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UNIQUENESS PROBLEM FOR MEROMORPHIC
MAPPINGS WITH TRUNCATED MULTIPLICITIES
AND MOVING TARGETS

GERD DETHLOFF anD TRAN VAN TAN

Abstract. In this paper, using techniques of value distribution theory, we give
a uniqueness theorem for meromorphic mappings of C™ into CP™ with (3n+1)
moving targets and truncated multiplicities.

§1. Introduction

The uniqueness problem of meromorphic mappings under a condition
on the inverse images of divisors was first studied by R. Nevanlinna [6].
He showed that for two nonconstant meromorphic functions f and g on
the complex plane C, if they have the same inverse images for five dis-
tinct values, then f = g, and that g is a special type of linear fractional
transformation of f if they have the same inverse images, counted with
multiplicities, for four distinct values. These results were generalized to the
case of meromorphic mappings of C™ into CP"™ by H. Fujimoto [1].

In the last years, this problem was continued to be studied by H. Fuji-
moto [2], [3], L. Smiley [10], S. Ji [5], M. Ru [9], Z. Tu [11].

Let f, a be two meromorphic mappings of C™ into CP" with reduced
representations f = (fo: -+ : fu), a = (ag: - :ay). Set (f,a) :=agfo+
- +apfn. Wesay that a is “small” with respect to f if T,(r) = o(T¢(r)) as
r — oo (outside a set of finite Lebesgue measure). Assume that (f,a) # 0,
denote by v,y the map of C™ into Ng with v(sq)(2) = 0 if (f,a)(z) # 0
and vy 4)(2) = k if 2 is a zero point of (f,a) with multiplicity k.

Let ai,...,aq (¢ > n + 1) be meromorphic mappings of C™ into CP"
with reduced representations a; = (ajo : --- : ajn), j = 1,...,q. We say
that {a;}I_, are in general position if for any 1 < jo < --- < jn < g,
det(aj,i, 0 < k,i <n)#0.
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For each j € {1,...,q}, we put a; = (ajo/aj, : - : ajn/aj;) and
(f,aj) = fo-ajo/aje, + -+ fn - ajn/aj;, where ajs; is the first element of
ajo, - . -, ajn not identically equal to zero.

Let M be the field (over C) of all meromorphic functions on C™. Denote
by R({aj}‘j-:l) C M the subfield generated by the set {aj;/aj;, 0 < i <
n,1 < j < ¢} over C. Define ﬁ({aj}?zl) C M to be the subfield over C
which is generated by all h € M with h* € R({aj}g»:l) for some integer
k. These subfields are independent of the reduced representations a; =
(ajo : --- :ajn), j = 1,...,q, and they are of course also independent of
our choice of the aji;, because they contain all quotients of the quotients
aji/ajtj, 1= 0, ey

We say that f is linearly nondegenerate over R({aj }?:1) (respectively
ﬁ({aj }?:1)) if fo,. .., fn are linearly independent over R ({a; }?:1) (respec-
tively R({aj}?zl)).

Let f,g : C™ — CP" be two nonconstant meromorphic mappings and
{a; }?:1 be ¢ “small” (with respect to f) meromorphic mappings of C" into
CP" in general position such that (f,a;) Z0, (g,a;) Z0,j=1,...,q. Set
E} = {2 € C™ 1 v(s,q;)(z) > 0}. Assume that:

1) V(f.a;) = Vg.a;) for all j € {1,...,q}

ii) dim(E}ﬂE;) <m-—2foralll <i<j<gq,and
o q —J

iif) f=gon Uj_; B4

In [11] Z. Tu showed that:

THEOREM A. If ¢ = 3n + 1 and f is linearly nondegenerate over
R({aj};]»:l), then there exists a (n+ 1) X (n+ 1)-matriz L with elements in

ﬁ({aj}?zl) and det(L) # 0 such that L - f = g.

_ TuEOREM B. If ¢ = 3n + 2 and [ is linearly nondegenerate over
R({aj}?zl) then f =g.

These theorems (without conditions ii) and iii)) were first showed by
H. Fujimoto ([1]) for hyperplanes ({a; }?:1 are constant).

In the above Theorems multiplicities are not truncated (we say that
multiplicities are truncated by a positive integer M if i) is replaced by the
following: min{v(sq;), M} = min{v(y4;), M}). However, the uniqueness
problem with truncated multiplicities was studied in [2], [3], [5], [10] for
hyperplanes ({%}3:1 are constant) and in [9] for moving targets.
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For hyperplanes, in [10] L. Smiley proved Theorem B with multiplicities
are truncated by 1, and in [2], [3] H. Fujimoto gave some results related to
Theorem B with multiplicities are truncated by a positive integer M.

For moving targets, in [9] M. Ru gave some results related to Theorem B
with multiplicities are truncated by 1, but where the number ¢ = 3n + 2 is
replaced by bigger one.

The main purpose of this paper is to give uniqueness theorems for the
case of 3n 4+ 1 moving targets and multiplicities which are truncated by a
positive integer M. Our results are improvements of Theorems A-B where
the number ¢ = 3n + 2 is replaced by smaller one, the multiplicities are
truncated and the condition iii) is replaced by weaker one. In particular,
we prove that for n > 2 we get f = g already for ¢ = 3n + 1.

The proofs of our results are applications of a generalized Borel Lemma:
For the case where multiplicities are truncated, our object does not satisfy
the assumption “nowhere vanishing holomorphic functions” of the (classi-
cal) Borel Lemma. So, first of all, using the techniques of value distribution
theory, we give Lemma 3.1, which is a generalization of the Borel Lemma
for meromorphic functions.

In order to show that under the conditions of our uniqueness theorems
the assumption of Lemma 3.1 is satisfied, we need some results of value
distribution theory of meromorphic mappings of C™ into CP™ for mov-
ing targets. But the Second Main Theorem as in [8] (where multiplicities
are not truncated) or as in [11] (where multiplicities are truncated by a
positive integer ¢) seems to be not sufficient for our purpose. In order to
overcome this difficulty we establish a Second Main Theorem for meromor-
phic mappings of C" into CP" for (n+2) moving targets with multiplicities
truncated by n.

Our main results are as follows:

Let f,g: C™ — CP" be two nonconstant meromorphic mappings and
{a; }?ZJ{l be “small” (with respect to f) meromorphic mappings of C" into
CP™ in general positiogl such that (f,a;) #Z 0, (g, a%-)Jf 0,j=1,...,3n+1.

n

Put M = 6n(n + 1)[N2(N — 1) + 1], where N = ('F}).

Set B} == {2 € C™ : 0 < vap(2) < M}, "B} = {z € C" : 0 <
V(f,a;)(?) < M} and similarly for Eg, *Eg, j=1,...,3n+1.
Assume that:

i) (fa;) = V(ga) 00 B4 N ES forall j € {1,...,3n+1}.
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ii) dim (*E'N*EY) <m—2for all *E' € {*E%,*E}}, "E7 € {*E},*Ej}
andforalli;éjwithie{l Ln+3} 5e{l,...,3n+ 1}

iii) f = g on U ("ES *E’) for n > 2.

This means in partlcular that in 1), ii) and iii) we do not need to pay

attention to points where v(s,.) or v is bigger than M.

9:45)

THEOREM 1. 1) If n = 1 and f, g are linearly nondegenerate over
R({aj};;:l) then there exists a 2 X 2-matriz L with elements in R({aj};;:l)
and det(L) # 0 such that L - f = g.

2) If n > 2 and f, g are linearly nondegenerate over R({aj}?;"{l) then

=g

We remark that in the case n = 1, we cannot omit the matrix L, as
can be seen easily as follows: Let f : C — C a nonconstant nonvanishing
holomorphic function, then consider the two functions f, 1/f and the four
values 0, oo, 1, —1. Note also that condition i) is weaker than a truncated
multiplicities condition.

We give the following theorem for the case where multiplicities are
truncated.

THEOREM 2. Let f,g: C™ — CP"™ be two nonconstant meromorphic
mappings and {a] 3”+1 be “small” (with respect to f) meromorphic map-
pings of C™ into (CP” in general position such that (f,a;) #0, (g,a;) # 0,
j = 3n+ 1. Put M = 3n(n + 1)N?(N — 1) + (3n + 4)n, where
N = (?jf). Set *E} ={z€C™:0<vyq)(2) <M}, j=1,....3n+ L
Assume that:

1) min{v(sq;), M} = min{vy q,), M} forall j € {1,...,3n + 1}
. J1£11)d1m§nE—{{W}E}) < m—2 for all i # j with i € {1,...,n+ 3},
iii) f =g on U"+4 *E} forn > 2.
Then:
1) If n =1 and f is linearly nondegenerate over R({aj};*:l) then there
exists a 2 X 2-matriz L with elements in ﬁ({aj}?zl) and det(L) # 0 such

that L- f = g.
2) If n > 2 and f is linearly nondegenerate over R({aj}?ffl) then
f=g
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We finally remark that in order to obtain uniqueness theorems with
fized targets only, the authors showed in [13] that the number ¢ = 3n + 1
of targets can be decreased and that one can use much smaller truncations.

Acknowledgements. The second author would like to thank Pro-
fessor Do Duc Thai for valuable discussions, the Université de Bretagne
Occidentale (U.B.O.) for its hospitality and for support, the PICS-CNRS
ForMathVietnam for support.

§2. Preliminaries

We set |z = (Jz1]* 4+ -+ + ]zm]2)1/2 for z = (2z1,...,2m) € C™ and
define

B(r)={ze€C":|z|<r}, S(r)={z€C™:|z|=r} forall 0 <r < co.

Define d¢ := %(5 —9), v = (dd°||z||)™! and
o = dlog ||z||* A (dd®log ||z|*)™ L.

Let F be a nonzero holomorphic function on C™. For each a € C™, ex-
panding F' as F' = ) P;(z — a) with homogeneous polynomials P; of degree
i around a, we define

vp(a) :=min{i : P; # 0}.

Let ¢ be a nonzero meromorphic function on C™. We define the map
v, as follows: For each z € C™, we choose nonzero holomorphic func-
tions F' and G on a neighborhood U of z such that ¢ = F/G on U and
dim(F~1(0) N G7*(0)) < m — 2, and then we put v,(z) := vp(z). Set
[vy| := {2z € C™ : v,(2) # 0}.

Let k, M be positive integers or 4+o00. Set

We define
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and ST
Mt
>MN</[}k](fr) = /1 21 dt (1 <r<+o0)
where
Mo (t) = / SMU&LU for m > 2,
|ve|NB(r)
My (t) .= Z S]\411<[/£“}(,”c') for m =1,
|2|<t
M (t) .= / >Mv<[f}.v for m > 2,
‘Uso‘nB(T)
My (t) = Z >MU¥€}(Z) for m = 1.
|2|<t
Set Ny (r) := <N (r), NI (r) := <o NI (1),
We have the following Jensen’s formula (see [3, p. 177]):
Nolr) = Nijglr) = [ toglelo~ [ loglelo
S(r) 5(1)

Let f : C™ — CP™ be a meromorphic mapping. For arbitrary fixed
homogeneous coordinates (wg : --- : wy) of CP™, we take a reduced rep-
resentation f = (fo : --- : fn), which means that each f; is a holomorphic
function on C" and f(z) = (fo(z) : --- : fn(z)) outside the analytic set
{fo="++-= fn =0} of codimension > 2. Set || f]| = (]fo\Q + o4 |fn]2)1/2.

The characteristic function of f is defined by
Tyr) = [ toglflo— [ logllflo. 1<r <+
S(r) 5(1)
For a meromorphic function ¢ on C™, the proximity function is defined by
m(r, p) = / log™ [olo
S(r)
and we have, by the classical First Main Theorem that (see [4, p. 135])

m(r, ) < Tp(r) + O(1).

Here, the characteristic function T,(r) of ¢ is defined by considering ¢ as
a meromorphic mapping of C™ into CP!.

We state the First and Second Main Theorem of Value Distribution
Theory (see e.g. [11], [2]):
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FIrRST MAIN THEOREM. (Moving target version) Let a be a meromor-
phic mapping of C™ into CP™ such that (f,a) §é 0. Then for reduced
representations f = (fo:---: fn) and a = (ag : -+ - : ay), we have:

Nit,a) (r) <T¢(r)+To(r) for all »>1.

For a hyperplane H : apwo+ - - + apw, = 0 in CP™ with im f € H, we
denote (f, H) = aofo+ -+ + anfn, where (fo : ---: f,) again is a reduced
representation of f.

SECOND MAIN THEOREM. (Classical version) Let f be a linearly non-
degenerate meromorphic mapping of C™ into CP™ and H,,...,Hy (¢ >
n+ 1) hyperplanes of CP™ in general position, then

(q—n—1DTp(r) <> Ny (1) +o(T3(r)
7=1

for all r except for a set of finite Lebesgue measure.

§3. Proof of our results

First of all, we give a generalization of the Borel Lemma for meromor-
phic functions.

LEMMA 3.1. Let ho,...,h (t > 2) be nonzero meromorphic functions

on C™ and A be a subset of (1,400) with infinite Lebesque measure. Assume
that

a) ho+---+h =0,
b) Thoo Nl (r) + g N () < sty (r), v € A for all

{i,5,k} € {0,1,...,t} such that h;/h;j, hj/hg, hi/h; are all nonconstant,
where ;1 == [h; : hj : hi] is a meromorphic mapping of C™ into CP2.

Then there exists a decomposition of indices {0,...,t} = I; U---U I
such that:

i) #I, > 2 for allv e {1,...,s},
ii) 4,7 € I, if and only if h;/h; is constant,
i) Y by =0, v € {1,...,s).
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Proof. We prove this lemma by induction on ¢.
+) If t = 2, we have

(1) hg+ h1+ ho = 0.

Case 1. If one of the meromorphic functions hg/h1, h1/he, ha/hg is con-
stant, then by (1), we have that hg : hy : hy are constant. We get i), ii) and
iii).

Case 2. If hg/h1, hi/ha, ha/hy are nonconstant, by Theorem 5.2.29 in [7],
we have

Tp012 (1) = Tinginriha) (1) < Tinging) (1) + Tinging) (1) + O(1).

Without loss of generality, we may assume that T,.,1(7) = Tjpg:ny)(r) for
all r € Ay, where A; is a subset of A with infinite Lebesgue measure. Then

2
1 1
ZN[lz] + ZNl[;h 6 50012( ) < gT[ho:hl}(r)’ r e A
=0

Let [h{ : k] be a reduced representation of [hg : hi] : C™ — CPL, h{, and
R/ are holomorphic functions. Set hf, = h{ha/hg, then

hi + by + hy = 0.

For each j € {0,1,2}, we have that a zero of h;- is a pole or a zero of some
hi (i € {0,1,2}). On the other hand

dim{z : hy(z) = W) (z) =0} <m — 2.

Hence, we get

2
2
1] 1 1
ZN[ <2- <ZN}[1 ZNI/]}L ) < gT[ho:hﬂ(r)’ re A
i=0
By the Second Main Theorem, we have:

T[hozhl}( ) < Ni[zg( ) + N}[;l} ('r) + N[Z]Jrhll ('r) + O(T[hozhl}(r))
2
= > N ) + o(Thpgen) (7))

Tipgihy) (1) + O(T[hozhl](r)), re A.
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This is a contradiction when r — oo, r € Aj.
This completes the proof of the case t = 2.

+) Assume that our assertion holds up to t (¢ > 2). Consider
(2) ho+---+hi1 =0.

We introduce an equivalence relation in {0,...,¢ 4+ 1} as follows: i ~ j if
and only if h;/h; is constant. Let

(I,... I} ={0,... t+1}/~.

By definition we have ii).

For the proof of i), we assume that there exists I, containing only one
index, say Iy = {t + 1}. Then h;/hiy1 (i =0,...,t) are all nonconstant.

If s =2 then I} :{0,...,t}, I :{t+1}

By (2) we have

c-hg+hy1 =0, ceC.

Thus hg/hi41 is constant, this is a contradiction.

If s = 3, without loss of generality we may assume that 0 € I1, 1 € I5.
By (2) we have

c-hg+d-hi+hi1 =0, c¢,deC.

*Ifc-d=0,thent+1€l; ort+ 1€ Iy, this is a contradiction.
*If ¢ # 0, d # 0, we have:

Tic-ho:d-hyhe 1) () = Tlhgihyihesq) (1) + O(1).

So by the basic step of induction, we have that hg : hy : hys1 are constant.
This is a contradiction.

If s >3, let W:=[hg:--:hy):C"™ — CP"

Let [hy : -+ - : hy] be a reduced representation of W.

Set hy 1 = hi - hyy1/hy, then h+--- + hj = 0.

For each j € {0,...,t+ 1}, we have that a zero of h;- is a pole or a zero
of some h; (i € {0,...,t+1}).

Hence, we get

t+1

1 1 1

Nl[z;-}(r) < ZNi[z ZNl/]h
=0

< ;T ( )

ST 1)(tt2) et

1
< —(t+1)(t+2)T\y(?”), reA
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where k € I, p € I, q € I5.
If W is linearly nondegenerate, by the Second Main Theorem we have:

ZN“ N} ooy (1) + 0T (1))

t+1 tHl

= > Ny () +o(Ty(r) < t- 3 Nyl(r) +o(Tu(r)
t=0 =0

< HED 7o) 4 o(Tu(r)

(t+ D)(t+2)

= t—l——lT\y( r)+o(Ty(r)), reA.

This is a contradiction when r — oo, r € A.
Thus, U is linearly degenerate, so there exist constants (Cy,...,C;) #
(0,...,0) such that

(3) Coho + -+ + Cihy = 0.

We may assume that Cp = 1. By (2) and (3) we have
(Ci—Dhi+---+ (Cy — 1)hy — hy1 = 0.

It can be written in the form:

(4) arhi, + -+ agh;y, + agp1hi1 =0

such that a; € C*, ay41 = —1, hy/hy is nonconstant for all p # ¢ €
{i1,...,ig,t+ 1} and k <t — 1.

+) If £ = 1, by (4) we have that h;, : hyq1 is constant. This is a
contradiction.

+) If kK > 2, for {p,q,v} C {i1,... ik, t+ 1} we have

T[aphp:aqhq:avhv](r) = T[h»p:hq:hy}(/r.) + O(l)

By the induction hypothesis (since k+1 < t) there exists p € {i1,...,ix}
such that aphy : ag41hiy1 is constant. Thus hy, : hyyq is constant, this is a
contradiction.

So #I, > 2 for all v e {1,...,s}, we get i).
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Finally we show iii). We choose an index v € I,, and set

> hi=cy hy, c€C.

1€1y

Then (2) can be written as

icy-hv =0
v=1

By i) and the induction hypothesis, we infer like above that ¢, = 0. This
shows iii). We have completed the proof of Lemma 3.1. 0

We give the Second Main Theorem of meromorphic mappings of C™
into CP™ with (n 4 2) moving targets.

LEMMA 3.2. Let f,g: C™ — CP™ be nonconstant meromorphic map-
pings and {a; ?212 be “small” (with respect to g) meromorphic mappings of
C™ into CP"™ in general position.

a) Denote the meromorphic mapping,

F = (Cl . (f,al) Lt i Cp4l (f, dn+1)) . Cm — Cpn

where {c; Y71 are “small” (with respect to g) monzero meromorphic func-
tions on C™. Then we have

Tr(r) =T¢(r) + o(Ty(r))-

Moreover, if

=0 far),
a; = (G/il Dol ai(n+1)),
h ' ' h
are reduced representations, where h is a meromorphic function on C™,
then
Ni(r) < o(Ty(r))
and
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b) Assume that f is linearly nondegenerate over R({aj UJLQ). Then we

7j=1
have
n+2

ZNJ,% r) + o(Ty(r)) + o(Ty (r))

for all r except for a set ofﬁmte Lebesgue measure.
Proof. a) Set

FZ_W ief{l,....n+1}

So we have
craiofo+ -+ crainfo =h-Fi-aiy,
(5)
Cnt+10(nt1)0f0 + -+ 1@yt Sn = b Fag1 - a1y,
Since (Fy : -+ : Fp41) is a reduced representation of F', codim{F} = --- =
F,+1 =0} > 2. Hence, by (5) we see:

n+1 n+1

Nyjp(r) < ZNat )+ZN1/C¢(7") = o(Ty(r)).
i=1

Set
Cc1a10 . C1Q1p

Cn+10(n+1)0 -+ Cnt+1G(nt1)n

and matrices P; (i € {1,...,n+1}) which are defined from P after changing
the i column by

Frai,
Fln1) @(n41)t
Put u = det(P) and u; = det(F;), i € {1,...,n+ 1}. It is easy to see
that: u
cR({a n+2
altl . a(n+1)tn+1 ({ j} )
and

n+1
Nl/ui(r) < O<ZN1/CJ.(7")> =0o(Ty(r)), i=1,...,n+1.
j=1
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By (5) we have

h'Ul

fo=

(6)

_ h'un-i-l

fn

u
On the other hand (fp:---: f,,) is a reduced representation of f. Hence,

n+1
Niu(r) < Nu(r) + Y Nijy, (r)
=1

n+1
< ]Vu/(al,g1 ~~~a(n+1)tn+l)(7‘) + Naul 1)ty 4 (T) + Z -Zvl/uZ (T)
=1

We have

Tr(r) = /S . log<7i1 \EF) 1/20 +0(1)

i=1
n+1 ~ 1/2
o C’i'(faa’i) 2
—/S(T)log<z — > o+ 0(1)
=1
n+1 1/2
= [ ou(Yletrar) o [ toltio +oq)
S(r) i=1 S(r)
n+1 i 12 i 12 1/2
< [ oelslos [ o LlaP (22 4k |22 ) o
S(r) S(r) =1 Qit, Qit;
— Nu(r) + Nyyp(r) + O(1)
n+1 a0 9 i 12 1/2
STT-i—/ log™ (Ci- = e =2 ) o+ o(Ty(r
1)+ [ s (Z (T,(r))

")+ o(T, (1))

aiti
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(note that ¢; - a;j/ai, € R({aﬁ””)).
(6) can be written as

n+1

fo=h- ijon
=1

n+1

fo =N bjnF;
j=1

where bj; € R({a; ”+2)
So we get

(8)  Ty(r) = /S Jegllo + 0

n n+l 1/2
:/ log<Z‘ZbﬂF‘ > 0+/ log |hlo + O(1)
S(r) =0 j=1
1/2
< [ oelelos [ tos(Si) o
S(r) S(r) Z !

i3

+ Nu(r) — Nyjp(r) +O(1)

1/2
. ost 12) o4 oT(r
<10+ [ g @’bﬂ‘) FolTy(r)
<TF ‘l‘ZmeZJ)"_O(T( ))

= Tr(r) + O(Tg(T))-
By (7) and (8), we have
Tr(r) =T(r) + o(Ty(r)).

This finishes the proof of part a).

T

b) We use a) for a special set of ¢;: Set

aigog --- a(n+1)0

air .-+ Q4
Nn+2 = .

(AT a(n+1)n
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and matrices N;, ¢ € {1,...,n + 1}, which are defined from N, o after
changing the i** column by

A(n+2)0
A(n4+2)n
Set
¢ = it ~det(N;), i€{l,...,n+2},
ity - a(n+2)tn+2
then

¢i € R({a; "+2) ie{l,...,n+2}.
It is easy to see that:

n+1

(9) Z G- (fv di) = Cn+2 (fa ELn+2)'

i=1

F'is a linearly nondegenerate meromorphic mapping, since f is linearly
nondegenerate over R ({a; }"”) and since the a; (j = 1,...,n 4+ 2) are in
general position.

Thus, by the First and the Second Main Theorem, we have

n+1
Ty(r) + o(Ty(r)) = Te(r) < Y N(r) + NEL o (r) + o(Ti(r))
=1

n—+2

(9) n

- Zl Nc[j'}(f,flj)/h(’r) + o(T¢(r)) + o(Ty(r))
J:
n+2 n+2

Z N{f () + > Ny (r)
j=1
+ (n+2)Nyjp(r) +o(Ty(r)) + o(Ty(r))

n+2

= ZN[fa (1) + o(T5(r)) + o(Ty (1))

n+2
ZNJ;ZG) )+ o(Ty(r)) + o(Ty(r)).

This completes the proof of Lemma 3.2. b
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Proof of Theorem 1. Without loss of generality, we may assume that
there exists a subset A of (1,400) with infinite Lebesgue measure such that

(10) Tp(r) > Ty(r), reA,

(note that if Ty(r) > Ty(r) for all r except for a set of finite Lebesgue
measure then {aj}?f{l are “small” with respect to g). Define functions

- (fiay)
h] - (Q,a]’)7

We choose an arbitrary subset @ = {ji,...,jont+2} of the index set
Qo = {1,,3n+1}
We now prove that:

For each I C @Q, #I = n + 1, there exists some J C @ with [ # J,
#J =n+ 1 such that

je{l,...,3n+1}.

(11) 7 € R({aj}?f{l), where hy = Hhi‘
d icl
We have
{ajOfO 4+ ajnfn = hj(ajogo 4+ ajngn)
Jje@
_ Jajofot ot ajnfa = hjajog0 = = Ry ajngn =0
1<s<2n+2

Therefore, we get
det(ajso, ce ey Qom, hjsaj507 R 7hjsa’jsn7 1<s<2n+ 2) =0.

For each I = {jsy,---,Js,} C @, 1 <s0< -+ <5, <2n+2, we define

n(n

1) . .
(—1) Mg s+t sn -det(ajski, 0<k,i<n)-det(aj, i, 0<k,i<n)
5k

Ar =

ajltjl e a’j2n+2t]’2n+2

where {s(,...,sh} ={1,...,2n+ 2} \ {s0,...,Sn}, s < -+ < s,,. We have
Ar € R({a, ?;"{2) and A; # 0, since {aj}?ZJfQ are in general position.

Set L= {I C Q,#I =n +1}, then #L = N := (*"12),
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By the Laplace expansion Theorem, we have

(12) ZA]hI =0.

IeL

Let I, J, K be distinct in L. Tt is easy to see that:
(TuN\NTNI)N)N(JUK)\TNK)N{(KUI)\(KNI))=¢.

So, C[JUCJKUCK[:{l,...,n—l—Q}, where C]J:{l,...7n+2}\ ((IU
JH)\(INJ)). Since dim(*E'N*EJ) <m—2foralli#j,ic{l,...,n+3},
je{l,....3n+1}, *E' € {*E},*E}}, "B € {*E},"Ej}, and f = g on
U?:Jrf (*E} N *E;) (note that in the case n = 1 we also have f = g on
U?:l (*E} N *E;)), we have:

(13) Ny, - <>+N,£”/h () N )
3n+1

2;2 TN Z M N gl (1) Z N r
VIS

Indeed, for i € {1,...,n + 2}, we may assume that ¢ € Cr;. Let

2y € *E} If zp is not taken into account by > g >MN([J1(] )(r) or by
3n+1 >MN[1}

p ok )( 7) (this means that v(f,,)(20) < M and vy q,)(20) < M

for all j€Q, ke {l...,3n+1}) then zg € *E; and by omitting an
analytic set of codimension > 2, we may assume that (f,a;)(z0) # 0 and
(g,ar)(20) # 0 for all j € @\ {3}, k € {1,...,3n+ 1} \ {i}. In particular
(f,a7)(20) £ 0, (g,a5)(x0) £ 0 for all j € (1UJ)\ (TN.J).

On the other hand, f(z9) = g(z0). Hence, hr/hj(zy) = 1, this means
that zg is taken into account by ]El}/h _4(r), so we get (13). By Lemma 3.2
and the First Main Theorem, we have:

n+2
Tr(r) £ D N(p, () + (T (1))

=1
< < n
= M+1; Nifian () + M+1; () (T) + o(Ty(r))
Mn <M nrl1] n(n + 2)
< SV T T
<72 N () ey T ol (r)
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Thus, we have

M+1—-n(n+2) s 1

(14) Ty () < Z SMNE )+ o(Ty(r)).

By (13) and (14) we have:

1] 1] 1] M+1—n(n+2)
(15) Nhl/thl(T)+Nhj/hK,1(T)+NhK/h171(7a) > nM Tf(r)
0 3n+1
>M prl1] >M n
=2 7 NGy @) Z Nigag (1) = oI5 (1),
JEQ
We introduce an equivalence relation on L: I « J if and only if hy/h; €
({CL] 3n+1).
Set {L1,...,Ls} =L/, (s < N := (2"17)).

In order to prove (11), we show that #L, > 2 for all v € {1,...,s}.
For each v € {1,..., s}, choose I, € L, and set

Z Arhr = thlvy B, € 'R({a]}?ZJ{l)
IeLy,

Then (12) can be written as

(16) > Byhy, =0.
v=1

+)If B,=0for all v e {1,...,s}, then #L, > 2 for all v € {1,...,s}
by A; #0, I € L. We get (11).

+) If there exists some B, # 0, then by (16) there are at least 3 of
the By, ..., By different from zero since hy # 0, hy,/hy; ¢ R({aj}?f{l),
(I<i#j<s Iel).

We want to apply Lemma 3.1 to (16), without loss of generality we may
assume that B, # 0 for all v € {1,...,s}.

For each {i,j,k} C {1,...,s}, set

T(r) =Tp,B;(r) +1p,/B, (1) + Tp, /B, (T)

then T'(r) = o(Ty(r)) as r — oo.
It is clear that hIi/th —1#£0, h[j/h]k —1#0, h]k/h[i —1#£0.
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By (10), (15), Theorem 5.2.29 in [7] and the First Main Theorem, we
have:
(A7) 3 -TiBing,:Bhs By, ) (1) + O(1)
> Ting,/Bihr, (T) + Thyny /Biny, (1) + Ty Biny, (1)
> Ty, fhg, (1) + Ty gy, (1) & Doy gy, () = T(r)
> Nhli/hi].—l(r) + Nhy, fho, —1(r) + Niy ny,—1(r) — o(Ty(r))

(1>5)M+1—n(n+2

>M N
nM Z f,a]
JEQ

In+1

Z ML) — olTy(r))

>M+1—n(n+2)

= Tf f,a]
nM =
1 3n+1
T M1 ; Nigap)(r) = o(T(r))
M+1—n(n+2) 2(n+1)
> _
3n+1
M + 1T9(T) - O(Tf(r))
M+1-nn+2) 5n+3
> - - .
B ( nM M + 1)Tf(’") o(Ty(r)), reA

Since v(f,q,) = V(g,a;) O E} N Eg, j=1,...,3n+ 1, we have

{z€C™:hi(z) =0o0r hi(z) = oo}

C U{z €C™ 1 v(pa;) > M or v, (2) > M}
Jjel

forall I C {1,...,3n+ 1}, #I =n+ 1. Thus, we get

(1] M Ar[1] M ar[1]
th (r) + 1/h Z g N(f,ag (r) + Z g N(g,aj)(r)
]EI jel
e  OIRIICED SRR
jJel jel
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So, we have

(18) ZNWU Zl%m
Z%@ ZM%>+Z@J ZM%)
v=1

< Z(N}jj (r) + 1[/],1 (r )) +o(Ty(r))
v=1

< 200730 + oty ()

< XNy o1y ), re A

By (17), (18) we have

(19) ZMn, ZM%M

v=1
- 6n(n+1)NM
T (M+1)2-nn+2)(M+1)—nBn+3)M
X TiBhy,:Bihy,: B, ) (T) + O(T[Bthi:thI].:BkhIk]("”))

1 1
1. < —T
< v o Lo () = STy Teu () T e 4,

where ;1. := [Bihy, : Bjhy, : Bphy,].

Then by applying Lemma 3.1 to (16) we get: For each i € {1,...,s}
there exists j € {1,...,s}, j # i such that B;hy,/B;jh;; is constant.

So hy,/hi; € R({aj}?f{l), this means that L; N L; # 0. This is a
contradiction.

We have completed the proof of (11). U

Let M* be the abelian multiplication group of all nonzero meromorphic
functions on C™. Define H C M* by the set of all h € M* with h* €
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R({aj 5’;"{1) for some positive integer k. It is easy to see that H is a
subgroup of M*.
We have

MO R({a;} 1) € H € R({a;}3m1),

and the multiplication group G := M*/H is a torsion free abelian group. We
denote by [h] the class in G containing h € M*. Consider the subgroup G of
G generated by [h1], ..., [h3n+1] and choose suitable functions n1,...,1m €
M* such that [m1],...,[n:] give a basis of G. Then each h; can be uniquely
represented as h; = cjnfjl ~--nfjt, c¢; € H, {;, € Z. For these integers
¢;, we can choose suitable integers p1,...,p; satisfying the condition: For
integers £; = pilj, + -+ pilj,, (1 < j < 3n+1), ¢; = ¢; if and only if
iy, liy) = (L), ..., ¢5,), or equivalently
h;

h—jEH.

We now show that:
There is a subset Iy = {jo,...,jn} C Qo such that
hi .
(20) ™ e€H forall ¢,57 € .
J

We assume that, after a suitable change of indices, we have £1 < --- < f3,11.

Take the subset @ = {1,...,n+ 1,2n + 1,...,3n + 1} of Q¢ which
contains (2n + 2) elements and apply (11) to the h} (j € @) to show that
there is a subset {4, ..., i, } of @ satisfying the condition that {ig,...,i,} #
{1,...,n+ 1}, ip < --- < i, and

hig - - - hy 3n+1
hi-hptt © ({aj}]zl )

From this, it follows that

(big — 1) + -+ + (Ci, — lny1)

t
= pallio, + -+ iy, — b1, =+ —Lny1,) =0.
s=1
Since l;, > 41,...,4;, > {p41, this is possible only if 4,11 = ¢;, so £y 41 =
-+« =lopy1 (note that i, > 2n+1). Then take Ip = {n+1,...,2n+ 1}, so
we get (20). O
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Let u; = hj,/hj, € H C R({a;}31"), i € {0,...,n}. Then we have:

(21) aj0fo + -+ ajinfn = uihjo(aj090 + - + ajngn)
1=0,...,n.

+) Assume n = 1.

Set A = (“3'00 %1), B= (“0 0 )
ajl() ajll 0 (5]

fo) _ . 90 1 -1 fol _ . (9
() () = a5 () ()

We get 1) of the Theorem 1 (with L = A=1.B~1.A).
+) Assume n > 2.

Set F = ((f,aj,) -+ : (f,a;,) and G = ((g,a5,) : - : (9,a5,)). They
are meromorphic mappings of C™ into CP™. Take meromorphic functions h,
u on C™ such that F = ((f,d;))/h RN (f,éjvn)/h), G= ((g,d%)/u R

(9,a;,) /u) are reduced representations. By Lemma 3.2 we have Np(r) =
o(Ty(r)), Nu(r) = o(Tf(r)), Nijn(r) = o(Ty(r)) and Ny (r) = o(Ty(r)).
Put F; .= (f,aj,)/h, Gi := (9,a;j,)/u, i € {0,...,n}.
Since u; € H, i € {0,...,n}, we can choose a positive k such that
(u;)k € R({aj}?f{l) for all i € {0,...,n). By (21) we have

uihjouGi
h
1=0,...,n

F, =

Since G = (Gg : -+ : Gp) is a reduced representation and F; (i =
1,...,n) are holomorphic functions, we have:
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Suppose that F' #Z G, then there exist 0 < s < v < n such that:

F, F,

c. G, 20—

( h h

uhjou,  uhjiusg

)Fst £ 0.

Define the meromorphic mapping

FAG:= (‘Gz e r

) :C™ — CPN2,

(0<i<j<n Ny=("3"-1).
Take prag a holomorphic function on C™ such that

(mele &)

is a reduced representation of F' A G.
It is easy to see that there exists a subset Iy, € {1,...,n+4}\ {Js, v}
such that

(23) #Ly=n+2, #({1,...,n+3}\ (Lo U{js})) <1, and
#({1,....n+3}\ (U U{jn})) < 1.

In fact, we take Iy, = {1,...,n+ 2} if {js,jut N{L,...,n + 3} = ¢,
Lw =A{1,....,n+3}\ {Js, do} if #({Js,Ju} N{1,...,n+3}) =1 and I, =
{1,...,n+4}\ {Js, Jo } if {Js,du} C {1,...,n+ 3}

By assumptions ii) and iii) we have:

F; Fj
GG

<M ar[1] (1]
(24) NFSIFUMFAG Z N(faz T B Z N(faj)()
Ze[s'u ]E{JSJU}
)
9,ai)
1€ sy

Indeed, for ig € Iy, let zg € *E}O be a generic point of a component

D of *E;P. If zo is not taken into account by 3 ;e .y >MN([f} )(7") or
by > icr., >MN([;L”)(T) (this means that v(;,.)(20) < M, j € {js,ju} and

V(gap)(20) < M, i € I) then 2z € *E (which implies f(z0) = g(z0)).
Since zg € D is generic, we can omit an analytic set of codimension > 2, so
we may assume that (f,a;,)(z0) # 0, (f,a;,)(20) # 0 (note that by (23) we
cannot have {ig,js} C {n+4,...,3n+1} or {ig,ju} C {n+4,...,3n+1}),
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which implies Fs(z9) # 0, F,(29) # 0. Since we have f(z9) = g(z9) on D,
we get pupag(z0) = 0 on D. This means that zg is taken into account by
N so we get (24).

FleU HEAG (7”)7
So, we have

(25) N_a

FsFy HEAG (T)

1
=z Z<M (faz) m( Z (fvaa ZN(QGZ )

1€1sy je{jsﬂv} 1€1s0
> 30 =N () ") T Bl)
1€1sy

<M z[1] ~(n+14)
21: N(faj) r Y Ty(r), reA
i€ sv

By Lemma 3.2 and the First Main Theorem, we have:

<3N )+ oMy (r)

1€1gy
M <M Ny n] n
TR ; Moo + 3757 ; Niga) (1) + o(Ty(r)
2)
< <M n(n + '
= M+1z§ Nifla (1) + A1 L) +o(Ty(r))
M+1—-n(n+2) <M
— < Mn > < D NG () + o ().
1€1gy
So, by (25) we have:
M+1-2n(n+3
(26) ( M’n< ))Tf(r) = NFlev NFAG(T) + O(Tf(r))’ re A

By the definition of ppag, we have:

N . (r)y< N ,

r)=N ) 4+ Ny (r
Fy Fp PENG FsFy gi g:); ( ) (uhj};uviuh;;us)( ) I/U( )
< N(L_L)(T) +N1/hj0(7") + Nu(1) + Ny (r)
(22)

< N ) +o(Tr(r)

(w)F (us)F
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ST( L )(r)+o(Tf(r))

(uv)k (Us)k

ST 1 (r)+T_ 1 (r)+o(Ts(r)) = o(Ts(r)).

(Uv)k (us)k

This contradicts to (26). Thus F' = G = f = g, so we get 2) of
Theorem 1. This completes the proof of Theorem 1. 0

We can obtain Theorem 2 by an argument similar to the proof of The-
orem 1 with the following remarks:

+) We do not need the assumption (10).
+) Similarly to (13) we have:

(1] (1] M
Nh[/thl( )+N hy/hg— 1( ) K/hI Z> (fvaj
JjEQ
n+2

Z<MN([}G) (r) for all r.

So, similarly to (17) we have,

(17 3 - TBhy,:Byhy,:Bihy, ) (T)
> (W) 20 1) 4oty )

+) Since min{v(yq,), M} = min{viyq;), M}, j € {1,...,3n + 1}, we
have

{z€C™:hi(z) =0o0r hi(z) =00} C U{z € C™ vy, (2) > M}

jel
forall T C {1,....3n+ 1}, #I =n+ 1.
Thus, we get
(1] M ar1]
th(r) l/h Z> N(faj) < M_|_1ZNf,a]) )
Jjel jel

n+1

< ST + o).

So, similarly to (18) we have,
(18')

1 N(n+1)
ZN oy ( ZNJ/(BU;UU ) < T_HTf(T) +o(T¢(r)) for all r.
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So

i)
2]
3]
4]
5]
6]
]
8]
9]

[10]

1]

12]

[13]
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(17") and (18') we have:

S

1] 1
> NG, () + ZNI J(Boniy (1) < mTg(,ij,c(r) for all .
v=1

+) Similarly to (24) we have:

<M 7[1] >M pr[1]
Nﬁuma Z N(ta) (r) = Z N(f,aj)(r)'

ZGISU je{j&jv}

similarly to (25) we have:

<M Ar[1] 2
Nﬁpv/w/\c Z N(f,al T) o MTf(T)'

ZEI@U
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