ON METACYCLIC FIBONACCI GROUPS

by C. M. CAMPBELL and E. F. ROBERTSON
(Received 14th November 1973)

1. Introduction

Let F, be the free group on {a;: i € Z,}, where the set of congruence classes
mod n is used as an index set for the generators. Let ¢ be the permutation
(1, 2, 3, ..., n) of Z, and denote by 0 the automorphism of F, induced by ¢,
namely

aig = a"¢.

Let r and k be integers such that r = 2, k = 0 and let N be the normal
closure of the set
{(a,a;...a,a;73)0™: 1 <m < n}

in F,. Define the generalised Fibonacci group F(r, n, k) by
F(r, n, k) = F,/N.

We shall call (a,a,...a,a)8" ! = 1 the relation (m) of F(r, n, k). The groups
F(r, n, 1) are the Fibonacci groups discussed in (3), where it is proved that these
groups are metacyclic if » = 1 mod #n. In (3) two questions are posed relating
to the case r = 1 mod n, namely to find the orders of these groups and also
2-generator 2-relation presentations for them. The first of these questions was
solved in (2) and in this paper we solve the second problem.

The generalised Fibonacci groups F(r, n, k) are discussed in (1) where it is
stated that F(6, 5, 3) is isomorphic to F(6, 5, 1). We prove a generalisation of
this resuit, namely that when r = 1 mod n F(r, n, k) is isomorphic to F(r, n, 1)
for any k coprime to n.

2. A 2-generator presentation for F(r, n, k)

Suppose r = 1modn and let r = nt+1. Define b, =0, b, = ¢t and,
inductively, b; = rb;_;+t. Denote by x the element a,a,...a, of F(r, n, k).
In (2) we showed that {x) has index n in F(r, n, k) when k is coprime to n and
that x has order b,. A coset enumeration was carried out using the modified
Todd-Coxeter algorithm. Defining the cosets 2, 3, ..., n by i.a; = i+]1,
1 £iZn—1, the following relations between coset representatives were
obtained '

xb=.(i+1) 1Zign-1,

i.Gg4;=
x=tl 1 i=n.
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Lety = a,,,. We show that x and y together generate F(r, n, k) and obtain
the following theorem.

Theorem 1. Letr = 1 mod n and let k be coprime to n. Then

Fr, n, K)=Cx, p | y™lxp = x, yn = - D/00=1), om0 _ 1y,
where hk = 1modnandl1 £ h £ n—1.
Proof. We use the modified Todd-Coxeter algorithm for the subgroup

H = {x, y>, making use of the results already stated for (x> and following
through the collapses which occur with the addition of the information

l.a, 4, = y.1. Usingrelation (1) we obtain 1.a,,, = x*.2andso2 = x~'y.1.
But 1.a,,, = x*.2 = x%"'y. 1. Since k is coprime to n,
l.a;=x"¢-0"% 1; 1<ign
Therefore the subgroup H has index one in F(r, n, k) and thus
F(r,n, k) = {x, ).

Notice that we can always replace x?* by x? where § = fmod n and
0 £ B<n since xP = 1.

In addition to the relation x®» = 1 the modified Todd-Coxeter algorithm

gives us the following relations for #. From the subgroup generator
X = a,a,...a,_,a, we obtain

(A) X = 11[ xbh(l—n—ty’
and from the relation (i) of F(r, n, k) we obtain
(Bm) < fI xbh(m—2+i)—[y)txbh(m—l)-bh(m_”.,,1= 1.
i=1

Notice that (B,) is the rth power of relation (4). Now (B,,) and (B, ) together
imply

yxbhm+l_bhmy'l — xbh(m—l)+l"bh(m—l)

But bygn—1)+1=bhm—1) = Mtbym-1y+1t, and thus py=lxmrem-n+l)y — gribambe,

We therefore obtain
(Cw) yT Iy = !

However (C,), 1 £ m £ n, together with (4) imply (B,), ] = m < n.

The relation (C,) is y~'x’y = x", and raising this relation to the power
rPm=1) giyes the relation (C,). Hence a presentation for H, and therefore for
F(r, n, k), is given by the generators x and y subject to the relations (4), (C,) and
xPn = 1. Since b,;—1t, 1 £ i < n, is divisible by ¢, relation (4) simplifies using
(C,) to give y* = x* where

rhm

(b= P,

1

a=1-—

1
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But b,;—1 = (r"—r)[n and so « = r(r"—1)/(n(r—1)). Relation (4) becomes
Y= xC" DI gince r = 14+(r—1) and x¢"~DE-D/aC-1) — j  Relation
(C,) now simplifies using the modified relation (4). For a = vt+1 for some
veZ, and so y~x~%y = x~*"" giving

—vtrht+a a(l—rh)

y ixy=x =x"x

Notice we have used the fact that x* e Z(H), the centre of H. However,

x*1-™) _ 1 since
r-i (l=ry_ -l

a(l—-r") =

n r—1 n
for some ue Z. Thus y~'xy = x"".

Corollary 1. F(r, n, 1) ={x, y |y 'xy = x", y" = x0"~D/C=1)y " where
r = mod n.

Proof. It suffices to show that the relations y~'xy = x" and

y" = X DI 1)
together imply xU"~1/" = 1, Raising y"'xy = x" to the power (r"—1)/(n(r-1))
gives
y "l M= DI = 1) ), ren= Dt = 1)

Since x("= /= Me Z(H), xC"= D" = 1,

Corollary 2. F(r, n, 1) = F(r, n, k) when r = 1 mod n and k is coprime
to n.

Proof. Let IT be the set of prime factors of h.c.f. (h, (r—1)(r"—1)) and 2
the maximal IT-number dividing (r—1)(r"—1), then h+Ain is coprime to
(r—1){(r"—1) and hence coprime to the order of x and the order of y. The
group F(r, n, 1) has a presentation

<X, y I y—lxy — xr’ yn = x(r"—l)/(n(r—l)), x(r"—l)/n= 1>.

With this choice of 4, x"*# and y**#" together generate F(r, n, 1). With

a=x"t4 b = " it is straightforward to check that
b—lab = ar"’ = a(r"—l)/(n(r-l))’ a(r"—l)/n =1.

Hence F(r, n, 1) is a homomorphic image of F(r, n, k) and, using the fact
proved in (2) that | F(r, n, 1) | = | F(r, n, k) |, the result follows.

An immediate consequence of Corollary 1 and Corollary 2 is the following
theorem.

Theorem 2. Let r = 1 mod n and let k be coprime to n. Then F(r, n, k)
has a 2-generator 2-relation presentation

F(r,n, k)= (x, y |y xy = &7,y = xC"-Diee=10y,
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