L))

Check for
updates

Forum of Mathematics, Pi (2024), Vol. 12:e14 1-21
doi:10.1017/fmp.2024.11 CAMBRIDGE
UNIVERSITY PRESS

RESEARCH ARTICLE

Strichartz estimates and global well-posedness of the cubic
NLS on T?

Sebastian Herr! and Beomjong Kwak?

! Fakultat fiir Mathematik, Universitit Bielefeld, Postfach 10 01 31, 33501 Bielefeld, Germany;
E-mail: herr@math.uni-bielefeld.de (corresponding author).
2Department of Mathematical Sciences, KAIST, 291 Dachak-ro, Yuseong-gu, Dagjeon, Korea; E-mail: beomjong @kaist.ac kr.

Received: 30 November 2023; Revised: 2 May 2024; Accepted: 22 May 2024
2020 Mathematics Subject Classification: Primary — 35Q41; Secondary — 52C30

Abstract

The optimal L*-Strichartz estimate for the Schrodinger equation on the two-dimensional rational torus T? is proved,
which improves an estimate of Bourgain. A new method based on incidence geometry is used. The approach
yields a stronger L* bound on a logarithmic time scale, which implies global existence of solutions to the cubic
(mass-critical) nonlinear Schrodinger equation in H® (T2) for any s > 0 and data that are small in the critical norm.
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1. Introduction

In the seminal work [1], Bourgain proved Strichartz estimates for the Schrodinger equation on (rational)
tori T4 := (R/277Z)“. More precisely, in dimension d = 2, the endpoint estimate in [1] states that there
exists ¢ > 0 such that for all ¢ € L>(T?) and N € N,

log(N) )

itA
"2 PNy (0.2m1x72) < CNII@llL2(r2), where Cy = ¢ exp (Cm

The proof in [1] is based on the circle method and can be reduced to an estimate for the number of
divisors function, which necessitates the above constant C . However, in the example ¢ = x|_n n2nz2,
we have

1™ Pn@llzs (jo2nixry = (og N)' 16l (23 (L.1)

see [1, 15, 11].
More recently, the breakthrough result of Bourgain—Demeter on Fourier decoupling [2] provided a
more robust approach which has significantly extended the range of available Strichartz estimates on
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rational and irrational tori. However, the above endpoint L* estimate has not been improved by this
method. Here, we will consider dimension d = 2 only, but let us remark that in dimension d = 1, there
is a similar problem concerning the L® estimate, where it is known from [1] that the best constant is
between c(log N)'/® and Cy, with recent improvements of the upper bound to ¢(log N)2*¢ [7, 6] by
Fourier decoupling techniques.

In this paper, we obtain the sharp L* estimate in dimension d = 2 by using methods of incidence
geometry. Set log x := max{1, log, x} for x > 0.

Theorem 1.1. There exists ¢ > 0, such that for all bounded sets S C Z? and all ¢ € L*>(T?), we have
||€”APS¢||L,4’X [027]xT2]) < € (log #8)"/* [| ]| .- (1.2)

In fact, we prove a stronger result.

Theorem 1.2. There exists ¢ > 0, such that for all bounded sets S ¢ Z* and all ¢ € L*>(T?), we have

||eitAPS¢||L;{X [0, 1oy IXT2]) < cllpllp2. (1.3)
Remark 1.3. Theorem 1.2 implies Theorem 1.1: Applying (1.3) to each interval [271'%,27T%],
k=1,...,m, form ~ log#S, we obtain (1.2). In particular, (1.1) implies the sharpness of Theorem 1.2

as well.

For the proof of Theorem 1.2, we develop a new method based on a counting argument for parallel-
ograms with vertices in given sets, which relies on the Szemerédi-Trotter Theorem. We remark that the
Szemerédi-Trotter Theorem was previously used to bound the number of right triangles with vertices in
a given set [13], and it has also been introduced in [2] in connection to Fourier decoupling and discrete
Fourier restriction theory. More precisely, if 5 = xs, estimate (1.2) is a corollary of the Pach-Sharir
bound in [13]. We point out that in our proof of Theorem 1.2, we also make use of the fourth vertex.

Theorems 1.1 and 1.2 apply to functions with Fourier support in arbitrary sets. Although we make
use of the lattice structure, we only use an elementary number theoretic argument in the proof of
Theorem 1.2: in the parallelogram (£}, &, &3, &4) € (Z%)* the quantity T = 2(&) — &) - (£ — &) must
be a multiple of the greatest common divisor of the two coordinates of & — &4, which is used to avoid a
logarithmic loss in Theorem 1.2.

The L*-Strichartz estimate plays a distinguished role in the analysis of the cubic nonlinear Schrodinger
equation (cubic NLS)

iuy + Au = +|ul’u, Uli—o = ug € H*(T?), (NLS)

which is L?(T?)-critical. (NLS) is known to be locally well-posed in Sobolev spaces H*(T?) for s > 0
due to [1]. It is also known [11, Cor. 1.3] that the Cauchy problem is not perturbatively well-posed in
L*(T?), which is closely related to the example (1.1) discussed above.

By the conservation of energy, local well-posedness in H'(T?) implies global well-posedness for
small enough data [ 1, Theorem 2]. In the defocusing case, this has been refined to global well-posedness
in H® (Tz) for s > 3/5; see [4, 5, 14]. Additionally, the result in [3] shows that energy is transferred
from small to higher frequencies and therefore causing growth of Sobolev norms ||u(t)||gs for s > 1.

Theorem 1.2 has the following consequence:

Theorem 1.4. There exists § > 0 such that for s > 0 and initial data uy € H* (T?) with luollr2(m2y <6,
the Cauchy problem (NLS) is globally well-posed.

The proof is based on an estimate showing that ||u(7)|| s (12) can grow only by a fixed multiplicative
constant on a logarithmic time scale and because of } e 1/log N = oo, any finite time interval
can be covered. This argument crucially relies on the sharpness of the estimate in Theorem 1.2.
Indeed, if the time interval in Theorem 1.2 were [0, (log#S)~%] for @ > 1 instead, the sum would be
dinven 1/(log N)® < oo, which would not yield a global result.
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Outline of the paper

In Section 2, we introduce notations and recall the Szemerédi-Trotter Theorem. In Section 3, we
provide the proof of Theorem 1.2. Finally, in Section 4, we prove the global well-posedness result (i.e.,
Theorem 1.4).

2. Preliminaries

We write A < B if A < CB for some universal constant C > 0, and A ~ Bif both A < Band B < A.
Given a set E, we denote yg as the sharp cutoff at E.
For proposition P, denote by 1p the indicator function

1, Pistrue
lp = .
0, otherwise

For a function f ;EI‘Z —-C Ff= f denotes the Fourier series of f. For S ¢ Z2, we denote by Pg the
Fourier multiplier Ps f := xs - f 2N denotes the set of dyadic numbers. For dyadic number N € 2N, we
denote by P« the sharp Littlewood-Paley cutoff P< f := P|_n n2f- Wedenote Py := P<n—P<pn 2,
where we set P« := 0. For function ¢ : T? — C and time ¢ € R, we define e"2 ¢ as the function such
that

erh g (&) = e HEF (),

For simplicity, we denote uy = Pyu and u<y = P<nyu, foru : T2 - C.

Geometric notations on 7>
For integer point (a, b) € Z2, (a, b)* denotes (=b, a).

For integer point (a, b) € Z* \ {0}, ged ((a, b)) denotes ged(a, b).

Given two integer points &, &; € Z2, % denotes the line through & and &;.

A parallelogram is a quadruple Q = (&1, &2, &3,&4) € (Z2)* such that &) + &3 = & + &;. The set
of all parallelograms is denoted by Q. Segments and points are two-element pairs and elements of Z?,
respectively. We call by the edges of Q either the segments (&1, &), (&2, &3), (€3, &4), (€4,&1), or the

vectors + (&1 — &), = (&1 — &1).
For a parallelogram Q = (€1, &2, €3, €4) € Q (see Fig. 2.1), we denote by 7o the number

10 =T(£1,60.6,8) = |61 - & + &1 — &P = 21(6 - &) - (&1 - &)
For 7 € N, we denote by Q7 the set of parallelograms Q € Q such that 7o = 7. Thus, in particular, Qo
is the set of rectangles.
Szemerédi-Trotter

The following is a consequence of Szemerédi-Trotter theorem of incidence geometry.

&4
&1
&3
&

Figure 2.1. Parallelogram Q.
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Proposition 2.1 [16, Corollary 8.5]. Let S € R? be a set of n points, where n € N. Let k > 2 be an
integer. The number m of lines in R? passing through at least k points of S is bounded by

2
m$%+%. 2.1

Remark 2.2. An optimizer S for (2.1) is a lattice S = 72N [-N, N]2, N e N.

3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. We will first reduce Theorem 1.2 to Proposition 3.1, then to
showing Lemma 3.3. Then we will finish the proof by showing Lemma 3.3.
The proof of Theorem 1.2 will be reduced to the following proposition.

Proposition 3.1. Ler f : Z?> — [0, 00) be a function of the form

f=2 2,27 s,
=0

where Sy, . ..,Sm,m > 1 are disjoint subsets on2 such that #S; < 27, and Ao, ..., Am = 0. Suppose
that for each j =0, ...,m and & € S}, there exists at most one line £ 3 & such that #(€ N S;) > 2112+C
Then, we have
DT Q) s me NIl 3.1)
0eQ’ =
and
1
sup - > > @ < Il (3.2)
M e2N =M QeQT Jsm

Here, C > 0 is a uniform constant to be specified shortly, and f(Q) denotes f(&1) f (&) f(&3) f(&4) for
parallelogram Q = (&1, &2, &3, €4).

Proof of Theorem 1.2 (assuming Proposition 3.1). Let S C Z? be a bounded set. Let m be the least
integer greater than log, #S. Since lo# < % to prove Theorem 1.2, we only need to show for

g #S
¢ € L>(T?) that
1™ Pslls (0.1 1xr) S N0lli2re)- (3.3)
Decomposing ¢ = Zizo i*$x, ¢ > 0, it suffices to show that for f : Z2 — [0, o) supported in S,

||eitA~7'—_1f||L;*’x([o, Ix12) S ||f||€2(22)- (3.4

L
m

We define a sequence {f,} of functions f, : Z> — [0, o), supp(f,) C S inductively. Let fy := f.
Given n € N and a function f,, we choose an enumeration &1, &>, ... of 7?2 (which may depend on n)

such that f,,(&1) = fu(&) = .. .. Let S(} = {&yi, . &y yand A =272 f, (&) for j = 0,...,m.
We have

#89 =2/ (3.5)
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and

Il =127 fun)lles, (3.0)
S fulle2z2y -
For j =0,...,m, we define E; C S‘; as the set of intersections & € S‘; of two lines ¢, ¢> such that
# (51 n S?) # (52 n S?) > 2J/2+C
By the Szemerédi-Trotter bound (2.1) and (3.5), we have

#Ejs#{fch:fisalineand#(€ﬂS?) 221/2+C} 3.7
0\2 /1 j/2+C\3 0 /nj/24C
S (#S,)7/(2117)7 +#S/2/

< 2j/2—C'

Let fn41 : Z2 — [0, 00) be the function
m
Jos1 = fuxe, E:= UE,u
j=0

Since f,,(€) < fu(&y) =A;27//2 holds for ¢ € E; © S?, by (3.7) and (3.6), we have
It lle2z2y = W fuxellzzzy s 14;27972 V#E Nz, < 27 full ez z2) -
Fixing C € N as a big number gives
1

| fuslle2(z2) < §||fn||52(z2)’

which implies
1 -n
| fulle2z2y < §||fn—1||f2(zz) <227l - (3.8)

LetS; := S(j). \E j- By the definition of E, the function

m
gn = Z ;277 x,
=0

satisfies the conditions for Proposition 3.1. Since f,,(¢) < fu (&) = ,1/.27./'/2 holds for £ € S; C S(]). _
{§2J', e ,§2j+l_1}, we have

hy = fn - fn+l = Z f"XSj < Z/ljz_jm)(s_,’ =&n- (3.9)
j=0 J=0
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Denoting T := %, by (3.9), we have

To ) 4 1 2Ty, ,T ) 4
/ le" A F " hy|" dxdt < — / / e F ' hy|" dxdtdT
0 T2 T2

2T
/ |e”A]: | )(O)dth

2Ty
— Z iy (Q) - Re/ / "7 dtdT

QGQ
Z I (0) - - cos (2TOTQ)
QeQ
STo ), hn (Q)+me{To, } D Q)
QeQb 7>0 QeQ"
$To ), gn(Q)+me{ 2} D, &)
QeQo >0 QeQ"

and

me{To, } D, &)

>0 QeQ7

Z mln{ToM le‘/[}% Z Z gn(Q)

M eV T~M QeQT

sup M DD, a0,

M eN T~M QeQ7

A

A

concluding by (3.1), (3.2) and (3.6) that

| T . \ 1/4
e F ™ nllzao.1y)x72) = (/o ./z 7 dxdt) o0
T

< ||/lj||512_sm S fulle2z2y -
Writing f = 37 o (fa = fus1) = 2o Fin> by (3.10) and (3.8), we have

€877 Pl oy < 21 F e (o)

< D Ml

n=0

8

8

$ ) 27 ey S W fllexz2)s
n=0
which is (3.4) and therefore completes the proof of Theorem 1.2. O

A cross is a triple (&,¢€1,¢>) of two mutually orthogonal lines £}, ¢, and their intersection £. For
{S; } ", as in Proposition 3.1, we categorize crosses (&,(1, (), €& € U ' oS/ into three types:

Typel ifa>j/2+C
Type2 ifl<a<j/2+C
Type3 ifa=0,

https://doi.org/10.1017/fmp.2024.11 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2024.11

Forum of Mathematics, Pi 7

where j is the index such that ¢ € S, and a is the number
a =log, max {# ((; N S;) . # (62N S;)}.

Note that a € {0} U [1, c0) since £; N S; is nonempty.
Given a rectangle (&1, &2, &3, &4) of four distinct vertices, its vertex &; is called a vertex of typea,

a =1,2,3 if the cross (¢ ,‘f](—é-‘z),m) is of type a.
Fora, B =1, 2, 3, we denote by Q% 5 the set of rectangles (&1, &2, &3,&4) € QY of four distinct vertices
£1,62,83,84 € U;?‘: oS such that £, &, are type a-vertices and &3, €4 are type B-vertices. Although the

union of Q?l 5 s only a proper subcollection of Q°, the following lemma provides a reduction to
counting rectangles in Q(; 5

Lemma 3.2. Let fand {Sj}T:O be as in Proposition 3.1. Let T > 0 be an integer. We have

D, f@ s max 2> FQ + 1112 z2)- (3.11)
QeQr 0=(&1,6,8,80)€Q) 4
ged(&1-&1)|t

Proof. For ¢ € 22\ {0} and o € Z, we denote by £7 the set of segments (£1,£4) € (Z*)? such that
§i-&=fand§-E=0. »

Since 179 = 2[(é1 —&2) - (€1 — &4)| is a multiple of ged(&; — &) for any parallelogram Q =
(&1,&2,8&3,&4) such that &) — &4 # 0, we have

f(0) s Q)+ fEN* f(&)?
2. > 2 2.

QeQr £e22\{0} OQ=(£1,£2,83,84)€QT7 &,&6€r?

S1764=¢

Y > FQ) +11£1152 22

£€Z\ {0} Q=(&1,6,83,84)€Q7
gcd(&)|T &1-&=¢&

and by Cauchy-Schwarz inequality,

> £(Q)

£€72\ {0} O=(&1,£2,83,£4)€Q7
ged(&) |t &1-&u=¢

s >y D, fEfENFEf(E)

£e22\{0} ”1’”2f2/2(§1,§4)e£g'
J|1—02=xT o
gl T T (4, 662

< >0 D DL rENfE

£€72\{0} TEZ \(&1.84)€EF
ged(&) |7

S max D), > FENf (&)

T e\ {0} 0€L (é1.&)eEg
ged(&) |7 (&1, E+ER,E+E1R) is a cross of type @
(&1, E4+ER, E4+ELR) is a cross of type B
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< > > FENFENF(E)f(E)
>3 £e72\{0} OEZ (&1.80)€€7
ged(£)[7 (&1,6,83,£)€Q0, ;or (£,6)=(£1,&)
S may 2 F@+ ), @) f&)
P23 ey | o= ene, &€’ f-&i=¢
ged(&) |7 &1-&=¢&
4
<, max 2 @ gy
0=(41,6,6.60)eQ), 4
ged(&1-&1)|r
finishing the proof. O

There are three main inequalities to be shown.

Lemma 3.3. Let fand {A; };”: o be as in Proposition 3.1.
In the cases (a, B) # (2,2), we have

> FO sl (3.12)

QEQ%J; jsm

In case (a, B) = (2,2), we have

D, £ s mlalf (3.13)

0eQ), "

and
1 4

Z mf(Q) < IIAJ-II[_I;Sm- (3.14)

0=(¢1,6,63, f4)€QO

Proof of Proposition 3.1 assuming Lemma 3.3. We first prove (3.1), which concerns the case 7 = 0. By
(3.11), (3.12) and (3.13), we have

2, [(@ s max > F@ +f lagzy s mIASl
QeQ" P ona e,

which is just (3.1).
Now we prove (3.2), which is for 7 # 0. By (3.11), for M € 2", we have

1 1 4
D 2 J@ s g max > FQ) + £ 1 221
T~M QeQT TAM Q=(£1,6,65,6)€Q), 4
ged(&-&) T

and for a, 8 =1, 2, 3, we have

1
% D £(0)
TAM Q=(£1,6,6,6)€Q0, 4
ged(&1-&)lr
1
"M 2 lecaei-&p1e - £(Q)

M Q=(41,6,8,60€Q0 4
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1

= D (M D Lseae-enie | - £(Q)

Q=(f1,§2,§3,§4)69&ﬁ =M

1
S — s 2~ Q 9
D AL
0=(£1,62,83.60)€Q, 4
which is 0(||/lj||;}2 ) by (3.12) and (3.14), and finishes the proof of (3.2). o
j<m

Before turning to the proof of Lemma 3.3, we consider two preparatory lemmas, where we use the
following notation:

For Vectors7> = (j1, j2, j3, ja) € N*and @ = (ay, a», a3, as) € N*, we denote by Q0(7,7) the set
of rectangles (¢4, &2, &3,&4) € o'n (Sj1 X8, XS8j X Sj4) of four distinct vertices such that

29 < max (et 08, ) # (Ecir 015, )} <20, (3.15)

where the cyclic convention on index 44k = &k, € Z is used (see Fig. 3.1).

Lemma 3.4. Let {SI}T:() ,m > 1 be as in Proposition 3.1. Let ji, j2, j3, ja,az = 0 be integers. Then,
the number of rectangles (£1,&2,&3,&4) € Q0N (S, x 8}, xSj, XS },) of four distinct vertices such that

#(&&ENS)) <20

is 0(2j1+jz+a3).

Proof. There are at most #S, - #S;, = O(2/1*/2) possible choices of (£],&;) € Sj, X S},. Once the pair
of two vertices (£1,62) € S, X S, is fixed, the third vertex &3 should lie on the line >3 5 &; orthogonal

—>
to £1é> (see Fig. 3.2), and we require
#(630Sp) =# (&8 55 ) <297,

so there are only O(2%) possible choices of &3 € €3, which then uniquely determines a rectangle.
Therefore, we have O (27172 . 293) = O (2/1+/2*93) such rectangles. ]

NN
N N

Figure 3.1. Rectangle (£1,é5,&5,64) € Q°( 7. @).
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03
& /) S

| E
Figure 3.2. Choice of &1, &2, &3 in the proof of Lemma 3.4.

The following lemma is useful in the case that & is a vertex of type 2.

Lemma 3.5. Let {SJ}T:O,m > 1 be as in Proposition 3.1. Let j1, j2, j3, Ja, a1,a2,a3,a4 > 0 be
integers. Assume that

l1<a < ji/2+C. (3.16)
We have
#90(7,7) < 22j1—2a1+u2+u4’ 3.17)
#Q0(7.7a)  22i-darsazvas, (3.18)
and
Z 1 < plii—2artartas/2. (3.19)

L, ged(€r—&s) T
(&1,62,63,£0)€Q(j ,a)

We note that the assumption (3.16) is a priori necessary if &; is a vertex of type 2.

Proof. By (2.1), the number of lines ¢ such that 241 < #(£NS;,) < 2411 is O(2%1.273a1 4 2J1 . 27a1) =
0(2%/173a1) "and for each such ¢, we have O(2') number of points & € £ N S i~ Thus, there exist at
most O (22/17241) crosses (&1, €12, £14) such that

29 < max {#(512 N Sjl),#(fm N Sj])} < 2a*l

For such a cross (&1, €12, £14) to be a corner of a rectangle in Qo (7,7), for (3.15), we require further
that

#(anSj,) <20t (3.20)
and
#(laNSy,) <294t (3.21)

By (3.20), there exist at most O(2?) choices of vertices & € £1 N S,.
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t12

NP
N A

Figure 3.3. Choice of &1 and &; in the proof of Lemma 3.5.

Having fixed &; and &,, we choose either &3 or &4 as follows, which then uniquely determines a
rectangle (1,6, &3, €1) € Q°.

o Choice of &4. Since the choice of &4 € 14N S, in advance uniquely determines a rectangle, by (3.21),
we have (3.17). Also, labeling £14 N S;, \ {&1} =2 {&}.....€}} .1 <2%*! we have

l

1 1 1
— <-4+ <logl <292,
chd(fl—fi) ] 108

r=1
which implies (3.19).
e Choice of &;. We can also determine a rectangle by choosing & € >3 N S, where €23 3 & is the
line parallel with £14 (see Fig. 3.3). To form a rectangle in Q° (7,7), we require

>
#(l N S)) =#(E65NS),) <29,
so there are at most O (2%%) choices of such vertices &3. Thus, we have (3.18). ]

We can now lay the last brick of the proof of Proposition 3.1.

Proof of Lemma 3.3. We split the proof into the cases (i) @ = 1 (or 8 = 1), (i) (a,B) = (2,2), (iii)
(a,B) =(3,3) and (iv) (@, B) = (2,3) (or (3,2)).
Casel:a=1(org=1).

For &1 € §j,, j1 € N, by the assumption of Proposition 3.1, there exists at most one line £¢, > &; such

that #(Lg, N S;,) > 271 /2+C Thus, for any rectangle Q = (&1, &2, £3,&4) € Q?’ﬁ, to which the inequality

max {#(:‘fl_g-“z)ﬁSjl),#(&?mSjl)} > 2J1/24C

applies since & is of type @ = 1, we have either & € {¢ or &4 € €, . We conclude that for each pair
of points (£1,&3) € (Z*)? such that &, # &3, there is only one possible choice of the other two vertices
{&2,&4} such that Q = (&1,&7,83,&4) € Q(l) 5 and similar for (&, &4). By Cauchy-Schwarz inequality,
we have
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Figure 3.4. Determination of a rectangle from given &, &3 € 72

> Q)= > FENF(&E) - F(&)f (&)
QeQ) 0=(61.6.6.60¢€Q) 4

< D (fENfE&)?

&1, & €22

4 4
<l < I
Jsm

which is just (3.12) for the case.

Case II: (a,B) = (2,2).
Let ji,..., j4,a1,...,aq be integers such that 0 < jpy <mand 1 < ay < ji/2+Cfork=1,...,4.
By (3.17), (3.18) and their cyclic relabels of indices 1, 2, 3, 4, for non-negative tuple (ck,l)kS4 1<2 such

that 21:1 212:1 ¢k, = 1, we have

#Q0(7 7) < 221:1 27kt (2jk—2ak+aret +ake1+1)
s < .

The choices (Ck,l)kS4,lS2 = i ' ((29 3)9 (37 4)9 (09 6)9 (39 3)) and é ' ((1’ 2)5 (15 2)’ (3’ O)’ (15 2)) giVe
#Q()(7,_a)) < 2%(j1+j2+j3+j4)—ﬁ(j1—j2)’ (3.22)
#QO(7,_61)) < 2%(j|+.i2+j3+f4)+é(al—az)’ (3.23)

respectively. Interpolating (3.22), (3.23) and their dihedral relabelings of indices 1,2, 3,4, for 6 = ﬁ,
we have

#Q0(7,_a)) < 2%(j1+jz+j3+j4)—5 St ik —jket [+ lak—ags ) ,

from which we conclude by

0 0,7 —
d,c | oG
0<jr<m
1<ai <jr[2+C
k=1,2,3,4

that (using that f(¢) =27//22; for¢ € S;)

_? _ . . . .
PIA) D, #QU(T @) U 05,054,
0 0<jik <
ez 1 <a, <5 /2C
k=1,2,3,4

Z oty St (k= jkst [+lak—aks I)Aj1 A,

A

A

0<jr<m
1<ar<ji [2+C
k=1,2,3,4
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1<as<m/2+C

which is just (3.13).
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Z (2_5U1_j2|/2/1j1/1j2 . 2—6|j3—j4|/1].3/1j4)

<m
3,4
Z p—d(lai-az|+|az-as|+las—aal)

4 4
s - > Tsmiallh
< Jj<m

13

We pass to showing (3.14), which is just a repeat of the preceding proof. By (3.17), (3.18), (3.19)

and their cyclic relabels, for non-negative tuple (cx;) k<di<

, such that 3¢ ; ¢k s = 1, we have

Z 1 < 22121 2 ckt 2k -2axtagstageia) | D=C12asf2

L, oged(§1—€s) T
(£1,6,83,£0)€Q(j,a)

Plugging the same choices of (c ) we obtain

k<4,1<2°

Z ; < 2%(]’1+J’2+J’3+J‘4)—5 St (k= ket [+l @k —agsr ) ,2—&14’

L, oged(§1—-€s) T
(£1,8,83,£0)€Q(j,a)

concluding that

1
Z — = f(0)
0=(&1,6,85,8)€9), ged(é1 — €a)

A

~_, ged(&r - &4)

0<jx<m 0
| Sag <jy 24C (&1,62,63,60)€Q0(j,d)

k=1,2,3,4

12\

0<jx<m
1<ar<jik/2+C
k=1,2,3,4

=Slh-i2l/27. 1. .o-6li3—jsly. .
S (o 1,
0<jr<m
k=1,2,3,4

A

2—5(|a1—a2\+|az—a3 [+laz—asl) | n—6as

1<ar <m/2+C
k=1,2,3,4

j<m
which is just (3.14).

Case Ill: (a,B) = (3,3).
For ji, j2, j3, ja € N, by Lemma 3.4, we have

1 o
Z Z 2—(]1+/2+/3+/4)/2/1j1 A,

4 L.
Z 2=6 Xk (ke =Jie [+lak—ags |)/lj1 A, - D—6as

— 0 ; K+
Gji.jojs.js = #Q3,3 N (Sjl ><Sj2 XSj3 XSJ'4) < min 2tk
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One can check

0 Gt i) = L Grt ia fa b ds) € == (U1 = ol s = aD)
min - = _ — —_
0 Ukt it =5 Uiz + s +ja) < =155 (= sl + 172 = Jal)

and so

L1t jatat]
Z f(Q) < Z q}'l,jz,ja,jztz 2(j]+12+j3+“)/1j1/ljz/ljs’ljzt

0 L
Q€95 J15J25J35J4 20
Ly _—
1o li=731y. 7. . —1o0 lJ2=Jal 3. 7.
< Z 27100 Aj A 27100 45,
J1:320 J25Ja20

4
<l
Jj<m

which is just (3.12) for the case.

Case IV: (a,B) = (2,3) (or (3,2)).
For ji, j2, j3, ja € N, by Lemma 3.4, we have

jr.raiseis = #QD 3 NV (Sjy X Sjy X Sjy X Sj,) s 2MNUIHeatisnJiti), (3.24)

Ford = (a1, az,0,0) with integers aj,ap suchthat 1 < ay < j1/2+Cand 1 < ap < j»/2+C, by
Lemma 3.4 and (3.18), we also have

#Q0(7,7) < 2Ja+jarmin{ay,az} < 2j3+j4+%(a1+az) (3.25)
and

#0°(7, @) < min {21241 922w} (3.26)
< phrti—(@tay)

Interpolating (3.25) and (3.26), we have

#90(7’7) < 2_% (Ja+ia+3 (ar+a2) )+3 (j1+j2—(ar+az))

— 2% (Jja+ja)+3 (Ji+)2) - 15 (ar+az) i
which implies

-
9jr.jariznis = Z #QO(J ,7) (3.27)
1<a;<ji/2+C
1<ax<jr/2+C

< Z 2%(j3+j4)+%(j1+jz)*1]*0(111+a2)
aj,areN

< 2%(j3+j4)+%(j1+j2)'
By (3.24), (3.27) and the inequality

mln{]1+]4,]2+13,]1+]2,§(]3+]4)+§(]1+12)}—(]1+]2+]3+]4)/2

1
B
< —1g0 W1 —gal + 12 = ).
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we conclude

Z £(0) < Z q; ,jz,j3,j42_(jl+j2+j3+j4)/2/1j] ApAs,,

4 .
ey, J1:J25J3,J4 20
— 105 (=3 [+ 1ja—jal)
S Z 2710 ‘ Aj A A3y
J1>J25J35j4 20
—Ll—. _L P
Ji=ily. .. li2=jaly. 7.
S Z 2710 Ajidjs Z 2710 Aj Ay
J1,j3=0 J2,ja=0
4
Jj<m
which is just (3.12) for the case. O

Remark 3.6. We thank Po-Lam Yung for the following more conceptional explanation of above inter-
polation type arguments. For example, in Case IV, (% % %, %) is in the interior of the convex hull C of
(1,0,0,1), (0,1,1,0), (1,1,0,0) and (%, %, %, %). More precisely,

(33533 = $(1,0,0,1) + 5(0,1,1,0) + 15(1,1,0,0) + 3(3, 5, 3, 3).

All these points lie in the plane P = {x; + x3 = 1 and x, + x4 = 1}. Hence, for small § > 0, the four
points

(

are all in P N C. Therefore, regardless of the signs of j; — j3 and j> — jy4, there exist ¢; > 0 satisfying
c1+cy+c3+cyq =1sothat

*1 6’ +2 6’ +2 6)’ *,$£2 € {_, +}

=

F1 6,

N
=
=

c1(ji+ja) + 2o+ j3) + e3(ji + o) +ca(R (s + ja) + 2(j1 + /o)
=21+ 2+ j3+ ja) = 6(j1 — jal + 172 = jal),
and in the argument in Case IV above, we have chosen ¢ = ﬁ-

This completes the overall proof of Theorem 1.2.

4. Proof of Theorem 1.4

We only carry out the proof on the relevant case 0 < s < 1, which is most convenient with adapted

function spaces. For this purpose, we recall the definition of the function space Y* from [10] and relevant
facts. For a general theory, we refer to [12, 10, 8, 9].

Definition 4.1. Let Z be the collection of finite non-decreasing sequences {l‘k}f:o in R. We define V?
as the space of all right-continuous functions u : R — C with lim,_,_, u(¢) = 0 and

K 12
lully: :=( sup Zm(tk)—u(tk_mz) < co.
{ti Yo €Z k=1

For s € R, we define Y* as the space of u : R x T> — C such that eit|§|2b7(7)(§) lies in V2 for each
£eZ?%and

1/2

lullys =( > (1+16F) 1€ Fum@ 2. | < oo.

£ez?

For time interval I C R, we also consider the restriction space Y* (1) of Y*.
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The space Y* is used in [10] and later works on critical regularity theory of Schrodinger equations
on periodic domains. Some well-known properties are the following.

Proposition 4.2 [ 10, Section 2]. Y*-norms have the following properties.

e Let A, B be disjoint subsets of 72. For s € R, we have
2 _ 2 2
IPausttllys = [[Pattllys + |Pputllys. 4.1

e Fors e R, timeT > 0and a function f € L'H®, denoting

T = [ R (war,

we have
T
bewor 2Ol s sp | [0 [ vasar]. 42)
vey=s:||v|y-s <1 [J0 T2
o Fortime T > 0 and a function ¢ € H*(T?), we have

Ixio.r) - €““ollys ~ Il (4.3)

and for functionu € Y*, u € LH® and
xto.ryullys 2 llullLejo.7):m5)- 4.4)

For N € 2, denote by Cpn the set of cubes of size N
Cn = {(0,N]* + N&y : & € 2%} .

We transfer (1.3) to the following estimate.

Lemma 4.3. Forall N € 2%, intervals I C R such that |I| < —loglN, cubes C € Cy, and u € Y°, we have
”PC””L;{X(IxTZ) < llullyo. 4.5)

Proof. We follow the notations in [10, Section 2]. Let u be a Uy L*-atom; that is,

J
u(t) = Z 1[1_,»_1,1‘_,-)elm¢j
J=1

for ¢1,...,05 € L*(T?), 19 < ... < ty, ij‘:l i1}, = 1. By (1.3), we have

J J
Pcull}s (yyme) S D IPCE™ Bl ) < D N05ll}2 < 1. 4.6)
WX ]:1 t,x j:l

By [10, Proposition 2.3] and (4.6), for u € Y°, we conclude
||PC”||L;*YX(1><T2) < ||u||U§L2 < HMHVAZU < ”u”YO' O

Since we only rely on the L* estimate, Lemma 4.3 explains why we can work with the ¥*-norm
instead of the U2-based space as was used in [10].
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For N € 2%, we set the interval I := [0, 1/log N). Let Zy be the norm

lullzy = lxry - ullyo + N xry - ullys.
We show our main trilinear estimate:
Lemma 4.4. For 0 < s < 1 and N > 25, we have
IZ(uruaus)llzy < Nlutllzy luzllzy lusllzy » 4.7)

where each uj could also be replaced by its complex conjugate. The implicit constant is independent
from s.

Proof. Let kg = | 1/s]. In this proof, we use 2Xs-adic cutoffs: for N € 2%, we denote
P.Nu=u.Ny =u_qsy —U<N.

Since |[x1y - ullzy ~ llullzy holds for N € [27% N, N], we assume further that N € 251, (4.7) is
reduced to showing

/ wrtiatts - v dedt] < s liza iz llzo s g [ llyo 4.8)
INXTZ
and
/ upgis - va dxdi| s ullz luallzy luslizy - N¥[vlly- 49)
INXTZ

with implicit constants in (4.8) and (4.9) independent from s.
We prove (4.8) and (4.9). For M > N in 2% and C € Cy,, partitioning I to intervals of length
comparable to log;M and applying (4.5) to each, we have

log M 1/4
Ixiy - Peullps s (logN) lluellyo. (4.10)
By (4.10), for u € Y*, we have
log M\'/*
Wy -ullzg, < luenliyo+ Y (mi N) it lyo @1

M>N

1/4 a7s

log M N

< llullyo + E ( ) — N lullys
= log N Ms

S llullyo + N7 lullys < llullzy .
which implies (4.8).

We prove (4.9) by partitioning the frequency domain Z? into congruent cubes. By (4.10) and (4.1),
for M € 25N and u, v € Y9, we have

iy - P<nr (uv) Iz (4.12)
s D by Pou- Pyl
C1,C26Cp '

diSt(Cl ,Cz) <M
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< D - Peully Iy - Pevilp
C1,CreCpy
dist(C;,Cy) <M

log M 172 v
2 2
<1+ 23 (Z 1Pculz, S ||Pcv||yo)

CeCpm CeCpm

S(1_'_logM

1/2
foe N) lullyo vy

We conclude quadrilinear estimates. By (4.12) and Young’s convolution inequality on (L, K) using that
Dreakst R™ < 1, we have

2. 2

K>N LxK

< llunllyolluallyo D > Iw-rllyollv-cllyo

K>N L>K

/ Py (ujuz) Py (wopv-g)dxdt (4.13)
INXTZ

< lmllyolluallyo Y > (LK) lw-rllvs v lly-s

K>N LK

S llurllyolluzllyollwllys lIvily-s

and
Z Z Z/ Pyt (urua) Popg (Wopv-) dxdt (4.14)
M>N KN Lk WIXT?
log M
<> (1P pa ater llyolluallyo + e llyo | P jauallyo)
log N
M>N
0 D Iwerllyollvak lyo
K>N LzK
logM N*
sy llullzy lualizy D > w-rlyollv-illyo
M>N IOgN M* K>N L>K
< Mlllzy lalizy Y D" (LIK) ™ wrllys vk lly-s
K>N LzK
< Hlullzy lzlizy wllys 1V lly—.
Combining (4.13) and (4.14), we have
> / () w-v-xdxdt| < |lurlizy lluallzy [wllzy N1V [ly-s. (4.15)
INXTZ

K>N LxK

Note that in (4.12), (4.13), (4.14), (4.15) each function on the left-hand side could be replaced by its
complex conjugate. We bound

/ uiuruzVv s N dxdt
INXT2

/ Pk jaut - uy - u3 - vog dxdt
I}\])(']I‘2

<

K>N
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3
K>N

+
K

/ 2P<K/4u1 -PzK/4u2-u3-v~dedt
InXT

/ Pogjaut - Pogjauy - Psgjaus - vogdxdt
>N INXTZ

Applying (4.15) to each term, we conclude (4.9). O

Proof of Theorem 1.4. Let s > 0 and N > 2!/5. By (4.7), (4.2) and the expansion |u|?u — |v|>v =
(Jul* +@v)(u = v) +v*(u - v), we have

IZ(lulu = WP lizy < (lellzy +1vllzy ) e = vz - (4.16)
Based on (4.16), we use the contraction mapping principle. Let By € H® be the ball
By :={uo € H* : |lugllp2 + N™*[luollus < 26},
and X be the complete metric space
Xy = {u € COUn; H) NY*(In) : lullzy <0}

equipped with the norm Zp, where ¢, > 0 are universal constants to be fixed shortly.
By (4.16), there exists 7 > 0 such that the map

u = I(|ul’u)

is a contraction map on X of Lipschitz constant 1/2, which fixes 0.
By (4.3), there exists 6 > 0 such that

e ¢llzy <n/4 (4.17)
holds for every ¢ € By, so that the map
u— e ug T iZ(|ul?u)

is a contraction mapping on X . Thus, for uy € By, there exists a solution u to (NLS) in X on time
interval Iny. Moreover, since the map u +— Z(|u|?u) is a contraction map of Lipschitz constant 1/2,
given solutions u, v € Xy to ugp, vg € By, we have

itA 2 2
llu = vllzy < lle" (uo = vo)llzy + I Z(|ul*u) = Z(Iv[*V)llzy
: 1
< [l (uo = vo)llzy + Sl =vlizy.

which implies that the flow map uy +— u € Xy is Lipschitz continuous by (4.3).
We then check uniqueness. Letu, v € Y* NCYH* be solutions to (NLS)onatimeinterval [0,T),T > 0,
with common initial data uq such that ||ug||;> < 6. There exists Ny > 2'/% such that I No € [0,T) and

lluesng llyo + No*llullys < 2Ny [lullys < n/2,
Voo llyo + No* [Ivllys < 2Ng*[[v]lys < n/2.
We have

1P <ny (1 = € ug)llyozyy S 1P < (lelw)llpt 1y:22)

2 3
S Nolllulullpr 10ty < Nollullpa g p45
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which shrinks to zero as N — oo since u € Lf’ » on Iy, by (4.11). Thus, applying the same argument to
v, by (4.17), there exists N > Ny such that

XInW, XInV € XN,

which implies # = v on I ;. Therefore, the maximal time ¢, > O that u = v on [0, ¢.] cannot be less than
T, implying the uniqueness of solution to (NLS).

In summary, we proved uniform Lipschitz local well-posedness of (NLS) mapping By to X . It
remains to extend the lifespan over arbitrarily large time interval. For N > 2!/5 1y € R, and a solution
u € Y® to (NLS) such that u(ty) € By and ||lu(ty)||;2 < 6, by (4.4), we have

- 1
N llutto + 53—l < llullzy, < .

2log

Moreover, since u(t) is a limit of smooth data in By and solutions to (NLS) in C OH? conserve their
L?-norms, we have

1
to+ —— = t <94.
lutto + 3o )l = ez
Thus, there exists a constant K € 2% such that u (¢ + ﬁ) € Bgn.

Let up € H® be any function that |[ugl||;2 < 6. Let Ny > 21/S bea dyadic number such that uy € By,.
For j € N, let

j-1

. 1
N;j=K’/NypandT; := Z —_—.
o~ 2log Ny

We extend the solution inductively. For j € N, we can extend the solution u € Y* to (NLS) on [0, 7}]
to [0, Tj41] with u(Tj41) € Bn,,,- Since lim; o T = oo, the lifespan of u is infinite. O
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