direct sum EeBr H, of sub-
Y

spaces {H,},er, which are closed, pairwise orthogonal, and invariant,
such that for each y € T, T (the restriction of T to H,) is a cyclic and
bounded *-representation of L(S) by bounded operators on H,, and VY
(the restriction of ¥’ to H,) is a bounded and continuous *-representation
of S by bounded operators on H, which is related to 77 according to the
formula

(Tié, n,) = L(V’Iéy, nydux) (n € L(S), §,.n, € H,).

For eachy € T let {Y € H, be a cyclic vector for T". Now, if § is a fixed
element of T', then by (9) for every n, € H, we have

(10) (Th¢s Vi) = (Thks Vyn,)

forallpy € L(S)and all y € S. Since H, is invariant for V"7, and for every
6 € T the set

{T)sn € L(S))

is dense in Hg, it follows from (10) that H, is also invariant under VY
(the restriction of V' to H,) and V'Y defines a bounded representation
of S by bounded operators on H,, with VY = V7 for every
v € I'. Therefore V can be written as YGQF VY. Since

V= EEBF VY and VY = V' foreveryy € T,
Y

it follows that 7 = V. This completes the proof.

Remark. One can easily see that on the non-foundation topological
semigroup S = ([0, 1], min) (with the usual topology and the natural
involution x* = x for all x € §) the function x which is given by x(x) = 0
if x = 1/2, and x(x) = 1 if x > 1/2, defines a Borel measurable
one-dimensional representation which is discontinuous at x = 1/2.

Before proceeding any further we recall that a nonzero function
x:S — C is said to be a semicharacter on S if

x(xy) = x(x)x(y) forallx,y € S.
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(For reasons that will become apparent, we shall not assume x is
bounded.) If S has an involution *, and x is a semicharacter on S such that
x(x*) = x(x) (x € §), then x is called a *-semicharacter.

PROPOSITION 2.6. Let S be a commutative foundation topological
semigroup with a continuous involution *. A nonzero, continuous and bounded
*-representation of S by bounded operators on a Hilbert space is irreducible if
and only if it is equivalent to a nonzero continuous and bounded
*-semicharacter on S.

Proof. The proof is essentially the same as for groups (see the proof of
Theorem 22.17 of [7]).

3. The *-semisimplicity of M(S) and L(S). Our starting point is the
following lemma. Throughout its proof we assume that the reader is
familiar with the elementary properties of tensor products of Hilbert
spaces as given on page 48 of [9].

LEMMA 3.1. Let S be a topological semigroup with a continuous involu-
tion *. Then the following are satisfied,

(1) [#(S) ] is a self-conjugate subalgebra of C(S) and contains a nonzero
constant function;,

(i) |%(S) | separates the points of S if and only if R(S) separates the
points of S.

Proof. (i) It is obvious that [#(S) ] is a subspace of C(S) which is closed
under complex-conjugation of its elements and contains a nonzero
constant function. To prove that [%(S) ] is closed under multiplication we
assume that x — (V. £, £) and x — (V'.£, &) belong to [#(S) | with§ € H
and ¢ € H’, the representation Hilbert spaces for V and V', respectively.
It is easy to see that V' ® I which is given by

VOV),=V.®V, (x€S)

defines a bounded and continuous *-representation of S by bounded
operators on H ® H’, the Hilbert space tensor product of H and H'.
Since

VE VL &) =((V® V) ((® ), £RE)
it follows that the mapping
x > (V& EVE, &)
also belongs to [#(S)]. This proves that |#(S)] is a subalgebra of

C(S).
(i) The proof is standard and hence is omitted.

Before we proceed to the next theorem we recall that for a Banach
*-algebra A, the *-radical, *-rad(4), is defined to be the intersection of the
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kernels of all irreducible *-representations of 4 by bounded operators on
Hilbert spaces. If *-rad(4) = 0, then A is said to be *-semisimple.

THEOREM 3.2. Let S be a topological semigroup with a continuous
involution *. If R(S) separates the points of S, then M(S) is *-semisimple.

Proof. By using the arguments given on page 223 of [4], we only need to
show that for every 0 # p € M(S) there exists a *-representation T of
M(S) by bounded operators on a Hilbert space with 7}, # 0. Since A(S)
separates the points of S, it foilows from Lemma 3.1 that [#(S)] is a
self-conjugate subalgebra of C(S) which separates the points of S and
contains a nonzero constant function. Therefore by Lemma 3.5 of [3],
[2(S) ] is dense (L'-norm) in L'(S, |u|). Let f be a Borel measurable
function on S with |f| = 1, du = fdlp| and dlu| = fdu. Put e = 1/2 ||ull,
and choose g in [#(S) ] such that

S o) = 76 1wl () < e

Then we have

.[s (g(x) — J(x) Jdu(x)

= [ leco) — 7ol ) < e

Hence

v

- €

[ geodun)| = | [ 7dnce

=/Sld[ul(x)—-e§e>0.

So there must exist a function x — (V_ &, §,) in [#(S) |, where §, belongs
to the representation Hilbert space H of V such that

fS (Voo £ddu(x) # 0.
Now we define T on M(S) by

(T& m) = L(Vx& mdv(x) (v € M(S), & € H).

By Theorem 2.1, T defines a bounded representation of the Banach
*-algebra M(S) by bounded operators on H which is also a *-rep-
resentation. Since
<Tp§05 £0> # 0,
we infer that 7, # 0. This is what we wished to prove.
LEMMA 3.3. Let S be a foundation topological semigroup with identity and

with a continuous involution *. If L(S) is *-semisimple then %#(S) separates
the points of S.
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Proof. Let x|, x, be two distinct points of S. Then we can find a measure
p € L(S) (1 € supp(p)) such that

Bo* X, # p* Xy

By the *-semisimplicity of L(S), there is an irreducible *-representation T
of L(S) by bounded operators on a Hilbert space H such that

Tpx, # Ty,
Since by (ii) of Theorem 21.30 of [7] every nonzero vector in H is a cyclic
vector for T, we infer that for every 0 # ¢ € H there exists a v € L(S)
with T, # 0. Therefore, by Theorem 2.4, there exists a continuous and
bounded *-representation V of S by bounded operators on H such that

(1) (Tt = fS<Vx$, nydv(x) (v € L(S), &1 € H).
From (11) it follows that
TV =T, and T”Vx2=

BT X xxy pxXy?

and therefore V, # V, . Hence #(S) separates the points of S.

A combination of Theorem 3.2 and Lemma 3.3 leads us to the following
theorem.

THEOREM 3.4. Let S be a foundation topological semigroup with identity
and with a continuous involution *. The following are equivalent:
(1) M(S) is *-semisimple;
(ii) L(S) is *-semisimple;
(iii) #(S) separates the points of S.

Remark. We do not know whether the above result is true for non-
foundation topological semigroups.

4. Representations of weighted topological semigroups. Our main goal in
this section is to extend some of the results of previous sections to the
situation of foundation topological semigroups which have positive Borel
measurable weight functions. We first set out the theory of weighted
measure algebras, as this does not seem to have been done before in the
generality we required. We begin with the following definition.

Definition 4.1. A complex-valued function f on a topological space X is
said to be locally bounded if for every x € X there exists a neighbourhood
of x on which fis bounded.

Note that if X is locally compact then f'is locally bounded if and only if
it is bounded on each compact subset of X.

Definition 4.2. Let S be a semigroup. Then a function w:S — R is said to
be a weight function if w(x) = 0, and
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w(xy) = w(x)w(y) forallx,y € S.

Definition 4.3. Let S be a semigroup and w be a weight function on S. A
complex-valued function f on S is said to be w-bounded if there exists a
constant £k = 0 such that

f(x)] = kw(x) (x € 5).
The next lemma will be needed to prove the first theorem of this

section.

LEMMA 4.4. Let p be a positive regular Borel measure on a locally compact
Hausdorff space X. Then for every locally bounded Borel measurable function
wwith 0 = w < oo on X, wp is a regular Borel measure.

Proof. The result follows from Theorem E [8, p. 248].

Definition 4.5. Let p and » be regular Borel measures on a locally
compact Hausdorff space X. Then » is said to be locally absolute continuous
with respect to (L.A.C.) p if |v| (F) = 0, whenever F is a compact subset of
X with |u| (F) = 0.

The following theorem is essential throughout this section.

THEOREM 4.6. Let S be a topological semigroup and suppose that w > 0 is
a Borel measurable weight function on S such that w and 1/w are locally
bounded. Then
(1) Cy(S, w), the space of all Borel measurable functions f on S such that
Jf/w € Cy(S, w) under the w-norm given by

LA, = sup{ |f/w (x)|:x € S}

is a Banach space.
(i1) M(S, w), the space of all regular Borel measures p. on S such that
wlpl € M(S) with the w-norm

I
can be identified with Cy(S, w)*, the dual of Cy(S, w), via the pairing

W fy=wmf) = /Sf(x)dﬂ(x) (n € M(S, w), f € Cy(S, w)).
Given p, v € M(S, w), let u * v be the measure in M(S, w) defined by

(12) (u*»)(f) = fsf(X)du * 1(x)

- ./S.[Sf C)du(x)dv(y) (f € Cy(S, w)).

Then the Banach space M(S, w) with the convolution product * is a
convolution Banach algebra in which M(S), the space of all measures in
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M (S) with compact supports, is w-norm dense.
(iii) For every w-bounded Borel measurable function f on S we have

(13) [ foodu ) = [ [ romducodtn @y e Mes.0),

Moreover, for each compact subset F of S and every p, v € M(S, w), we
have

14 ) = fo Ji xetoducordnny

= oo P = f ey

(iv) L(S, w), the space of all regular Borel measures p on S such that
wlp| € L(S) is a closed two-sided ideal of M(S, w) and is solid in M(S, w)
in the sense that given p € L(S, w) and v € M(S, w) with v L A.C. p,
then v € L(S, w).

(We have been unable to prove the formula (13) for each |u| *
|v|-integrable function f, and even in the group case the proof given for
part (4) of Theorem 4.19.5 of [5] does not seem to be correct.)

Proof. (i) This is clear.

(i1) This follows from Lemma 4.4 and the fact that w and 1/w are
locally bounded.

(111) Let 7 denote the mapping (x, y) — xy of § X S into S. For each
subset A of S, and every complex-valued function f on S, we denote

“!(4) and fo1by A and f, respectively. Suppose that f is a w-bounded
Borel measurable function on S. It is clear that for each u, » € M(S, w),
|f] is |u| * |v|-integrable, and | f | is |u| X |v|-integrable. Therefore, in view
of Theorem 4.3.2 of [5] to prove (13) we only need to establish this formula
for the case when p, » are positive measures in M (S, w) and f is a Borel
measurable function on § with 0 = f(x) = w(x) for all x € S. For
simplicity we denote p * » by y and p X » by #. By using an argument
similar to that of the first part of the proof of Theorem 19.10 of [7] and the
fact that w and 1/w are locally bounded we can easily prove that for every
y-null set 4, 4 is also 7-null. Now, for each n € N, we denote the set

{x € S:if(x) > - }by
Then

¥(4,) = ny(f) < co.

Since v is regular, we can choose an increasing sequence (K, ) of compact
sets such that
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1
K, S A, and y(4, \ K,) <- (n € N).
n

n - n
It is easy to see that (fx,x ) increases (pointwise) to fon S \ A, where

(o9 [e o]
A= U (4, N U K.
n=1 ( n m=1 m)
oo .
Since (4, \ Y K,,) is an increasing sequence, we have

[ee)
0=vy4) = lim y4, N\ U K,)= lim y(4, \ K,) = 0.
n—o0 m=1 n—o0
It follows that (fx,() increases tOJ7 a-almost everywhere. Therefore, in
view of the monotone convergence theorem, we may assume that f
vanishes identically outside a compact set K. So y(K) < oo, by the
regularity of y. Since 0 = f/w = 1, and f/w vanishes identically outside K
with y(K) < oo, it follows from a corollary to Lusin’s theorem (see [8, p.
53] ) that there exists a sequence (g,) in Cyy(S) such that

lg,) =1 and (f/w)(x) = lim g,(x) a.e. v.

Since y € M(S), w is y-integrable. It is also clear that w is 7-integrable.
By virtue of the dominated convergence theorem, we see that
Y/f) = lim y(g,w) and @(f) = lim m(g;w).
h—>00

n—>00
Since for every n € N, g,w € Cy(S, w), from (12) it follows that

Y(gw) = m(g,w).

Therefore y(f) = 7r(j7). This establishes the formula (13). The formula
(14) now follows from (13) by using the fact that for each compact subset
F of S, xris a w-bounded Borel measurable function on S.

(iv) This easily follows from the locally boundedness of w and 1/w, and
the fact that L(S) is a solid ideal of M(S).

Remark. For the rest of this paper we assume that w > 0 is a Borel
measurable weight function on S such that w and 1/w are locally
bounded.

ProposITION 4.7. Let S be a foundation topological semigroup with
identity and with a weight function w. Then

(i) for every u € L(S, w) the maps x — p * X, and X — X * u are w-norm
continuous;,

(ii) for each compact neighbourhood U of the identity there exists a
bounded approximate identity (), _, for L(S, w) of positive measures such
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that supp(uy) € U, i\l = 1, and l|my\ll,, = k for all X € A, where k is any
positive constant with w(x) = k for all x € U.

Proof. Both (i) and (ii) are easy consequences of Theorem 3.13
of [10], the locally boundedness of w, and the w-norm density of L x(S)
(= L(S) N My(S)) in L(S).

LEMMA 4.8. Let S be a foundation topological semigroup with a Borel
measurable weight function w. Let f be a continuous complex-valued, and
w-bounded function on S such that

fsfdu =0 forallp € L(S, w).
Then f vanishes identically on S.

NProof. The result follows from the w-norm density of L (S) in
L(S, w), and the fact that

S = U {supp(p):p € Lg(S) }-

We now establish a lemma which is essential for the next section.

LEMMA 4.9. Let S be a topological semigroup with a Borel measurable
weight function w such that the maps x — p * X and x > X * p (u €
L(S, w)) are w-norm continuous. Let p. € L(S, w), v € M(S, w), and
f € (L(S, w))*. Then the maps x — f(u * X) and x — f(X * p) define a
w-bounded continuous function on S with

Su =) = /Sf(u * X)dv(x), f(v*p) = _/Sf(f * w)dv(x).

Proof. 1t is clear that x — f(p * X) and x — f(X * p) are continuous and
w-bounded. From the w-norm continuity of the map x — p * X and the
locally boundedness of w it follows that for each compact subset F of S the
map x — p * X(F) is continuous on S. Suppose that F is a compact subset
of S such that

lpl * [ (F) = 0.
Therefore by (14) we have

0 = lul = vl (F) = [um (" 'F)dly| (x).
Hence
lul * X(F) = 0 a.e. |v].
From the continuity of the function x — |u| * X(F) it follows that
ul * X(F) = 0 for all x € supp(»).
Let us denote by L(S, |u| * |v| ) the spaces of all measures in L(S, w) which
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are L.A.C. |p| * |v|. Then the map: A — wA defines a linear isometry
of L(S, |u| * [»| ) into L'(S, w(|ul * || )). For each A € L(S, |u| * |v] ) we
set D(wA) = f(A). It is easy to see that ® defines a bounded linear
functional on the subspace

{wA:X € L(S, |ul = Iv]) }

of L'(S,w( || * [#] ) ). By the Hahn-Banach theorem we may assume that ®
is a bounded linear functional on L'(S, w( |u| * |»|)). Therefore there
exists a bounded Borel measurable function #, on S such that

o) = [ 0t (e LS wld * b)),

Therefore

(15) ) = B(wA) = fsf?l(x)d(w?\)(X) = /S(0|W)d>\(X),

for each A € L(S, |u| * |v|). Since § = 6w is w-bounded, by (15) we
have

flpxv) = /Sﬂdu*v
= /S L 0(yx)dw(x)dv(y) (by (13))
= fs dv(x) fsa(y)du * X(y)

= fsfm * X)dv(x).

The proof of the other formula is similar. So the lemma is proven.

5. Relationship between the bounded representations of L(S, w) and the
w-bounded representations of S. We commence this section with the
following definition.

Definition 5.1. Let S be a semigroup with a weight function w, and let E
be a reflexive Banach space. Then a representation V of S by bounded
operators on E* is said to be w-bounded if there exists a positive constant k
such that

| V&my | = kw) 1lEll Imll, (x € S, § € E* andn € E).

Using the formula (13) of Theorem 4.6 with the techniques of the proof
of [7, Theorem 22.3] we can easily obtain the following generalization of
Theorem 2.1.

THEOREM 5.2. Let S be a topological semigroup with a Borel measurable
weight function w. Let E be a reflexive Banach space and V be a w-bounded
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Borel measurable representation of S by bounded operators on E*. Then for
every subalgebra A of M(S, w) the formula

(Tg&m)y = fS<Vx$, mdux) (v € 4, & € E*\q € E)

defines a bounded representation of A by bounded operators on E* with
Tl = 111,

We shall now give a generalization of Theorem 2.3.

THEOREM 5.3. Let S be a foundation topological semigroup with identity
and with a Borel measurable weight function w. Suppose that T is a bounded
cyclic representation of L(S, w) by bounded operators on E*, where E is a
reflexive Banach space. Then there exisis a unique, w-bounded, and
continuous representation V of S by bounded operators on E* with V| = 1,
Tl = WV, and |IVIl,, = KlIT|| for some positive constant k, with the
property that the representations T and V are related to each other according
to the formula

(16) (T, & m) = '/;<Vx§, nydu(x) (n € L(S, w), £ € E*, q € E).
Moreover, T and V have the same closed invariant subspaces. Furthermore,

V,T, = T.

X*[L

and TV, =T,

X

for every x € S and u € L(S, w). If T is faithful, then V is faithful, and in
this case V, # 0 for all x € S. Finally, if w is continuous at identity and
w(l) = 1, then ||V, = IITI|.

Proof. Let { € E* be a fixed cyclic vector for T. Then the linear
subspace

Ef = {T,8:p € L(S, w) }

of E* is dense in E*. Let (»,) be a fixed approximate identity for L(S, w)
and suppose that k is a positive constant such that

lwl, = k for all a.

By a method similar to that of Theorem 3.2, we can prove that there exists
a (unique) continuous representation ¥ of S by bounded operators on E*
such that

(17) V& = lim Te., () = lim Tg,, (6) = Tr,, ),

for every x € S and § = T){ € Ef. From (17) it follows that
Vi, = KITII.
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Now, if, in the proof of Theorem 2.3, we apply Lemma 4.9 instead of
Lemma 2.2 of [3], then we establish the formula (16). The rest of the proof
is similar to the proof of the corresponding part of Theorem 2.3. To prove
the final assertion we suppose that ¢ > 0 is given. Then there exists a
compact neighbourhood U, of the identity such that

w(x) — 1] <e forallx € U.

Let (vf:)) be a bounded approximate identity for L(S, w) as in part (ii) of
Proposition 4.7. Then we have

M, = 1=, ) — Uadd(x) = @P(U) = e
Therefore
9, =1+ e

By virtue of the equalities in (17) we see that the definition of V is
independent of the choice of the approximate identity for L(S, w).
Replacement of », by vff) in (17) results in the equation

V) = lim Te0p (¢ € EY.
o

Therefore
Vi, = ITI(1 + ).

Now the arbitrariness of € > 0 implies that ||V||,, = ||T||. This completes
the proof of the theorem.

Remark. It is not true in general that a Borel measurable weight
function on a foundation topological semigroup which is continuous at the
identity is also continuous everywhere. For example on the foundation
topological semigroup (R, +), the additive semigroup of nonnegative
real numbers with the usual topology, the function w(x) = ¢*if 0 = x = 1
and w(x) = "% if x > 1, defines a Borel measurable weight function
which is continuous at 0, the identity, and is discontinuous at x = 1.

Using the techniques of the proof of Theorem 2.4 with the aid of
Theorem 5.3, we can easily establish the following generalization of
Theorem 2.4, and for that reason the proof is omitted.

THEOREM 5.4. Let S be a foundation topological semigroup with identity
and with a continuous involution *. Suppose that w is a Borel measurable
weight function on S such that w(x*) = w(x) for all x € S. Let T be a
bounded *-representation of the Banach *-algebra L(S, w) by bounded
operators on a Hilbert space H such that for every 0 # ¢ € H there exists a
measure p € L(S, w) with T.£ # 0. Then there exists a unique w-bounded
continuous *-representation V of S by bounded operators on H such that
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1 = ||VI],, = k for some positive constant k. The representations T and V are
related to each other according to the formula.

(Tg ) = fS<Vx€, nydu(x) (p € L(S, w), &1 € H).

Furthermore, T and V satisfy all the other conditions of Theorem
2.4. Moreover, if w is continuous at the identity and w(l) = 1, then
i, = 1.

Conjecture. Let S and w be as in the hypotheses of Theorem 5.4. Then
Theorem 5.4 easily implies that if the Banach *-algebra L(S, w) is
*-semisimple, then (S, w), the space of all w-bounded continuous
*-representations of S by bounded operators on Hilbert spaces, separates
the points of S. We conjecture that the converse is also true, as it is for the
case when w = 1 by Theorem 3.4.
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