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Abstract

Dale Peterson has discovered a surprising result that the quantum cohomology ring of the flag variety GL,,(C)/B
is isomorphic to the coordinate ring of the intersection of the Peterson variety Pet,, and the opposite Schubert cell
associated with the identity element Qg in GL,(C)/B. This is an unpublished result, so papers of Kostant and
Rietsch are referred for this result. An explicit presentation of the quantum cohomology ring of GL,, (C)/B is given
by Ciocan—Fontanine and Givental-Kim. In this paper, we introduce further quantizations of their presentation so
that they reflect the coordinate rings of the intersections of regular nilpotent Hessenberg varieties Hess(N, #) and
Qg in GL,(C)/B. In other words, we generalize the Peterson’s statement to regular nilpotent Hessenberg varieties
via the presentation given by Ciocan—Fontanine and Givental-Kim. As an application of our theorem, we show
that the singular locus of the intersection of some regular nilpotent Hessenberg variety Hess(N, k) and Qg is
the intersection of certain Schubert variety and Qg, where h,, = (m,n,...,n) for 1 < m < n. We also see that
Hess(N, hy) N Qg is related with the cyclic quotient singularity.
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1. Introduction

Hessenberg varieties are subvarieties of the full flag variety introduced by De Mari and Shayman
and studied by De Mari, Procesi and Shayman [11, 12]. These varieties lie in a fruitful intersection
of algebraic combinatorics and representation theory, such as hyperplane arrangements ([4, 14, 34]),
Stanley’s chromatic symmetric functions ([9, 23, 27, 33]), Postnikov’s mixed Eulerian numbers ([8, 24,
30]) and toric orbifolds associated with partitioned weight polytopes ([7, 25]) in a recent development. In
this paper, we generalize a result discovered by Dale Peterson to regular nilpotent Hessenberg varieties
in type A via the explicit presentation of the quantum cohomology ring of flag varieties given by
Ciocan—Fontanine and Givental-Kim.

Let n be a positive integer. The (full) flag variety FI(C™) is the collection of nested sequences of
linear subspaces V, := (V| c V, c --- c V,, = C") in C", where each V; denotes an i-dimensional
subspace of C". Let N be the regular nilpotent matrix in Jordan canonical form, that is, the nilpotent
matrix in Jordan form with exactly one Jordan block. The Peterson variety Pet, is defined to be the
subvariety of the flag variety FI(C") as follows:

Pet, = {V, € FI(C") | NV; C Vyyy foralli = 1,2,...,n— 1}.

Dale Peterson has discovered a surprising connection between a geometry of the Peterson variety Pet,
and the quantum cohomology' of the flag variety FI(C"), as explained below. Let B~ be the set of
lower triangular matrices in the general linear group GL, (C). Let Q7 be the opposite Schubert cell
associated with the identity element e, which is the B™-orbit of the standard flag F, = (F;);, where
F; = spanc{ey,...,e;} and ey, ..., e, are the standard basis of C". Note that € is the open chart around
the standard flag F, = (F;); in FI(C™). Due to Peterson’s statements in [31], the coordinate ring of the
intersection C[Pet,, NQ?] is isomorphic to the quantum cohomology of the flag variety QH*(FI(C"))
as C-algebras:

C[Pet, NQ2] = QH"(FI(C")).

This incredible result discovered by Peterson is unpublished, so we also refer the reader to [29, 32] for
the result above. As C-vector spaces, the quantum cohomology QH*(FI(C")) is Cl{q1,...,qn-1] Qc
H*(FI(C")) where we call q1, ..., q,—1 quantum parameters. The product structure on QH*(FI(C"))
is a certain deformation by quantum parameters of the ordinary cup product on H*(FI(C")). More
explicitly, Ciocan—Fontanine and Givental-Kim gave in [ 16, 22] an efficient presentation of the quantum
cohomology ring QH*(FI(C™)) in terms of generators and relations as follows. Let M, be the following

matrix
X1 g1 0 -~ 0
-1 x2 q :
My=|¢ .. . o | (1.1)
=1 Xno1 gna

0 --- 0 -1 «x,
The quantized elementary symmetric polynomial El.(") (1 £ i £ n) in the polynomial ring
Clx1,.--»Xn,q15--->qn-1] is defined by the coefficient of A" for the characteristic polynomial of

M,, multiplied by (~1)’, that is,

det(/lln _ Mn) =" - Evl(n)/ln—l +E"v5n)/ln—2 et (_l)nEV-’Sn)

'We work with quantum (and ordinary) cohomology with coefficients in C throughout this paper.
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Note that by setting g = 0 for all 1 < s < n — 1 we have that El.(") is the i-th elementary symmetric
polynomial in the variables xi, ..., x,. Then it is known from [16, 22] that there is an isomorphism of
C-algebras

QH*(FI(C")) = Cx1, .. s Xns q1s - - s qua /(B ES).
Combining Peterson’s statement and the presentation above, we obtain the isomorphism
ClPet, NQZ] = Clxt, .o\ X g1 s gt /(BN EY) (1.2)

as C-algebras. In this paper, we generalize this isomorphism to regular nilpotent Hessenberg varieties
by further quantizing the right-hand side above.

Consider a nondecreasing function 4 : [n] — [n] such that hA(j) > j for all j = 1,...,n where
[n] :=={1,2,...,n}, which is called a Hessenberg function. We frequently write a Hessenberg function
hash=(h(1),h(2),...,h(n)). The regular nilpotent Hessenberg variety Hess(N, h) associated with
a Hessenberg function 4 is defined as

Hess(N, h) = {V, € FI(C") | NV; C Vp(; foralli = 1,2,...,n}.

This object is a generalization of the Peterson variety Pet,, since Hess(N, /) is equal to Pet,, whenever
h=(2,3,4,...,n,n). We also note that if & = (n,n,...,n), then Hess(N, h) = FI(C") by definition.
Recall that the flag variety FI(C") can be identified with GL,, (C) /B where B is the set of upper triangular
matrices in GL,, (C) so that the first j column vectors of a matrix g € GL,,(C) generate the j-th vector
space V; for j € [n]. Under the identification FI(C") = GL,(C)/B, one can write

Hess(N, h) = {gB € GL,,(C)/B | g"'Ng € H(h)},

where H(h) is the set of matrices (a;;); je[n) Such that a;; = 0 if i > h(j). (Note that a matrix
(aij)i,je[n) in H(h) is not necessarily invertible.) Since Q7 is an affine open set in FI(C") which is
naturally identified with the set of lower triangular unipotent matrices, the intersection Hess(N, i) N g
is described as

1
X21 1

-1 _
Hess(N, ) N Q2 = | g = | X1 %32 1 (87" Ng)ij = 0forall

je€[n—-1]and h(j) <i<n (1.3)
Xnl Xp2 *** Xpp-i 1
Motivated by this, we set
Z(N,h)e = SpecClx;; | 1 <j<i<n]/((g'Ng)j | j € [n—1]and h(j) <i < n).

We remark that this scheme can be regarded as a zero scheme of some section of certain vector bundle
over GL,,(C)/B, which is introduced in [1]. See Section 3 for the details.
We now generalize the matrix M,, in equation (1.1) to the following matrix

X1 q12 q13 ***  qin
-1 x g3 -+ qo

M,=|0 .. . i | (1.4)
| Xn-1 9n-1n

0 -~ 0 -1 x4
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Then we define the g, s-quantized elementary symmetric polynomial El.(") (1 < < n) in the polynomial
ring C[x1,...,Xn, grs | 1 <7 < s < n] by the coefficient of 2~ for the characteristic polynomial of
M,, multiplied by (—1)*, namely

det(A, — My) = A" —EP A BV 4 (-D)E.

Note that by setting g,s = 0 for s —r > 1 and g45+1 = ¢, our polynomial El.(") is the (classical)
quantized elementary symmetric polynomial Evl.(") in C[x1,...,%4,41,--.,qn-1]. For a Hessenberg
function & : [n] — [n], we define ”El.(") as the polynomial E l.(") by setting g,s = O forall2 < s < n
and1 <r<n-hn+1-ys):

hEi(n) = Ei(n) lgrs=0 (2<s<n and 1<r <n—h(n+l—s))-

We will pictorially explain which variables g, are set to 0 in the definition of hEt.(") in Example 4.11
and surrounding discussion. The main theorem of this paper is as follows:
Theorem 1.1. Let h : [n] — [n] be a Hessenberg function. Then there is an isomorphism of C-algebras

(X1, s Xnsqrs | 2<s<nmn—h(n+1-35)<r<s]

C
L(Z(N,h)e, Oz(n.n).) = - "
(hEM, .. hEM)

, (1.5)

where I'(Z(N, h)e, Oz (n 1),) is the set of global sections.

Note that we explicitly construct the isomorphism above. See Theorem 4.13 and Proposition 7.3 for
the correspondence. In particular, we see that our quantum parameters ¢, ’s correspond to polynomials
which define regular nilpotent Hessenberg varieties (up to signs). See Corollary 7.4.

As is well known, the cohomology ring H*(F[(C")) is isomorphic to the quotient of the polynomial
ring C[xy,...,x,] by the ideal generated by elementary symmetric polynomials, so the following is a
consequence of Theorem 1.1.

Corollary 1.2. There is an isomorphism of C-algebras
I'(Z(N,id)e,Oz(N,ia),) = H (FI(C")).

We say that a Hessenberg function /4 : [n] — [n] is indecomposable if it satisfies h(j) > j for all
j € [n—1]. It is known from [1, Proposition 3.6] that if 4 is indecomposable, then the affine scheme
Z(N, h). is reduced. Therefore, we can conclude the following result from Theorem 1.1.

Corollary 1.3. If h : [n] — [n] is an indecomposable Hessenberg function, then there is an isomor-
phism of C-algebras

Clxt,- s Xnsqrs | 2<s<nn—h(n+1-s) <r <s]
(hE™,... hEM)

C[Hess(N,h) N Q7] =

s

where C[Hess(N, h) N Q2] is the coordinate ring of the open set Hess(N, h) N Q7 in Hess(N, h).

The isomorphism in Corollary 1.3 is a natural generalization of equation (1.2) since the Hessenberg
function & = (2, 3,4, ..., n,n) which defines the Peterson variety Pet,, is indecomposable. In particular,
our proof gives an elementary proof for Peterson’s statement via the presentation for the quantum
cohomology QH*(FI(C™")) given by [16, 22].

We next apply Corollary 1.3 to the study of the singular locus of the open set Hess(N, h) N Qg
in Hess(N, h) for some Hessenberg functions 4. There are partial results for studying singularities of
Hessenberg varieties in [3, 15, 26]. Indeed, an explicit presentation of the singular locus for the Peteson
variety Pet,, is given by [26]. The singular locus for nilpotent Hessenberg varieties of codimension
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one in the flag variety FI(C") is explicitly described in [15]. Also, a recent paper [3] combinatorially
determines which permutation flags in arbitrary regular nilpotent Hessenberg variety Hess(N, h) are
singular points. We focus on the following Hessenberg function

hy =(m,n,...,n) for2<m<n-1. (1.6)

We derive an explicit presentation of the singular locus of Hess(N, h,,) from Corollary 1.3. For this
purpose, we first study the singular locus of Hess(N, &,). More precisely, we show that the singularity
of Hess(N, ha) N Qg is related with a cyclic quotient singularity. We briefly explain the cyclic quotient
singularity. Let €, be the cyclic group of order n generated by £, where ¢ is a primitive n-th root of
unity. Define the action of €, on C2 by ¢ - (x,y) = ({x,¢"'y) for £ € €, and (x,y) € C2. Then, the
quotient space C2/G, is called the cyclic quotient singularity or the type A,,_,-singularity.

Theorem 1.4. There is an isomorphism
Hess(N, i) N Q2 = C2/E,, x C2 (=D (n=2)-1

where hy = (2,n,...,n).

Recall that Hess(N, h,,,) N Qg is given in equation (1.3). As a corollary of Theorem 1.4, one can give
the singular locus of Hess(V, k) N Q7 as the solution set of the equations x;; = 0 for 2 < i < n and
Xn2 = 0. Combining this description and Corollary 1.3, we can explicitly describe the singular locus of
Hess(N, hy,) N Qg as follows.

Theorem 1.5. Let h,, be the Hessenberg function defined in equation (1.6) for 2 < m < n — 1. Then,
the singular locus of Hess(N, hy,) N Q3 is described as

1
X21 1

g =| X3 X3 1 xi1=0forall2 <i<n

and xpj =0forall2 < j<m
Xpl Xp2 " Xpp-1 1

The explicit presentation in Theorem 1.5 is certain Schubert variety in the open set €2, as explained
below. Let S,, be the permutation group on [n]. For w € &,,, the Schubert variety X,, is defined by

Xy ={Ve € FI(C") | dim(V, N F,) > |{i € [p] | w(i) < gq}| forall p,q € [n]},

where F, = (F;); is the standard flag, that is, F; = spanc{ej,...,e;} and ey, ..., e, are the standard
basis of C". For 2 < m < n — 1, we define the permutation w,, € S, by

wp=1n-1n-2---n-m+lnn-mn-m-1---2
in one-line notation. (See also equation (10.6).) Then one can see that
Xw,, ={Ve € FI(C") | V; = Fy and V,,, C Fy_1},

so we obtain the following result from Theorem 1.5.

Corollary 1.6. Let 2 < m < n — 1. Then, the singular locus of Hess(N, h,,,) N Qg is equal to
Sing(Hess(N, hy,) N Q) = Xy, N Q5.

The paper is organized as follows. After reviewing the definition of Hessenberg varieties and their
defining equations in Section 2, we focus on regular nilpotent Hessenberg varieties in Section 3. Then we
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state the main theorem (Theorem 4.13) in Section 4. In Section 5, we show that the homomorphism (1.5)
is well defined and surjective. In order to prove that it is in fact an isomorphism, we use the commutative
algebra’s tool of Hilbert series and regular sequences. More specifically, we define certain degrees for
the variables {x;; | 1 < j <i < n} appeared in equation (1.3) and {x1,...,%s,qrs | 1 <7 <5 < n}
introduced in equation (1.4) so that the two sides of equation (1.5) are graded C-algebras in Section 6.
We give a proof of our main theorem in Section 7. Next, turning our attention to the singular locus
of Hess(N, hy,,) N Q¢, where hy, is defined in equation (1.6), we give an explicit formula for partial
derivatives 6‘9 hE 2 and 65 hE(") in Section 8. Then we relate the singularity of Hess(V, hz) N g
to the cyclic quotlent smgularlty (Theorem 9.7) in Section 9. One can see that this fact yields an explicit
description for the singular locus of Hess(N, h2) N Q¢ (Corollary 9.9). In Section 10, we generalize this
result to the singular locus of Hess(N, h,,) NQZ (Theorem 10.1) by using our main theorem together with
the computations for partial derivatives a hE (") and 5 hE(") We also see that the singular locus
of Hess(N, hy,) N Q2 is equal to the mtersectlon of the Schubert variety X,,, and Qg (Corollary 10.2).

2. Hessenberg varieties

In this section, we recall the definitions of Hessenberg varieties in type A,_; and their defining equations.
We use the notation [z] := {1,2,...,n} throughout this paper.

Let n be a positive integer. A Hessenberg function is a function & : [n] — [n] satisfying the following
two conditions

1. h(1) < h(2) < -+~ < h(n);
2. h(j) = jforall j € [n].

Note that h(n) = n by definition. We frequently denote a Hessenberg function by listing its values in
sequence, namely i = (h(1), h(2),..., h(n)). It is useful to see a Hessenberg function # pictorially by
drawing a configuration of boxes on a square grid of size n X n whose shaded boxes consist of boxes in
the i-th row and the j-th column such that i < i(j) fori, j € [n].

Example 2.1. Let n = 5. Then, h = (3,3,4,5,5) is a Hessenberg function and the configuration of the
shaded boxes is shown in Figure 1.

Let gl,,(C) be the set of n X n matrices. For a Hessenberg function 4, we define
H(h) = {(aij)i jemn) € 81,(C) | a;; = 0ifi > h(j)}, 2.1

which is called the Hessenberg space associated to h.
The (full) flag variety FI(C™) is the set of nested complex linear subspaces of C":

FI(C") ={V, = (VicVycC---CV,=C") | dimcV; =iforalli € [n]}.

Let B be the set of upper triangular matrices in the general linear group GL,,(C). As is well known, the
flag variety F1(C") can be identified with GL,,(C)/B. Indeed, each flag V, € FI(C") is determined by a
matrix g whose first j column vectors generate the j-th vector space V; for j € [n]. The correspondence

Figure 1. The configuration corresponding to h = (3,3,4,5,5)
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gB +— V, above gives the identification FI(C") = GL,(C)/B. For a linear operator A : C" — C" and
a Hessenberg function & : [n] — [n], the Hessenberg variety Hess(A, k) is defined to be the following
subvariety of the flag variety FI(C"):

Hess(A, h) == {V. € FI(C") | AV; C Vj,(;) foralli € [n]}. (2.2)

Hessenberg varieties are introduced in [ 11, 12]. Note thatif & = (n, n, . . ., n), then Hess(A, h) = FI(C").
By identifying F/(C") with GL,(C)/B, we can write the definition above as

Hess(A, h) = {gB € GL,(C)/B | g"'Ag € H(h)}, (2.3)

where H (%) is the Hessenberg space defined in equation (2.1).
Definition 2.2. Let A € g1,,(C) and 7, j € [n]. We define a polynomial Fi’j‘j on GL,,(C) by

Fl.‘i‘j(g) =det(vy ... Vi1 AV Vigl ... V),

where g = (v; ... v,) € GL,(C) is the decomposition into column vectors. In other words, the
polynomial F’ l.Aj (g) is the determinant of the matrix obtained from g by replacing the i-th column vector
of g to the j-th column vector of Ag.

Lemma 2.3. Ler A € gl,,(C). For g € GL,,(C) and i, j € [n], we have

1
— FA(9) = (g " Ag); 1,
der(g) 1(8) = (g7 Ag)ij

where (g7 Ag);; denotes the (i, j)-th entry of the matrix g 'Ag. In particular, we have
Hess(A, h) = {gB € GL,,(C)/B | Fif‘j(g) =0foralll < j<n-1land h(j) <i < n}.

Proof. Let c;; be the (i, j) cofactor of g, namely c;; is obtained by multiplying the (i, j) minor of g by
(=1)"*/.Set g = (Cif)it,je[n] = (¢ji)i,je[n)- Since g = m g, it suffices to show that

F{ () = (3Ag)i;. (2.4)
We write g = (v{ ... v,) and Av; = (byj,.. ., b,,j)’. By the definition of g, we have

n

(8-Ag)ij = chibkj =det(vy ... vi-1 AVj Vig1 ... V),
=1

where we used the cofactor expansion along the i-th column for the last equality. This yields equation
(2.4) as desired. The latter statement follows from the former statement and equation (2.3). ]

3. Regular nilpotent Hessenberg varieties

In this section, we review geometric properties for regular nilpotent Hessenberg varieties.

Let N be a regular nilpotent element in gl,(C), that is, a matrix whose Jordan canonical form
consists of exactly one Jordan block with corresponding eigenvalue equal to 0. For a Hessenberg
function ki, Hess(N, h) is called the regular nilpotent Hessenberg variety. If h = (2,3,4,...,n,n), then
Pet,, := Hess(N,h = (2,3,4,...,n,n)) is called the Peterson variety, which is an object of an intense
study by Dale Peterson [31]. Surprisingly, the Peterson variety is related with the quantum cohomology
of the flag variety ([29, 32]). We will explain the relation in Section 4. For any p € GL,,(C), one can
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.,

Figure 2. The decomposition of h = (2,3,3,5,5) into hy = (2,3,3) and hy = (2,2)

see that Hess(N, h) = Hess(p~'Np, h) which sends gB to p~'gB. Thus, we may assume that N is in
Jordan form:

N=| | (3.1)

We summarize geometric properties of Hess(N, /) as follows.

Theorem 3.1 [5, 26, 29, 34]. Let Pet,, be the Peterson variety. Let Hess(N, h) be the regular nilpotent
Hessenberg variety associated with a Hessenberg function h.

(i) The Peterson variety Pet,, is singular for n > 3. Also, Pet,, is normal if and only if n < 3.
(ii) The complex dimension of Hess(N, h) is given by Z;le(h( Jj) = J). In particular, we have
dimc Pet,, =n — 1.
(iii) Hess(N, h) is irreducible.

As a property of regular nilpotent Hessenberg varieties, a special case of Hess(N, #) can be decom-
posed into a product of smaller regular nilpotent Hessenberg varieties, as explained below. To explain
this, we first recall the following terminology from [ 13, Definition 4.4].

Definition 3.2. A Hessenberg function 4 is decomposable if h(j) = j forsome j € [n—1]. A Hessenberg
function 4 is indecomposable if h(j) > j for all j € [n — 1]. Note that an indecomposable Hessenberg
function # satisfies h(n — 1) = h(n) = n.

If h is a decomposable Hessenberg function, that is, i(j) = j for some j € [n — 1], then the
Hessenberg function / can be decomposed into two smaller Hessenberg functions /; and /4, defined by
hy=(h(1),...,h(j))and hy = (h(j +1) — j,..., h(n) — j) as shown in Figure 2.

Then, every V, € Hess(N, h) has V; = spanc{ey,...,e;}, where ey, ..., e, denote the standard
basis of C" and hence we have

Hess(N, h) = Hess(Ny, h1) x Hess(N3, hy), 3.2)

where N| and N, are the regular nilpotent matrices in Jordan canonical form of size j and n — j,
respectively ([13, Theorem 4.5]).
In a recent paper, Abe—Insko gave the condition that Hess(N, /) is normal as follows.

Theorem 3.3. (/3, Theorem 1.3]) Let h be an indecomposable Hessenberg function. Then the regular
nilpotent Hessenberg variety Hess(N, h) is normal if and only if h satisfies the condition that h(i—1) > i
orh(i)>i+1foralll <i<n-1.

There is a natural partial order on Hessenberg functions. For two Hessenberg functions /4 : [n] — [n]
and i’ : [n] — [n], wesay b’ C hif h’(j) < h(j) forall j € [n]. Note that if 4* C h, then Hess(N, h’)
is a closed subvariety of Hess(N, &) by the definition (2.2). Since & = (2,3, 4, ...,n,n) is the minimal
Hessenberg function among indecomposable Hessenberg functions with respect to the partial order C,
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the Peterson variety Pet,, is the minimal Hessenberg variety among indecomposable regular nilpotent
Hessenberg varieties with respect to the inclusion.

Let i be a Hessenberg function. One can see that the Hessenberg space H (/) in equation (2.1) is
stable under the adjoint action of B, so this induces a B-action on the quotient space gl,,(C)/H (h). We
denote by x the image of x € gl,,(C) under the surjection gl,,(C) — g1,,(C)/H(h). In [1], we consider
the vector bundle GL,,(C) xg (gl,,(C)/H(h)) over the flag variety GL,,(C)/B and its section s4 for
A € gl,,(C) defined by

sa : GLy(C)/B — GL,(C) x5 (81,(C)/H(h)); ¢B — [g,87'Agl.

where we denote by [g,x] the image of (g,x) € GL,(C) x (gl,,(C)/H(h)) under the surjection
GL,(C) x (gl,,(C)/H(h)) — GL,(C) xp (gl,,(C)/H(h)) such that [g,x] = [gh, b~'xb] for all b € B.
By the definition (2.3), one can see that the zero set of s 4 is the Hessenberg variety Hess(A, h).

In general, let 7 : E — X be a vector bundle of rank r over a scheme X. If s is a section of E, then
the zero scheme Z(s) of s is defined as follows (cf. [20]). Let (U;, ¢;); be a local trivialization of E, that
is, an open covering {U;}; of X and isomorphisms ¢; of 7~ !(U;) with U; x C" over U; such that the
composites ¢; o ¢p;l are linear. Let s; : U; — C” determine the section s on U;, s; = (Si,, ..., i), Si,,
in the coordinate ring of U;; then Z(s) is defined in U; by the ideal generated by s;,,. .., s, .

Motivated by the discussion above, we use the following definition introduced in [1].

Definition 3.4. ([1, Definition 3.1]) Let N € gl,,(C) be the regular nilpotent element in equation (3.1).
For a Hessenberg function A, let Z(N, h) denote the zero scheme in GL,,(C)/B of the section sy .

Locally around gB € GL,, (C)/B, the section sy is represented by a collection of regular functions,
and the scheme Z (N, h) is locally the zero scheme of those functions. (See [1, Lemma 3.4] for the detail.)

Theorem 3.5. ([, Proposition 3.6]) If h is an indecomposable Hessenberg function, then the zero
scheme Z(N, h) of the section sy is reduced.

We analyze the intersection of Hess(N, i) and the opposite Schubert cell QF associated with the
identity element e. Recall that Q is the B~-orbit of the identity flag ¢eB/B in GL,(C)/B, where B~
denotes the set of lower triangular matrices in GL,,(C). In particular, each flag V, € Qg has V; spanned
by the first j columns of a matrix with 1’s in the diagonal positions and 0’s to the right of these 1’s
(cf. [19, Section 10.2]). Thus, one can see that the opposite Schubert cell 2 can be regarded as the
following affine space:

1
X21 1

x31 X3 1 xij€eC(1<j<i<n)p=CmnD,

2
R

Xnl Xn2 *** Xnp-1 1
Note that © is an affine open set of the flag variety GL, (C)/B and its coordinate ring is isomorphic to
the polynomial ring C[x;; | 1 < j < i < n]. Thus, we may identify Q7 as SpecC[x;; | 1 < j <i <n].

From now on, we write

1
X21 1
Fi ;= Filflj(g) for] <j<i<nwhereg=|%31 ¥32 1

Xpl Xp2 ** Xpp-1 1
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for simplicity. Since the first column vector of Ng is (x21,x31,X41, .. .,Xn1,0)" and the j-th column
vector of Ngis (0,...,0, 1, xj41,...,%n;, 0)! for j > 2, we can explicitly write
———

Jj-2 n—j+2
1 0 --- 0 2x
1T
Fii=|: xy . 0 forj=1; (3.3)
1
Xil Xip v Xii-1 Xisl 1
1 o -+ 0 1
7= TR B Y
Fij =\xjmj0 xje1; - 0 for j >2 (3.4)
. . |
Xij-1 Xij ottt Xii-l Xixlj

from Definition 2.2. Here, we take the convention that x,4; ; = 0. The determinant of g € Q7 is 1, so

we have
Fij=F)(g) = (¢'Ng); forgeQ; 3.5)
by Lemma 2.3. We set
Z(N,h)e =Z(N,h) N SpecClx;; | 1 < j <i<n] (3.6)

=SpecClx;j |1 < j<i< n]/((g_]Ng)ij | je[n—=1]and h(j) <i < n).

By the discussion above, we have the following.

Proposition 3.6. Let h be a Hessenberg function. Then
Z(N,h)e =SpecClx;; |1 < j<i<n]/(F;|je[n-1]andh(j) <i < n).
In other words, the set of global sections T'(Z(N, h)e, Oz (N p),) is given by
I'(Z(N,h)e,Oz(nn.,) =Clxij |1 <j<i<n]/(Fij|je[n—1]and h(j) <i<n). 3.7

In particular, if h is indecomposable, then the coordinate ring C[Hess(N, h) N Q¢] of the open set
Hess(N, h) N Q¢ in Hess(N, h) is

C[Hess(N,h) N Qo] =Clx;; |1 < j<i<n]/(Fijljel[n-2]and h(j) <i<n) (3.8)

by Theorem 3.5.

4. The main theorem

It can be extracted from Peterson’s statements in [31] that the coordinate ring C[Pet,, NQZ] is isomorphic
to the quantum cohomology ring of the flag variety Q H*(F[(C")). This result is unpublished, so we also
refer the reader to [29, 32] for the result. In this section, we first review an explicit presentation for the
quantum cohomology ring QH* (FI(C")) given by [16, 22]. Then we introduce a further quantization of
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the ring presentation for Q H* (F1(C")) in natural way. Our main theoremrelates I'(Z(N, h)., Oz (n 1), )
and our quantized ring presentation.
The quantum cohomology ring of the flag variety QH*(FI(C")) is given by

QH*(FI(C")) =Clqu, ..., qn-1] ® H*(FI(C"))

as C-vector spaces. Here, qy,...,q,—1 are called the quantum parameters. The product structure of
QH*(FI(C")) is a certain deformation of the cup product in the ordinary cohomology H*(FI(C")). In
order to describe an explicit presentation for QH* (FI(C™)), we need quantized elementary symmetric
polynomials. Consider the matrix

X1 g1 0 -+ 0
-1 x g :

My=|¢ . " " 0o |
=1 Xpo1 gna

0O ---0 -1 =x,

and define quantized elementary symmetric polynomials E l("), cees Ev,(,") in the polynomial ring
Clx1,.--»Xn>q1,--->qn-1] by the following equation

det(Al, — Mn) T El(n)/ln_l +EV§n)/ln—2 I (‘U”Evr(;n)’

where I, is the identity matrix of size n. By using the cofactor expansion along the s-th column for
det(AI; — M), we have

det(Aly - Ms) = (A = xy) det(Als-1 — My—l) +gs-1 det(Ay - MS—Z)-
This implies the following recursive formula

E® = F6D 4 Eis__ll)xs + Efi;z)qs_l forl <r<s<n,

where we take the convention that Eésil) =1, Efslfz) = 0 whenever r = 1 and E*™" = 0 whenever

r=s.Bysetting gs =Oforalls € [n—1], E l.(") is the (ordinary) i-th elementary symmetric polynomial
in the variables xi, ..., x,.

Theorem 4.1 [16, 22]. There is an isomorphism of C-algebras
QH*(FI(C")) = Cx1, .., Xns @1y -+ » qua 1/ (E L ES). .1

Remark 4.2. The isomorphism above is stated in [22, Theorem 1] for integral coefficients. An explicit
presentation of the quantum cohomology ring of partial flag varieties is given by [6, 17, 28].

Remark 4.3. By setting g; = 0 for all s € [n — 1], the isomorphism (4.1) yields the well-known
presentation for the (ordinary) cohomology ring of FI(C™). Note that x; is geometrically the first Chern
class of the dual of the i-th tautological line bundle over FI(C"). See, for example, [19, Section 10.2,
Proposition 3].

Theorem 4.4 (D. Peterson and [29, 32]). There is an isomorphism of C-algebras

C[Pet, NQZ] = QH*(FI(CM)).
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Remark 4.5. Although we restricted the above discussion to the case of the full flag variety, the
isomorphism above is in fact stated in [32, Theorem 4.2] for partial flag varieties. We also refer the
reader to a recent paper [10] for general Lie types.

By Theorems 4.1 and 4.4, we obtain an isomorphism
C[Pet, NQL] = Cx1, .., Xns 1y -+ s qut 1/ (E . EYY) (4.2)

as C-algebras. One can see from [32, Theorems 3.3 and 4.2] that the isomorphism above sends x;; to

E (fj_’ ) under the presentation (3.8) for h = (2,3, 4, ...,n,n). We generalize equation (4.2) to arbitrary

3
Hessenberg function 4.

Definition 4.6. Consider the matrix

X1 412 413 qin
-1 x2 g3 -+ qoum
M,=|0 C )
o -1 Xn-1 4n-1n
0 -+ 0 -1 x4
and define q,s-quantized elementary symmetric polynomials E l(n), cees E,({” in the polynomial ring
Clxi,...,Xn,qrs | 1 <17 < s < n] by the following equation

det(A, - M) = A" = EP A+ B2 4k (<1)ELY.

In other words, E;") is the coefficient of A~ for det(A1,, — M,,) multiplied by (—1).
Remark 4.7. If g, = 0 for s —r > 1 and g5 54+1 = ¢s, then the polynomial £ l.(") is equal to the (classical)
quantized elementary symmetric polynomial El.(") in the polynomial ring C[x{,...,Xu, q1s--.>qn-1]-

Lemma 4.8. For 1 <r < s < n, we have

r—1
-1 -1 -1-k
E£S) = E;ES ) + E,gs,l )xs + Z E,Ei],k )CIs—ks
k=1

(s—1-k)

ok Gs—ks = 0 whenever r = 1, and

with the convention that Eé*) = 1 for arbitrary =, Z;i E

Es(sfl) = 0 whenever r = s.

Proof. It follows from the cofactor expansion along the s-th column for det(A/; — M) that det(A1; — M)
is equal to

(=1)**2q15 + (=1)* P oy det(Ay — My) + -+ + (=1)* " g_y s det(U s — My_2) (4.3)
+ (—1)S+S(/l - xs) det(/lls_l - Ms—l)-

Since we have
det(Al — My) = X = EP A 4 EIOA2 4 g (—FEN

for each 1 < k < s — 1 by the definition, the coefficient of A°~" for equation (4.3) is given by
(=) Gymrars + (=) quoraa s EP T oo (1) g1 BV

r=2
) CDTESY + CDESY,

r—1
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Figure 3. The polynomial hEl.(j) € Clx1,...,%5,912, 923, 434, 35, qas] for h = (3,3,4,5,5)

Namely, the coefficient of 257" for det(Al; — M) is
(_l)r (QS—r+l s T ds—r+2 SE](s—r+1) +otgs-1 SE,SEZ) +xsE,fi;l) + E;ES_I)),

as desired. O
Example 4.9. Let 1 = 3. Then the E\* have the following form.
EMN =1, EWY =E"x = x,
EP =1, EP =EV+EPx=xi+x, EP =EVx+E” g = xixs + g1,
EP =1, EP =EP +EPxy = x40+ 13,
3 2 2 1
E2( ) = E2( ) 4 El( )X3 + E(() )q23 =X1X2 + X1X3 + X2X3 + q12 + ¢23,
3 2 1 0
E3( = Ez( Jx3 + El( Y3 + Eé )g13 = x1200%3 + X123 + X3q12 + 13
Definition 4.10. Let /2 : [n] — [n] be a Hessenberg function. For each 1 < i < j < n, we define hEl.(j )
as the polynomial Ei(j) by setting g,y =0forall2 < s <nand 1 <r <n-h(n+1-ys):
hEi(J) = Ei(])|qm:0 (2<s<n and 1<r <n-h(n+l-s))-
The surviving variables in the polynomial "E t.(j ) are pictorially shown as follows. Let wq be the
longest element of the symmetric group &, on n letters [n]. Consider the matrix

x, -1 0 --- 0
dn-1n Xn-1 -1
woM,wo = oI 4.4
Qon 0 g3 x2 —1
din - 413 412 X1

where wy is regarded as the permutation matrix. Then woM,wo € H(h) if and only if ¢,5 = 0 for all
2<s<nandl <r <n-h(n+1-s) where H(h) is the Hessenberg space defined in equation (2.1). In

other words, the surviving variables in the polynomial * E l.(j ) are pictorially the variables g, arranged in
woMp,wy such that g, ¢ belongs to the configuration of the shaded boxes for the Hessenberg function /.

Example 4.11. Let n = 5 and & = (3,3,4,5,5), which is depicted in Example 2.1. Then "E\/ is a
polynomial in the variables x1, ..., xs, 12,23, 934, 935, qas for 1 <i < j <5, as shown in Figure 3.

Remark 4.12. In our setting, the flag variety FI(C") is identified with GL,,(C)/B, while FI(C") is
regarded as GL,, (C)/B~ in [32]. Recall that the conjugation by wq gives an isomorphism GL,,(C)/B =
GL,,(C)/B~ since B~ = woBwy. This relation might affect the reason why we take the conjugation by
wo in equation (4.4).

We now state the main theorem of this paper.
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Theorem 4.13. Let h : [n] — [n] be a Hessenberg function and Z(N, h), the intersection defined in
equation (3.6). Then there is an isomorphism of C-algebras

Clxt,- s Xnsqrs | 2<s<nn—h(n+1-s) <r <s]

F(Z(N’ h)e’ OZ(N,h)e) N (hE](n)’ ceey hE}gn)) ’ (45)
which sends x; to hE D) under the presentation (3.7). In particular, if h is indecomposable, then there
is an isomorphism of (C algebras

C s Ansfrs 2<s< . —h +1 - <r<
ClHess(N, h) N Q] = [x1 Xnsqrs | s<n,n—nh(n s) <r<s] ’ 4.6)

(hEM . HEM)

which sends x;; to hEl.(f;j ) under the presentation (3.5).

We will prove Theorem 4.13 in Section 7. For this purpose, one first see that the homomorphism in
equation (4.5) is well defined and surjective in the next section.

Remark 4.14. We will introduce certain degrees for the variables {x;; | 1 < j < i < n} and
{x1,...,%n,qrs | 1 £r < s < n} so that the two sides of equation (4.5) are graded C-algebras (see Sec-
tion 6 for the detail). We will prove that equation (4.5) is in fact an isomorphism as graded C-algebras
in Section 7.

Remark 4.15. The isomorphism (4.6) in the case of &2 = (2,3,4,...,n,n) is exactly equation (4.2).

5. Properties of £*

In this section, we see relations between x;’s, g,5’s, and E, ()5, Then we construct an explicit map from
[(Z(N, h)e, Oz(N.p),) to our quotient ring C[x1,...,Xn,grs | 2 < s <nn—h(n+1-5) <r<
SYCE™, . REM).

Lemma 5.1. For 1 <r < s < n, we have

1 0 -0 ... 0 El(s)—EfS 1)

ESY 1 o :EW g

o ESDESD 1 . g _pgbeh
S o

: LUEC ) EW gl

ESTY E‘(r+1> EW EW g6

in the polynomial ring Clxy,...,xp,qrs | 1 <7 <s < nj.

Proof. For 1 < s < n, it follows from Lemma 4.8 that

E®  =EFTY 4
| -1 s—1
EéY) = Eés ) + Efy )xs +qs-1s
. s—1 s—1 s=2
E3(Y) :Egy )+E§Y )xs+E1(€ )qu—ls"'qs—Zs
1 -2
E£S),,+l EESH,)] Es(sr )xs E(S )1LIS 1st E(S )QQS 2¥+"'+E1(r)Qr+ls+‘er'
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In other words, we have

1 E(S) _ E(S_l)
EFSY 5 £ _ plsD
EUD gD Oorts T _ s
2 1 qs-2s E3 - E3
: Eim) | Grels EY — gD
s—1 1 (s) (s=1)
Eéir ) e e E2r+ ) El(r) 1 drs Es7r+l - Es7r+l
By Cramer’s rule, we obtain the desired result. O
Set
O, =Clx1,...,xn,qrs | 1 Sr<s< n]/(El("),...,E,S")), 5.1
and define a map ¢ from C[x;; | 1 < j <i < n] to the ring O, by
¢:Clx; | 1<j<i<n] - Qp xinElffJ._j). (5.2)

Proposition 5.2. The map ¢ above sends

‘P(xn7s+] n—s = Xn—s+2n—s+1) = Xs fors e [n]

O(=Fps1-rn+1-s) = qrs for1 <r <s<n.

Here, we take the convention that x,_g42 n—s+1 = 0 whenever s = 1 and x,_g41n—s = 0 whenever s = n.
In particular, ¢ is surjective.

Proof. First, one can see from Definition 4.6 that
EO —xi4eee g

for any s € [n], which implies that x; = E{s) - Efs_l). By the definition of ¢ we have @(X,_s41n—s —
Xn—si2n-s+1) = El(x) - Efs_l) = x, for s € [n]. (Note that if s = 1, then we used the relation El(") =0in

the quotient ring Q,, = C[x1,...,Xn,qrs | 1 <7 <5 < n]/(El(”), L EMY)
Next, it follows from equation (3.3) that

10 - - 0 ECD
EMD 1o D
pFanry | B2 BT P (5.3)
: 0
: R LA T
E®D L EE”I) El(r) E,(:_l;i)l
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for 1 <r < n—1. On the other hand, by Lemma 5.1 we have

10 0o -g""

E"D 10 ~E{"Y
Eénfl) E1(n72) 1 _E3(n71)

qrn =
0

. 1 -1

LEUTY 1 g

(n 1) (r+l) (r) _ (n 1)

" r E2 E] n r+l

since El(") =0,. Er(l")r+1 0 in the quotient ring Q, = C[x1,...,Xu, qrs | 1

/(B ...,
as desired.
If s < n, then by equation (3.4) we have

1 0
EY 1 0

s s—1
P(Fns1-r n+1-s) = By BTV
E2(5—1) .

0

E® — gt

~ EZ(S)_EZ(S—I)
B, £

(by subtracting the last column from the first column)

1o
ESTD

(s—1) (s-1)
E2 El

E(Y 1) E(S 1)

s—r+l

(by changing the first column and the last column)

(s=1) -
EZ

E,(,")). By equations (5.3) and (5.4), we have @(Fp_r+1.1) = —qrn for 1

0 1
E](s—l)
(s=1)
E2
0
E(r+1) 1
E(r+1) E(r) E(S 1)
s—r+1
0 -+ ... 0 1
10 : ENTY
(s—-1) (s—1)
EGTD E!
Ez(s_l) 0
. E(r+l) 1
E(S ]) E(r+l) E(") E(S 1)
s—r+1

0 0
0 i EW WY
1o EW - gRTY
0
E(r+l) 1
S
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1 0 - .- 0 EI(S) _Efs—l)
EFY 10 DB - EPTY
C|EPTVESP o b B gV
. 0 .
: LD g® gD
B Bl B B B
for 1 <r < s < n, which is —¢g, ¢ from Lemma 5.1. This completes the proof. O

It follows from Proposition 5.2 that the image of {-F; ; | j € [n — 1] and h(j) < i < n} under the
map ¢ in equation (5.2)is {¢,s | 2 < s <nand 1 <r <n—h(n+1 - s)}. Thus, the surjective map ¢
induces the surjective homomorphism

on Clxjj | 1<j<i<n]/(Fjljeln—-1]and h(j) <i < n) (5.5)

> On/(qrs|12<s<nandl1 <r <n-h(n+1-y)); x;j — hEl.(fj_j).

6. Hilbert series

In order to prove that ¢j in equation (5.5) is an isomorphism, we introduce certain degrees for the

variables {x;; | 1 < j <i < n}and {x1,...,X,,qrs | 1 £r <s < n} so that the two sides of equation
(5.5) are graded C-algebras. We then show that the two sides have identical Hilbert series.
LetClx;; | 1 <j <i<n]andClxy,...,x,,grs | 1 <7 < s < n] be the polynomial rings equipped
with a grading defined by
degx;j =2(i—j) forl <j<i<m 6.1)
degxy =2 fors € [n]; (6.2)
degqg,s =2(s—r+1) forl <r<s<n. (6.3)

Remark 6.1. As mentioned in Remark 4.3, x;’s are degree 2 elements in the cohomology ring of the
flag variety by forgetting quantum parameters. Motivated by this fact, our definition for degrees are
concentrated in even degrees.

Lemma 6.2. For 1 < r < s < n, the polynomial E;S) is homogeneous of degree 2r in the polynomial
ring C[x1, ..., Xpn, qrs | 1 <7 < s < nl.

Proof. We prove this by induction on s. The base case is s = 1, which is clear since E fl) = x1. Now,

suppose that s > 1 and assume by induction that the claim is true for arbitrary s’ with s’ < s — 1. From
Lemma 4.8, we have

r—1
—1 s—1 -1-k
Eﬁs) = Er“ ) + E,Ei] ).XS + Z E;Eil—k )CIs—ks~
k=1

By the inductive hypothesis with equations (6.2) and (6.3), one can see that Er(s) is homogeneous of
degree 2r. O

In order to see that the polynomial F; ; is homogeneous, we introduce the following polynomials.
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Definition 6.3. Let 1 < j <n—1and j < m; < n.Fori > mj, we define polynomials £’ f’;” ) by

1 o ... e 0 X21
x 1. : X31
F(Tl) — X31 X32 .
i, : ’
0
xml 1 xml 2 00 xml mp—1 1 xm1+1 1
Xil X2 o Ximg—1 Ximp Xi+l1
Xjj-r Lo DX
=(m; o PR . . : .
i) | X et Xy : : : for j > 2.
L]
0
xm_f Jj-1 xm(,‘j e xmj mj—1 1 xm‘,‘+l J
Xij-1 Xij ximj—l Xi mj Xi+lj

Here, we take the convention that x,,4; ; = 0 for j € [n —1].

By equations (3.3) and (3.4) one has
Frj=Fo0 (6.4)
forl <j<i<n.

Lemma 6.4. For 1 < j < i < n, the polynomial F; j is homogeneous of degree 2(i — j + 1) in the
polynomial ring Clx;; | 1 < j <i < n].

Proof. Tt suffices to show that F’ <J i s homogeneous of degree 2(i — j + 1) for j < m; < i by equation
(6 4). At first, we fix j. We prove this statement by induction on m; with this fixed j. The base case is
j = j. For arbitrary i > j, since we have

1 xp1
Xil Xi+11
_ 1 0 1
Flﬂ"}) = | Xjj-1 1 Xj+lj = Xi+lj +ij71xij —Xij-1 — Xj+1 jXij fOI‘j > 1,
Xij-1 Xij Xi+lj

FUO_

il =Xip11 — X121 for j =13

one can easily see from equation (6.1) that Fﬁjj? is homogeneous of degree 2(i — j + 1). This shows the
base case.

We proceed to the inductive step. Suppose now that m; > j and that the claim holds for m; — 1

<m7

with any allowable choices of the first subscript i’ in F b By the cofactor expansion along the

second-to-last column, we have
slmp) _ m(mi-1) (mj—
Fi’j’ _Fi’j’ x,mJF !

mj,j

1)

By the inductive hypothesis and equation (6.1), the right-hand side above is homogeneous of degree
2(i — j + 1), as desired. This completes the proof. O
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Recall from the end of Section 5 that we constructed the map ¢, in equation (5.5) from C[x;; | 1 <
j<i<nl/(Fijlje[n-1]landh(j) <i<n)toQn/(qrs |2 <s<nand1 <r <n-h(n+1-ys)).
One can see from Lemmas 6.2 and 6.4 that these are graded C-algebras. (Note that O, is also a graded
C-algebra.) For the rest of this section, we prove that these graded C-algebras have the same Hilbert
series.

Definition 6.5. Let R = &2 R; be a graded C-algebra where each homogeneous component R; of
degree i is a finite-dimensional vector space over C. Then its Hilbert series is defined to be

Hilb(R, 1) = Z dime R; 1.
i=0

A sequence of homogeneous polynomials 61, ...,6, € R of positive degrees is a regular sequence in
R if 6; is a nonzero divisor of R/(01,...,0;_1) forall 1 < k < p.

The following facts are well known in commutative algebra. See [35, Chapter I, Section 5]. (See also
[18, Proposition 5.1].)

Lemma 6.6. Let R = ®2R; be a graded C-algebra with dimc R; < oo for each i. A sequence of
homogeneous polynomials 01, . . .,8, € R of positive degrees is a regular sequence in R if and only if
the Hilbert series of R/ (61, ..., 0),) is given by

P
Hilb(R/(01,...,6)),7) = Hilb(R, 1) - [ [(1 - %)
k=1

Lemma 6.7. Let R be a polynomial ring Clyy,...,yn]. A sequence of homogeneous polynomials
01,...,0, € R of positive degrees is a regular sequence in R if and only if the solution set of the
equations 01 =0, ...,0, =0 in C" consists only of the origin {0}.

We remark that the number of the homogeneous polynomials 61, . . ., 6, is equal to the number of the
variables yi, ..., y, in the polynomial ring C[yy, ..., y,] in Lemma 6.7. By using two lemmas above,
we compute the Hilbert series of C[x;; | 1 < j <i <n]/(F;j|j€[n—-1]and h(j) <i < n) and
O0n/(grs|12<s<nand1 <r<n-h(n+1-y)).

Lemma 6.8. The polynomials F; j (1 < j <i < n) form a regular sequence in the polynomial ring
C[xij |1 <j<i<n].

Proof. By Lemma 6.7, itis enough to show that the solution set of the equations F; ; =0 (1 < j <i < n)
in C2"("=) (with the variables x; ; (1 < j <i<n))consists only of the origin {0}. The intersection of
the zerosetof F; j forall 1 < j < i < nis Hess(N,id) N by Lemma 2.3. However, since Hess (N, id)
consists only of the point {eB}, this means that the equations F; ; = 0 (1 < j < i < n) implies that
x;j =0forall 1 < j <i < n,as desired. O

Proposition 6.9. The Hilbert series of Clx;; | 1 < j <i <n]/(F;j|j€[n-1]and h(j) <i < n)
equipped with a grading in equation (6.1) is equal to

Hilb(Clx;; |1 < j<i<n]/(Fi;|j€[n—-1]and h(j) <i < n),t)

n-1

1
= 1_[ m'n(l+l‘2+t4+"'+t2k).

1<j<n-1 k=1
J<ish(j)
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A

Figure 4. The values2(i — j)and2(i—j+ 1) for1 < j<i<n

Proof. Since a subsequence of a regular sequence is also a regular sequence from the definition of a
regular sequence, by Lemma 6.8, the polynomials F; ; (j € [n — 1], h(j) < i < n) form a regular
sequence in the polynomial ring C[x;; | 1 < j < i < n]. Thus, it follows from Lemma 6.6 that

Hilb(Clx;; |1 < j<i<n]/(F;;|j€[n—1]and h(j) <i < n),t) (6.5)
=Hilb(C[x;; | 1 < j <i<n],1)- 1_[ (1 — tdeeFi)
nih<ien
_ 1 2(i—j+1)
= 1_[ -2 1_[ (1-1¢ ) (by Lemma 6.4).
1<j<i<n li(SJJ)S;:;L

Here, we note that

[ Tiu—j)'(l"tz)n_lz [ 1; (1=rH(1 =15 (1=,

_ 26—+
1<j<i<n 1<j<i<n

In fact, exponents appeared on the left-hand side and exponents on the right-hand side are described as
numbers in shaded boxes of the left figure and the right figure in Figure 4, respectively.
This equality leads us to the equality

—1 ! ™ 24 2k
1_[ 1 —2G=)) - 1_[ m'n(1+l‘ +1 1Y),
1<j<i<n 1<j<i<n k=1

so by equation (6.5), one has

Hilb(Cx;; | 1 < j <i<n]/(F;|je€[n—1]and h(j) <i < n).1)

1 n-1 o
= l_[ m'n(l+t2+l‘4+"'+t2k)' l_[ (1—t2(l_J+]))
- k=1

1<j<i<n 1<j<n-1
h(j)<isn
1 n-1
_ 2, 4 2k
= [ 7o [la+r et s,
1gjznt LT k=1
J<i<h(j)
as desired. O

Lemma 6.10. The polynomials El("), ceey E,(,n), qrs (1 < r < s < n) form a regular sequence in the
polynomial ring C[xy,...,Xn,qrs | 1 < ¥ <s < nl.
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Proof. From Lemma 6.7, it suffices to show that the solution set of the equations E f") =0,..., E,(l”) =
0,gys =0 (1 < r < s < n)in C2"*D (with the variables x1,..., %0 qrs (1 < 7 < s < n))

consists only of the origin {0}. Since g,y = O forall 1 < r < 5 < n, El(") =0,..,E" =0
implies that ej(xy,...,x,) = 0,...,e,(x1,...,x,) = 0, where e;(xy,...,x,) is the (ordinary) i-th
elementary symmetric polynomial in the variables x,...,x,. Then one can easily see that x; = 0
for all i € [n]. In fact, x;x2---x;, = e,(x1,...,x,) = 0 implies that some x; must be equal to 0.
Without loss of generality, we may assume that x,, = 0. This implies that e¢;(x1,...,x,-1) = 0 for all
i € [n— 1]. Proceeding in this manner, we conclude that x; = O for all i € [n]. Thus, the equations
El(") =0,...,EM = 0,g,s =0 (1 <r < s < n) implies that x; = O for all i € [n] and g, = O for all
1 <r < s < n, as desired. O

Proposition 6.11. The Hilbert series of O, /(qrs |2 < s <nand1 <r <n-—h(n+1-5s)) equipped
with a grading in equations (6.2) and (6.3) is equal to

Hilb(Q,/(grs |2<s<nand1 <r <n-h(n+1-ys)),1)

1 n—1
= 1_[ m'n(l+l2+l4+"'+l2k).
- k=1

1<j<n-1
J<izh(j)

Proof. Recall from the definition (5.1) that
0n=Clxr, o Xngrs | 1 <7 <s<nl/(E™,. . EM).

Lemma 6.10 implies that the monomials ¢,s (2 < s < n,1 <r < n—h(n+1-ys)) form a regular
sequence in Q, by the definition of a regular sequence. Hence, by Lemma 6.6, we have

Hilb(Q,/(grs |2 <s<nand1 <r <n-h(n+1-ys)),1t) (6.6)

=Hilb(Q,, 1) - [_[ (1 — de2ars)

2<s<n
1<r<n—h(n+l-s)

=Hilb(Q,., 1) - ]_[ (1 — 2=+

2<s<n
I<sr<n—h(n+l-s)

Since a subsequence of a regular sequence is again a regular sequence from the definition of a

regular sequence, the polynomials E f"), . ,E,(,") form a regular sequence in the polynomial ring
Clx1,..-»Xn,qrs | 1 <7 < s < n] by Lemma 6.10. By using Lemma 6.6 again, one has
L (n)
Hilb(Q,.1) =Hilb(Clx1,.. .. gps | 1< < s <nlt) - [ [(1 =105 (6.7)
k=1
S L qa- myL 6.2
(-2 1—1 1 — 2Gs—r+D) 'l_[( —17)  (by Lemma 6.2)
1<r<s<n k=1
1 n—1
- . 24 L 2k
= n 20 l—l(1+t +1 4+ ).
1<r<s<n k=1
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By equations (6.6) and (6.7), we obtain

Hilb(Q,/(grs |12 <s<nand 1 <r <n-h(n+1-y5)),1)
1 n—1

— l—l m '1—1(1+t2+t4+"’+t2k)' n (1 _t2(.\‘—r+l))
1sr<s<n k=1 1992;352417;)
1 = 2, 4 2% 2(i=j+1)
= 1_[ ml—[(l+f +1 4+ ) 1—[ (l—t )
1<j<i<n k=1 1<j<n-1

h(j)+l<i<n

(by settingi =n+1—rand j = n+ 1 — s in the third product)

1 n—1
= | | —l | 1+t2+t4+~-'+t2k)
_ f2(i—j+1 ( ’

1 — f2G-j+1) ol

1<j<n-1
J<i<h(j)

as desired. O

7. Proof of Theorem 4.13

‘We now prove Theorem 4.13.

Proof of Theorem 4.13. We first note that there exists a canonical isomorphism
0./(grs|2<s<nand1 <r<n-h(n+1-y))

=Clxp, ..., Xn,qGrs | 2<s<nn—h(n+1-5) <r<s]/(th"),..., hE,(,”))

by Definition 4.10 and equation (5.1). Under the identification above and the presentation in equation
(3.7), we can rewrite ¢y, in equation (5.5) as

Clxt,- s Xnsqrs | 2<s<nn—h(n+1-s) <r <s]
(hEM L REM)

s

‘Ph : F(Z(Na h)e’ OZ(N,h)e) i

which is defined by

onlxip) = "ELT.

Here, by slightly abuse of notation we used the same symbol ¢;, for the map above. The map ¢y, is
surjective and this preserves the gradings on both graded C-algebras from equation (6.1) and Lemma 6.2.
It follows from Propositions 6.9 and 6.1 1 that the two sides of ¢j, have identical Hilbert series. Therefore,
we conclude that ¢, is an isomorphism. O

Remark 7.1. Our proof gives an alternative proof of the isomorphism (4.2).

Corollary 7.2. There is an isomorphism of C-algebras
I'(Z(N,id)e, Oz(n ia),) = H (FI(C")).
Proof. Applying the isomorphism (4.5) to the case when h = id, we obtain
[(Z(N,id)e, Oz(nia),) = Clx1,...,xx]/(e1(x1, ..., X0), .. s en (X1, .., X0)),

where e;(xy, . ..,x,) denotes the i-th elementary symmetric polynomial in the variables x, ..., x,. As
is well known, the right hand side above is a presentation for the cohomology ring H*(FI(C")) (e.g.,
[19, Section 10.2, Proposition 3]). m]
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We constructed the isomorphism of graded C-algebras

Clxt,.. ., Xxnqgrs | 2<s<nn—h(n+1-s) <r<ys]

. (D
(hEM, . hEM)

¢on :T(Z(N, h)e, Oz(N,n),) >

which sends x;; to hg l.(f._j ) for all 1 < Jj < i < n from the homomorphism ¢ in equation (5.2). The
following result follows from Proposition 5.2.

Proposition 7.3. The inverse map of ¢y, in equation (7.1) is given by
-1
Pn (Xs) = Xp—s+1n-s = Xn-s+2n-s+1 fors € [n]
gozl(q,s) = —Fusl—rnsl—s for2<s<nandn—-h(n+1-s)<r<s
with the convention that xX,_g42 n—s+1 = 0 whenever s = 1 and x,,_s41n—s = 0 whenever s = n.

We conclude the following result from the discussion above.

Corollary 7.4. Let h : [n] — [n] be a Hessenberg function. Then the following commutative diagram

holds
Clx1,...,xn, 1<r<s<
Clxy 115 <r<a] —Eo Pt
= (E\", ..., Ey7)
lFi,j:O (1<j<n-1 and h(j)<i<n) lqu:O (2<s<n and 1<r <n—h(n+l-s))
®n Clxi,.. v Xnogrs | 2<s<nn—hn+1-s5) <r<s]

s

F(Z(N’ h)e’OZ(N,h)e) ~ (hE<n) hE(n))
TR n

where both vertical arrows denote the canonical surjective maps under the presentation (3.7). In
particular, if h is indecomposable, then we obtain the following commutative diagram

1< <
C[FI(C") n Q] _’f =it ,x?';)qrs | _(n: <s=nl
= (E1 oo ERY)

lFi,J:O (1<j<n-2 and h(j)<i<n) lqrs:() (3<s<n and 1<r <n—-h(n+l-s))
@n Clxt, .. s Xnogrs |2<s<nn—hn+1-35)<r<s]
= (hE™, ... hE)

C[Hess(N, h) N Q] ,

where the left vertical arrow is induced from the inclusion Hess(N, h) N QF — FI(C") N Q3. Note that
both vertical arrows are surjective.

8. Jacobian matrix

It is an interesting and challenging problem to find an explicit description of the singular locus of
(regular nilpotent) Hessenberg varieties Hess(N, i). There are already partial results for the problem
stated above in [3, 15, 26]. For the rest of the paper, we will analyze the singular locus of Hess(N, h) N Qg
for some Hessenberg function /4 as an application of our result. The isomorphism (4.6) in Theorem 4.13
yields that if 4 is indecomposable, then the singular locus of the open set Hess(N, k) N Q7 in Hess(N, h)

is isomorphic to the singular locus of the zero set defined by n polynomials hEl("), cees hE,(l") in
¢+ Zj=1 (h()=1) with the variables XlseosXn,qrs (2 < s <n,n—h(n+l-s) < r < s).Inthis section, we
give an explicit formula for partial derivatives aEl.(")/ﬁxs (1 <s<n)and (9El.(")/(9q,s (1sr<s<n
for each i € [n].
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For positive integers a and b with 1 < a < b < n, we set
[a,b] ={a,a+1,...,b}.

As in Definition 4.6, we introduce the following polynomials.

Definition 8.1. Let M|, ;) be the matrix of size (b —a + 1) X (b — a + 1) defined as

Xa 9aa+l Yaa+2 ' Yab
=1 Xa41 Gastas2 *** Ga+ib
M[a’],] =( 0
: . -1 xp-1 gp-1p
o .- 0 -1 Xp
We define polynomials El[“’b], .. .,Elgci’:jl € Clxay...,Xp,qrs |a <r <s < b]by

det(Up_as1 — Mg p)) = AP0 = ElePlgbma  plablpbmast oy (Cpybralgl0P]

Note that if a = 1, then we obtain

EM = E® foreachi e [b] 8.1)

by the definition. In what follows, we use the symbol
[a,a—1]:=0 foreacha € [n+1]

and we take the following convention

E.[a’b] - 1 1fl=0, (82)
! 0 ifi>b-a+1

for b > a — 1. By the same argument for the proof of Lemma 4.8, one can prove the lemma below. We
leave the detail to the reader.

Lemma8.2. Let]l <a<b<n Forl<i<b-a+1, wehave

L 13

i—
b b-1 b1 b-1-k
glabl — gla ]+El.[f‘l Tep + E El[“l & Ygp-kp

[a,b—1-k]

with the convention that Z’,;ll E 7,

qv—-k b = 0 wheneveri = 1.

Lemma 8.3. 1. Let s € [n]. Fori € [n], we have
(n) [1,s=1] = [s+1,n]
E E El Ik E .

2. Letl <r <s <n. Then

Aqrs i+s—r Z lrkl]E[s+ln] lflSiSn—(s—r).

9 g™ _{0 ifl-(s-r)<i<Qo,
i-1
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Proof. (1) By Definition 4.6, one has
det(A, - M,) = A" = EP A+ B2 4 (mD)EY. (8.3)

We think of 4 as a variable in the equality above, and we partial differentiate the both sides with respect
to x. Then 6 -E; ) i equal to the coefficient of 17~/ for aa det(AI,, — M,,) multiplied by (—1)*. Since
the varlable xs appears in only the (s, s)-th entry of the matrix (47,, — M,,), from the cofactor expansion

along the s-th column for det(A7,, — M,,), we can write
det(Al, — M) = (A - x5) det(As-1 — M[l,s—l]) det(Al,-s — M[s+1,n]) +F

for some polynomial F € C[x1,...,Xs,...,Xn, q;ij | 1 <i < j < n].Here, the caret sign”over x; means
that the entry is omitted. Hence, we obtain

Mn) == det(/lls—l - M[l,s—l]) det(/lln—s - M[s+1,n])

s—1 n-s
— _(Z(_]‘)MEL[{]’S]]/IS_I_”) (Z(—I)VE\[,SH’nl/ln_S_V)
u=0 v=0

(by Definition 8.1)

s—1 n—-s

= — Z Z(_l)u+VE[I’S_I]E[S+l’n]/ln_]_("H'V)
u v
u=0 v=0
- _ ¢ [l S 1] s+l,n] n—1-¢
Z(Z( 1)E] )/l .
=0 \ k=0

Therefore, we conclude that the coefficient of A"~ for 5%~ det(/ll — M,,) multiplied by (—1)" is equal to

i1
0 () O plls—1] pls+ln]
fE' =ZEi—1—k E; ’

as desired.

(2) We partial differentiate the both sides of equation (8.3) with respect to g, , then %E}") is equal
to the coefficient of 17~/ for aim det(Al, — M,,) multiplied by (=1)7. Since the variable g,.; appears in
only the (r, s)-th entry of the matrix (17,, — M},), one can see from similar arguments as in the previous

case that
aq det(Al, — M,) = (- aq (=qrs) det(Aly—1 — M[l,r—l]) det(Al,,—5 — M[s+l,n])
r—1 n-s
= (=1)r*! (Z(—l)“E#”‘”ﬂ"“)(Z(—l)”Eé““’"]ﬂ"”)
u=0 v=0
( 1)r+s+1 ( 1)u+vE[1 ,r=1] H'l n] A 1=(u+v+s-r)
u=0 v=0

n—1 [t—s+r
[1 1] I,
= (- 1)r+s+1 Z (Z (- 1)€ s+rE€ 5r+r ’ I£v+ n])/l" 1=t
{=s—r \ k=0
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Thus, the coeflicient of "~/ for % det(AI, — M,,) multiplied by (—1)7 is

b 9 p {0 ifl<j<s-r,
oqrs Z] |=s+r Jllr Sljr kE,ESH S T | <j<n,
as desired. This completes the proof. O
In what follows, we set
qss = x5 fors e [n], (8.4)

and we see the Jacobian matrix (%E;") )t. (r.s) below.

Example 8.4. Let n = 3. Then the Jacobian matrix (%E 9. (r.s) 18 described as

9 9 R N R
Ox1 Ox, Ix3 9q12  0q23 9q13
E® 1 1 1 0 0 0

EQ | EP DT LR I 1 0

[2,3] [1,1] 1~[3,3] [1,2] [3.3] p[1.1]
2 e I O e S

by Lemma 8.3. Also, the Jacobian matrix (#El@)i () for n = 4 is given by

9 0 9 9 90 90 0 98 0 _d
x| Axy dx3 dxy aq1 393 Iq34 dq13  9q4 9q14
b1(4) 1 1 1 1 0 0 0 0 0 0
E2(4) E1[2'4] El[]’I] + EI[3'4] EI[I'Z] + E1[4’4] El[1’3] 1 1 1 0 0 0
“4) [2.4] pl1L1]5[3.4] [3.4] gl1.2] [1.2] p[4.4] pl1.3] g[3.4] plL1] [4.4] pl1.2]
E3 E2 E1 E1 +E2 E2 +E1 El E2 El El +E1 E1 1 1 0
(4) [2.4] [1,1] . [3.4] [1,2] . [4.4] [1,3] [3.4] [1,1] - [4.4] [1.2] [4.4] [1.1]
E X s K s X s , s X s X s
4 E3 E] E2 E2 E1 E3 E2 El El E2 E1 El 1

The Jacobian matrices above have a full rank. In general, one can verify from Lemma 8.3 that the rank of
the Jacobian matrix (WE ("))l (r.5) is full for arbitrary n. This fact also follows from the well-known
fact that FI(C") N Qg is smooth and Theorem 4.13 for the case when h = (n, . .., n).

Let 4 : [n] — [n] be a Hessenberg function. As in Definition 4.10, for 0 < i < n and a, b with
b > a — 1, we define

.b] . .b
hEl.[a J = Ei[a ]ltJrs:O (2<s<n and 1<r <n—-h(n+l-s))- (8.5)

Note that we take the convention in equation (8.2). By the definition (8.5), it is straightforward to see that
for arbitrary Hessenberg function 4 : [n] — [n],i € [n],and (r,s) with2 < s <n,n—h(n+1-15) <
r<s,

9 hEgn>_( 9 E(n))
aqrs ! 6qrs

Guv=0 (2<v<n and 1 <u<n-h(n+l-v))
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Combining this and Lemma 8.3, we have that for 1 <r < s < n,

0 ifl-(s—-r)<i<O,
O ngpm _J), ifi=1 (8.6)
661” i+s—r — i =21 )
iy "B BT 2 <isn- ().

For 2 < m < n — 1, we define a Hessenberg function &, : [n] — [n] by

hy =(m,n,...,n). (8.7)
The zero set of {h'"El("), . EMY n gz D=(n-m) with the variables xi. ..., %, grs (2 < 5 <
n,n—hy(n+1-s)<r <s)is denoted by V(h'"Ef"), o hmE,(l")), that is,
v(mmE™ . mEM) = {(a,p) € NN | hnp W (g py =0 fori € [n]},  (8.8)
where (Q,P) = ((11, cees an9prs)ZSSSn,n—hm(rHl—s)<r<s~
Proposition 8.5. Let 2 < m < n — 1 and hy, be the Hessenberg function in equation (8.7). Then, the
singular locus ofV( h’"El("), cees hmE,(,")) in equation (8.8) is given by the solution set of the equations

0
= g™ =0 forall2 <s<nandn-hyp(n+1-s)<r<s.
66]rs
Here, we recall our convention (8.4) that q,s = xs whenever r = s.

Before we prove Proposition 8.5, we give an example of the singular locus of the zero set
V( h"'El(S), h'"Ef), h'"E§3)) for m = 2 by using Proposition 8.5.

Example 8.6. Consider the case when A = (2,3,3) for n = 3. The Jacobian matrix
(% hEl.(S))i’(m#(m) is obtained from (%E;S))i’(rm by forgetting the quantum parameter g 3.
As seen in Example 8.4, the Jacobian matrix (% h El.(3) )l. (r5)£(1.3) is shown as
9 9 9 0 0
Ox, Ox2 0x3 9q12 9423
hg 1 1 1 0 0
hpB) | hpl23] hplL1 | hp(3.3] hpl1.2]
e L S A oy Ty of 1 1

hE3(3) hE2[2,3] hEl[l,l]hElB,B] hE2[1,2] hEl[3,3] hEl[U]

It follows from Proposition 8.5 that the singular locus of V/( hE 1(3) , hE2(3) , hE§3)) is given by the solution

set of the equations hE2[2’3] = hEl[l’I]”El[3’3] = hEz[l’z] = hE1[3’3] = hEl[l’l] = 0. The resulting
solution is as follows:

x1=0,x3=0, g12=0, g23 =0.

Then it follows from equation (4.6) and Proposition 7.3 that the singular locus of Petz N€2; is given by
the solution set of the equations x35 =0, x21 =0, F32 =0, F>; = 0. This is equivalent to

x21 =0, x32 =0, x31 =0.

Hence, the singular locus of Pet; NQ; is {eB}. Note that the singular locus of the Peterson variety Pet,
is given by [26]. We will explain this in Appendix A.
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Proof of Proposition 8.5. Recall that a point (a,p) = (ai,...,0n, Prs)2<s<nn—hp,(n+i-s)<r<s il
Can(n+1)=(n=m) i 4 singular point of V("mE, (m . g (")) if and only if the rank of the Jacobian ma-
trix (8 '"E(") (a,p)),
not full 1f the n-th row vector is zero. Thus, it is enough to prove that if a point (a p) in Can(n+D)=(n-m)
is a singular point of V/( h'"El("), . h'"E,(l")) then the n-th row vector ( 9 hmE(") (a,p)) of the
Jacobian matrix is zero.

Since the column vector with respect to a_ of the Jacobian matrix ( Bare "'E (m) (a, p))l (r.s) 18 of

i (r.s) i nOtfull. Tt is clear that the Jacobian matrix ( '"E(") (a,p));. (r.s) 18

(r,s)

the form (0,...,0,1,*,...,*)" by equation (8.6), the first n — 1 row vectors of the Jacobian matrix
s_\,._z
S—=r
(a%v mE(")(a p))l (r.s) are linearly independent. By the assumption that ( 9 hmE(") (a,p)), (r5)

does not have full rank ‘the n-th row vector must be written as a linear combmatlon of the first n — | Tow
vectors, that is,

n—1
9 n 0 n
5 " En )<a,p)) =Zci(a—hmE} "(a.p) (8.9)
qrs (r,s) i=1 qrs (r,s)
for some cj,...,cy,-1 € C. We note that the pair (r,s) can be taken as 2 < s < n and
n—huy(n+1-5) < r < s in the equality above. Recall that we denote the singular point
(Cl], <. dp, prs)ZSSSn,n—hm(n+l—s)<r<x OfV( hmE](n)’ BRI hmEr(Ln)) by (a, P)

Claim 1. The coefficients c; of equation (8.9) must be (—1)"~*1a"~ fori € [n - 1].

We prove Claim | by descending induction on i. The base case is i = n — 1. Comparing the
(r,s) = (1,n — 1)-th component of equation (8.9), we have

h’"El["’n](a,p) =c1-0+c2-04+--+¢cp2-04+cp_1-1
by equation (8.6). Since " E 1["’"]
case.
We now assume that i < n — 1 and the assertion of the claim holds for arbitrary k with k > i+ 1. It
follows from equation (8.6) that the (r, s) = (n — i, n — 1)-th component of equation (8.9) gives

= X,, the equality above implies that a,, = ¢,—1. This shows the base

eV a,p) - P E (a, p)

n—i—1

=ci - L+ci - (hmEl[l’"_i_l](a,p) + gl (a,p))

+civa - (h’"E%l’"_i_”(a,p) + mm gl (a, p) - h’"El["’"](a,p))
v ("mES T ap) + ME] T ap) - M a,p)
weetopy - (MENT ) + B @ p) - B ().

Since '"E (a p) =anandcy = (=1)"*+1 an” kforalli+1 < k < n—1 by our inductive assumption,

mEr[zlznf 1 (a,p) - a, is equal to

n—i—1
ci+ . (<R gk (gl g py 4 g [ (4, p) - a)
k=1
=c; + (—1)""@2_’-_1 “any +ay, - "‘Er[ll l" ll ] (a, D).

This yields that ¢; = (=1)"""*!a~ and we proved Claim 1.
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It follows from Claim 1 and equation (8.9) that
o 1 (1) Syt i (0
g " En (a,p))(”) = ;(—1) a, (g "EM @) (8.10)
forall2 < s <nandn-h,(n+1-s) <r <s.
Claim 2. It holds that p;, =Oforalln —-m+1<i<n-1.

We show Claim 2 by descending induction on i. The base case isi = n — 1. The (r,s) = (1,n—2)-th
component of equation (8.10) is equal to

e a,p) = ~a) - 14y - "E " (ap)
from equation (8.6). Since h’"Ez["*l’"] (a,p) = ap-1an + pp-1n and h'"El["fl’"] (a,p) = an_1 +an, we
have p,,_1, = 0, which proves the base case.

Suppose now that i < n — 1 and that the claim holds for any k£ with k > i + 1, that is, pg, = 0 for all
i+1 <k <n-1.Byequation (8.6), the (r,s) = (1,7 — 1)-th component of equation (8.10) is

mEi’ll ln+]1(a p) =(- l)n z+2 n—i+l1 4+ (- l)n —i+1 at" z_ hmEl[i’n](a,p) (8.11)
+ (—1)"%2"‘1 fmE ] (a,p) +otap- "EV a,p).
Here, we note that
det(ALp—ir1 = M) lgin=0 (i+1<k<n—ty = (=1)"7 (=qin) + det(A—; = M u_1)) - (A = x)
by the cofactor expansion along the last column. The left-hand side is written as

n—i+1

Z ((—1)€E¢Ei’n] lgin=0 (i+1 <k <n1)) A",
=0

and the right-hand side is

n—i

it +Z ((_l)f(antEi_,?—ll +E[zn ”))/ln i+1- €+( " z+1(xn n17 1] +qin)
=1

by definition. Thus, we obtain that

[i,n] _ [z n— 1] [i,n—l] ..
E; gin=0 (i+1<k<n-1) = XnEp”, E, forl <€ <n-i
1n] [i,n—1]
n— L+1|q/m =0 (i+l1<k<n-1) = XnE n—i +4qin-

In particular, by our inductive hypothesis py,, =0 foralli+ 1 < k < n — 1, one has

[l n—1] i,n—1]

’"El"](a p) =a, ’”E Ya,p)+ hmE; (a,p) forl <€ <n-i,

hmgln] (a,p) = ay mE},’_’? "(a, p) + pin.

n—i+
Substituting these equalities to equation (8.11), the left-hand side of equation (8.11) is

-1

n hmE,Ei_’:'l ]((1, p)+Pin-
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On the other hand, the right-hand side of equation (8.11) is

n

n—i
(_l)n—t+2an—1+1 + Z(_l)n—L—k+2a:‘1—t—k+l . (an hmEIEI_JIl—lJ (a, P) + hmE/EI,n_IJ (a’ p))
k=1

=a, - "E\"" (a4, p).

Hence, we obtain that p;;, = 0 as desired. This proves Claim 2.
Claim 3. We have a,, = 0.
It follows from Theorem 4.13 that

HCSS(N, hm) OQZ ~ V(hmE{n), o hmEr(ln))

We denote by b = (b;j)i<j<i<n € Hess(N,hy,) N Qg C C3n(=D the image of the singular point
(a,p) of V( hm f"), L E,(L")) under the isomorphism above. One can see from Proposition 7.3 and
Claim 2 that

Fi1(b) = —qns1-in(a,p) = —ppt1-in =0 for2 <i < m. (8.12)
Since b € Hess(N, h,,) N Qg, we also have
Fii(b)=0 form+1<i<n (8.13)

by Lemma 2.3. It follows from equations (8.12) and (8.13) and Lemma 2.3 again that the point
b = (bjj)i1<j<i<n belongs to Hess(N, hj) N Qp, where h; is the decomposable Hessenberg function
defined by h; = (1,n,...,n). As seen in Definition 3.2 and surrounding discussion, every flag
Ve € Hess(N, hy) has V; = C- (1,0,...,0)" which implies that b;; = 0 for all 2 < i < n. It then
follows from Proposition 7.3 that

an =xp(a, p) = —x21(b) = =b21 =0,

as desired. We have proven Claim 3.
Combining Claim 3 and equation (8.10), we conclude that the n-th row vector (2~ " E™ (a, P))

9qrs (r,s)
of the Jacobian matrix is zero. This completes the proof. O

By using Proposition 8.5, we will explicitly describe the singular locus of Hess(N, h,,) N Q in
Section 10. For this purpose, we will first study the singularity of Hess(NV, h2) N g in next section.

9. Cyclic quotient singularity

In this section, we analyze the singularity of Hess(N, k) N Q2, where hy = (2,n,...,n). In fact, we
see that the singularity is related with a cyclic quotient singularity. Then we can explicitly describe the
singular locus of Hess(N, hy) N Q3.

First, we study relations between F; ;’s and Fiir;j ) ’s, which are defined in equations (3.3) and (3.4),
and Definition 6.3, respectively.

Lemma9.1. Let1 < j<n-1land j <mj <n. Fori>mj, we have
) i1
Foj=F""" - Z xicFe,j,

f:mj+1

where we take the convention that Z;rl_"—m L XieFe =0,
=m; :
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Proof. Tt suffices to show that

i—-k
D xuFry forl<k<i-m;. ©.1)

(’:mj+l

ky _ )

FE F<'"f

Indeed, equation (9.1) for k = 1 is the desired equality by equation (6.4). We prove equation (9.1) by
descending induction on k. The base case is k = i — m, which is clear. Now, suppose that k < i —m;
and assume by induction that the claim is true for k + 1, that is,
i—k—1
e A > xuFe. 9.2)
l’:m_,—+l
Then we show equation (9.1). The left-hand side of equation (9.1) is equal to
Fifij_k_w = Xii-kFiok,j
by using the cofactor expansion along the second-to-last column. Combining this with the inductive

hypothesis (9.2), we have proven equation (9.1). O

Proposition 9.2. Let 1 < j <n-1land j <mj < n. Fori > mj, the ideal

(Fimj+1.5s Fmje2,js - - 5 Fij)

is equal to the ideal

(F<mj> F<mj> ’Flir;‘j>)

mji+1,j° " m;+2,)°

in the polynomial ring C[x;; | 1 < j < i < n]. In particular, if h : [n] — [n] is an indecomposable
Hessenberg function such that h # (n, . .., n), then we have

C[Hess(N,h) NQ¢] = Clxi; | 1 < j <i <nl /(Y | j e gy and h(j) <i <n), (9.3)

where J, .= {j € [n—2] | h(j) < n}.

Proof. We prove the first statement by induction on i. The base case i = m; + 1 is clear since Fy;+1,j =
(mj)
F

mj+l,j
holds for i — 1. Then we have

- by equation (6.4). We proceed to the inductive step. Suppose that i > m; + 1 and that the claim

(Fmj+1.js s Fic1,js Fij) = (Fj1,js - - -5 Fie 1J,F< ’>) (from Lemma 9.1)

= (F, ,i,mil g ,F,.f"{-’},Fl.f’;’J ) (by the inductive assumption)

as desired. The isomorphism (9.3) follows from equation (3.8) and the former statement by setting
mj; = h( b ) O
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Example 9.3. Let m; = j + 1. Then one has

1 0 xp
Fl.(j) =|x1 1 x31 |fori>2; 9.4)
Xil Xi2 Xi+11
1 0 0 1

~ i+l Xjj- 1 0 Xj41 . L.
FUD | X7 Milfor2<j<n-2andi>j+1.
L Xjslj-1 Xje1; 1 Xjs25

Xij-1  Xij Xij+l Xixlj
By equation (9.3), the coordinate ring C[Pet,, NQ¢] is
ClPet, NQZ] = Clxyj | 1 < j <i<n]/(F foralll < j <n-2andj+1<i<n). (9.5
We now explain the cyclic quotient singularity which is also called the type A-singularity. Let £ be
a primitive n-th root of unity and €,, the cyclic group of order n generated by ¢. Consider the action of
€, on C? defined by ¢ - (x,y) = (¢x,¢{'y) for £ € €, and (x,y) € C2. This induces the action of €,

on the polynomial ring C[x, y] (which is the coordinate ring of C?), and it is given by ¢ - x = x and
¢ -y ="'y, As is well known, the €,-invariants in C[x, y] is isomorphic to

C[C?/€,] = C[x, y]* = C[X.Y, Z]/(XY - Z"),

which sends X to x*, ¥ to y", and Z to xy. The quotient space C2/E,, is called the cyclic quotient
singularity or the type A,,—1-singularity.

Example 9.4. Let n = 3. As seen in Example 9.3, the coordinate ring of Pet; N€2; is given by
C[Pety NQZ] = Clxar x31.x321/ (F).

= (2
Here, one can compute F3< 1> as

1 0 X21

FP = |x 1 =x2

31 = |*21 X31 | = X51X32 — X21X31 — X31X32
x31 x32 0

= —x3, + (33, — x31) (%21 +X32).
Thus, we have
C[Pet; Q2] = C[X,Y, Z]/(XY - Z%),

which sends X to x%l — x31, Y to xp1 + x3 and Z to xp;. The ring isomorphism above yields the
isomorphism Pet3 N7 = C2/@;.

In Example 9.4, we constructed the polynomial XY — Z" from F3<21> for n = 3. We now generalize

this fact to arbitrary n. More specifically, we construct the polynomial XY — Z" from Fl.<21> 2<i<n)
defined in equation (9.4). By the cofactor expansion along the second column, we have

L xy x21
X21 X31

Q) _
Fi,l -

fori > 2. 9.6)

Xi1l Xi+11
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Lemma 9.5. For 2 <i < n, we have

<2> (2) (2) —i 7(2)
F, +x]Fnll+x21Fn21 RR AT
1 xn—t+1 . 1 X21
= 21 — (Xp2 + X201 Xno12 + X3 Xpon0 + -+ X0 .
Xil 0 ( n2 21An-12 21*n-22 21 12) X21 X31

Proof. We prove this by descending induction on i. The base case i = n is the equality (9.6) for i = n.
Suppose now that i < n and that the claim holds for i + 1. Then we have

(2) (2) 2) n—i—1(2) n—i 7(2)
ol +xn b7 "‘leFn 2t Xy Fz+ll+x21 Fz
1 x i X P~
_ 21 2 n—i—1 21 n—i f+(2)
= — (X2 + X21Xpn12 + X5 Xpn22+ - +X X F.
X1 O (Xn2 + X21Xp-12 + X3, Xpn-22 o1 Xi+12) a1 a1 L
(by our descending induction hypothesis)
1 xne i i 1 X21
— 21 _ (x + 2 . n—i-1_..
n2 X2 Xp-12 + X5 Xp-22 4 +X Xit12)
Xiv11 O 2 21 X21 X31
_ 1 X21 n—i 1 X21 b . 9
+ x5, o X (by equation (9.6))
Xi1 Xit+11 X21 X31
1 xn—i+l . 1 X2
= 21 — (xm2 + 2 e X
n2 +X21Xp_12 + X5 Xp_22 + - + X5 ' Xj2)
x1 O 21 21 X21 X31
as desired. O
Proposition 9.6. We set
_ .2
X = x21 — X31
) 3
Y= 21 +X32x£‘1 + s Xp-12X21 T X2
Z =Xxp].
Then one can write
2 ) (2 ) (2) -3 7(2) _ n
F +x21F +x21Fn 1t +x21 F31 =XY-27".

Proof. By using Lemma 9.5 for i = 3, we obtain

£(2) <2> <2> n-3 =(2)

Fn’ +x21F +x21 no1 t Xy F3’1

1 X2 1 x
_ 21 2 n-3 21
= — X + X201 X5— + X5, X;— +---+Xx X

X3 0 (Xn2 +X21Xpn-12 + X3 Xpn 22 o X32) Y1 X1

2 2 3 2
— Xy “x31 — (X2 + X21Xn-12 + X5 Xp22 + - + X5 7X32) (X31 — X3;)

n n-2,.2 2 n-3 2
— X5 + X571 “(X5; = X31) + (Xp2 + X201 X012 + X5, Xp—22 + - - + X5, "X32) (X5, — X31)

2 3 2y(.2
= X5 + (Xn2 + X201 X012 + X5 Xp22 + -+ + X5 " X32 + x5, ) (X5 — X31)
=XY - Z". O

Theorem 9.7. If hy = (2,n,. .., n), then there is an isomorphism of C-algebras

C[X,Y,Z]

C[HGSS(N, hz) N QZ] = m

® Clx32, %42, .. ., Xp-12] ® C[x;; | 3 < j <i <]
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which sends

X x2 —x31;

Y- X’;l_z +x32x£‘l_3 + o+ Xp—12X21 + X525
Z = X721,

xp P xpfor3<i<n-1;
xijj xjfor3<j<i<n

In other words,
Hess(N, hy) N Qg = C?/E, x cz(n=D(n-2)-1
Remark 9.8. We have seen the case when n = 3 in Example 9.4.

Proof of Theorem 9.7. By equation (9.3), we have

C[Hess(N, hy) N Q2] = Clxi; | 1 < j <i <nl/(EZEX .. EP).

Put
(42 n-2 n-3 n
P, = (x21 —x31)(x21 +X32Xy; "+ -+ Xp—12X2] +X2) — X5
It then follows from Proposition 9.6 that

. . (2 (2 7= (2 . . =2 7= (2
Claj [ 1<j<i<nal/(F . E® EPh =Clyy | 1<j<i<n)/(FO).. . EZ

By the definition (9.4), 17"[.<21> = 0 if and only if
Xis11 = Xa1Xi1 +X31X02 — X3 X2
for 3 <i < n— 1. These equalities fori =n —1,n -2, ..., 3 lead us to the isomorphism

Claj | 1< <i<nl/(FE .. E® | Py) = Clxan.xs1.x1 | 2 < j <i < n]/(Py).

n-1,1°

It is straightforward to see that

Clxa1,x31,xi5 |2 < j <i <n]/(Py)
=C[X,Y,Z]/(XY = Z") ® C[x32, %42, . . - » Xp—12] ®C[X,‘j |3<j<i<n],

which sends

X »—>x§1 - X31;

Y |—>x£‘]’2+x32x£‘1’3 + o+ Xpo12X21 + X2
Z — x;

xpp xpfor3<i<n-1;

xijj o x;for3 < j<i<n
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In fact, the inverse map is given by

X2 B Z;
X3] —X+Z2;
X Y = Z2 x5 Z" — o — Xy 107,

xp P xpfor3<i<n-1;
x[j 0—>xijf0r3sj<i§n.

Combining equations (9.8), (9.9), (9.10) and (9.11), we conclude that

C[X,Y,Z .
C[Hess(N, hy) N QZ] = ﬁ ® Clx32, X425+ ., Xn-12] ®C[)Cij |3<j<i<n].
We complete the proof. O

For a polynomial f € C[Q;] = C[x;; | 1 < j <i < n], we denote the zero set of f by
o ln n—
V(f) = {g e ="V | f(g) =0} 9.12)
Corollary 9.9. The singular locus of Hess(N, ha) N Q3 is given by
Sing(Hess(N, hy) N Q) = ﬂ V(xi1) N V(xn2).
i=2
Proof. By Theorem 9.7, we have
Hess(N, 7o) N Q2 = C2/€,, x C2(m D=1 » y(xy — zm).
Here, V(XY — Z") denotes the hypersurface defined by the equation XY — Z" = 0 in C2 (=D (1-2+2
with the variables X, Y, Z, x32,X42, . .., X4—12,%;j (3 < j < i < n). The singular locus of V(XY — Z")
is the solution set of the equations
X=0,Y=0Z=0.

It follows from the correspondence (9.7) that the image of the ideal (X, Y, Z) under the isomorphism

C[Hess(N, hy) N Q2] = % ® C[x32,%42, ..., Xn-12] ® C[x;; |3 < j <i<n]is

2 ) 3
(x5 = X31, X577 +X30X5 7 + - - + Xp_12X21 + Xn2, X21) = (X31, Xn2, X21)

in C[Hess(N, ha) N Qo]. Hence, by the presentation (9.3), the singular locus of Hess(N, hy) is the
solution set of the equations

X21 =0
X31 =0

9.13
X = 0 (9.13)

FP =0 for3<i<n-1.

Note that the equation Frfzf = 0 can be removed above since Ffl) = 0 is derived from the equations

(9.13) by Proposition 9.6. It then follows from the equality Fl.<21> = Xjp11 + x%lxiz — X21Xi1 — X31Xxj2 for
3 < i < n—1 that the solution set of the equations (9.13) is given by x;; = x,p =0for2 < i < n, as
desired. O
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10. Singular locus of Hess(N, A,,) N Q2

We now give an explicit description for the singular locus of Hess(N, h,,) N Q¢ where Ay, is defined in
equation (8.7).

Theorem 10.1. Let 2 < m < n — 1. Then, the singular locus of Hess(N, hy,) N Qg is described as
n m
Sing(Hess(N, hy) N Q2) = ﬂ V(xi) N ﬂ V(%))
i=2 j=2
where the notation V( f) is defined in equation (9.12).

Proof. We prove this by induction on m. The base case is m = 2, which follows from Corollary 9.9.
Suppose now that m > 2 and that the claim holds for m — 1. It follows from Proposition 8.5 that the
singular locus of V(" E 1(") oo mE ,(l")) is given by the solution set of the equations

a—h’"E,(l") =0 forall2<s<mnandn-h,(n+1—-5)<r <s. (10.1)
qrs

By Lemma 8.2, we have

Elln’"J =X,
EZ[n—l,nJ _ E][n—l,n—lJXn + Gt
-2, -2,n— -2,n-2
Il Rt dnean (10.2)
Er[:—m+l,n] — Er[:_—lm+l,n—l]x" et El[n—m+l,n—m+l]qn_m+2n + Gl n-
Since it holds that
i 0
fm ln=itln] g™ =0 forall 1 <i<m
aQI n—i

by equations (8.6) and (10.1), the equalities (10.2) lead us to the following equation

[ 1] I Xn 0
n—l,n—
hmE 1 dn-1n 0
hmEzn—Z,n—l] hmEl[n—Z,n—Z] 1 Gn-rn _ 0 ’
hmE[n—;rHl,n—l] hmE[n—;’n+1,n—2] . hmE[n—m+.1,n—m+l] 1 Gn-m+n 0
m—1 m-2 1
which yields that x,, = gn-1n = gn-2n = *** = gn-m+1n = 0. Since we have ¢,,—+1, = 0 and
(et =gt
8Qrs dn-m+1 n=0 aqrs
for2<s<nandn-hyu_1(n+1—-5) <r <s,the equations (10.1) imply that
%hm—lE}]’) =0 forall2<s<nandn—hy,_(n+1—-5)<r<s
gt E" =0 (10.3)
dn-m+1n =0.
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Conversely, the equations (10.3) yield equation (10.1). In fact, since one can write " E,; () = Mot | ,(l") +

0t = S0 hm- S 4 gt

q—F forall2 < s <nmandn-hyuy_1(n+1—-s) <r <s. Hence equation (10.1) is equivalent to
equation (10.3). One has

qn-m+1n - F for some polynomlal F by Definition 4.10, we have 7*— Dare

0 _ _
dn-m+ln
from equations (8.1) and (8.6), so the singular locus of V/( h'"El("), - h'"E,(,”)) is given by the solution

set of the equations

66 hm‘E(") =0 forall2 <s<nandn-hyu_1(n+1-5)<r<s
o

dn-m+ln =0.

By Corollary 7.4, the following commutative diagram holds

Clxt,.. s xngrs | 1 7 <s <
C[FI(CM) OQZ] @ [x1 le )q s ( : s < nj
= (E)", ..., E)")
lFM:O (m+1<i<n) llIrnZO (1<r<n-m) (104)
enm  Clx1, .. X qrs | 2< s <nn—hyu(n+1-35) <r<s]

C[Hess(N, hy) N Q7]

k]

(mEW™, . ™)

where both vertial arrows are surjective. The ideal defining the singular locus of the zero set
v(mmE™, L mEM) s

( (9 m lE(n)
0qrs

2<s<nmn—hp1(n+1l—s) <r<s)+(h"‘E<" ) 4 (Gnomsi n)-
The image of the ideal above under the isomorphism go;l in equation (10.4) is equal to

d
= s E("))
(‘P (651” "

in C[Hess(N, hy,,) N Q2] by the definition (7.1) and Proposition 7.3. Hence, the singular locus of
Hess(N, hy,) N Qg is the solution set of the equations

2<s<nn—hy(n+l-s)<r Ss)+(x,,m)+(Fm,1)

‘P_l(afr\ Pi- 1E(n)) =0 forall2<s<nandn—h,_1(n+1-s)<r<s

Fn1=0 (10.5)
Fi1=0 forallm+1<i<n

and
Xnm =0

by Lemma 2.3. Since the singular locus of Hess(N, h,,,—1) N €2 is the solution set of the equations (10.5)
from Proposition 8.5, Theorem 4.13 and Lemma 2.3 again, we can describe

Sing(Hess(N, hy,) N Qo) = Sing(Hess(N, Apm—1) N Q) NV (Xpm).
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One can see from our inductive assumption that Sing(Hess(N,h,-1) N Qg) = N, V(xi) N
ﬂ;”:—z] V(x,;), so we complete the proof. ]

Let &, be the permutation group on [n]. For w € &, the Schubert cell X, is defined to be the B-
orbit of the permutation flag wB in the flag variety GL,,(C)/B. The Schubert variety X,, is defined by
the closure of the Schubert cell X, that is, X,, = BwB/B. We put F; := spanc{ei,...,e;} fori € [n],
where e, . .., e, are the standard basis for C". Under the identification FI(C") = GL,(C)/B, one can
describe the Schubert variety X,, as

Xy ={Ve € FI(C") | dim(V, N Fy) = 1y, (p,q) forall p,q € [n]},

where ry, (p,q) = {i € [p] | w(i) < gq}| (e.g., [19, Section 10.5]). For 2 < m < n — 1, we define the
permutation w,, € S, as

1 ifi=1,
o) n+l—-i if2<i<m, (10.6)
W (D) = .
n ifi=m+1,

n+2—i iftm+2<i<n.
Then one can verify from [21] that the Schubert variety X,,,, is described as
Xy, ={Ve € FI(C") | dim(V; N F}) = 1 and dim(V,,, N Fp,_1) > m}.
In other words, V, € X,,, if and only if V| = F| = spanc{e;} and V,,, C F,,_; = spanc{ey,...,e,_1}.
In particular, we have

X, 0195 = |V i) O [ V().
i=2 j=2

Hence, we obtain the following result from Theorem 10.1.
Corollary 10.2. Let 2 < m < n — 1. Then, the singular locus of Hess(N, hy,,,) N Q3 is equal to
Sing(Hess(N, hy,) N Q) = Xy, N Q.

Remark 10.3. Let A be a nilpotent matrix (not necessarily regular nilpotent). Then it is known from
[15, Theorem 5] that the singular locus of Hess(A, h,_1) is

Sing(Hess(A, h;,-1)) =Hess(A,h=(1,n—1,...,n—1,n)).

Consider the regular nilpotent case. The Hessenberg function 2 = (1,n—1, ..., n—1,n) is decomposable,
so every flag V, € Hess(N, h) has V| = spanc{e} and V,,_; = spanc{ey,..., e,—1} (see Definition 3.2
and surrounding discussion). Hence, the result of [15, Theorem 5] for A = N gives

Sing(Hess(N, hy-1)) = Xw,_, -

A. Singular locus of Peterson variety

The singular locus of the Peterson variety Pet,, has been studied in [26]. Combining the result of [26]
and some result in [2], we describe the decomposition for the singular locus of the Peterson variety into
irreducible components.
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It is known that the flag variety FI1(C") has a decomposition into Schubert cells

FI(C") = |_| Xe, (A.1)

wes,

where each X, is isomorphic to Cf™) and £(w) denotes the length of w (e.g., [19]). Tymoczko
generalized this fact to the Hessenberg varieties in [36]. In what follows, we explain the work in [36]
for the case of the Peterson variety Pet,,.

Let  be a subset of [n — 1]. We may regard [n — 1] as the set of vertices of the Dynkin diagram in
type A,—1. Then, I C [n — 1] can be decompose into the connected components of the Dynkin diagram
of type A;,—1:

I=Lulu--Ul,.

In other words, each I; (1 < j < m) denotes a maximal consecutive subset of [n—1]. To each connected
. I;
component /;, one can assign the longest element w(() /)

we define the permutation w; € S, by

of the permutation subgroup &;; on I;. Then,

wy = w(()ll)wéh) ---w(()l"‘).
Example A.1. Let n =9 and I = {1, 2,3} U {6, 7}. Then, the one-line notation of w; is
wy = 432158769.

The Schubert cell X; intersects with the Peterson variety Pet, if and only if v = w; for some
I c [n— 1] by [36] (see also [2, Lemma 3.5]). We set

X; =X, NPet, and X7 = X,,, N Pet, = X, NPet,, .
By intersecting with the Peterson variety Pet,,, the decomposition in equation (A.1) yields that

Pety = | | X5.
Jcn-1]

It is known from [36] that X§ = cH! for any J C [n— 1]. In general, it follows from [2, Equation (3.7)]
that for each I C [n — 1], we have

X = U Xs. (A2)
Jcl

It is known that X; is a regular nilpotent Hessenberg variety for a certain Hessenberg function /; as
described below. For I C [n — 1], we define a Hessenberg function 4; : [n] — [n] by

i+1 ifiel
hr (i) = ’
10) {i ifigl.

Note that if / = [n — 1], then by = (2,3,4,...,n,n) is the Hessenberg function for the Peterson case.
Otherwise, h; is decomposable (Definition 3.2).

Proposition A.2. (/2, Proposition 3.4]) For a subset I of [n — 1], we have
X = X_; = Hess(N, hy),

where N is the regular nilpotent element defined in equation (3.1).
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It follows from Theorem 3.1 and Proposition A.2 that X; is irreducible for any I c [n — 1]. For
positive integers a, b with a < b, we denote by [a, b] the set {a,a + 1, ..., b}. The singular locus of
the Peterson variety Pet,, is described in [26] as follows.

Theorem A.3. ([26, Theorem 4]) The singular locus of Pet,, is given by

Sing(Pet,,) = I_I X5.
Jc[n-1]
J#[n-11.[2,n-11.[1,n-2]
Lemma A.4. We have
n-2
{Jcn=-1]1|J#[n-1],[2,n— 1],[1,n—2]}=U{JC [n=1]1J2jU{JCc[2,n-2]}.
=2

Proof. We first show that the left-hand side is included in the right-hand side. For this, we take a subset
Jof [n—1] suchthatJ # [n—1],[2,n - 1], [1,n — 2]. Note that |J| < n — 2.

Case (i): Suppose that |J| < n — 3. If J contains [2,n — 2], then J = [2,n — 2] since |J| < n - 3.
Otherwise, we have J 3 j for some 2 < j < n — 2. In both cases, J belongs to the right-hand side.

Case (ii): Suppose that [J| =n—2. Since J # [2,n— 1], [1,n—2], we see that J = [n — 1] \ {j} for
some 2 < j < n— 2, which belongs to the right-hand side.

Hence, we proved that the left-hand side is included in the right-hand side.

Conversely, let J be a subset of [n — 1] appeared in the right-hand side. If J #» j for some
2<j<n-2,then we have that J # [n—1],[2,n—1],[1,n=2]. If J C [2,n — 2], then it is clear
that J # [n— 1], [2,n — 1], [1, n — 2]. Thus, the right-hand side is included in the left-hand side, so the
equality holds. O

The following proposition gives the decomposition for the singular locus of the Peterson variety into
irreducible components.

Proposition A.5. The singular locus of Pet,, is decomposed into irreducible components as follows:

Sing(Pet,) U Xin-1\(jy |Y X[2.n-2]

2<j<n-2

U Hess(N, h[n—l]\{j}) U Hess(N, h[z’”,z]).
2<j<n-2

Proof. By Theorem A.3 and Lemma A.4, we have
Sing(Pet,) = U u X5 U u X5 |
2<j<n=2Jc[n-11\{j} Jc[2,n-2]
By using the decomposition in equation (A.2), the right-hand side above is equal to

U Xin-1\ 5y |Y X[2.n-215

2<j<n-2

as desired. Also, this coincides with (UZSan_ZHess(N,h[n_l]\{j})) U Hess(N, k2 ,-2]) by
Proposition A.2. O
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