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SOME FUNCTION SPACES RELATIVE TO
MORREY-CAMPANATO SPACES ON METRIC SPACES

DACHUN YANG

Abstract. In this paper, the author introduces the Morrey-Campanato spaces
L;(X) and the spaces Cp(X) on spaces of homogeneous type including metric
spaces and some fractals, and establishes some embedding theorems between
these spaces under some restrictions and the Besov spaces and the Triebel-
Lizorkin spaces. In particular, the author proves that Lj(X) = B3 o (X) if
0 < s < oo and u(X) < co. The author also introduces some new function
spaces A, (X) and B,(X) and proves that these new spaces when 0 < s < 1
and 1 < p < oo are just the Triebel-Lizorkin space Fj o, (X) if X is a met-
ric space, and the spaces A,(X) and B,(X) when 1 < p < oo are just the
Hajtasz-Sobolev spaces Wp1 (X). Finally, as an application, the author gives a
new characterization of the Hajlasz-Sobolev spaces by making use of the sharp
maximal function.

§1. Introduction

On metric spaces including fractals, how to reasonably introduce some
well-known functions on the Euclidean spaces is the main subject of a lot
of recent papers and books; see [26], [21], [29], [30], [16], [17]. The main
purpose of this paper is to introduce the Morrey-Campanato spaces L;(X )
and the spaces C,(X) on spaces of homogeneous type including metric
spaces and some fractals, whose versions on R" and its domains are studied
by DeVore and Sharpley in [6], Christ in [3] and Miyachi in [24], [25]; see also
[28] for more references. Moreover, L(€2) is just the usual space bmo(2)
if Q is a bounded C*° domain in R"; see [28, p. 49]. We will establish
some embedding theorems between these spaces under some restrictions
and the Besov spaces and the Triebel-Lizorkin spaces in [12], [13], [16], [17].
In particular, we will prove that Ly(X) = B3, (X) if 0 < s < co and
1(X) < oo (see Theorem 2.1 below), which is known if X is a bounded C'*°
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2 D. YANG

domain in R"; see [28, pp. 50, 247-248]. Motivated by [21], we also introduce
some new function spaces A7(X) and Bj(X), which can be regarded as
the fractional versions of the function spaces studied in [21]. However,
the metric spaces studied in [21] have the segment property and we do
not need this property by assuming some other properties. It is easy to
find a metric space satisfying our assumptions (see Definition 2.1 below),
which has no segment property. For example, consider X = [0,1] U [2, 3]
with the euclidean distance and the 1-dimensional Lebesgue measure. We
will prove that these new spaces Aj(X) and Bj(X), when 0 < s < 1,
1 < p < o0 and X is a metric space, are just the Triebel-Lizorkin space
F5 o (X) (see Theorem 2.4 below), and that the spaces AL(X) and By (X),
when 1 < p < oco and X is a metric space, are just the Hajtasz-Sobolev
spaces W (X) in [9] (see Theorem 3.3 below). Finally, as an application
of this result, we will establish a new characterization of the Sobolev space
W, (X) by means of the sharp maximal function introduced by Triebel in
[28, p. 246] (see Theorem 3.4 below), which is also known if X is a bounded
C* domain in R™; see [28, pp. 50, 247-248].

We remark that although some of our results are known if X is a
bounded C*° domain in R”, some new ideas and techniques are needed
to obtain their counterparts on spaces of homogeneous type. In particular,
we need the Calderén reproducing formulae established by Han in [11] and
we will also use some ideas from [21].

Section 2 is devoted to the study of the Morrey-Campanato spaces
and the C,(X) spaces, and the new characterization of the Hajtasz-Sobolev
spaces W, (X) is given in Section 3.

§2. Morrey-Campanato spaces and C; spaces

Let us first recall some definitions and notation on spaces of homoge-
neous type. A quasi-metric p on a set X is a function p: X x X — [0,00)
satisfying that

(i) p(x,y) =0 if and only if z = y;

(ii) p(z,y) = p(y,z) for all z, y € X;
(iii) there exists a constant A € [1,00) such that for all z, y and z € X

p(z,y) < Alp(z, 2) + p(z,y)].
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Any quasi-metric defines a topology, for which the balls

B(z,r)={ye X :py,z) <r}

for all x € X and all r > 0 form a basis.

In what follows, we set diam X = sup{p(z,y) : =,y € X}. We also
make the following conventions. We denote by f ~ g that there is a con-
stant C' > 0 independent of the main parameters such that C~'g < f < Cyg.
Throughout the paper, we will denote by C' a positive constant which is
independent of the main parameters, but it may vary from line to line.
Constants with subscripts, such as C'1, do not change in different occur-
rences. We denote NU {0} simply by Z and for any ¢ € [1, 00, we denote
by ¢’ its conjugate index, namely, 1/¢ + 1/¢' = 1. If X; and X, are two
quasi-Banach spaces, By C By means that there is a constant C' > 0 such
that for all f € By,

”fHB2 < C”fHBl‘

DEFINITION 2.1. ([16]) Let d > 0 and 0 < 6 < 1. A space of homoge-
neous type, (X, p, tt)q, is a set X together with a quasi-metric p and a
nonnegative Borel regular measure p on X with supp 4 = X such that for
some constant Cyp > 0 and for all 0 < r < diam X and all z, 2/, y € X,

(2.1) u(B(z,r)) ~ rd
and
(2.2) p(z,y) — p(a',y)| < Cop(z,2')[p(z,y) + p(a’, y)] 7.

Obviously, d can be regarded as the Hausdorff dimension of X (see
[23]). Moreover, if p is a metric, then 6 in (2.2) can be 1; and, if X =R", p
is the usual Euclidean metric and p is the n-dimensional Lebesgue measure,
then d =n and 6 = 1.

Space of homogeneous type defined above is a variant of space of ho-
mogeneous type introduced by Coifman and Weiss in [4]. In [22], Macias
and Segovia have proved that one can replace the quasi-metric p of space
of homogeneous type in the sense of Coifman and Weiss by another quasi-
metric p which yields the same topology on X as p such that (X, p, ) is
the space defined by Definition 2.1 with d = 1.

Moreover, the spaces of homogeneous type in Definition 2.1 include the
Fuclidean space, the C*°-compact Riemannian manifolds, the boundaries
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of Lipschitz domains and, in particular, the Lipschitz manifolds introduced
recently by Triebel in [31] and the isotropic and anisotropic d-sets in R".
It has been proved by Triebel in [29] that the isotropic and anisotropic
d-sets in R" include various kinds of self-affine fractals, for example, the
Cantor set (see also [23]), the generalized Sierpinski carpet, the fern-like
fractals, Picasso-Xmas-Tree fractals and Oval-Ferny fractals; see [30], [1],
[2] and [8]. We particularly point out that the spaces of homogeneous type
in Definition 2.1 also include the post critically finite self-similar fractals
studied by Kigami in [20] and by Strichartz in [26], and the metric spaces
with heat kernel studied by Grigor’yan, Hu and Lau in [§].

We now recall the definition of the Besov and Triebel-Lizorkin spaces
on spaces of homogeneous type. To do so, let us first recall the definition
of the spaces of test functions on X in [15]; see also [11].

DEFINITION 2.2. Fix v > 0 and 8 > 3 > 0. A function f defined on
X is said to be a test function of type (xg,r,3,7) with o € X and r > 0,
if f satisfies the following conditions:

rY
(r =+ p(, 20)) 7’

i) /() - Fw) scl( pl:y)

(i) [fo)l < C

fr’y

B
T+ p(z, 930)) (r+ p(, z0)) 4+
for p(z.y) < ==[r + p(a, 20)]
or p\z,y _QAT P\, X0)|,
where C7 > 0 is independent of x, y and r. If f is a test function of type
(xo,7,03,7), we write f € G(zg,r,3,7), and the norm of f in G(xg,r,3,7)

is defined by

Hng(Ioﬂ“ﬁ,’Y) = inf{C] : (i) and (ii) hold}.

Here and in what follows, 6 is the same as in (2.2).
Now fix g € X and let G(3,7) = G(xo,1,3,7). It is easy to see that

G(x1,m,8,7) = G(0,7)

with the equivalent norms for all 1 € X and r > 0. Furthermore, it is easy
to check that G(3,~) is a Banach space with respect to the norm in G(3, 7).
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Also, let the dual space (G(3,7))" be all linear functionals £ from G(8,~)
to C with the property that there exists a finite constant C' > 0 such that
for all f € G(B,7),
L)< Cllfllgesq)-

We denote by (h, f) the natural pairing of elements h € (G(5,7))" and
f € G(B,v). It is easy to see that, for all h € (G(5,7))’, (h, f) is well
defined for all f € G(zg,r, 3,7) with g € X and r > 0. Moreover, in what
follows, we will denote by go(ﬁ,’y), for 0 < (B, v < 0, the completion of
G(0.0) in G(8,7)-

To state the definition of the inhomogeneous Besov spaces B, ,(X) and
the inhomogeneous Triebel-Lizorkin spaces F,; ,(X) studied in [12], we need

the following approximations to the identity which were first introduced in
[11].

DEFINITION 2.3. A sequence {Sj}32, of linear operators is said to be
an approximation to the identity of order e € (0, 6] if there exist Ca, C5 > 0
such that for all k € Z, and all z, 2/, y and ¢/ € X, Sk(x,y), the kernel of
Sk is a function from X x X into C satisfying

(i) Sk(z,y) = 0if p(z,y) > Co27F and ||Skl oo (x xx) < C32%;
(ii) |Sk(x,y) — Sk(e,y)| < C3258) p(z, /)
(iii) [Sk(x,y) — Sk(x,y)| < Ca2 ) p(y, y')5;
) |Sk(z,y) = Sk(z,y)] — [Sk(2',y) — Sk(@', y)]]
< C32KH29) o, ) p(y, ')

<wéawwwwﬂ;

(iv

h@é&@@@@—L

Here, that Si(x,y) is the kernel of S means that for suitable functions

f7
AMW—A&WW@WM

We point out that by a similar Coifman’s construction to that in [5], one
can construct an approximation to the identity with compact supports as
in Definition 2.3 for those spaces of homogeneous type in Definition 2.1.
Now, we can introduce the spaces B, ,(X) and F}; (X) via the approx-
imations to the identity defined above, which were first studied in [12].
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DEFINITION 2.4. Suppose s € (—6,6) and that {5}, is an approx-
imation to the identity of order € and let Dy = Sy — Sip_1 for k € N and
Doy = Sp. The inhomogeneous Besov space B;q(X) for 1 < p, g < oo is the

collection of f € (go(ﬁ,’y))/ for |s| < B < 6 and 0 < v < € such that

oo

1/q
Hf”Bf,,q(X) = {Z[kaHDk(f)”Lp(X)}q} < 00.

k=0
The inhomogeneous Triebel-Lizorkin space Fy; (X) for 1 < p < oo and

1 < g < o is the collection of f € (go(ﬁ,'y))/ for [s] < f<fand 0 <y <6
such that

1 llFs ) = '

< 00.
LP(X)

(o)

k=0

It was proved in [12] that the above definitions of the spaces B, (X)
and F; (X) are independent of the choices of approximations to the identity
and the pair (3,7) with max(0,—s) < § < 6 and 0 < v < 6. Moreover, in
[16], it was also proved that the above definitions are also independent of
the equivalent quasi-metrics satisfying (2.2). We say that a quasi-metric p
is equivalent to another quasi-metric p’ if there is a constant C' > 0 such
that for all z, y € X,

C7p (z,y) < plz,y) < Cp'(z,y).

Moreover, it was proved in [32] that the Besov spaces on d-sets in R" defined
by two different and equivalent methods, namely, traces and quarkonial de-
compositions in the sense of Triebel in [29], [30] are the same spaces as those
introduced in [12], [17] by regarding the d-set as a space of homogeneous
typewhen 0 <s<1l,1<p<ooand1<qg< 0.

For s € R, Cy > 0, u € (0,00] and = € X, we introduce the sharp

maximal function
” 1/u
u,c, (%) = sup t*(j{ dﬂ(?/)) :
0<t<Cy B(z,t)

where 7{ f(y) du(y) means the average on B(x,t) of f, that is,
B(z,t)

fly) - 7{3 IRELE

1
Z{B(m) f(y)duly) = W(B(.0) /B(:v,t) f(y) du(y).
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Using this sharp maximal function, we can now introduce the so-called
Morrey-Campanato spaces and the spaces C (X), whose versions on R"
and its domains have been introduced by DeVore and Sharpley in [6] and
Christ in [3]; see also [24], [25] and [28, pp. 48-49, 246] for some applications
of these spaces, the detailed references, further explanations and a short
history of the versions on R" and its domains of these spaces.

DEFINITION 2.5. Let C4 > 0.
(i) Let 1 <p < oo and —d/p < s < 1. Then
LX) = {F € LX) W llggx) = vy + 59D fiy (@) < oo}
(ii) Let 0 < s < 1,0 < p < oo and p = max(1,p). Then
Co(X) = {f € LX) : I flogoe) = I lleogo) + Il < o0 -

Remark 2.1. Tt is easy to see that the definition of the spaces L (X)
and C;(X) are independent of the choice of Cy > 0.

The following is one of the main theorems of this section.

THEOREM 2.1. Let 1 < p < 0.

(i) L;d/p( X) = LP(X) with equivalent norms, and for min(—0, —d/p) <
s <0, L,(X) C B, »(X), that is, there is a constant C > 0 such
that for all f € L5(X )

p
”fHBgO!OO(X) < CHfHL;,(X)-

(ii) If 0 < s < 8 and pu(X) < oo, then B3, (X) C Ly(X), that is, there
is a constant C' > 0 such that for all f € B3, (X),

Ifllesx) < CllfllBs, o x)-

Remark 2.2. The space B3, ,,(X) for 0 < s < 0 is usually called the
Holder-Zygmund space; see [28], [27].

To establish Theorem 2.1, we need the following inhomogeneous
Calderén reproducing formulae established in [11].
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LEMMA 2.1. Suppose that {Si}rez. is an approximation to the iden-
tity of order €1 € (0,0] as defined in Definition 2.3. Let Dy = Sy — Si_1 for
k € N and Dy = Sy. Then there exist a family of linear operators Dy, for
k € Z4 such that for f € G((1,71) with 0 < B1, 71 < €1,

(2.3) f =" DDyl
k=0

where the series converge in the norm of G(B1,71) for 0 < () < (1 and
0 <94 < y1. Moreover, the kernel, Di(x,y), of the operator Dy, for k € Z
satisfies the conditions

27]66
(27F + p(a,y)) 4+’

(i) |Dy(z,y)| < C

2—1%
270 + p(z,y))tte

(ii) [Dp(z,y) — Dila,y')| < 0(2'5)%;1)(/2,3;)) (

for oy y') < 5727 + play))

and
1, k=0
(iii) Dy(z,y) du( Di(x,y)d ’ k
/kyu /ky”){o,k:eN,

where € € (0,€7).
The following lemma can be found in [12]; see also [15].

LEMMA 2.2. Let {]_N)k}kez+ be as in Lemma 2.1 with 6 > |s|.
(i) For1<p, q¢<o0anddl f € B, (X),

1/q
{Z2ksq”Dkf”Lp X)} < C”f”BS X)a

where C' is independent of f.
(ii) For 1 <p<oo,1<q<oo anddll f € F; (X),

o] 1/q
(5 2om.1

< Clfllrg,x)
LP(X)

where C' is independent of f.
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Proof of Theorem 2.1. We first show (i). Let f € L;d/p(X). From
Definition 2.5, we know that f € LP(X) and

(2.4) 1 £llze(x) < HfHL;d/p(X)-

We now suppose that f € LP(X) and the Holder inequality and p(B(z,t)) ~
t¢ tell us that for all z € X,

p 1/p
£ (x) = sup P <y§ fy) —]{ f(2) du(2) du@))
0<t<Cy B(z,t) B(z,t)
< Cllfllzox)-
Thus, f € L, "/?(X) and
(2:5) ”fHL;d/P(X) = I fllerxy + = f;gip(ﬂﬁ) < Cllfllze(x)-

The estimates (2.4) and (2.5) show that L;d/p(X) = LP(X) with equivalent
norms.

Let {Dj}rez, be as in Definition 2.4. Let min(—6, —d/p) < s < # and
f € L3(X). We denote By = B(z,2C127%). The Hélder inequality yields

that
(2.6 Dof ()] = 1 [ Dotensw du(y)‘
, 1/p’
< ||f|rm>{ [ 1Dotep du(y)}
< Ol fllr(x)s
and, by the fact that
(2.7) /X Dy ) f () dps(y) = 0

and supp Dk (x, -) C By for k € N, we have
(28)  |Df() = ' [ Duteas) du(y)'
-| [ Deten |10 - e ()t
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<c 7{3 F0) - § 1 dn(2

={,

Thus, the estimates (2.6) and (2.8) tell us that

du(y)

pdﬂ(y)}l/p-

fy)— ¢ F(z)du(z)
B1

IfllBs cx) = sup sup 27| Dy f ()|
ke +I€X
< Clflleexy +C sup fo20, ()
e

< C|[fllsx)-

This proves (i).
We now turn to the proof of (ii). Let f € B5, (X). By the Holder

inequality, we have that
00 p 1/p
> 160 o |
Xlk=0

00 p 1/p
—ks ks
é{ /. [;)2 w2 \Dkfo:)r] du(:r)}

< CuX)f1l s, o (x)

2.9 [flleex) = {

On the other hand, let C4 = 1 and 27%~1 < ¢t < 27% for some kg € Z,.
Let y, z € B(x,27%). By Lemma 2.1, we decompose f(y) — f(z) into

Mg

(210)  f(y) — £(z) = 3_[DuDef (y) = DeDirf(2)]

X >
s |l
o

[Dkﬁkf(y) - Dkﬁkf(z)}

i
o

+ Y [DDusw) - DDef(2)]
k=ko+1
=L+ L.

For I, noting that p(y,z) < C27% if p(y,z) < C27%0 and p(z,z) < C27ko,
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by Lemma 2.2, we have

(2.11)

ko
1< Y [ 1Du(yew) — Diev)| | Def ()| d(a)
k=0"X

ko
SCZQk(d+G)/ 2| Bt (w)| dpu(u)
= (WX )2+ or p(ew)<Ca+)
<Y 27 k=0 qup|D
Yo
ko
_ 0271905 27(1%7/{)(075) oks 15
[§ ] [Def )
< CQ_kOSHfHBgom(X),
and for Iy, we have
(212)  [BI< Y [[DeDuf ()] + [DeDif(2)]]
k=ko+1
< > o [ ogaldut) + [ 1510 duto)]
k=ko+1 X X
X sup QkS‘ZN)kf(uﬂ
k€L, ueX

< C279% fl g (-

The definition of f;; and the estimates (2.11) and (2.12) imply that
(2.13)

» 1/p
foa(@) = sup t < 7{9 o du@))
P 1/p
< sup ¢ (72 (m{ i » rf<y>—f<z>\du<z>} du(y)>

» 1/p
< C sup 2Mo < 7{ [ 7{ |f(y) —f(Z)\du(Z)} du(y)>
ko€Zy B(z,27 ko) B(z,27%0)
<ClflBs, .x)-

,00

fly) — 7{3 IRELE
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Finally, (2.9) and (2.13) yield that

[ llzs ) < CllifllBs, . 30)-

This finishes the proof of Theorem 2.1. 0

On the relation between C;(X) and the Triebel-Lizorkin space F,; ,(X),
we have the following result.

THEOREM 2.2. Let 0 < s < 6.

(i) If 1 <p < oo, then Cj(X) C F;(X), namely, there is a constant
C > 0 such that for all f € Cp(X),

1flEs ) < Cllfllesx)-

(i) If 1 < p2 < p1 < o0 and u(X) < oo, then FJ (X) C C) (X),

p1,00

namely, there is a constant C > 0 such that for all f € F; (X),

1f e, x) < CrX)MP2 VP f g ()

p1,00

Proof.  We first show (i). Let f € Cj(X) and {Dg}rez, be as in
Definition 2.4. We first have

(2.14) IDof(:r)!—' [ Sote.) ) dut)| < €2t 1(o),

where M is the Hardy-Littlewood maximal function. Thus, for 1 < p < oo,
by the LP(X)-boundedness of M (see [4], [18]), we obtain

(2.15) Do fllrxy < ClIM fllrxy < Cllfllzrix)-

Let By = B(z,20127%). The estimate (2.8) tells us that for k¥ € N and all
r e X,

(2.16) 2%|Dy f(2)| < Cfp e (@),

where C is independent of x. The estimates (2.15) and (2.16) yield that

Cp(X) C Fy o(X)
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and
(2.17) 1l o) = SUP 27| Dy f |
L7(X)
< CHfHLP )+ CHfs&HLp
< C”fHC;(X)

This proves (i).
We now turn to prove (ii). By the properties of F; (X) in [12], [14]
(see also [16]), we have that

F}, oo(X) C EY 5(X) = LM (X) € LP*(X),

Pp1,00 p

since s > 0, po < p1 and pu(X) < oco. Thus,

(2.18) £l zez (x) < ()22 P £l oy ()
< Cp(X)Mpe=t/m 11l Es, o)

Moreover, without loss of generality, we may assume that Cy = 1 in the
definition of C,(X) by Remark 2.1. Let 27kl < ¢ < 27k for some kg €
Z4 and we decompose f(y) — f(z) as in (2.10) of the proof of Theorem 2.1
by means of Lemma 2.1. Then, for y, z € B(x,27%0),

(2.19)

ko
L] < Z/ | Di(y, 1) — Dy(z, )| | Dy f (u)] dpa(u)
k=0"X

ko

k=0 {ueX:p(y,u)<C2=F or p(z,u)SCQ_k}

ko

k=0 {ueX:p(y,u)<C2=* or p(z,u)<C2-*}

ko
< 0271905 Z 2(]67]60)(978)
k=0

X {de/ (sup 2ks‘]5kf(u)|)du(u)
{ueX:p(y,u)<C2-k} \keZ4

2 [ sup 2| Dy (u)] ) dia()
{ueX:p(z,u)<C2-k} \keZ4
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ko
S CQ*]{OS [Z 2(]€k0)(98)]

k=0

g P (g 21510
< e {at (up 21Dut] ) )+ 0 (up 21Dus )0

and

(220) |l < S /X [1Dx(y, w) + [ Dy (2 )] | Di f ()| dp)

k=ko+1
0o
<C Z 2—ks]
k=ko+1

g 21Pe1) 00 219
<ozt (sup 21Dt ) 0+ 21 (up 2 Dt ) 1.

Then similarly to (2.13), the estimates (2.19) and (2.20) and the Minkowski
inequality yield that

(2.21)

;2’1(.1‘)

p2 1/P2
< C sup 2M° <f{ []{ !f(y)—f(Z)\du(Z)} du(y)>
ko€Z4 B(z,27%0) L J B(x,2=%0)

< CM2<sup 2k5\1~)kf(u)\>(x) + C{M[M(sup 2":5\5#!)]1?2}1/”7

keZy keZ

where M is the Hardy-Littlewood maximal operator and M? means M o
M, the composition of M. The estimate (2.21), the Holder inequality,

Lemma 2.2 and the LP(X)-boundedness of M for p € (1,00] then imply
that

(2.22)

| fpsallzre(x) < C

sup oks |]_~)kf(u) ‘

LP2(X)

https://doi.org/10.1017/5002776300000903X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000903X

MORREY-CAMPANATO SPACES 15

M[M(sup 2k8|f)kf|>]p2

kEZy

1/
+ Cp(X)Y/P2=1/m "

LP1/P2(X)

sup 2| Dy, f (u)]

keZ.
Lm(x)}

sup 2ks‘ﬁkf(u)‘
k€Z+

< Cp(X)P= | fllps (x.

Pp1,00

< CM(X)I/pQ_l/pl{ .
L1 (X

+ HM<sup 2k8|15kf|)

kEZ,

< C,u(X)l/p?_l/pl

LP1(X)

The estimates (2.18) and (2.22) imply (ii) and we finish the proof of Theo-
rem 2.2. 0

Motivated by [21], we now introduce some new function spaces on
spaces of homogeneous type. These spaces under some restrictions will
be proved to be the special cases of the Triebel-Lizorkin spaces.

DEFINITION 2.6. Let 1 < p < 0o and s > 0. The space B,(X) is the
set of functions f € LP(X) satisfying that there exists a function g € LP(X)
such that

(2.23) ‘f(w)— $ 1 aut)| < By

for p-a.e. x € B and any ball B C X, where r(B) is the radius of the ball
B. Moreover, if f € B;(X), we define its norm by

1 Bsx) = Il ze(x) +irglngHLP(X)a
where the infimum is taken over all functions g satisfying (2.23).

We remark that in some sense, the function g in Definition 2.6 behaves
like the fractional derivative of f, which is also the main subject of [7].

The following theorem will indicate the relation between the space
B,(X) and the Triebel-Lizorkin space.

THEOREM 2.3. Let 1 < p < 0o and 0 < s < 0. Then By(X) =
Fy o(X) with equivalent norms.
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Proof. Let f € Fj (X). If r(B) > 1, then, for y € B, we have

(2.24) ‘f( — % f(z)du(z)
1

f(2)] du(z)

7 b
‘ 1

A(B) ZDkaf y) — Dkﬁkf(z)}dﬂ(z)

1% Bko

IN

¢S 5 [ M) + 1 (Ber) ()] dute)

k=0 H

< CZM2(ﬁkf)(y)

k=0

< CM? < sup 2k8\5kf|) (y)Y 2%
k=0

kEZ,

< COM? ( sup QkS‘ﬁka (y)
keZ,

< Cr(B)*M? ( sup 2%*| Dy f |> (y)
keZ,

since s > 0, where we used the facts that

(2.25) [f(z)] < M f(x)
and
(2.26) Dy f(z)] < Mf().

If 2 (kot1l) < r(B) < 27%0 for some kg € Z,, then for y, 2 € B, we
write f(y) — f(z) as in (2.10) and the estimates (2.19) and (2.20) tell us
that

1) — f(2)] < CT(B)S{M<sup 2"‘5|Dkf|) +M<sup 2kS|Dkf|) }

kEZ,

Therefore, this estimate and (2.25) yield

(2.27) \f@)—@ [ 1)tz

< Cr(B)*M? ( sup 2’“"’|l5kf\> (y)
keZy
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for all y € B.
Let

g(y) = OM? ( sup 2’“5|ﬁkf\) )

keZy

By Lemma 2.2 and the LP(X)-boundedness of M for p € (1,00), we obtain

(2.28) 9l < cHMQ(sup 2ks|ﬁkf\)
kEZ,

Lr(X)

< C'|| sup 2ks‘l~7kf‘

keZy
= Clfllpg o0

Lr(X)

The estimates (2.24), (2.27) and (2.28) show that f € B;(X) and
1 Bsx) < CllfllFs . 30)-

Now suppose f € B;(X). By Definition 2.6, for any given € > 0, there
exists a function g € LP(X) such that (2.23) holds for any ball B C X and

(2.29) 1fllexy + 9l 2oy < [ fllBg(x) +€

Let B; be the same as in the proof of Theorem 2.1. For k£ € N, by (2.7)
and Definition 2.6, we have

2300 |Duf(a)| = ' [ Duteans) du(y)‘

= | [ Dt 10 - §, 1) aute) | auto)|

< Cohs / Dy, 9)| 19(v)| duly)
X
< C27F Mg(x).

The estimates (2.14) and (2.30) tell us that

(2.31) Sup 29| Dy f ()] < O[M f(z) + Mg(x)).

https://doi.org/10.1017/5002776300000903X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000903X

18 D. YANG

Finally the estimates (2.31) and (2.29) and the LP(X)-boundedness of M
yield that

1fllFs o) =
LP(X)

< C{IMflleox) + Mgl e (x) }
< C{Ifllzecxy + lgllrx) }
< ClIflBy(x) +el-

sup 2| Dy f]|
keZy

Letting € — 0, we obtain that B;(X) C F}; (X) and
11l Es o) < CllF By x)-
This finishes the proof of Theorem 2.3. U

We now introduce some other space of functions and we will prove that
these spaces under some restrictions are just the Triebel-Lizorkin spaces.

DEFINITION 2.7. Let 1 < p < co and s > 0. The space A;(X) is the
set of functions f € LP(X) satisfying that there exist some ¢ € [1,p) and a
non-negative function g € LP(X) such that

(2.32) }1{9

for every ball B C X. Moreover, if f € A}(X), we define its norm by

flx) — }Iif(y) du(y)‘du(g;) < r(B)* <}é () d/j,($)> 1/q

[ asx) = Il zex) + }{Igl}f gl e (x)s

where the infimum is taken over all functions g satisfying (2.32).

The following theorem will indicate the relations among these spaces,
the Triebel-Lizorkin spaces and the spaces B,(X) under some restrictions.

THEOREM 2.4. Let 1 < p < oo and 0 < s < 0. Then A}(X) =
Fj o(X) = By(X) with equivalent norms.

Proof. Let f € Aj(X). For any given € > 0, there is a non-negative
function g € LP(X) and some ¢ € (0,p) satisfying (2.32) and

(2.33) 1fllex) + 119l oy < 1 fllagx) + €
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Let {D}rez, be as in Definition 2.4. For k € N, let By = B(z,2C127%).
By (2.7), we then have

231 D@ =| [ Duens ) duts)
=| [ o1 - e ()|t

<C

fly) = ¢ f(2)du(2)|du(y)
B1 B1

1/q
< 27k ( 7{9 9%(y) du(y))
< C27Fs{ M (g?)(x)}V/4.

Thus, the estimates (2.14), (2.34) and (2.33), the fact ¢ < p and the
LP/9(X)-boundedness of M tell us that

£l s . x) = || sup 2| Dy f|
’ kEZ 4

LP(X)

< COIMfllzex) + CH{M(QQ)}U‘ZHM(X)
< Clfllrx)y + Cliglloe )

< C{IIfllagex) + €}

Letting € — 0, we obtain that A7(X) C F; ,(X) and
(2.35) ||f||FpS,Oo(X) < C”f”Af,(X)'

On another hand, let f € B;(X). Then, by Definition 2.6, there is a
function g € LP(X) such that (2.23) holds and

(2.36) 1oy + 19llzo ey < I fllBy(x) + €

Then the estimate (2.23) and the Holder inequality tell us that for any ball
B C X and any q € [1,p),

1

f@) - f 1w du(y)‘dﬂ(m) < (B gle) duo

B

<1 § ¢ du<x>}l/q.
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Thus, f € A3(X) and, by (2.36),

Ifllagco < 1 llzeeo) + lgllze ) < IfllByx) + €
Letting € — 0, we finally obtain that B,(X) C A7(X) and

(2.37) 1fllasx) < [1flBs(x)
Then (2.35) and (2.37) together with Theorem 2.3 imply Theorem 2.4 and
we finish this proof. 0

83. Sobolev spaces

The main purpose of this section is to give several new characteriza-
tions of the Hajtasz-Sobolev spaces of order 1 on spaces of homogeneous
type. We will first show that the space A},(X ) is the same space as the
space B1(X) by using some ideas from [21]. In fact, Theorem 3.1 below is
similar to Theorem 1 in [21]. However, we do not suppose that the space
of homogeneous type, X, has the segment property as in [21].

THEOREM 3.1. Let1 < q < oo, f be a locally integrable function on X
for which there is a non-negative function g € LY(X) such that the Poincaré

inequality
ﬁﬁwﬂmwmwswwKﬁfmmmﬂw

(3.1) ﬁf@—

holds for every ball B C X. Then for u-a.e. v € B,

—éﬂ@@@

where C' is independent of x and B.

< Or(B)M(g")(2)"4,

—ﬁﬂ@@@

g(y). Let By = B and Bj = B(z,277r(B)) for j € N. Then

Proof. Let x € B be a Lebesgue point of |f(y) and

‘ - § Fdnta)| = m ~ § 7 du(a)|duty)
< lim su — z)du(z)|d
< timsp ffu;m>mw
lim ) du( ) du(
+ jjolip% f(2)du(z ff (2
=1 + I
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For Iy, by (3.1), we have

1/q
I, < Climsupr(B;) <]€3 9%(y) d,u(y)) =0-g(z)=0.

Jj—00 j
We further control I by

j—1
I, <lim supz

S [ RRCLICEY RICLTC
<Zlml )~ §, Fe) ()

—éﬂ@@@

For I}, the facts that B;,1 C By and u(Bj1) ~ u(B;) for I € N and (3.1)

imply that
~f G dute)
B

<C lio; 27'r(B) [7{& 9'(v) du(y)] v

< Or(B)M(g%)(x)"1.
We estimate I3. Let B = B(z,2Ar(B)). Then BU B; C B and

p(B) ~ u(B) ~ p(B).

)= § 1 dut: ‘ff Ju(z) = § 1) aul:
jﬁ‘f ) dyu(2) | du(y jl\f - § 1) duta

=10 +15.

I < dp(y)

Therefore,

I3

du(y)

< C}I{ ‘f f ) du(z)|du(y
< Cr(B)M(g9)( 1/q
This proves Theorem 3.1. b
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Using Theorem 3.1, we can establish the relation between the space
Al(X) and B}(X).

THEOREM 3.2. Let 1 < p < oo. Then A}(X) = By(X) with equivalent

norms.

Proof. Let f € A})(X ). For any given € > 0, Definition 2.7 then tells
us that there exist some ¢ € [1,p) and a non-negative function g € LP(X)
such that (2.32) holds for any ball B C X, and

I lzex) + Mgllze ey < [ llayce) + €

Therefore, Theorem 3.1 yields that

‘f(ﬂ«“) - }éf(Z) du(z)| < Csr(B)M (g7)(x)"/

for a.e. 2 € B and all B C X. Let h = C5M(g9)(x)"/9. Then (2.23) holds
with g replaced by h, and

I llr ) + 1Pl e x) < N flloeex) + C5HM(gq)1/qHLp(X)
< C{lIfleecxy + Nlgllrx) }
< C{IIfllayx) + e}

where we used the LP/9(X)-boundedness of M. Let ¢ — 0. We therefore
obtain that A}(X) C B}(X) and

1 llB1x) < Cllfllazx)-

Conversely, by an argument similar to the proof of Theorem 2.4, it is
easy to show that B (X) C A}(X) and

1l azx) < Cllf Il B3x)»

which finishes the proof of Theorem 3.2. U

We now recall the definition of the Sobolev spaces of Hajlasz in [9]; see
also [10], [18].
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DEFINITION 3.1. Let 1 < p < co. The Sobolev space W, (X) is defined
by

Wpl(X) ={u € LP(X) : there is aset £ C X, u(E) =0,
and a function g > 0, g € LP(X) such that
lu(z) —u(y)| < p(z,y)l9(x) + g(y)] for all z, y € X\ E},

where g is called a generalized gradient of u. Moreover, we define

lullwix) = llullLex) + l{fgl{ lgll e (x)

where the infimum is taken over all generalized gradients of the function u
in the definition of W, (X).

The following theorem indicates the relations among the Hajlasz-
Sobolev space, the space A}(X) and the space B} (X).

THEOREM 3.3. Let 1 <p <oo. Then W}(X) = A)(X) = By(X) with
equivalent norms.

Proof. Let 1 < p<ooand f € Wpl(X). For any given € > 0, then
there is a non-negative function g € LP(X) such that

|f(x) = f(W)] < plx,y)g(z) + g(y)]

for a.e. z, y € X, and

Il e x) + 9llrx) < ||f”Wp1(X) + €

Thus, for any ball B C X and a.e. x € B,

‘ - swauty \ 74|f<x )| du(y)

74 l9(2) + 9()] du(y)
B

\_/\_/

https://doi.org/10.1017/5002776300000903X Published online by Cambridge University Press


https://doi.org/10.1017/S002776300000903X

24 D. YANG

where we used the estimate (2.25). Thus, (2.23) holds with g replaced by
2M g, and

1 1lB1x) < Iflleecx) + 21 Mgl e (x)
< | fllrxy + 2C1 gl e x)
< Cllfllwyx) + el

where we used the LP(X)-boundedness of M. Letting ¢ — 0, we then obtain
that W)(X) C Bj(X) and

1fllByx) < Cllfllwsx)-

Let f € B;(X). Then, for any given ¢ > 0, there is a non-negative
function g € LP(X) such that for any ball B C X and a.e. x € B,

‘f(w) - 50 du(y)‘ < r(B)g(a)

and
11y + lgllze ey < I 1lBacx) + €
From this, it follows that for a.e. x, y € B,

|f(x) = f)] < r(B)lg(x) + g(y)]-
By suitably choosing r(B), we finally obtain that for a.e. x, y € X,

[f (@) = F(W)] < plz, 9)lg(x) + g(y)]-
Thus, f € W,(X) and
HfHWpl(X) <N fllzeexy + lgllrx) < ||f”B;(X) +e
Letting € — 0, we obtain that Bj(X) C W, (X) and
HfHWpl(X) < ||f”B;(X)-

Thus, W, (X) = B}(X) with equivalent norms. Furthermore, this fact
and Theorem 3.2 imply Theorem 3.3. This finishes the proof of Theorem 3.3.
a

Finally, the following theorem gives another new characterization of the
Sobolev space W, (X).
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THEOREM 3.4. Let1 <u<p<oo. Then f € Wpl(X) if and only if
f€LP(X) and f! o, € LP(X). Moreover,

I lwacxy ~ IF ey + [ Fucall o )

Proof. Let f € Wy(X). Then Theorem 3.3 tells us that f € B}(X).
By Definition 2.6, for any given ¢ > 0, there is a function g € LP(X) such
that (2.23) holds for all B C X and a.e. x € B, and

1l e x) + 9llrx) < ||f”B;(X) +e€

Thus,

fhou@) = sup tl[f /
’ 0<t<Cy Bl(a,t)

1/u
< sup [}4 g“(y)du(y)]
0<t<Cy B(x,t)
< M(g")(z)"".

u

du(y)} B

() - ]{B RELE

Therefore, the LP/%(X)-boundedness of M implies that

”fHLP(X) + qui,@HLp(X < HfHLP x) + HM I/UHLP(X
<[ fllzex) + Cllgllzr x)
< C(IfllByx) +e)-

Letting € — 0, we obtain

I fll e (x) + Hfi C4HLp(X < Clfllsyx)y < Cllfllwax)-

Let now f € LP(X) and fic4 € LP(X). Let x be a Lebesgue point of
f. For any fixed 0 <t < (4, consider the Lebesgue point of the function

f(v) - 7{3 IRCLIC!

Moreover, let By = B(z,t) and B; = B(y,277t/A) for j € N. Then, for
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a.e. y € B(z,t/2A), we have

\f@)— § s@ )| = im0 f @ G duto)
B(z,t) )= JB; B(z,t)
< limsu d d
< jj}op ]{ f(2) du(z)|du(v
+ limsup 7{ PG du(z) — ¢ 7z ducz)
j—oo /B Bo
=J + Jo.

The Holder inequality tells us that

0= § E G
)

< lim sup 2_jtfiyc4 (y

J—0o0

=0.

u 1/u
Jp < limsup{ du(v)}

J—00

We now estimate Jo. The Holder inequality and the fact that pu(Bjiq) ~

p(By) for I € N yield that
£ duz) ~ § 1) dulz)
Bit1 B

n(z) — ¢ f(z)du(z)
By

j—1
Jo < limsup Z

I =0

Z

Bz+1

f(Z) dp(z) — a f(z) du(z)

i{él“ udu(v)}l/u
. B
(o) |

el

< CZ 2_ltf11,1(y) + thqig(?ﬁ)

=1
< Ct| 7}1(9) + f;l(x)]

f() p(2)

~

f) = ¢ f(z)du(z)
Bo
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Thus, for a.e. y € B(z,t/2A),

1f(y) = f(2)| < Ct[fur(y) + fuq(@)]-

By suitably choosing t, we obtain that for a.e. x, y € X,

£(y) = f@)] < Copla,v) [Faa ) + Fia(@)]-
Therefore, letting g(x) = C’6f&71(x), we then verify that f € W (X) and

A llwrxy < W llzeex) + llgllee(x)
< fllzo iy + Coll funllrcx)
< C[lfleexy + W fucullze ) -

This proves Theorem 3.4. b
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