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The weak density of the non-invertible
elements of a commutative
Banach algebra

Colin C. Graham

This is proved: if B 1is a commutative Banach algebra with’
identity, then the non-invertible elements of B are weakly
dense in B if and only if the maximal ideal space of B is

infinite.

THEOREM. Let B be a commutative Banach algebra with identity.
Then the non-invertible elements of B are weakly dense in B 1if and

only if the maximal ideal space of B <is infinite.

Gray [2] has proved this for the case B = C(X) , where X is a
coﬁpact infinite Hausdorff space. Our proof of the generalized result
appears to be simpler than Gray's. Before beginning with two easy lemmas,
it is perhaps worth noting that the invertible elements of C((X) are
weakly dense (that is, dense in the topology of pointwise bounded
sequential convergence) and that the invertible elements are not weakly
dense in the "disc algebra" A , the algebra of functions continuous on
the set of complex numbers of modulus less than or equal to one and
analytic on the set of complex numbers of modulus less than one. (The
first statement is immediate; the second follows from an application of
normal families to any sequence f converging weakly to the function
2z .) See also the discussion of the norm-closure of non-invertible

elements in [4, A.1.1], and the beginning of [2].

LEMMA 1. Let B be any Banach algebra with identity 1 , and let

Received T October 1970.
179

https://doi.org/10.1017/50004972700046438 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700046438

180 Colin C. Graham

f € B be invertible. Then a net {f&} € B converges weakly to f if
and only if {f-lf;} converges weakly to 1 .

LEMMA 2. Let B be any commutative Banach algebra. Then the
following are equivalent:

(¢) the maximal ideal space of B 1is infinite;
(ii) B contains an element with an infinite spectrum;
(i11) the Gel'fand representation of B <8 infinite dimensional.

We now prove the Theorem. One direction is easy: if the maximal

ideal space of B 1is a finite set {xl, cees xn} , let mj

(=1, ..., n) be the element of B* corresponding to a unit mass at

xj . Then we see that if f € B is non-invertible, then

s;p Kf, mj) - {1, mJ.)| =1 .

Hence, the non-invertible elements of B are not weakly dense in B .

We now prove the other direction of the Theorem: if the maximal
ideal space of B 1is infinite, then the non-invertible elements of B
are weakly dense in B . Using Lemma 1, we see that it will be enough to

show that if m cs M, € B* and € > 0 , then there exists a

l!

non-invertible element f € B such that

(1) sup |[¢fym) -(1,m)| <e.
J J d

Let R be the radical of B , and let m3 denote the restriction of

s k] s '
m to R . We shall say m; is special if m’ 0. Let My wens My

be the special mj’s (if any), and assume that mi, cees mi , L=<k is

a maximal linearly independent subset of {mi, ey mL} c R* . Then
)
m!, = e..m' , 1<g=k
Joo4=m WOF
l
. = - < 4 < k- i
We define Msi = Mieg izl ;14 1 =j=k-1 . Then Mapej 18 not
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special, 1 = j = k-1 , that is m =0 .

n+le
Now choose & > 0 so small that f € B and

(2) sup{[(f, mj) - (1, mj)l 11 =g =1, k<gsntk-1} <38

implies (1).

We now find f € B satisfying (2), that is we may assume that

Mys «..s M are special and ml, ..., mL are linearly independent in

R* , and m m annihilate R .

k+1® Ct

Because m m, annihilate R , they may be considered as

K+l T

elements of (B/R)* . Now, m_ generate a finite dimensional

Mgps v My
closed [3] subspace S of (B/R)* . Set
SL ={p € B/R : (b, 8)=0, s € S} . Then (B/R)/Sl-= S* , so S--L has

finite co-dimension in B/R . By Lemma 2, B/R 1is infinite dimensional:

there exists g # 0 , g € SL . Because g # 0 , g € B/R , the Gel'fand
transform § of g 1is not identically zero on the Shilov boundary of
B/R . Choose a point x 1in the Shilov boundary of B/R and a
representative g; + R of g so that a = §,(x) #0 . Set

Then ?1(x) =0 ,and k < j =n implies

1
(fl, mj) (1, mj) -3 (gl, mj)

1
- = ) o= )
(1, mj) > (g, mJ) (1, mJ

Thus, if the radical of B were zero, we could find a non-invertible

f € B satisfying (2) for § =0 .

We now set

(%) = fam) L G=, e

Because {mi, e mi} is a finite linearly independent set in R* ,
there exists (by Hahn-Banach) an element Vv € R** such that (v, mé) = aj
(=1, ..., L) . Because R is weak-* dense in R** [3] there exists
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r € R such that

(5) r, m - v, m‘;)l <8 (=1, .o, 1)

Set f=F -r . It is now clear from (3), (4) and (5) that (2)
holds. Furthermore, r has only zero in its spectrum so the spectrum of

f 1is the spectrum of f, , that is f; is non-invertible.
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