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In this paper we consider two closely related problems concerning a complete 
locally m-convex (LMC) algebra A with identi ty. Le t a be a fixed element of A, 
and let P(a) be the smallest closed subalgebra containing a and 1. If B is any 
subalgebra containing a and 1, we let a (a; B) denote the spectrum of a as an 
element of B. (I) Describe the set a(a\ P(a)) in terms of a(a\ A). ( I I ) Give 
necessary and sufficient conditions in order t h a t a (a; B) = a (a; A) for every 
closed subalgebra B of A which contains a and 1. 

If A is a Banach algebra, one can give a simply s ta ted condition for ( I I ) 
and a nice description of a(a; P(a))\ cf. (3, Theorem 1.6.13). T h e condition 
for ( I I ) is t h a t a (a; A) fail to separate the plane. Examples 2.1 and 2.3 below 
show t h a t this condition is neither necessary nor sufficient for ( I I ) in our 
sett ing. In fact, knowing only the set a (a; A), one can nei ther describe 
<j(a\P{a)) nor even decide whether it is larger than a (a; A). T h e ex ten t of the 
pathology is shown in Example 2.4, where we have two elements a and b of an 
algebra A such t h a t a(a;P(a)) = a(a;A) = a(b]A) ^ a(b\P(b)). 

T h e key to the solutions of (I) and ( I I ) is the fact t h a t a complete L M C 
algebra A may be realized as an inverse l imit of a family {An: n £ D} of 
Banach algebras, where each An contains a dense homomorphic image irnA 
of A. If we identify a £ A and its image {-Kna\ in liminv{^4w}, we have 
a (a; A) = \Jn a(a) A, n), where a (a; A, n) = a(irn a; An) (by definition). T h e 
description of a (a; P{a)) and the conditions for the invariance of the spectrum 
of a are given in terms of the ordered pair (<r(a;A), {a(a] A, n): n G D}). 
Specifically, 

a(a;P(a)) = \Jna(a\ A,n) 

where, for a compact subset K of (S, K denotes the polynomially convex 
hull (defined bslow). Hence, <r(a\P(a)) = a (a; A) if, and only if, for each 
n G D, ô-(a;A,n) C a (a; A); i.e., the union of the bounded components of 
E V ( a ; 4 , n ) lies in <r(a\A). Each of the sets <j(a\Ayn) may separate the 
plane as long as the "holes" are in some other set a (a; A, i) or a union thereof 
(cf. Example 2.1 below). 

Received September 28, 1966. The research for this paper was supported in part by NSF 
Grant GP5707. 

658 

https://doi.org/10.4153/CJM-1968-063-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-063-9


LOCALLY m-CONVEX ALGEBRAS 659 

1. Pre l iminar ie s . A locally m-convex (hereafter L M C ) algebra is a locally 
convex (Hausdorff) topological algebra A whose topology is determined by a 
family {|| • ||w: n G D} of pseudonorms (submultiplicative convex symmetr ic 
functionals), which may be assumed to be directed by D( = (D, < ) ) ; n < k 
implies t h a t \\x\\n < ||#||*; for each x £ A. We shall call such a family a directed 
family of pseudonorms for A, Each n G D determines a Banach algebra An 

with norm | | - | | n and a continuous homomorphism irn of A onto a dense sub-
algebra of An (in fact, An is usually obtained as the completion of 

A/{x: \\x\\n = 0} 

with the induced norm) . If n < k, then irn and Tk induce a norm-decreasing 
homomorphism irn

k of Ak onto a dense subalgebra of An. T h e resulting family 
of Banach algebras and continuous maps is a dense inverse limit system and 
A may be identified topologically and algebraically with a dense subalgebra of 
lim inv{^4w}, which is a closed subalgebra of Jln An. If A is complete, we identify 
A and lim inv{^4w}, the correspondence being x —» {irnx}. 

We consider here only complete L M C algebras with identi ty. Completeness 
is essential if we are to exploit the existence of the family {An}, and the assump­
tion t h a t A has an identi ty is no real restriction, since we could always adjoin 
one, after defining the spectrum in terms of quasi-inverses, and obtain the 
same results. 

Let A be a complex L M C algebra with identi ty 1 and let {|| • ||n: n G D} be 
a directed family of pseudonorms for A. If a G A, then a (a; A) is the spectrum 
of a as an element of A, and a (a; A, n) is defined to be <j(jrna\ An). We have 
t h a t a(a\ A) = \Jn a(a; A, n). If B is a closed subalgebra of A, then B with 
the family of restricted pseudonorms is a complete L M C algebra and for 
each n £ D, Bn = irnB Ç An. One special closed subalgebra which we need 
is P(a), a G A, which is the closure in A of the algebra {p(a): p G P], where 
P is the family of all polynomials in one variable with complex coefficients. 

If A is a commutat ive complete L M C algebra with identi ty, the spectrum of 
A is the space M of non-zero continuous complex-valued homomorphisms with 
the Gelfand topology. If A = lim inv{^4w}, then irn induces a homeomorphism 
of M(An) onto a compact equicontinuous subset Mn of M. This family {Mn} 
covers every equicontinuous subset of M. Each a G A defines an element of 
C(M) by â(m) = m (a) for each m G M. Moreover, a (a; A) = a(M), and 
a (a; A, n) = a(Mn) for each n G D. For proofs of the facts listed above, the 
reader is referred to (2). 

2. S o m e e x a m p l e s . W e assume throughout this section t ha t A is a complete 
L M C algebra with identi ty 1. 

Definition 2 .1. For a G A we say t ha t a (a; A) is invariant provided t ha t 
(7 (a; B) = a (a; A) for every closed subalgebra B of A which contains a and 1. 
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Definition 2.2. If a G A and if {|| • ||ra: n G D} is a directed family of pseudo-
norms for A, we say that the ordered pair (a(a; A), {a(a; A, n) : n G D)) is 
invariant provided that (o-(a;^4), {c(a; ^4, n)}) = (<r(a;B), {a(a\ B, n)}) for 
every closed subalgebra B of a which contains a and 1. We say that a (a; A) is 
strongly invariant if there exists a directed family {|| • ||re} of pseudonorms such 
that (a(a; A), {a(a; A, n)}) is invariant. 

We state, without proof, two theorems. The first is Theorem 1.6.13 of (3) 
and the second is an immediate consequence of the first and the fact that 
failure to separate the plane is a topological property of compact sets. 

THEOREM 2.1. If A is a Banach algebra and a G A, then a (a; A) is invariant 
if, and only if, a (a; A) fails to separate the plane. 

THEOREM 2.2. If A and B are Banach algebras, and if a and b are elements of 
A and B, respectively, such that a (a; A) and a(b\B) are homeomorphic, then 
<j(a\ A) is invariant if, and only if, a(b; B) is. 

We consider the following statements about an element a of A: 
(1) a (a; A) is invariant. 
(2) a (a; A) fails to separate the plane. 
(3) a (a; A) is strongly invariant. 
(4) There exists a directed family {|| • ||w: n G D] of pseudonorms such that 

o-(a; A, n) fails to separate the plane, for each n G D. 
We note that the equivalence of (3) and (4) is an immediate consequence of 

Theorem 2.1. We also have that (3) implies (1), since 

a(a;P(a)) = Un a (a; P(a), n) 

for every family of pseudonorms and we can choose one for which we have 
a(a; A, n) = a(a;P(a), n) for each n G D. We now give examples to show 
that this is the only implication which holds among (1), (2), and (3). 

Example 2.1. Let T = {t G E: 1 < |*| < 2} U {0}. T is a locally compact 
Hausdorff space and A = (C(T), compact-open topology) is a complete LMC 
algebra with identity; cf. (2, Ex. D.3 and Lemma D.5). Also, M = T (2, 
Ex. 7.6). We define a: T -» g by 

a(0) = 0, a(t) = (|*| - 1)(2 - \t\)-H for t ^ 0. 

Then a G A and a (a; A) = â(M) = a(T) = (S. Thus, a(a\A) is trivially 
invariant and a (a; A) fails to separate the plane. We shall prove that (4) fails 
to hold, thereby showing that neither (1) nor (2) implies (4), equivalently (3). 

We choose a decreasing sequence {rn: n = 1, 2, . . .} such that r± < 2 and 
lim rn = 1, an increasing sequence {Rn: n = 1,2, . . .} such that fi < Rx and 
l i m i ^ = 2, and let Kn = {0} U {t: rn < |;| < Rn] for each n. We define 
||-||w to be the supremum-on-^ pseudonorm. Then {|| • ||n: n = 1, 2, . . .} is a 
directed family of pseudonorms for A, and for each n G N we have 
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a(a;A,n) = â(Mn) = a(Kn), 

which is a compact annulus plus the isolated point 0. Le t {|| • \\n': n G D] be a 
directed family of pseudonorms for A, and fix n G 9?. There exists k G D and 
e > 0 such t h a t \\x\\n < e\\x\\k for each x G A. Since {||-||n: w 6 31} is a 
directed family for A, there exists p £ $1 and <5 > 0 such t h a t 

B u t then Kn Ç Mk Q KP1 where Mk corresponds to M(Ak) under the in­
duced m a p (Ak = completion of A/{x: \\x\\k = 0}). Hence, a(a;A,'k) 
separates the plane and (4) fails to hold. 

Example 2.2. Let T = [0, 2ir) and let A = (C(T), compact-open topology). 
We define a G A by a{t) = exp(it). Then a (a; A) = a(T) = uni t circle. Thus , 
(2) fails to hold. If {tn, n = 1, 2, . . .} is an increasing sequence in [0, 2T) with 
limit 2T, then {|| • \\n: n G 31} is a directed family of pseudonorms for A, where 
|| • ||w = supremum on [0, tn]. For this family, 

cr(a; A, n) = {exp(it): 0 < / < Q 

for each n G 31. Thus , (4) holds; hence, (1) holds; and neither implies (2). 

Example 2.3. Let Ui be the open uni t disk, Us the open ô-disk (0 < 5 < 1), 
T = Ui\Usi and T5 the <5-circle about 0. We let A = (C(T), compact-open 
topology), 4̂(<5) = {x G C(Ûs): x\Us is analyt ic}, and B = {a G ^4: there 
exists x G i (ô) such t ha t x| r 3 = a| T8}. We note t h a t iî a £ A and if a ( 0 = t 
on T5, then a G - S . Moreover, M(B) = Ui and if b G 5 , then a(b:B) is the 
range of the unique extension S of b to all of t/ i . We define a: T —> £ by 
a(/) = (1 - <5)(1 - l^l)-1 for t G T. Then a G 4 and a(*) = t on r«. Thus , 
a £ B. Now, o-(a;^L) = a ( T ) = Us', â(Ui) = <r(a;B). Hence, o-(a;^4) is no t 
invariant , while a (a; A) fails to separate the plane. Thus , (1) does not imply 
(2). 

Since a (a; A) can be unbounded, we offer the following al ternat ive to (2). 
(2') a (a; A) fails to separate the extended plane S* = E U {ooj, the one-

point compactification of Ê. 
We shall show below (Corollary 3.3.2) t h a t (2') is a sufficient condition for 

the invariance of a (a; A). I t is, moreover, independent of the other sufficient 
condition (3). W e briefly indicate the relation of (2') to the other s ta tements , 
(i) Nei ther of (2') and (3) implies the other. Example 2.2 shows t h a t (3) does 
no t imply (2') , while Example 2.1 shows t ha t the other possible implication 
fails to hold, (ii) Nei ther of (2) and (2') implies the other. Example 2.3 shows 
t h a t (2) does not imply (2 ') . Let A = (C(&), compact-open topology) and 
define a(t) = t on ^ . Then a (a; A) = S%, which separates 6 , bu t not S*. 
(iii) Example 2.2 shows t h a t (2') is no t implied by (1). 

Example 2.4. Le t A = (C[0, 2TT), compact-open topology) and define a, b 
in A by a(t) = exp(it), b(t) = exp(2it) for / G [0, 2TT). Then , a (a; A) = 

https://doi.org/10.4153/CJM-1968-063-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-063-9


662 R. M. BROOKS 

a(b; A) = unit circle. We let {tn: n G 31} be an increasing sequence in [0, 2w) 
with h = TT and lim tn = 2x, and define || • ||n = supremum on [0, tn] for n G Sft. 
The family {|| • \\n\ n G 5)1} is a directed family of pseudonorms for A and from 
our observations preceding Example 2.1 we have that a (a; A) is invariant. 
However, a(b;A, 1) = o-(7ri&;^4i) = unit circle, since Ai = C[0, ir]. If we 
let B denote the closure in A of the polynomials in b, then a(b\ B, 1) = closed 
unit disk. Hence, a(b\ A) is not invariant. 

From these examples, especially the last one, we see that the invariance of 
a(a;A) depends on the pair (a(a;A), {v{a\ A,n}) rather than on a(a;A) 
alone. We include one more example to show that a (a; A) may be strongly 
invariant even though some pairs are not invariant. 

Example 2.5. Let T denote the open unit disk and let A = (C(T), compact-
open topology). We fix an increasing sequence [rn\ w Ç 9Î} of positive real 
numbers with limit 1. Let Kn = {t: \t\ < rn}, Tn = {t: \t\ = rn), and Fn = 
Kn VJ rw + i ; and let || • ||n be the supremum on Kn, and || • \\n' the supremum on 
Fn for each n Ç 9 .̂ Finally, we let a be defined by a(t) = t for t Ç T. We use 
primes to denote objects related to the family {|| • \\n': n € 31}. For each n G 31 
we have 

cr(a; A, n) = a(Kn) = Kn = a (a; P(a), n), 

and <r(a; A,'n) = a(Kn) U a(Tn+1). But a (a; P(a), !n) = a(Kn+i). Thus, for 
each n G 9 ,̂ a (a; A, n) = <r(a; P(a), n), and the pair (a (a; A), {a (a; A, n)}) 
is invariant, while the pair (a(a; A), {a(a; A/n)}) is not. 

3. The main results. 

Definition 3.1. If K is a compact subset of E, the polynomially convex hull K 
of K is the set 

{ f e 6: |£(r) | < \\p\\K ior each p G P} , 

where || • ||K denotes the supremum on X. We say X is polynomially convex if 
2£ = £ . 

We sketch a proof of the following. 

THEOREM 3.1. If A is a Banach algebra with identity, and a G A, then 
a(a;P(a)) = a(a;A). 

Proof. We reduce this immediately to the commutative case by fixing a 
maximal commutative subalgebra C which contains a. For this algebra we have 
a(a; C)=cr(a;A). We also have that P(a) ç= Cand <r(a\ C) = {m(a)\ meM(C)}. 
A simple application of the spectral mapping theorem for polynomials yields 
a(a;P(a)) Qâ(a;C). For the other inclusion we fix f G <r(a; C), define 
m (a) = f, and extend m to the dense subalgebra {p(a): p G P} of P(a). From 
the definition of a (a; C) it follows that m is continuous, hence; extendible to 
P(a). Thus, f G o-(a;P(a)). 
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COROLLARY 3.1. If A is a Banach algebra with identity and a Ç A, then 

a (a; A) is invariant if, and only if, a (a; A) is polynomially convex. 

T H E O R E M 3.2. Let A be a completeLMC algebra with identity, let \ \ \ • \ \n\ n £ D} 
be a directed family of pseudonorms for A, and let a be an element of A. Then 

a(a;P(a)) = \Jn &(a', A, n). 

Proof. F rom Lemma 7.8 of (2) we have t h a t P(a) = lim inv{7rw P(a)~}. 
B u t irn P(a)~ = P{irn a) CI An. Hence, 

a(a;P(a)) = \Jn a(a; P(a), n) = U ^ K f l ^ W J 

= Un <r(irn a, P(wn a)) = \Jn frOr* a, An) 

from Theorem 3.1. Since a(a;A,n) = a(wn a, An), we have the desired 
equali ty. 

T H E O R E M 3.3. Let A be a complete LMC algebra with identity and let a be an 
element of A. Then a (a; A) is invariant if, and only if, there exists a directed 
family {\\ • \\n: n Ç D] of pseudonorms for A such that for each n G D we have 
a(a; A, n) Ç a(a;A). 

Proof. Suppose a(a;A) is invariant . Let {||-||w: n £ D] be any directed 
family of pseudonorms for A. Then by Theorem 3.2 we have 

a(a',A) = a(a]P(a)) = \Jna{a;A,n), 

so t h a t a(a; A, n) (Z a(a; A) for each n G D. T h e converse also follows easily 
from Theorem 3.2. 

W e note t h a t we have actually shown t h a t if for one family {||-||w} of 
pseudonorms we have â(a; A, n) Ç a (a; A) for each n, then the same is 
true for every family of pseudonorms. Thus , the notion of invariance of 
a (a; A) is independent of the realization of A as an inverse limit, as con­
trasted with the notion of invariance of pairs. Also, in order to check for 
invariance we can choose the most convenient family of pseudonorms wi thout 
worrying abou t the strangely constructed ones. (For example, the second 
family constructed in Example 2.5 is not a natural one to consider, b u t we 
need no t worry abou t it if we only wan t a description of a (a; P(a)), ra ther 
than a detailed knowledge of its pieces.) 

T h e theorem also indicates t h a t each of the compact sets a (a; A, n) m a y 
separate the plane as long as the bounded components of its complement lie 
inside a (a; A). An example of this is given in Example 2.1 above. 

Definition 3.2. A subset S of S is called polynomially convex if K Ç S for 
each compact subset K of S. 

COROLLARY 3.3.1. If a (a; A) is polynomially convex, then a (a; A) is invariant. 
This condition is not necessary. 

Proof. W e fix a directed family {||-||w} of pseudonorms. For each n G D, 
a(a;A,n) is a compact subset of a (a; A)] hence, a(a; A, n) ÇI a(a; A). 
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Example 2.2 above shows that an invariant a (a; A) need not be polynomially 
convex. 

COROLLARY 3.3.2. If a (a; A) fails to separate (£*, then a (a; A) is invariant. 

Proof. We shall show that if S is any subset of 6 which is not polynomially 
convex, then 5 separates (£*. The assertion will then follow from Corollary 
3.3.1. We shall use the following facts about a compact subset K of (S. We let 
UK be the unbounded component of Ç£\K and let WK be the union of the 
bounded components of Ç£\K (may be empty). The sets UK and WK are open 
in the open set &\K; hence, are open in E and are disjoint. For a compact set 
F in Ewe have that E \ F is connected if, and only if, F = F. Now, K U WK is 
compact, contains K, and is contained in K. Then, K = {K\J WK)K. But 
<$\(K U WK) = UK is connected. Hence, K = K U WK. 

If S is not polynomially convex, then there exists a compact subset K of S 
such that K (£ S. Thus, (S\i£ = W^ U £7 ,̂ where WK is bounded and non­
empty and &\UK is compact. The set UK* = UK ^ {°°} is, therefore, an 
open set in £* containing a> and disjoint from WKl and E*\i£ = WK U t/^*. 
We let Oi=WKC\ (E*\5) and 0 2 = t/^* H (6*\5) . Then 0X and 0 2 are 
open, non-empty disjoint subsets of S*\5 and (S*\5 = Oi U 02. 

We close with some remarks on a special case and the extension to the joint 
spectrum of a finite family in the commutative case. If A is a Banach algebra 
with norm 11 • 11, then {11 • 11} is a directed family for A and for a G A the ordered 
pair which determines invariance is j ust (a (a; A), {a (a; A)}). Hence, Theorems 
3.2 and 3.3 reduce to Theorems 3.1 and 2.1 in case A is normed and complete. 

If A is commutative and {ai, . . . , ak) is a finite family in A, the joint 
spectrum <r(ai, . . . , ak) is {(m(ai), . . . , m(ak)): m G M), a subset of (£*. This 
concept was studied for special LMC algebras (.F-algebras) by Arens (1). If 
K is a compact subset of Sfc, then the polynomially convex hull K of K is the 
set {f G (£*: \p(S)\ < H^IU for each p G P*}, where Pk is all polynomials in 
k variables with complex coefficients. The elements #i, . . . , ak generate a 
smallest closed subalgebra P(ai , . . . , ak) of A and we have the equality 

a(au . . . , ak;P(aly . . . , a*)) = U ^ O i , . . . , ak\A, n), 

where n runs over a set D directing a family {11 • 11„} of pseudonorms for A. 
From the equality above we easily obtain a condition for the invariance of 
a (ai, . . . , ak ; A ) in terms of pairs (<r(ai, . . . y ak; A), {<r(a,i, . . . , ak; A , n)}). 
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