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The weak density of the non-invertible
elements of a commutative

Banach algebra

Colin C. Graham

This is proved: if B is a commutative Banach algebra with

identity, then the non-invertible elements of B are weakly-

dense in B if and only if the maximal ideal space of B is

infinite.

THEOREM. Let B be a commutative Bccnaoh algebra with identity.

Then the non-invertible elements of B are weakly dense in B if and

only if the maximal ideal space of B is infinite.

Gray [2] has proved this for the case B = C(X) , where X is a

compact infinite Hausdorff space. Our proof of the generalized result

appears to be simpler than Gray's. Before beginning with two easy lemmas,

it is perhaps worth noting that the invertible elements of C(X) are

weakly dense (that is, dense in the topology of pointwise bounded

sequential convergence) and that the invertible elements are not weakly

dense in the "disc algebra" A , the algebra of functions continuous on

the set of complex numbers of modulus less than or equal to one and

analytic on the set of complex numbers of modulus less than one. (The

first statement is immediate; the second follows from an application of

normal families to any sequence f converging weakly to the function

2 .) See also the discussion of the norm-closure of non-invertible

elements in [4, A.1.1], and the beginning of [2].

LEMMA 1. Let B be any Banach algebra with identity 1 , and let
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f d B be invertible. Then a net {/ } c B converges weakly to f if

and only if \ff\ converges weakly to 1 .

LEMMA 2. Let B be any commutative Banach algebra. Then the
following are equivalent:

(i) the maximal ideal space of B is infinite;

(ii) B contains an element with an infinite spectrum;

(iii) the Gel'fand representation of B is infinite dimensional.

We now prove the Theorem. One direction is easy: if the maximal
ideal space of B i s a finite set {# , . . . , x } , let m .

(j = 1, . . . , n) be the element of B* corresponding to a unit mass at
x. . Then we see that if f t B is non-invertible, then
3

s u p | < / , m .> - < 1 , m .> | = 1 .
3 ° °

Hence, the non-invertible elements of B are not weakly dense in B .

We now prove the other direction of the Theorem: if the maximal

ideal space of B is infinite, then the non-invertible elements of B

are weakly dense in B . Using Lemma 1, we see that it will be enough to

show that if m. , ... , m (. B* and £ > 0 , then there exists a

non-invertible element / € B such that

(1) sup |</, m.) - <l, m.) | < e .

3 ° 3

Let R be the radical of B , and let m'. denote the restriction of
0

m . to R . We shall say m. is special if m'. | 0 . Let m m,
3 3 J J- *t

be the special m .'s (if any), and assume that m', ..., m' , I 5 k is
3 x t

a maximal linearly independent subset of {m|, .... mj} c R* . Then

I
m'. = F c. MI'. , I < j Ik .

I
We define m +. = f-. - £ c. , Jn. , 1 S j - k-l . Then m . is not
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special, 1 5 j < k-l , that is m + . | D - ° •

Now choose 6 > 0 so small that / € B and

(2) sup{|</, m .> - <1, m .) | : 1 5 j 2 I, fc < j S n+k-l) < 6
3 3

implies (l).

We now find f d B satisfying (2), that is we may assume that

m , ... , m, are special and m', ..., ml are linearly independent in

R* , and mj.+-\ > • • • »
 m annihilate R .

Because w, , ..., m annihilate R , they may be considered as

elements of {B/R)* . Now, m, , ..., m generate a finite dimensional

closed [3] subspace S of {B/R)* . Set

5-L = {b i B/R : (b, s) = 0, s S 5} . Then {B/R)/S^- = S* , so S-J- has

finite co-dimension in B/R . By Lemma 2, B/R is infinite dimensional:

there exists g # 0 , g € S-*- . Because g ± 0 , ^ € B/R , the Gel'fand

transform g of g is not identically zero on the Shilov boundary of

B/R . Choose a point x in the Shilov boundary of B/R and a

representative g j + R of g so that a = §\{x) '# 0 . Set

Then /i(a:) = 0 , and k < 3 2 n implies

(f , m > = < l , m . ) - J <<? , m >

= < 1 , m.> - 7 <ff, m ) = < 1 , m > .
3 a 3 3

Thus, if the radical of B were zero, we could find a non-invertible

f d B satisfying (2) for 6 = 0 .

We now set

(U) a. = </,,/">, 3 = 1, ..., I .
0 -L d

Because {m' ..., m'} is a finite linearly independent set in R* ,
J- L

there exists (by Hahn-Banach) an element V € R** such that <V, m'.> = a.
J */

(j = 1, ..., Z) . Because i? is weak-* dense in R** [3] there exists
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r d R such that

(5) \(r, m\) - <v, mK) | < 6 (j = 1 Z) .

Set / = f\ - v . It is now clear from (3), CO and (5) that (2)

holds. Furthermore, r has only zero in its spectrum so the spectrum of

/ is the spectrum of f\ , that is f\ is non-invertible.
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