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As is well known, every real function is the pointwise 
(uniform) limit of a sequence of functions with a finite (countable) 
range of values. Monna [5] and Kvacko [4] suggested some ex­
tensions of this theorem to functions with values in a separable 
met r ic space. In the present note we give some further 
generalizations, with an emphasis on uniform approximations 
which have many applications in the generalized theory of mea­
sure and integration. In part icular , we consider measurable 
abstract functions (mappings). 

In order to be able to deal with uniform approximations in 
an a rb i t ra ry space, it is convenient to use "indexed neighborhood 
sys tems" which, as was shown by Davis [2], can be introduced 
in any space, in such a manner as to preserve its topology. 
In this connection, we shall formulate a few definitions: 

TERMINOLOGY AND NOTATION. A topological space T 
is said to be semi-uniform if, for some fixed index set I , each 

point x € T has a local base of open indexed neighborhoods N (x) 

(briefly N ) , i e l , such that: x 

(Nl) For any i , j e l , there is k €I , with Nk = N 1 fl N^ 
— — — * " ~ — T . ~~—~ X X X 

for all x6 T . Equivalently, N = N1 fl NJ where 

1 
Unfortunately, both papers contain e r r o r s which we rectify 
below. 

2 
In a sense, this note is also a contribution to the theory of such 

neighborhood sys tems . 

Canad. Math. Bull. vol. 10, no. 1, 1967 
99 

https://doi.org/10.4153/CMB-1967-011-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-011-9


NX= {(x,y) | xcT , ycN1 } 

(N2> yeN always implies xe N (symmetry axiom), 

(N3) For each N , there is j = j(i , x) e I such that 

N^N^) C N\ where Nj (A) = \J ^ ( A J C ' T ) . 

Z 6 A Z 

If in (N3), j depends on i only (not on x), then T becomes 
a uniform space in the sense of A. Weil [6, pages 7-8]. It is worth 
noting that the uniform limit of a net of continuous functions is con­
tinuous in semi-uniform spaces, as it is in uniform spaces. Thus 
the former are a natural generalization of the latter, 

If only (Nl) is assumed, T is called a graded space; I is 

its grader, and N - { N | i c I , xeT} is its graded base 

(structure) , also denoted by (N, I). Similarly, (T, N, I) is a 
space T with graded base (N, I). If T satisfies (Nl) and 
(N2), we call it a symmetric space, and (N, I) a symmetric base. 
We say that T admits a structure (N, I) if the latter preserves 
the topology of T . (T, N, I) is said to be totally (cr- totally) 

bounded if, for each ici , (A. ) for some finite (at most 

countable) set A. C T . T is called an R -space (Davis) if 
x — 0 —c 

each open set G C_ T contains the closure x of every one-
point set {x} CG . Other topological concepts (e.g. nets) are 
defined as in [3], Uniform convergence of nets of functions 
{f, } is defined for graded spaces exactly as in uniform spaces, 

(notation: f -*-f (unif. )); similar notation holds for pointwise (ptw. ) 

and (a. e. ) convergence. The grader I of T is directed by setting 

^ 2l J (i » j € -0 *££ N CN ; thus we may consider nets of the form 
{f. j ici} . As will be seen, all nets obtained in our theorems 

can be chosen to be of that type. The importance of graded 
structures is evident from the following Lemma (due to Davis): 

LEMMA 1 . (a) Every topological space T admits some 

graded base (N, I). 

(b) This (N, I) can be chosen symmetric if T is an R -

space (e. g. , a T -space). 
— , — ^ ; 

1 0 0 
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(c) If T is r e g u l a r , (T, N, I) can be m a d e s e m i - u n i f o r m . 

Indeed, al l th is i s proved in [2, T h e o r e m s 1,2 and 4 ] . 

Below, m wil l denote a non-nega t ive countably addi t ive 
m e a s u r e defined on a <r- a l geb ra SL of s u b s e t s ( " m e a s u r a b l e 
s e t s " ) of a se t S . A mapp ing (function) f :S-* T is cal led 
m e a s u r a b l e (or Jt- m e a su r able) if f" ^(G) € Jit for e v e r y open 
se t G C T ; f is said to be s imple ( e l emen ta ry ) if f(S) is a 
f ini te (at m o s t countable) s e t . C lea r ly , such an f i s m e a s u r a b l e 
if and only if i t i s cons tan t on c e r t a i n m e a s u r a b l e s e t s A , A , . . . 

We now p r o c e e d to p r o v e our t h e o r e m s . 

THEOREM 1. E v e r y r e g u l a r topological space T a d m i t s 
a to ta l ly bounded s e m i - u n i f o r m s t r u c t u r e (N, I) under which 
e v e r y mapping f :S-* T is the un i form l imi t of a net {f. | i € 1} of 

s i m p l e m a p s . If fu r the r f i_s_ « / i -measu rab l e , the s imp le m a p s 
f. can be m a d e m e a s u r a b l e a s we l l . 

i — ••—•• — — — 

Proof . By p a r t (c) of L e m m a 1 , T a d m i t s a s e m i -
un i fo rm b a s e (N, I) . Thus , to p r o v e our f i r s t a s s e r t i o n , i t 
suff ices to show that (N, I) can be t r a n s f o r m e d into a s e m i -
un i fo rm s t r u c t u r e (N1, I!) which is a l so total ly bounded and i s 
l ikewise admi t ted by T (though poss ib ly not equivalent to (N, I ) ) . 
This can be done by using a method outlined by Behrend [ l ] , with 
only s l ight mod i f i c a t i ons . Thus one need not a s s u m e , a s Beh rend 
does , tha t T is a un i fo rm Hausdorff space ; our ax ioms (N1-N3) 
suffice for h is proof of the fac t that (N1, I1) p r e s e r v e s the topo­
logy of T and is s e m i - u n i f o r m . Also , ins tead of the f i l te r of a l l 
e n t o u r a g e s , i t suffices to u se the f i l te r b a s e { N ^ i e l } c o n s i s ­
ting of open s y m m e t r i c en tou rages and closed under finite i n t e r ­
s ec t i ons (the fact that the s e t s N1 defined in (Nl) a r e indeed 
such " e n t o u r a g e s " , i . e . ne ighborhoods of the d iagonal of T X T , 
i s t r u e in e v e r y s y m m e t r i c s t r u c t u r e , by Dav i s 1 T h e o r e m 2) . 
The r e s t of B e h r e n d ' s proof c a r r i e s over to our c a s e a l m o s t 
v e r b a l l y ; so we omi t i t s f u r the r de t a i l s and a s s u m e that (N, I) 
i s i tself to ta l ly bounded. 

Thus , for each i e l , t h e r e i s a finite point se t {p., } * 

A s t r eng then ing of (c) i s contained in T h e o r e m 1 be low. 

1 0 1 
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II. 
1 

k = 1, 2, . . . , n. , such that T = Il N (p , ) . Let 
k=l l k 

. k - l ' . 
A ik = f" [ N " ( p ik ) " U N ' { p i j ) ] ' ^ = 2f . . . , n. , and 

j = l 

A-=, = f [N (p.J l . Then, for each (fixed) i c i , the sets A , 
i l i l -n. ik 

A i i 

are disjoint and S = (J A . We now define a net of simple 
k=l l K 

functions f. » i d , by setting f. (x) = p., for xcA., , 
i i ik lk 

k = 1,2, . . . , n. . Then, by the definition of the sets A , , 
i ik 

f (x)c N^f. (x)) or, by (N2) , f. (x) c N1 (f (x)) , for all xcS and 

i c i , This, however, easily implies that f.-*f (unif.), as r e -
-1 1 

quired. Moreover, the A., a re f - images of Borel sets 
ik — _ _ — -

(for the sets N ( p ) are open ). Thus, if f is J^L- measurable , 
then A,, c J%, i . e . the maps f. are measurable as well. Q .E .D . 

ik i 

COROLLARY 1. Every map f:S-* T (where T is an 
a rb i t r a ry topological space) is the pointwise limit of a net of 
simple maps . 

This follows by applying Theorem 1 to T with discrete 
topology, (suggested by the referee) , 

COROLLARY 2. If_ (T, N, I) is symmetr ic and totally 
(T-totally) bounded, then every map f:S-* T is the uniform limit 
of a net {f l i d ) of simple (elementary) maps f. :S-> T (all 

« , — * — x i < , - j — . . — 1 _ 

measurable if f i s ) . 

Indeed, if the total boundedness of (T, N, I) is assumed 
a pr ior i , the proof of Theorem 1 only requires the use of (N2) , 
not (N3) . In the cr-totally bounded case, one only has to replace 
finite sets (p. , } by countable ones, 

ik 

If I = {1 , 2, . . •} , the net {f. } becomes a sequence. We 

use this to obtain a slightly stronger (and rectified) vers ion of 
a theorem by Monna [5]: 

COROLLARY 3. If T is a regular space with countable 
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b a s e ( e . g . , a s e p a r a b l e p s e u d o m e t r i c s p a c e ) , t h e n e v e r y m a p 
£:S~+ T i s t h e u n i f o r m l i m i t of a s e q u e n c e of s i m p l e m a p s 
( m e a s u r a b l e if f i s ) , u n d e r a s u i t a b l e t o t a l l y b o u n d e d p s e u d o -
m e t r i c d p r e s e r v i n g t h e t o p o l o g y of T ( h e n c e i t a l s o i s a 
p o i n t w i s e l i m i t u n d e r t h a t t o p o l o g y ) . 

P r o o f . A s T i s r e g u l a r , i t i s a n R - s p a c e . T h u s , f o r 

a n y p , q e T , t h e c l o s u r e s p , q a r e e i t h e r i d e n t i c a l o r d i s j o i n t 
[2 , T h e o r e m 2 ( e ) ] , H e n c e T h a s a s e p a r a t e d q u o t i e n t s p a c e T 
w h o s e e l e m e n t s a r e s u c h c l o s u r e s p , w i t h t o p o l o g y d e f i n e d a s 
f o l l o w s : a s e t of e l e m e n t s p i s o p e n in T if and o n l y if i t s u n i o n 
i s o p e n i n T . T h e n o u r a s s u m p t i o n s i m p l y t h a t T i s a r e g u l a r 
T - s p a c e w i t h c o u n t a b l e b a s e . T h u s b y U r y s o h n ' s t h e o r e m (cf. [ 3 , 

p . 125] ) , T i s t o p o l o g i c a l l y e m b e d d e d i n t h e H i l b e r t c u b e Q 

U n d e r t h e m e t r i c of Q u , T i s t o t a l l y b o u n d e d , w h i l e T i t s e l f b e ­
c o m e s a t o t a l l y b o u n d e d p s e u d o m e t r i c s p a c e . T h e r e s u l t t h e n f o l l o w s 

b y C o r . 2, w i t h I = { 1 , 2 , . . . } and N = t h e s p h e r e of r a d i u s 
P ~ i co 

2 about p , under the p s e u d o m e t r i c d inhe r i t ed f r o m Q . 

NOTE 1. The idea of using U r y s o h n ! s t h e o r e m h e r e is 
due to Monna who, however , c o n s i d e r s only m e t r i c s p a c e s T 
and e r r o n e o u s l y c l a i m s un i fo rm app rox ima t ion under the o r i g i n a l 
m e t r i c of T (cf. h is " C o n s e q u e n c e " on p . 4 0 5 ) . 

THEOREM 2. E v e r y s e p a r a b l e space T admi t s the 
un i fo rm a p p r o x i m a t i o n of any map f:S-*- T by a ne t { f . j i e l } 

of e l e m e n t a r y funct ions , under any graded b a s e (N, I) for the 
1 

topology of T . If f u r t he r T is an R - space and f i s 

m e a s u r a b l e , then a l l f. , for a su i tab le choice of (N, I), can be 
- = 1 : : . : . _ 
m a d e s o . 

Proof. Let {p } be a dense sequence in T , and (N, I) 
K. 

a g raded b a s e for T . F o r each i e l . and k = 1, 2, . . . , le t 

B = { y € T | p € N 1 } . Then, by the dens i ty of the p , 
IK K y K 

1 
Such a b a s e e x i s t s by p a r t (a) of L e m m a 1. Note tha t h e r e 
(unlike T h e o r e m 1), (N, I) m a y b e chosen at wi l l . 
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00 

T = U B for each i e l . The r e s t of the proof now proceeds 
k=l . 

as in Theorem 1, with the sets N (p., ) replaced by B., , 
ik ik 

This yields here a net of elementary maps, with £.-*-£ (unif. ) 
on 5 . If further T is an R -space , then T admits a 

o 

symmetr ic base (N, I) , by par t (b) of Lemma 1. Thus, by (N2) , 

B . k = { y 6 T | p k 6 N^} = { y e T | y e N ^ ) } =N 1 (p k ) , so that 
the B._ are open sets , and the me a sur ability of the f. resul ts 

ik — f c — J i 
as in Theorem 1. Q .E .D , 

NOTE 2. If, in Theorem 2, T also satisfies the f i rs t 
axiom of countability then, clearly, T admits a graded base 
(N, I) , with I = { 1 , 2 , , . , } ; thus the net { f. } becomes a 

sequence. However, in general, such a base (N, I) is not 
symmetr ic , and the me as ur ability of the f. fai ls , 

Theorems 1 and 2 may be summarized thus: the regulari ty 
(separability) of T ensures a uniform approximation (under a 
suitable graded base) of any map f :S-> T by simple (elementary) 
functions f. . In general , elementary functions cannot be r e ­
placed by simple ones. The following e r r o r (occurring in 
Kvaëko's Lemma 3 [4, p. 89]) should be avoided: given a sequence 
of elementary functions £.-*£ (unif,), with f. = p, on A., C S 

l i k ik — 
( i , k = l , 2 , . . . ) , one can certainly define simple functions 

k+1 
g. (i = 1, 2, . . .) by setting g. = f. on (J A and g. = p 

1 - \ , j 1 1 . . IK • 1 K-TÛ 

k+1 j = l on S » jj A.. . However, Kvacko's seemingly plausible in-
j=i i J 

ference that g.-^f (ptw. ) unfortunately fails to mater ia l ize , 

even if T is a me t r i c space and the sets A., a re defined as 
r ik 

in the proof of Theorem 1. As an alternative, avoiding this 
e r r o r , we give below a proposition (Theorem 3) which suffices 
for most measure - theore t i ca l applications. * F i r s t we prove: 

1 
In par t icular , it suffices for all of Kvacko's paper, including 
generalized theorems of Lusin and Egoroff and some appli­
cations in integration. Despite its simplicity, the theorem 
seems to be new in the proposed generali ty. 
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L E M M A 2 . If (S, i t , m ) i s a m e a s u r e s p a c e w i t h 
m ( S ) < oo , and if f : S - * T (i = 1, 2 , . . . ) a r e m e a s u r a b l e 

" — i ! — 

e l e m e n t a r y m a p p i n g s , t h e n f o r e v e r y e > 0 t h e r e i s a s e t 
D € Jt s u c h t h a t m ( S - D ) < e and s u c h t h a t a l l f. a r e m e a s u r a b l e 

and s i m p l e on D ( i . e . , t h e y b e c o m e so w h e n r e s t r i c t e d to D ) . 

P r o o f . B y a s s u m p t i o n , e a c h f. i s c o n s t a n t o n s o m e 
oo 

d i s j o i n t s e t s A._ € Jt (k = 1, 2 , . . . ) , w i t h S = I J A . . , s o t h a t 
IK. IK 

oo n k = l 
m ( (J A ) = m ( S ) < oo and l i m m ( S - ( J A ) = 0 . H e n c e , 

k = l n«*oo k = l 
g i v e n € > 0 , w e c a n f ind f o r e a c h i a n i n t e g e r n . > 0 w i t h 

n i , n i * * 
m ( S - y A ) < € / 2 . L e t D . = y A and D = fl D . € A . 

k = l * k = l i = l X 

T h e n m ( S - D ) <€ , and e a c h f. i s m e a s u r a b l e and s i m p l e on 

D . H e n c e a l l f. b e c o m e s o w h e n r e s t r i c t e d to D . Q . E . D . 
i ™"~ i 

We s h a l l s a y t h a t g . - * f a l m o s t u n i f o r m l y ( a . u n i f . ) o n S 

if f o r e v e r y € > 0 t h e r e i s a s e t D € JX s u c h t h a t m ( S - D ) < e and 
g . - * f ( u n i f . ) on D . T h e n : 

l 

T H E O R E M 3 . If t h e m e a s u r e s p a c e i s o r - f in i t e , 
e v e r y s e q u e n c e of m e a s u r a b l e e l e m e n t a r y m a p s f. : S - * T ( w h e r e 

T i s a n y g r a d e d s p a c e ) c a n b e r e p l a c e d b y s i m p l e m e a s u r a b l e 
m a p s g . s u c h t h a t g. = f. o n s o m e D c Ji w i t h D. C D . t , 

1 ' l — • — i i - — — i — 1 — i-fi 
oo 

i = 1, 2, . . . , and w i t h m ( S - \J D . ) = 0 . M o r e o v e r , t h e g. 
i = l * 1 

s a t i s f y : 

(a) g . - * f ( a . e . ) cm S w h e n e v e r f.-*-f ( a . e . ) o n S , and 

(b) g . - * f ( a . u n i f . ) on S w h e n e v e r f . - * f ( a . u n i f . ) jon S 

a n d m ( S ) < oo . 
oo 

P r o o f , (a) B y c r - f i n i t e n e s s , S = [ J E f o r s o m e s e t s 
n = l 

E € J \ , m ( E )< oo. T h u s L e m m a 2 ( w i t h S r e p l a c e d b y E ) 
n n n 

y i e l d s f o r e v e r y n , . k = 1, 2, . . . , s o m e D , C E (D , c s/i) 7 nk™- n nk 
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such tha t m ( E - D ) < 1/k and a l l f. a r e s i m p l e and m e a s u r -
n nk i 

ab le on e a c h D , . We m a y a s s u m e that D C D (o the r -
nk n k ~ n, k+1 

K+1 oo 
wise r e p l a c e D , . b y M D .) . C lea r ly , m ( E - ! | D , ) = 0 

n, k+1 y . nj n ,VJ
A nk 

k J = 1 k = 1 

Thus , se t t ing D = I ! D , , k = 1,2, . . . , and neg lec t ing a s e t 
k u , nk 

n=l 
00 00 

of m e a s u r e z e r o , we m a y w r i t e E ^ I I D , C II D„ , 
n *-> nk— w k 

k = l k = l 
1 oo oo 

n = 1, 2, . . . , whence S = I I E » Il D , i . e . , m(S-D) = 0 
^ n U k 

n=l k=l 
00 

w h e r e D = | 1 D, € Jl . A l so , s ince D , C D , , . , we have 
>-> t k nk — n, k+1 
k=l 

00 

D C D , k = l , 2 The f o r m u l a S ^ (J D then y i e lds 
K K + 1 K. 

k=l 
l i m m(D ) = m(S) , We a l s o note that a l l f. a r e s i m p l e and 
-*-oo 

k 
m e a s u r a b l e on e a c h D, = | | D , (being so on e a c h D , ), 

k u
 a nk nk 

n=l 
Thus , se t t ing g k = ffe on D k and g k = cons t , on S - D k . 
k = 1,2, . . . , we obta in a s equence of s i m p l e m e a s u r a b l e funct ions 
g on S , sa t i s fy ing the f i r s t c l a u s e of T h e o r e m 3 . M o r e o v e r , 

we c l e a r l y have 

(i) g (x) = f (x) wheneve r x e D and n £ k . 

Now, if f "*-£ ( a . e . ) on S , we lose no g e n e r a l i t y by 
K. 

a s s u m i n g tha t f -*f (ptw. ) on S . We then c o m p l e t e the proof 
K oo 

of (a) by showing tha t g -•£ (p tw. ) on D = Il D . F i x any 
k k=l ^ 

x c D : Then t h e r e a r e i n t e g e r s n and k > n such that x c D 
to o — nk 

for k > k ( s ince D , C D , , .) • Hence , by (i) , g (x) = f (x) 
— o nk— n, k+1 k k 

1 
We w r i t e n # M for an equal i ty val id to wi th in a s e t of m e a s u r e 0 
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for k > k , and thus l im g (x) = l im f (x) = f(x) , p rov ing (a) , 
o k K 

k-^oo k-*oo 

(b) Now suppose that f -*f ( a . u n i f . ) on S and 

m(S) < oo . F i x any € > 0 . Then, with g and D as above, 
K. K 

the f o r m u l a l im m(D ) = m(S) y i e lds a k = k with 
k-* oo 

m ( S - D ) < c/2 . Also , as f -*f ( a . u n i f . ) , t h e r e i s a se t 

E€i>L such that m ( S - E ) < € / 2 and f, -*f (unif. ) on E and, a 
k 

f o r t i o r i , on E f l D . By the defini t ion of the m a p s g , we have 
K k. 

g, = f on D, D D, for k > k . Hence g, -*f (unif . ) on 
k k k ~ _k ~ — k 

E f l D . Since m ( S - E f l D k ) < € » a s s e r t i o n (b) is p r o v e d . Q. E . D . 

Thus , in cr-finite m e a s u r e s p a c e s , m e a s u r a b l e e l e m e n t a r y 
funct ions m a y be r e p l a c e d by s i m p l e ones in p r a c t i c a l l y a l l c a s e s 
of i n t e r e s t . 

It m i g h t be of i n t e r e s t to inves t iga te n e c e s s a r y and suf­
f ic ien t condi t ions for the r e p l a c e m e n t of ne t s by s e q u e n c e s , a s 
wel l as to ana lyze p o i n t - w i s e a p p r o x i m a t i o n s m o r e c l o s e l y . We 
leave t he se ques t ions for a s e p a r a t e p a p e r . 
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