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Abstract

Let v € M'([0, oo[) be a fixed probability measure. For each dimension p € N, let (X%),»; be independent
and identically distributed R”-valued random variables with radially symmetric distributions and radial
distribution v. We investigate the distribution of the Euclidean length of S¥ := X + .- + X} for large
parameters n and p. Depending on the growth of the dimension p = p, we derive by the method of
moments two complementary central limit theorems (CLTs) for the functional [|S %], with normal limits,
namely for n/p, — oo and n/p, — 0. Moreover, we present a CLT for the case n/p, — ¢ € (0, o).
Thereby we derive explicit formulas and asymptotic results for moments of radial distributed random
variables on R”. All limit theorems are also considered for orthogonal invariant random walks on the
space M), 4(R) of p X g matrices instead of R” for p — oo and some fixed dimension g.
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1. Introduction

The results in this paper are motivated by the following problem: let v € M!([0, oo[) be
a fixed probability measure. Then for each dimension p € N there is a unique rotation
invariant probability measure v, € ML(RP) with ©p(vp) = v, where ¢, (x) := ||x]|, is the
norm mapping. For each p € N consider independent and identically distributed R?-
valued random variables X,f , k € N, with law v,, as well as the associated radial random

walks n
St = Xp)
( " ; k n=0

on R”. We are interested in finding central limit theorems (CLTs) for the [0, co[-valued
random variables ||S%||, for n, p — oo coupled in a suitable way. In this paper we derive
the following two associated CLTs under disjoint growth conditions for p = p,,.

Tueorem 1.1. Assume that v € M'([0, co[) admits finite moments ry(v) := fooo ** dv(x)
< oo for k < 4. Let (p,), be a sequence of dimensions with lim,_,., p,, = co.
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(1) Iflim,_.n/p, = oo, then
VPn

" (IS 7115 = nra()

tends in distribution for n — oo to the normal distribution N (0, 2r,(v)?).
2) Iflim,_.n/p, =c€0,o0], then
1
n
tends in distribution for n — oo to the normal distribution N(O, r4(v) —
(1 =20)r()?).

(IS 15 = nra(v)

Parts of this theorem were derived in [13] by using completely different methods.
More precisely, the CLTs above were proven for sequences (p,), with some strong
restriction. The first CLT with the restriction n/p> — co was identified by M. Voit
as an obvious consequence of Berry—Esseen estimates on R” with explicit constants
depending on the dimension p, which are due to Bentkus and Gotze [1, 2]. The proof of
the second CLT with the restriction n?/p, — 0 was derived in [13] as a consequence of
asymptotic properties of so-called Bessel convolutions (for a survey about the Bessel
convolutions we recommend [9]).

With the approach used in [13] one is not able to get rid of the strong conditions
on the growth of p = p,,. In particular, the mixed case p, = ¢ - n for some constant c,
which builds a bridge between the CLTs with n < p,, and n > p, was stated there as
an open problem.

Other associated limit theorems such as laws of large numbers and large deviation
principle were studied in [10]. For example, it was proven there that

1 00
Disz — f Pdv(x) Poas.
n 0

under the condition that p, grows fast enough.

Theorem 1.1 will appear as special case of an extension which concerns a matrix-
valued version. We consider the following geometric situation: for p, g € N we will
denote by M, , the space of p X g-matrices over the field of real numbers R. Let H,,
be the space of symmetric g X g-matrices. Moreover, we will denote by II, the cone
of positive semidefinite g X g matrices in H,. We regard M, ; as a real vector space of
dimension pgq, equipped with the Euclidean scalar product (x, y) := tr(x"y) and norm
|lxll = Vtr(x’x) where x’ is the transpose of x and fr is the trace in M, := M, ,. In the

square case p = g, || - || is just the Frobenius norm. The orthogonal group O, acts on
M), , by left multiplication,
O, xM,, - M,,, (A, x)+— Ax (1.1)

By uniqueness of the polar decomposition, two matrices x, y € M, , belong to the
same O,-orbit if and only if x’x = y’y. Thus the space MSZ of Op-orbits in M, , is
naturally parameterized by the cone II, via the map

0
2% Vxx =1« M, 5 — I,
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where for r € I1,, the matrix r € I1, denotes the unique positive semidefinite square
root of r. According to this, the map

op M, > 1, x> Vx'x

will be regarded as the canonical projection M, ;, — M;O,),’,’].

In the case ¢ = 1 we have M, | = R?, H; = R, II; = [0, co[ and ¢/, is the usual norm
mapping || - ||> : R? — [0, co[. Let us now fix a parameter g € N. By taking images of
measures, ¢, induces a Banach space isomorphism between the space M?” (M, ,) of
all bounded radial (that is, O, invariant) Borel measures on M), , and the space M (I1,)
of bounded Borel measures on the cone I1,. In particular, for each measure v € M (I1y)
and parameter p there is a unique radial probability measure v, :=v,, € Ml(Mp,q)
with ¢,(v,) = v.

Letve Ml(Hq) be a fixed probability measure and ¢ € N. As in the case g = 1, we
now consider for each ‘dimension’ p € N the associated radial measures v, on M,
and the radial random walks (S}, := }}_; X} )us0, that is, X, k € N are independent
v,-distributed random variables.

With this notation, we shall derive the following generalization of Theorem 1.1.

THEOREM 1.2. Assume that v € Ml(Hq) with fn IIsl|* dv(s) < 0. Let (py)en be a
q

sequence of dimensions with lim,_,., p, = oo.

(1)  Iflim,_,. n/p, = oo, then the I1,-valued random variable
‘ﬁa(¢ﬁ<85w-—ntf's2dWsﬂ
n " 11,

tends in distribution to some normal distribution N(0, T>(v)) on the vector space
M, with some covariance matrix T?(v), which will be described precisely in
Theorem 3.1.

(2)  Iflim,_n/p, = c € [0, o, then the I1,-valued random variable

szn_fz
W@ﬁwnnfwﬁ

tends in distribution to the normal distribution N(0,X2(v) + ¢T?(v)) on the vector
space M, where £2(v) is the covariance matrix of the I1,-valued random variable
90}2,” (X{7 "). Note that £*(v) depends only on v and is independent of p,.

We shall derive Theorem 1.2 in this higher rank setting in Section 3. The proof will
rely on asymptotic results for moment functions of so-called radial distributed random
variables on M, , for p — oo as well as on some identities for matrix variate normal
distributions.

The organization of the paper is as follows. In Section 2, some preliminaries
for the proof of the main result, Theorem 1.2, are presented. More precisely, in
Section 2.1, after recalling some basic facts about relevant matrix algebra we derive
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a generalization of the so-called permutation equivalence property for Kronecker
products. In 2.2 we generalize the multinomial theorem for noncommutative
operations. In Section 2.3, background on Bessel functions on the cone I, is provided.
Sections 2.4-2.6 are devoted to the study of the moments of radial measures and
of matrix variate normal distributions respectively. In Section 3 our main result is
formulated and proved.

2. Preliminaries

2.1. Kronecker and Hadamard products. In this section we collect some known
facts about Kronecker and Hadamard products. The material is taken from [7].

Let ® denote the Kronecker product over the field of real numbers R, that is, ® is an
operation on two matrices of arbitrary size over R resulting in a block matrix. It gives
the matrix of the tensor product with respect to a standard choice of basis. With that
the Kronecker product of A = [a;;] € M,,,, and B = [b;;] € M, , is the block matrix

A®B:= [a,»jB] € Mmp,nq‘
The Kronecker product is bilinear and associative but not commutative. However,

A® B and B® A are permutation equivalent, meaning that there exist permutation
matrices P and Q such that

A®B=P-(BRA)- Q. 2.1

If A and B are square matrices, then A ® B and B® A are even permutation similar,
meaning that we can take P = Q’. If A, B, C and D are matrices of such size that one
can form the matrix products A - C and B - D, then

(A®B)- (C®D)=A-C®B-D. (2.2)

This is called the mixed-product property, because it mixes the ordinary matrix product
and the Kronecker product. If two matrices P and Q are permutation, orthogonal or
positive definite matrices then so is the Kronecker product P ® Q.

The kth Kronecker power A® is defined inductively for all positive integers k by

AP =A and A®*=A®A%*D fork=2,3,....

This definition implies that for A € M, ,, we have A% € VM
For a matrix X € M, ,, vec(X) is the m - n X 1 vector defined as

vec(X) = (x],...,x,,) € M1,

where x;,i = 1,...,nis the ith column of X.
We now derive a generalization of the permutation equivalence property, which will
be required for the proof of Theorem 3.1 below.

Lemma 2.1. Let A; e M, 4, (i=1,...,k), p:=p1-----prand q:=qi---- - gr. Then,
for each permutation o € Sym({1, ..., k}) there exist permutation matrices P, € M, ,
and Q, € My, such that

Ary® ®Aviy = Pr - (A1 Q- ®Ap) - Op.
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Proor. Without loss of generality we can assume that k = 4, for the Kronecker product
is associative. Since (1)® M = M = M ® (1) for any matrices M, it suffices to show
that A} ® Az ® Ay ® A4 is permutation equivalent to A| ® A, ® A3 ® A4. For a matrix
M let I); and IM denote the identity matrices of such size that one can form the matrix
products Iy - M and M - I™. By the property (2.1) there exist permutation matrices
P and Q with A3 ® Ay = P(A; ® A3)Q. Therefore, using (2.2) we obtain by an easy
computation

Al®A3 A ®As=(I4, ®P®14,) (A @A ® A3 ®Ay) - (I ® Q® ™).

Clearly, both I, ® P® I, and I ® Q ® I** are permutation matrices. This completes
the proof. O

In the following, let A = [a;;], B = [b;;j] € M4, be of the same dimensions. The
Hadamard product, also known as the entrywise product, of A and B is denoted by
A o B and is defined to be the matrix

AoB:= [aijb,‘j] S Mp,q.

The Hadamard product is commutative, associative and distributive with respect to
addition, and is a principal submatrix of the Kronecker product.

For a matrix M, let us denote by 1,, the 1-matrix of the same dimension as M, that
is, 1y = (cij)ij with ¢;; = 1 for all i, j. We will write it simply 1 when no confusion
will arise. It is clear that

A®B=(A®1)o(1®B),
B®A=(1®A)o(B®1).

Let P and Q be permutation matrices of such size that one can form the matrix products
P-AandA - Q. Itis easy to check that

P(A o B)Q = (PAQ) o (PBQ).

2.2. Permutations on a multiset. In this section, we generalize the multinomial
theorem in terms of Kronecker product instead of the usual multiplication. In order to
do this, we first recall the notion of the permutation on a multiset from [11, Ch. 1].

Let u € N and k € Ny. We denote by Cy(k, u) the set of all u-compositions of k,
that is,

Colk u) = {/l ENg:IA= ) = k},
i=1

and write C(k, u) instead of Cy(k, u) N N*. Moreover, we set M,, :={1,2,...,u}. Fora
A € C(k, u) a finite multiset Mult(1) on the ordered set M, is a set, where i is contained
with the multiplicity A; for all i € M,. One regards A; as the number of repetitions
of i. A permutation 7 = (77, ...m;) on Mult(1) can be defined as a linear ordering
of the elements of Mult(4), that is, an element i € M appears exactly A; times in
the permutation 7. The set of all permutations on Mult(1) will be denoted by S(1).
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A permutation 7 = (7, - - - ;) on Mult(2; M) can be regarded as a way to place k
distinguishable balls in u distinguishable boxes such that the ith box contains A; balls.
Indeed, if i (i = 1,...,u) appears in position j € {1,...,k} of the permutation 7, then
we put the ‘ball’ ; into the box i. For instance let u =3, 4:=(1,3,2) € C(k,u) be
a 3-composition of k=6and r=(2 12 3 3 2)=:(m; m,...76) be a permutation on
Mult(1), then we put 75 in the first box, 7, 73, 76 in the second box and 74, 75 in the
third box. It is clear that

k!
/ll,...,/lu) Al A

Letm; e M, 4 (i=1,...,u), 1€ Clk,u) and m = (71,...,m) € S(A). We will write
n(my, ..., m,) instead of m,, @ my, ® - -- @ m,, . Moreover, we set

1S = (

Wn,u) = {u=(u,...., ) €10}ty <po <o <)

In the following theorem, which will be used in Section 3 several times, we expand a
Kronecker power of a matrix sum in terms of powers of the terms in that sum.

Theorem 2.2. Letk € N and xy, ..., x, € M, 4. Then

n k

(Zx,-)&kzz 3OS A 2.3)

i=1 u=1 AeC(k,u) peW(n,u) reS(1)

For p = ¢ = 1 the Kronecker product coincides with the usual multiplication on R
and, therefore, (2.3) generalizes the multinomial formula. For indices u € {1,..., k},
u= W, ..., 1uy) € Wn,u), 1€ C(k,u) and m € S(1) let us consider the associated
summand

(X5 - ees Xy, = Xy ® - © Xy, 2.4)

from (2.3). It is clear that the different matrices x,,,..., x,,, the numbers of their
repetitions and their exact positions in the Kronecker product (2.4) are described
by u=(,....pmy) € Wn,u), 1 =(4y,...,4,) € Clk,u) and n = (7, ...,m) € S(A)
respectively.

Proor. We proceed by induction on k. For k =1 there is nothing to prove. Next
suppose as an induction hypothesis that (2.3) holds with k — 1 instead of k. It gives

(Zn:x")&k=kz_: > Zﬂ(xw---»xyum]z:;xj

i=1 u=1 AeC(k—1,u) ueW(n,u) rc ()
k-1

2.5)

=

(X5 o5 X)) ® X
Jj=1 u=1 2eC(k—1,u) ueW(n,u) ncS(1)

Consider a term m(x,,,...,x,) ® x; of the sum above, that is, j€{l,...,n},
uell,....k—=1}, 1e Ctk—1,u), u € Wn,u) and 7 € S(2). If there is S e {1,...,u}
with j = ug then it corresponds to exactly one summand in (2.3) associated with
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indices it = u, 1= Aty g, g+ 1, A0, ., ), i=p and 7t = (my, ..., m_1, B).
In the other case, that is, if j € (ug_1,ug) foran g € {1,...,u + 1} with the convention
to :=0 and g, = oo the term n(x,,...,x, ) ® x; corresponds to a summand
in (2.3) associated with indices i =u+1, 1=(1,,..., A1, 1, g, oo, A, i =
WUty M1, Jo Mgy - - ) and T = (mry, ..., 1, 3). As the number of summands in
both (2.3) and (2.5) is equal to ¥, the induction step follows. O

In the following we collect some known facts about multivariate Bessel functions
on the cone I1;, which will be needed later. The material is mainly taken from [9]. We
also refer to [4, 6].

2.3. Bessel functions on the cone I1,. Let Z; denote the zonal polynomials, which
are indexed by partitions A = (4} 2 A, > +-- > Ay € Ng (we write A > 0 for short) and
normalized such that
()= " Z(x) ke N;
A=k

see [4] for the construction of Z, and further details. It is well known that the Z,
are homogeneous polynomials which are invariant under conjugation by O, and thus
depend only on the eigenvalues of their argument. More precisely, for x € H, with
eigenvalues & = (£1,...,&;) € RY, one has

Zy(x) = C%(¢) witha =2

where the C{ are the Jack polynomials of index « in a suitable normalization (see
[4, 9]). The Jack polynomials C{ are homogeneous of degree |A| and symmetric in
their arguments. Let @ > 0 be a fixed parameter. For partitions A = (4,...,4,) we
introduce the generalized Pochhammer symbol

q
1
t=[]u-~G-1) weo,
(w), 1_1[(# 2U-D)
where (-); denotes the usual Pochhammer symbol. For an index u € C satisfying
(w9 # 0 for all A >0 the matrix Bessel functions associated with the cone II, are

defined as o F';-hypergeometric series in terms of the Z,, namely

(~DA
J.(x) = ——Z1(x). (2.6)
g ;o P

For a general background on matrix Bessel functions, the reader is referred to the
fundamental article [6]. If g = 1, then II; = [0, co[ and we have 7, ﬂ(xz [4) = ju-1(x),
where j(z) = oF1(k + 1; —z%/4) is the modified Bessel function in one variable.

2.4. Polynomials on M. Let p, g € N. For k = (k;;);; € N»*? (a composition) we

set |k := X; ; kij and Ri(x) := Z‘f:l kij, i =1,..., p. Moreover, we write z“ := [, ; le]’
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Clearly, z“ is a monomial of degree |k|. The spaces of polynomials and row-even
polynomials are defined by

P := span{x* : k € NI},
P, :=span{x*: k€ Ngxq, Vi R(i) is even}

respectively.
We shall need the following observation.

Lemmva 2.3. Let r € 11, and k € Ngxq. Then
\Pr,/( : MP,II - R, \PV,K(Z) = ((ZT)’(ZI"))K
is an even polynomial of degree 2|k|.

Proor. Since the product of two row-even polynomials is also a row-even polynomial,
the proof follows easily by induction on n = |«]|. O

2.5. Radial measures on M, ; and their moments. In this section we study radial
measures on the space M,,. In particular, we derive asymptotic results for their
moments as p — oo. These results will play a key role in the proof of Theorem 3.1.
We start with the definition of a radial measure on M, .

DerniTion 2.4, A measure v, on M, , is called radial if
A(vy)=v, YAe€O,,

that is, if it is invariant under the action (1.1). In particular, for ¢ = 1 a measure v, on
RP? is radial if it is invariant under rotations.

Remark 2.5. It is well known that for each probability measure v € Ml(Hq) and a
dimension p € N there is a unique radial probability measure v, € M'(M,, ;) with v as
its radial part, that is, ¢,(v,) = v.

In order to study radial measures on M, ; and their moments we need an analogue
of a sphere in our higher rank setting. For an r € I, we define a sphere of radius r as
the set

X =xeM, 0 VX'x=rh

Clearly, X7, is the orbit of the block matrix o, := (r 0) € M, according to the

operation (1.1). For simplicity of notation, we write X,, instead of Z,, ¢» Where
I, € R™4 denotes the identity matrix. In the case g = 1 we identify Y with the
Euclldean sphere of radius r € [0, oo[. Moreover, let us denote by U " the uniform
distribution on a sphere ¥ |

One can easily show that a radial probability measure v, with its radial part
ve M! (I1y) enables the decomposition

V() = f U () dvy(x) = fn Ul () dv(r) € MI(M,,). 2.7)

P4
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In the sense of Jewett [8], the formula above is an example of a decomposition of a
measure (here v,) according to so-called orbital morphism (here ¢,). More precisely,
¢, is an orbital mapping, that is a proper and open continuous surjection from M), ,
onto I1;. The mapping r — Uj, from II, to MI(M,,,,]) is a recomposition of ¢,, which
means that each U, is a probability measure on M, , with support equal to <p1‘,1(r) (here

equal to X7 ), and such that v,, = fM Uz”(x) dvy(x).
P-4

DeriniTion 2.6. Let Z be an M, ,-valued random variable with distribution u €
M'(Mp,q). We say that y € M'(Mp,q) (or Z) admits a kth moment (k € Ny) if
}M |IzIIF du(z) < oo, and define in this case the kth moment of u (or Z) by

12

Mi(p) = M(Z) = E(Z®%) € My .

Let I ={(i1, j1), ...,k jx)} with i, €{1,...,p}and j, €{1,...,q} fora e {1,... k}.
Then the /th component My (Z); of Mi(Z) is given by

M (2); =E(Zi j, -+ Ziji)-

Moreover, for a k € N/ ™ with [k = k we set

m(u) = f 2du(z) R,
M

P9

and also call m,(u) the kth moment of u.

In the following, 1 denotes the characteristic function of a probability measure u on
M), 4, that is,

Hlx) = f exp(i{x, y)) du(y).

M, q

Let k € Ny and « € NJ*/ with || = k. If « admits a kth moment then we have

m() = (=) Di(x)] =0, 2.8)

where D, is the differential operator (0" /dx/\')(0* /0x|5) - - - (0] 8x;’§]" ).

Here and subsequently, v, denotes a radial probability measure on M, , with the
corresponding radial part v € Ml(Hq) and X is an M, ;-valued random variable with
radial distribution v,,.

In the next lemmas we explore the covariance structure of X and compute the

asymptotic behaviour of the moments of v, for large dimensions p.

Lemma 2.7. Let X = (X;));,; be M, ;-valued random variables with radial distribution
Vvp € Ml(Mp,q). Then

E(X) =0 and E(Xj,'Xlk) = 6]JE (X],'X]k) . (29)
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Proor. For r € R\ {0} let M}, and S, ; be p X p matrices produced by multiplying all
elements of row j of the identity matrix by r and by exchanging row i and row j of
the identity matrix respectively. As §;; is a symmetric involution on M,, we have
Sij € 0,. For r = £1 the matrix M, is also orthogonal. By assumption, X and AX are
identically distributed for any A € O,,. Therefore, we have

E(X)ij = E(M;1X);; = —E(X);;.

So the first equality in (2.9) holds.
Choose i,k € {1,...,q} and j,l € {1,..., p} with j # [. We conclude from

E(X;iX) = B(M ;1 X) ;j(M; 1 X)) = —E(X;;: X)

that E(X;;X;) = 0. We now turn to the case j = /. The transformation M, , — M, ,
A §; A, switches all matrix elements on row i with their counterparts on row j.
Therefore, from radiality of Px = v, it follows that

E(X;iX i) = E((S j1X)i(S 1 X) jx) = E(X1;: X1x) fori,kefl,...,q}. m|

Now let us denote by x; the ith row of X. According to the lemma above,
Cov(xi, xj) = 6;j - B(x1x)) =: T, € M.

Therefore,
Cov(X) := Cov(vec(X")) =1, T, € My,

Levma 2.8. The characteristic function for the uniform distribution Uy, on the sphere
X, , of radius r € 11, is given by

U@ = (3@ @), (z€M,,) (2.10)
where 1 = p/2 and J,, is the Bessel function of index u of (2.6).

Proor. Let r € I1,. Consider the map
T, :Zpq 0%, YOI

Since Tr(Ul[,") = U}, we get by substitution formula

E\;(Z) — f PLCAY dU;(y) — f PLcAly dU;q(y).
M

g Zpyg

On the other side, according to [4, Proposition XVIL.2.3.] we have for x € M, , the

identity
iy, x) dUIq =] l, du = p
e p(y)—l,zxx, ;1—5.
Zpyg
By taking the two identities above into account, (2.10) follows as claimed. ]
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Levma 2.9. Letk € NO™, [ := |k|/2 and p = p/2. The kth moment m(U?) of the uniform
distribution on X},  is given as follows.

(@ IfRi(x)=2"_ kijisevenforalli=1,...,p, thenl € Ny and
. 1 1
MW)M“Z — 5 DAZA(@) @))e=0- @.11)
A€Co(lg) N2

(b)  If Ri(x) is not even for some i =1,..., p, then m(U,) = 0.
Proor. By (2.8), the preceding lemma and (2.6) we have

i (1Y I o
mﬂ@zwwgff-z @ﬁm@hmum»

A€Co(jq)

2.12)

z=0

Letde Ng and p, : z— Z((zr)*(zr)). Since Z, is a homogeneous polynomial of degree
|4], Lemma 2.3 shows that p, is a homogeneous, row-even polynomial of degree 2|4|.
Therefore, each term on the right-hand side of (2.12) vanishes if k € N/™/ with R;(x) is
odd for some i € {1, ..., p} or if || # 2|14|. This proves the assertion. O

Tueorem 2.10. Let k € Nb™, [ :=|kl/2, v e M'(Il,) and v, € M'(M,,) be the
corresponding radial probability measure on M, ;, which admits a kth order moment.
Then the kth moment m(v,) of v, exists in R and has the following asymptotic as
p — Q.

(@) IfR(kisevenforalli=1,...,p, thenm(v,) = o(1/ph.

(b) IfRi(x) is not even for somei=1,...,p, then m(v,) =0

Proor. The existence of m,(v,) is clear. By the decomposition (2.7) we obtain

my(vp) = f mK(U;) dv(r),
q
where Uj, is the uniform distribution on X7, . Therefore, the assertion (b) follows
immediately from Lemma 2.9(a). Now we turn to the case (a). Since the Ath term in
the sum (2.11) is a homogeneous polynomial in the variable 7y, 72, ..., 7y of degree
2|4, which is also independent of p, Lemma 2.9(a) leads to

mvp)= > fn 0(1%)dv(r)=0(1%).

AeCo(l.q)

O

2.6. Matrix variate normal distribution and their moments. In this section we
derive some results concerning the class of matrix variate normal distribution on My,
to which the limiting distribution in our main result, Theorem 1.2, belongs.

Let Z = (zij)1<i,j<4 be a real matrix variate normal distributed variable with mean
matrix 4 € M, and symmetric covariance matrix

= . aio<ijiksg = CahGj<ijii<qg € Mp = My @ My, (2.13)
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We write Z ~ N(u, ) for short. This means that vec(Z’) is N(vec(u’), ¥)-distributed.
In order to prove some formulas for moments M;(Z) = E(Z®) of Z, which we
will use in Section 3, we need the following notation. Let u e N, k:=2u, [ =
i1y 1)y s G ) €L, .., @)DF, A=(2,...,2) € Ck,u) and 7 = (m(,...,m) €
S(A). For a tuple v = (vy,...,v,) we will write {v} instead of the set {vi,...,v,}.
Consider the sets

D ={Gy, j) e} my=1} (G=1,...,u0).
Obviously n(1); (i = 1, ..., u) forms a partition of {I} with |x(/);| = 2. We define for r,
I and a symmetric covariance matrix X as in (2.13),

7y = | | Zw.p). 6y Where {(a;,8), (vi,0)} = n(I);.

u

i=1

For instance let u =2, I ={(2,1),(2,2),(3,2),2, 1}, 1:=2,2) e C4,2) and 7 =
(1212)=:(m...m4); then we have n(I); = {(2,1),(3,2)}, a(l) ={(2,2),(2, 1)} and
n(X) = L2162 Z22).el)-

The moment formulas M;(Z) for multivariate normal distributed random vector
Z ~ N(u,X) are well studied in the literature (see [12] and [5]). In [12, Theorem
1] we find moment formulas for centred Gaussian distribution Z, which are derived in
a relatively fast and elegant way. This formula can be easily translated in our setting.
Namely, the /th component of kth order moment of an N(0, X)-distributed random
matrix Z is given by

0 if k is odd,

_ )
M(2)r = — 3 @)y ifk=2u1=(Q,....2) € Clk.u). 2.14)
u'
PO

In the most classical case g = 1, that is, Z is centred Gaussian distribution on R with
variance o > 0, the identity (2.14) reduces to the well known formula

i
E(Zk) _ {O if k is odd,

ocftk-—1D((k-3)-...-3-1 ifkiseven.

The following two simple observations concerning the kth moment of a normal
distributed random matrix and a sum of two independent, normal distributed random
matrices respectively will be needed for the proof of Theorem 3.1.

Levmma 2.11. Let Z be an N(0, X)-distributed random variable and Z,,7Z,, ...
independent copies of Z. The kth order moment of Z is given by

0 ifkis odd,
M(2) — Z En(Z,,....Z,) ifk="2u,

' 1e@()

where A = (2,...,2) € CQu, u).
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Proor. Let k € N and I = ((iy, j1), ..., G jr) € ({1,...,q}>)F. If k is odd, then it
follows by (2.14) that M(Z); = 0. Suppose that k = 2u, (u € N). For m € S(1),
A=(2,...,2) € C(k,u) and I as above, we have n(Z,...,Z,); = (Zy, @ -+ - ® Zy ).
Let {(a;, 81), (vi, 01)} = n(I);, i = 1,...,u. By independence it follows that

u
En(Zy,....2)1 =B(Zy® - ®Zy )1 = l_[ B(Zi ® Zi)(a:5:).(7:.61)
i=1

u
= l_[ (o o). (6 = W)
i=1

The lemma is now a consequence of (2.14). O

Lemma 2.12. Let Z; (i = 1, 2) be independent random variables with distributions
N(Q,%,). Then

k
E(Zi+ 2" =) > Ex(z,1)0Er(1,%).
1=0 7eG((Lk=1))

Proor. By the definition of o-product and independence of Z; and Z;,

k
B(Zi+2)" =) > Ex(z,2%)
1=0 ne&((Lk-1))
k
= Z Z E(n(Zy, 1) o n(1, Zy))
1=0 neS((Lk-1))
k

:Z Z En(Z;,1) o En(1,2,). o

=0 neS((lk-1)

3. Radial limit theorems on M[, , for p — o

Let v € M'(T1,) be a fixed probability measure such that fn lIx||* dv(x) < co. Then

for each dimension p € N there is a unique radial probability measure v, € MM p.q)
with v as its radial part, that is, v = ¢,(v,). Let X = (x;;);; be a v, distributed random
matrix on M, ,. We define

nO) =B X)) =p-T,ll,
2(v) := Cov(py(X)) = Cov(vec(p(X))) € 2 =TT, ®T1,,.

Clearly, r,(v) and X(v) are independent from p. Now, we consider for each p € N
independent and identically distributed M, ,-valued random variables

— (3]
Xk = (Xk )lsis;v, 1<j<q’ keN
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with law v, as well as the random variables
BN = 9p(Si) = nra(v), (3.1)

where S7 = Yie1 Xk Let (pn)ren C N be a sequence with lim,_,o p, = co. In this
section, we derive the following two complementary CLTs for M,-valued random

— ':pn

variables =,(v) := E,"(v) under disjoint growth conditions for the dimensions p,,.
THEOREM 3.1. Assume that v € Ml(Hq) admits finite fourth moment.

CLT I: Iflim,_, (n/p,) = oo, then (\/p,/n) - Z,(v) tends in distribution to the centred
matrix variate normal distribution N(0, T (v)) with covariance matrix T (v) :=
T1(v) + Tr(v) where

T M jpn = nMixr2(M g and  To(V) jan = Wi (V) jk- (3.2)

CLT II: Iflim,_. (n/p,) = ¢ € [0, o[, then (1/ \/n) - E,(v) tends in distribution to the
centred matrix variate normal distribution N(0,Z(v) + cT(v)) (where T(v) is
given as in CLT I).

Notice that for ¢ = 1 we obviously have v € M!([0, o[), r(v) = fom X% dv(x),
T(v) = 2r;,(v)? and Z(v) = fooo x* dv(x) — r(v)?. Therefore, Theorem 3.1 completely
agrees with Theorem 1.1.

The proof of Theorem 3.1 will be divided into two main steps: in the first step we
prove a reduced form of Theorem 3.1 assuming that v has a compact support. In the
second step we will show how to get rid of the support condition for v. Both steps are
based on the decomposition of Z,(v) via

W)= Y A with A; = ¢, (X = (), (3.3)
i=1
and
pn P l
B,():= Y B withBii= > [X$PXE (3.4)
i=1 a,p=1,...n; a£B

We compute the covariance structure of ,(v) and B,(v) respectively: since the
random variables A; (i =1,2,...) are independent and identically distributed, it is
easily seen that

E(A) =0, Cov(A;,A)) =06;;Z(v). 3.5)

This gives
1 I v
~Cov(A,(v)) = — Z Cov(Ay) = Z(v).
n n =l

By the independence of random variables X, k € N, and Lemma 2.7 we obtain

LR

n

E(Bk) = 0, COV(B,’, Bj) = 5,',1'
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We thus get

1) n

lim Z—;COV(%,,(V)) = lim % > CovB) =T,
i=1

In the following we will establish convergence in distribution of the random variables
A, (v) and B,,(v) (after appropriate scaling) by the method of moments [3, Theorem
30.2], which can be easily adapted to our general situation. As we are sure that the
result is well known, we omit the proof.

Tueorem 3.2 (Method of moments). Let Y, Y1, Ys,. .. be M, ,-valued random variables.
Suppose that the distribution of Y is determined by its moments M(Y) (k € N), that
the Y, have moments My (Y,) of all orders, and that

lim My(Y,) = M(Y)

fork=1,2,.... Then the sequence (Y,), converges to Y in distribution.

Remark 3.3. Each matrix variate normal distribution (M, X) on M, , or distribution
with compact support is determined by its moments.

DermniTion 3.4. Let (Dy)pen, (dy)nen be sequences of matrices from M, and positive
real numbers respectively. We write D, = O(d,) as n — oo, if and only if ||D,||lc =
0O(d,) asn — oo,

PrOPOSITION 3.5. Assume that v € M! (Ily) has compact support. Then the asymptotic
behaviour of W,, .= W, (v) is given as follows:

(@ if n/p, > c€0,00[ as n— oo, then (1/n)W, tends in distribution to
N0, Z(v));
(b) ifn/p, — o0 asn — oo, then (\/p,/m)W, tends in distribution to &y.
Proor. If we prove that for all k € Ny, the kth order moments
1 pk/2
——EQY) and ——EQFY) (3.6)
nk/2 " nk "

tend to the kth order moment of the corresponding limit distribution in the case (a)
and (b) respectively, the assertion follows by the method of moments, Theorem 3.2.
Therefore, we calculate (3.6) as n — co. Since the random variables A ; are identically
distributed, Theorem 2.2 shows that

k
BEh =3 Y (Z) > Ea(Ar.....A).

u=1 AeC(k,u) me3(Q)

Forue{l,...,k} and A € C(k, u) we consider

T(1) := (Z) > EaAr.....A) € Mg (3.7)

7eG(A)
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If 2, = 1 for some «, that is A, appears exactly once in n(A4,...,A,), then each
summand in (3.7) vanishes, which is due to the facts that E(A,) = 0 € M, and that the
A; are independent.

Suppose that A, > 2 for each @ and 4, > 2 for some «. Then k > 2u, and since
T (1) = O(n") as n — oo, it follows that (1/n*/2) - T(1) and (pt/?/n*) - T(2) in the cases
n/p, — ¢ € [0, o[ and n/p, — oo respectively tend to zero as n — oo.

Now we turn to the case 4 =(2,...,2), in particular k = 2u. Let Z,,...,Z, be
independent and N(0, 2%(v)) distributed random variables. By Lemma 2.1, for any
7 € S(A) there exist permutation matrices P, and Q, with

PrE(n(A1,...,A))Qr =E(A1®A1® - ®A,®A) =Z(V)® - ®XL(V)
= E(Zl ®Z1® -®Z, ®Zu) = PﬂE(ﬂ(Zh ce ’ZM))Q7U
and hence
En(Ay,...,A,) =Brn(Z,,...,Z,) Y rneSQ).
Therefore, according to Lemma 2.11,
n!

. u)!Mk(Zl).

T() = (Z) > En@.....7.) =

L)
This proves that the moments in (3.6) converge to those of A'(0,X*(v)) and the Dirac
distribution &y respectively. O
Now we introduce some notation. Let k, n € N and 7, be the set of all 2k-tuples
(i1» j1,---»ir, jx) of positive integers less than or equal to n such that i, # j, for all
a=1,...,k.Foranl e I, and 7 = (ny,...,m) € NF we set
S(I, 72') = [Xfl”l,al)X;Tlsﬁl)]lgm,ﬁlsq R ® [ka”k’ak)x;:k’ﬁk)]lsdk,ﬁkSQ' (38)
Each entry of §(/, ) € M is a product with k factors and corresponds to the tuple

((il’ Ty, a’l)’ (jl’ ﬂlaﬁl)a e (ik, Tk, ak)’ (j/ﬁ ﬂ-kaﬁk))' (39)

For (3.9) and two integers a, b we define
mUItI,ﬂ(a7b) = |{T € {1» e ’k} : (i‘['vﬂ-‘l" Q/T) = (a’ b’ a‘r) or (jT’ﬂTuBT) = (av bvﬂ‘l’)}l

It is clear that mult; ,(a, b) does not depend on the indices @, and .. Therefore,
mult; -(a, b) is the number of factors in an arbitrary entry of the matrix S (/, ) which
are coming from the bth row of X,. Moreover, we write d(I) for the number of distinct
elements in {I}. For an m € {2,...,2k} and M C {1,...,n} with |M| < k we consider
following subsets of 7,

TIm = €Ly d)=m},

Im=HeTu: I}=1{1,...,m}},
JiM) :={I€ JoU---UTp: )N M # 0},
J/M):={IeLU---UJy: me{l}Vm € M},
J°(m):={l € Iy, : Ja, b e N: mult;(a,b) is odd}.
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It is easily checked that for the cardinalities of ,,, J, /(M) and J/ (M)
Tl < Cn”, 1Tl < CA', g ()] < e M (3.10)
with some constant C = C(k).

PrOPOSITION 3.6. Assume that v € M! (Ily) has compact support. Then the asymptotic
behaviour of B,, := B, (v) is given as follows:

(@) ifn/p,— 0asn— oo, then (1/ \n)B, tends in distribution to Sy;
(b) if n/py, = c €(0,00) as n — oo, then (\/p,/n)B, tends in distribution to the
normal distribution N(0,T(v)).

Proor. According to Theorem 3.2 it suffices to show that the kth moments of
(1/4/n)B, and (+/pn/n)B, tend to the corresponding ones of the limiting distributions
as n — oo. By using very similar arguments to those in the proof of Lemma 2.7 it is
easily seen that B; (i = 1,2, ...) are identically distributed. From this and Theorem 2.2

we conclude
k
BB =Y Y (pv) > En(Bi,....B).

v=1 ueC(k,v) neS(u)

Forave{l,...,k}, 1€ C(k,v) and m € S(u) we consider 7(Bj, ..., B,). The definition
of B, (a € M,) in (3.4) enables us to write

n(Bi,....B,) =B, ®---®By, = ZS(I,?T), @3.11)
[EIk,,,

where each term S (I, ) with I = (iy, ji,..., I, jx) is given by (3.8). For a selected
index a € M, each entry of S (/, 1) may be regarded as a monomial in the variables X,
(that is, in Xf,“ﬁ ) with a, B € N) while the random variables coming from other indices
are considered as constant. In this view, for any I € J°(r), each entry of S (/, ) is for
somea€{l,...,n}and b €{l1,...,v} a monomial in the variable X, which is not even
in row b. And hence Theorem 2.10 clearly forces

ESUI,n)=0 VIeJ%Mn). (3.12)

Therefore, since J,, C J°(n) for m > k, we conclude from (3.11) that

k

]Eﬂ(Bl,...,Bv)zz Z ES (1, 7). (3.13)

m=2 1€T

By the definition of S (/, ) in (3.8) and Theorem 2.10, the terms in the last sum are
uniformly bounded by C - n™ with a constant C > 0, that is,

sup |ES (I, m)llw = O(™).
1eTm
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Moreover, according to (3.10) we have |7,,| < Cn™ for a constant C > 0, and hence we

get
k 1 nk
En(Bi,....B)= > BSU.m+0(")=0(%) (3.14)
e, Ph Pn

Forve{l,...,k}and u € C(k,v) let us consider

T(u) = (pv) > EaB.....B,).
e S(u)

If y, = 1 for some «, that is, for any 7 € S(u) the factor B, appears exactly once in
the product n(Bj, . .., B,), and therefore each I € I, from the representation (3.11) of
n(By,...,B,) is necessarily from J°(x), and hence (3.12) gives T'(u) =

Suppose that u, > 2 for each « and y, > 2 for some «, that is, in particular k£ > 2v.
From (3.14) we conclude that n~*2T () = O(n2p~*) and pX*n *T(u) = O(p)™*'?)
tend to 0 as n — oo in the case (a) n/p, — 0 and case (b) p,,/n — 0 respectively.

We now turn to the case y = (2,...,2), in particular £ = 2v. By (3.14) it follows in
the case (a) that n™"T(u) = O((n/p,)*") and hence that n™"T () converges to zero as
n— oo,

Since X1, X», . .. are independent and identically distributed, we have

D ESU7) = ( )ZES(I m).
1€T; =
Therefore, by using (3.14),
s
T(ﬂ)__' n 1 > = Lo 2 Y ESU, 7r)+0( )

—_ ! 1!
! (n-k)!v! 00 Pn b=

Let Z,...,Z, be independent and N(0, T(v)) distributed random variables. By
Lemma 3.7, which is proven below,

lim £n T(y)_ Z]Eﬂ(Zl,..., ).

k
n—co !
n neS(u)

The required result then follows from Lemma 2.11 and the method of moments,
Theorem 3.2. O

Lemmva 3.7. Let veN, k=2v, u=Q2,...,2)e Ck,v), m€ S(w) and Z,,...,Z, be
independent N (0, T (v)) distributed random variables. Then

En(Z,,.... 7, _ P ZES([ ) =: R(x).
" Ieqi

https://doi.org/10.1017/5144678871400024X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871400024X

230 W. Grundmann [19]

Proor. According to Lemma 2.1 there is no loss of generality in assuming that
r=(1,1,2,2,...,v,v). We set

jk,ﬂ = {(il’jl7-"3ik7jk) Ejk: {iaf’jaf} = {lﬁs.]ﬂ} lfﬂa/ :ﬂ-ﬁ}

It is easy to check that T\ T, xx C JO(m). Therefore, by (3.12),

Z ES(I,7) = Z ES (1, 7).

IeJy 1€Tin

For a permutation o € Sy := Sym({1,...,k}) and & = (ey, ..., &,) € Z; we consider the
functions

‘100' :jk,ﬂ _)jk,ﬂa (ilsjh-- -aik’jk) (d (O-(ll)s O-(jl)$"-,o-(ik)’ O-(Jk))
98 :jk,ﬂ _)jk,ﬂ’ (i1’j19""ik9jk) = (rlvtl""7rk’tk)7

where (ry,t,..., 7, t;) is defined as follows: for any a,f € M; with @ < and
e =ng €{1,...,v} we have

(ia/’ ja/’ iﬁ’ ]ﬁ) ifgﬂ” = 09

(rastastpstp) =% . . 7 .
s la (la,]a,]ﬁ,lﬁ) ifeg, =1.

It is easily seen that ¢, and 6, are well defined. Let [, :=(1,2,1,2,...,k— 1,k,
k—1,k) € Jrr. By standard verification we obtain a one-to-one correspondence
between Sy X Z) and J, via the map ¥ : (0, &) = ¢,(0:(lp)). Since X, X3, ... are
independent identically distributed we have for all o € S

ES(oo(D), 1) =ES(U,mt) VI€EJin. (3.15)

For an € € Z, we consider the algebraic operation

a ife=0,
HaD) = e

By (3.15) it follows that

R(n) = % > PEES(¥oe)m = ). pLES(Wid, &), m)

" (0,6)ESKXTY e€Z,,
=Y. &1, 1) ® - &I, T2) =Ex(Z, ..., Z,),
A
where T := T1(v) and T, := T»(v) are defined as in (3.2). O

Now, in order to prove Theorem 3.1 for sequences p, with p,/n — ¢ € (0, 0) we
show that %, := A,,(v) and B,, := B, (v) are asymptotically independent.
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ProrosriTioN 3.8. Assume that v € Ml(Hq) has compact support and that 1im,, e 1/ py
=: c € (0, 00). Then the random variables N, and B,, are asymptotically independent,
that is, for all 0 <1 < k and all oceCS((Lk=-10)

F(n,o) = [Eo’(?ln, 1)oEo(1,8B,) — Eo,, B,)]

k/2
tends to zero as n — oo.

Proor. According to Lemma 2.1 there is no loss of generality in assuming that o =
(1,...,1,2,...,2). From Theorem 2.2, by using a symmetry argument, we conclude

F(n;o) = k/Z(E(%I@”)@E(%@" h- B @ B4

PRI PIPIEE

v=1 AeC(lu) ueC(k—L,v) neS(A) n’eS(u)

with
H(r,n') = Ern(Ay,...,A) QEr (By,...,B,) —E(n(Ay,...,A)®7 (By,...,B)).
If yo, = 1 for some @ € {1,...,v}, then each entry of n/(By,..., B,) is not an even

polynomial and thus neither is 7(Ay,...,A,) ® 7’(By, ..., B,). Therefore, H(m,n’) =0
by Theorem 2.10.
Suppose that y, > 2 for each a. By (3.13)

H(m,n') = Z (En(Ay,...,A)®ESU, ") —E(r(Ay,...,A)®SU,7"))).
I€JU-UT k1

(3.16)
Let M :={1,...,u}and G :={a € M : A, = 1}. We consider the Ith term in the sum
above, which will be denoted by T(I). If I ¢ 7, kf'_l(M), that is, {I} " M = 0, then
Ay, ..., A, are independent from S (/, n"). This clearly forces T(I) = 0. If I ¢ j]il(G),
that is, there exists 7 € G with 7 ¢ {I}, then A; is independent from A; (i € M \ {r}) and
S(I,n"). We thus get T(1) = 0 from (3.5).

Taking (3.10) into account, we see that the number of nonzero summands in (3.16)
is bounded above min(n*~'=!, n*=-1¢1). On the other side, Lemma 2.10 yields that
each of them is bounded above C/p*~! where C > 0 is a suitable global constant.
Summarized we get

|H(z, 7)|| < C - min(n~!, n71). (3.17)
Since u € C(k —I,v) withu, > 2 foralla € {1,...,v} we have that k — [ > 2v. Moreover,
since A € C(l, u) we get [ > 2u — |G|. And hence, by straightforward calculation using
n/p, — c € (0,00) we conclude from (3.17) that for suitable constants C;,

IFn, )l < WZZ > 2 ()( )mm(n %

=1 v=1 1C(Lu) ueC(k-1,v)

[ k=l
C Cs
< == § ntty mln(n n |G|) < 2.
nki2

u=1 v=1 1eC(lu) Vn
This completes the proof. O
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ProoF oF THEOREM 3.1 FOR v € M'(Hq) WITH COMPACT SUPPORT. If n/p, — oo then
WP/, i> 60 and (4/p,n)B, i> N(0, T(v)) according to Propositions 3.5 and 3.6.
This clearly forces (v/p,n)Z,(v) i N(0, T(v)) by Slutsky’s theorem. Suppose that

d
n/p, — 0. Then we get as above (1/ Vn)Z,(v) = N(0,Z(v)). It only remains to check
the convergence in the case n/p, — ¢ € (0, 00). Let k € N. By Theorem 2.2,

k

M(E,(0) = B, + B,)%) = > > Ex(¥,, B,).

=0 ne&((Lk-1))
Therefore, by Proposition 3.8,

k
1 1
lim Mk(—:n(v)) = fim —5 > Ex(¥,, 1) o Ba(l, B,).
e Vn "R I 0 re(k-0)
Consider independent random variables Z;, Z, and Z with distributions N (0, 2(v)),
N(0, cT(v)) and N(0,Z(v) + cT(v)) respectively. Propositions 3.5, 3.6 and Lemma
2.12 now lead to
k
lim My (E,(v)) = Z Z En(Zy, 1) o En(1, Z,) = M(Z). o
1=0 7eS((Lk-D)

In order to get rid of the assumption that supp(v) is compact, we introduce for an
a > 0 the truncated M, ,-valued random variables

X_{&HMMMM,
ka -—

) k=1,2,....
0 otherwise,

Let us denote by v, the distribution of ¢, (X;,) (which is not dependent on p,).
Obviously, the sequence X;,, k € N, is independent and identically distributed with
the radial law v, , € M(M),, ;) which corresponds to v,. We define =,(v,), U, (v,),
A, (j=1,...,n), B,(v,) and Bj, (j=1,..., p,) according to (3.1), (3.3) and (3.4)
respectively, by taking Xj , instead of X, k € N. Clearly, we have E,(v,) = U,,(v,) +
B, (Vo).

In the following we show that Z,(v,) is a ‘good’ approximation of E,(v). To
formulate this exactly, we first fix some § > 0 and a sequence (p,),; we then introduce

the sequence (8,,), by
§-yn it L S eelf0, o0l
Pn
Sy 1= (3.18)
5 —— if — > oo
Pn Pn

In the next lemmas we show that the events
{”%[n(va) - glIn(V)” > 6n} and {ll%n(va) - 5B;’L(V)” > 6n}

have arbitrary small probabilities for an a and n large enough.
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Lemma 3.9. For all € > 0, 6 > 0 there exist ay, ng € N such that for all n, a € N with
a>agandn > ng

P(I,(v) = W (va)ll > 6,) < &.

Proor. Let § > 0 and (6,), be a sequence as in (3.18). Since (A; — A;,), (i=1,2,...)
are independent and identically distributed, it follows by the Chebychev inequality that

P> (v) = W (va)ll 2 64) < %E(Ilz‘h —ArdP). (3.19)

n

Using the triangle inequality we obtain

sup A1lP < gy, (X0l + 0 € L' @)
ae.

Therefore, the set {||A1,a||2 : a € N}is uniformly integrable. On the other side, since the
random variable ||A{]| is almost surely finite, ||A1,a||2 converges almost surely to [|A; |
as a — oo. We thus get

A1l — AP in L (3.20)

By taking (3.19) and (3.20) into account, the lemma follows. O

Lemma 3.10. For all € > 0, § > 0 there exist ay, ny € N such that for all n, a € N with
a>ayandn > ngy

P(“%n(v) - QSrz(Va)H >0,) L e

Proor. Let > 0 and (9,), be a sequence as in (3.18). By the Chebychev inequality it
follows that

1 pn
P(HSBn(V) - SBn(va)” > 611) < g Z E(<Bl - Bi,aa Bj - Bj,a))- (321)
noji=1

Using Lemma 2.7 one can easily compute that

nn-1) !
E(B;, Bj)) = 6;j - 5 Z MMk + M2 (Vi
n k=l
nn-1) !
E(Biq4, Bja)) = 0ij 5 Z (V)L Vdkk + (Vo) (Va)ik-
n k=l

With the notation
~ 1, 1,k
Fa(a;n) = (BEX X)) g rey

,a

we see at once that

q
E(B;,Bjs)) = 6;n(n— 1) Z Fo(a; n)ifa(a; ik + Faa; n)iia(n; ).
ik=1
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For I, ke {l,...,q} we obtain

y 1
Fa(a;n)x = —r(Vix — f xM0x(H gp., (3.22)
P {IX1][>a}

n

By the Cauchy—Schwarz inequality and straightforward calculation we get

0<

C
[ X, ame
{I1X1l>a} apn

uniformly in n with some constant ¢ > 0. From this and (3.22) we deduce

mmmm=mm+oe)

and hence
2

Ve>0IM>0Vn=M VYa=M: 0<Z2E(B - B.l)<e.
n
Finally, this and (3.21) lead to the claim. O

CoroLLARY 3.11. For all € > 0, 6 > O there exist ay, ng € N such that for all n, a € N
with a > ag and n > ny

P(”En(v) - :n(Va)“ > 6n) <eg,

where 6, = 5\n if n/p, — ¢ € [0, o[ and 5, =06(n/+py) if n/p, — oo.

Proor. For a 6 > 0 we observe

—_ - 0, o,
Mmm%qu>Msmm—mw>3%ﬂwr%mb3)

Combining this with Lemmas 3.9 and 3.10, the corollary follows. O

Proor oF TueoreMm 3.1. Let us first prove the CLT I. In this case the normalization is
given by +/p,/n and for the growth of p, we have the condition n/p, — co as n — co.
We set &, 1= (\/p./n)E,(v) and &, , = (\/pn/n)E,(v,) and denote their distributions by
M, and w, , respectively. Moreover, we write 7, instead of N(0,7(v)). Using the
triangle inequality, we deduce that

|ffd,un—ffd‘ry S‘ffdﬂn—ffdﬂn’a
+|ffdﬂn,a_ffd‘('va +|ffdm_ffd7v
(3.23)

Let £ > 0, f € Cj(Il,) be a bounded uniformly continuous function on I, and As :=
{llE; — Enall <83 (6 > 0). It follows that

16>0: f|f°§n‘f°fn,a|dp$8-
As
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On the other hand, by Corollary 3.11,
Jag, no >0 f |f 0 &n = fo&naldP < 2el|fll Va=ag, n2np.
Q\4s
This gives us the following estimation for the first summand in (3.23):

dag, no >0: |ffdlun_ffdﬂn,a

Since v, has a compact support, we conclude from Theorem 3.1 that u,, weakly
converges to 7,, (a > 0), hence that

<e(l1+2flle) Ya=ap, n>ng. (3.24)

Va>03ny>0: |ffdyn,a—ffdrva <& Vn>n (3.25)
Finally, it is evident that
qap > 0 : |ffd7'ya - ffd‘rv <& Va>a (3.26)

Taking (3.24), (3.25) and (3.26) into account, we obtain

Iy >0 |ffdun—ffdrv

which completes the proof of CLT I in Theorem 3.1. The same proof works for
CLT IL. m]

<&@ +2[|fllw) ¥n = no,
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