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Abstract. For a polynomial progression
()C, x‘f‘Pl()’),---, X‘i‘Pt()’)),

we define four notions of complexity: Host—Kra complexity, Weyl complexity, true com-
plexity and algebraic complexity. The first two describe the smallest characteristic factor
of the progression, the third refers to the smallest-degree Gowers norm controlling the
progression, and the fourth concerns algebraic relations between terms of the progressions.
We conjecture that these four notions are equivalent, which would give a purely algebraic
criterion for determining the smallest Host—Kra factor or the smallest Gowers norm
controlling a given progression. We prove this conjecture for all progressions whose
terms only satisfy homogeneous algebraic relations and linear combinations thereof. This
family of polynomial progressions includes, but is not limited to, arithmetic progressions,

progressions with linearly independent polynomials Pj, .. .,P; and progressions whose
terms satisfy no quadratic relations. For progressions that satisfy only linear relations,
such as

(x, x+y5 x4+2y% x+y°, x +2y%),

we derive several combinatorial and dynamical corollaries: first, an estimate for the count
of such progressions in subsets of Z/NZ or totally ergodic dynamical systems; second,
a lower bound for multiple recurrence; and third, a popular common difference result
in Z/NZ. Lastly, we show that Weyl complexity and algebraic complexity always agree,
which gives a straightforward algebraic description of Weyl complexity.
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1. Introduction
A polynomial P € R[y] is integral if P(Z) C Z and P(0) =0. For t € N4, an integral
polynomial progression of length ¢t + 1 is a tuple Pe R[x, y]'*! given by

P(x9y)=(x’ X‘i‘Pl()’)’---, x+Pt(y))

for distinct integral polynomials Py, . . ., P;. We say, moreover, that a set A C N contains
I3(x, y) for some x,y € N if I3(x, y) € A'F1. A major result on integral polynomial
progressions is the polynomial Szemerédi theorem by Bergelson and Leibman, which
extends the famous theorem of Szemerédi on arithmetic progressions.

THEOREM 1.1. (Polynomial Szemerédi theorem [BL96]) Lett € N, and Pe Rlx, y]'*!
be an integral polynomial progression, and suppose that A C N is dense (this means that
limsupy_, oo (|AN[N]|/N) > 0, where [N] = {1, ..., N}). Then A contains f)(x, y) for
some x,y € Ny.

Theorem 1.1 can be deduced from the following ergodic-theoretic statement using the
Furstenberg correspondence principle.

THEOREM 1.2. [BL96, HKO05a] Let (X, X, u, T) be an invertible measure-preserving
dynamical system, t € Ny and P € R[x, y]'T! be an integral polynomial progression. If
w(A) > 0 for A € X, then

lim E uAnTh®WAn...nTPMW4) > 0, (1)
N—00 ne[N]

where [N] ={1,..., N}and Excx = (1/|X]) erxforany set X.

To prove Theorem 1.1, one thus needs to understand limits of multiple ergodic averages
of the form
E THOfi- T, )
ne[N]

for f1, ..., fr € L°(u). By aremarkable result of Host and Kra [HK05a, HK05b], there

exists a family of factors (Zs)sen, henceforth called Host—Kra factors, with the property
that weak or L? limits of expressions of the form (2) remain unchanged if we project any
of the functions f; onto one of the factors Z; for some s dependent on P and i. (The
definitions of factors, Weyl systems, nilsystems, and other concepts from ergodic theory
and higher-order Fourier analysis used in the introduction will be provided in subsequent
sections.)

Definition 1.3. (Characteristic factors) Let (X X, u,T) be an invertible measure-
preserving dynamical system, ¢ € Ny and P € Rl[x, y]'*! be an integral polynomial
progression.
Suppose that 1 < i < . A factor Y of X is characteristic for the L*>-convergence of Pat
i if for all choices of f1, .., fr € L®(w), the L2-limit of (2) is 0 whenever E(fi | Y)=0.
Similarly, suppose that 0 < i <. A factor Y of X is characteristic for the weak
convergence of P at i if for all choices of fo, ..., fr € L*(w), the weak limit of (2),
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that is, the expression

lim / fo TP o TP f 3)
N%oone[N]

is 0 whenever E(f; | ) = 0.

THEOREM 1.4. [HKOS5a, Lei05a] Let t € N. For each integral polynomial progression
Pe Rix, yI'*!, there is s € N such that for all mvemble ergodic systems (X, X, u, T),
the factor Zy is characteristic for the L* convergence of Pati [ forall 0 < i < t.

The utility of Host—Kra factors comes from the fact that they are inverse limits of
nilsystems [HKO05b], and so understanding (2) for arbitrary systems comes down to proving
certain equidistribution results on spaces called nilmanifolds that possess rich algebraic
structure. Importantly, Z; is a factor of ;4 for each s € N, hence it is natural to inquire
about the smallest value of s for which the factor Z; is characteristic for Pati.

Definition 1.5. (Host—Kra complexity) Let + € N} and Pe R[x, y]’+1 be an integral
polynomial progression. Fix 0 < i < 7. The progression P has Host-Kra complexity s
at i, denoted 7—(7@(16), if s is the smallest natural number such that the factor s is
characteristic for the weak convergence of P at i for all invertible totally ergodic dynamical
systems (X, X, u, T). We say P has Host—Kra complexity s if max; 'H?(,-(IB) =ys.

Investigating complexity has been of particular interest for a class of dynamical systems
called Weyl systems, leading to another notion of complexity, a variant of which is given
below.

Definition 1.6. (Weyl complexity) Lett € Ny and Pe R[x, y]'*! be an integral polyno-
mial progression. Fix 0 < i < ¢. The progression P has Weyl complexity s at i, denoted
(Wi(ﬁ), if s is the smallest natural number such that the factor Z; is characteristic for
the weak convergence of P at i for all Weyl systems (X, X, u, T). We say P has Weyl
complexity s if max; (W,-(f’) =ys.

In previous works [BLLO07, Fra08, Fral6, Lei09], the aforementioned notions of
complexity have been defined for a polynomial family # = { Py, .. ., P;} rather than for
a progression P. However, we want to extend the definitions of complexity to ‘index 0’,
that is, the x term in ﬁ, which is why we prefer to define it for P rather than . Similarly,
complexity has previously been defined for L? convergence rather than weak convergence.
However, the existence of an L? limit (Theorem 1.4) and basic functional analysis imply
that weak and L? limits are identical.

Host—Kra factors are deeply related to a family of seminorms called Gowers—Host—Kra
seminorms. For s € Ny and f € L°°(u), the Gowers—Host—Kra seminorm of f of degree
s is denoted by || f[ll, and satisfies the property

g1 =0 <= E(f [ Zs) =0 “4)
as well as the monotonicity property
A < WAl < WAl < - - &)
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Gowers—Host—Kra seminorms have natural finitary analogues. For the transformation
Tx =x+1on X =7Z/NZ with N prime and the uniform probability measure pu, the
weak limit (3) becomes

E  fox)filx+ Pi(y) - - filx + P(y)). (6)
x,yEZ/NZ
The Gowers—Host—Kra seminorm of any f : Z/NZ — C is a norm (for s > 1) called the
Gowers norm and denoted by U*, and it takes the form

1/2¢
Ifllos =( E [T ™ f@x+uwh +-~+wshs>) NG
xhy,..hs€Z/NZL wel0.1)s

where C : z +— 7 is the conjugation operator and |w| = w; +---+ wys. As a result,
| fllys = Oforsomes > lifandonlyif| f||;2 = Oif and only if f = 0, and so inquiring
about the smallest characteristic factor of this system in the sense of Definition 1.3 makes
little sense. We can, however, ask which Gowers norm ‘controls’ P in a more finitary way,
and this leads to another notion of complexity.

Definition 1.7. (True complexity) Lett € Ny and P € R[x, y]'*! be an integral polyno-
mial progression. Fix 0 < i < t. The progression P has true complexity s at i, denoted
7}(15), if s is the smallest natural number with the following property: for every € >
0, there exist 6 > 0 and Ng € N such that for all primes N > Ny and all functions
fo,- -, ft : Z/NZ — C satisfying max; || fillco < 1, we have

E  fox)filx+ Pi(y)) - filx + P(y))| <€
X,yEZ/NZ

whenever || f; [|s+1 < 6. We say P has true complexity s if max; 7',-(13) =s.

We have so far defined three notions of complexity: Host—Kra, Weyl and true com-
plexity. These are all defined in terms of ergodic theory or higher-order Fourier analysis
and have to do with ‘controlling’ expressions like (2) and (6) by characteristic factors,
Gowers—Host—Kra seminorms and Gowers norms. We shall now introduce one more
notion, defined purely in terms of algebraic properties of polynomial progressions, and
conjecture that all four concepts of complexity are in fact the same.

Definition 1.8. (Algebraic relations and algebraic complexity) Let ¢ € Ny and Pe
R[x, y]'T! be an integral polynomial progression. An algebraic relation of degree
(jo, - - -, Jr) satisfied by P is a tuple (Qoq, ..., Q) € R[u]"*! such that

Qo(x) + Q1(x + P1(y)) +- - -+ Q:(Fi(y) =0, ®)

where deg Q; = j; for each 0 < i < . The progression P has algebraic complexity s at
i for some 0 < i <1t, denoted ﬂi(ﬁ), if s is the smallest natural number such that for
any algebraic relation (Qo, . . ., Q;) satisfied by ﬁ, the degree of Q; is at most s. It has
algebraic complexity s if max; Aj; (ﬁ) =s.
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Conjecture 1.9. (The four notions of complexity are the same) Let + € Ny and Pe
R[x, y]'*! be an integral polynomial progression. Fix 0 < i < t. Then

HK; (P) = Wi(P) = Ti(P) = Ai(P) <t —

The heuristic for Conjecture 1.9 is as follows: evaluating expressions like (3) and
(6) comes down to understanding the distribution of certain polynomial sequences on
nilmanifolds, and the only obstructions to equidistribution come from algebraic relations
of the form (8).

Several substatements of Conjecture 1.9, such as the equivalence of Weyl and Host—Kra
complexity and the upper bound on complexities, have previously been conjectured
in [BLLO7, Fra08, Fral6, Lei09]. Similarly, the equivalence of true and algebraic
complexity has been studied and proved for linear forms [GW10, GW1la, GW1lb,
GWI1l1c] as well as certain subclasses of polynomial progressions [Kuc2la, Kuc2lb,
Pel19]. However, we have not seen the full statement of Conjecture 1.9 anywhere in
the literature. In particular, we have not found a conjecture relating Host—Kra and Weyl
complexity to algebraic complexity, even though the aforementioned papers researching
the topic mention that algebraic relations form a source of obstructions preventing a
progression from having a characteristic small-degree Host—Kra factor.

Before we state our main result, we have to distinguish between two large families of
progressions.

Deﬁnmon 1.10. (Homogeneous and inhomogeneous relations and progressions) Let ¢ €
N. and Pe R[x, y]'*! be an integral polynomial progression. An algebraic relation

(Qos . .., Q1) € Rlul"*t! is homogeneous of degree d if it is of the form
(Qo(), . ... Qrw) = (aou®, ..., au?)
for some ag, . . ., a; € R (some but not all of which may be zero), and inhomogeneous

otherwise. The progression P is homogeneous if all the algebraic relations that it
satisfies are linear combinations of its homogeneous algebraic relations, and it is called
inhomogeneous otherwise.

An example of a homogeneous progression is (x, x + v, x + 2y, x 4+ y*), which only
satisfies a homogeneous relation

x—2(x4y) 4 (x +2y) =0. 9)

Other examples include arithmetic progressions, progressions with Pp, ..., P; being
linearly independent such as (x, x 4+ y, x + y2), or progressions whose terms satisfy
no quadratic relations, such as (x, x + y%, x +2y%, x +y3, x +2y%). By contrast, the
progression (x, x +y, x +2y, x 4+ y?) is inhomogeneous because it satisfies both (9)
and the inhomogeneous relation

X242 =20+ )2+ (x+2y)2 —2(x+yH) =0 (10)

which cannot be broken down into a sum of homogeneous relations. These two progres-
sions will accompany us as running examples throughout the paper.
Our main result is the following theorem.
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THEOREM 1.11. (Conjecture 1.9 holds for homogeneous progressions) Lett € N.. If Pe
Rlx, yI'*! is a homogeneous polynomial progression, then it satisfies Conjecture 1.9.

Having defined Host—Kra complexity using totally ergodic systems, we would like to
extend our results to ergodic systems. We have, however, encountered an algebraic obstacle
in doing so that prevents us from performing this generalization for all homogeneous
progressions. We introduce a subfamily of homogeneous polynomial progressions for
which this extension is possible, borrowing the terminology of Frantzikinakis from
[Fra08].

Definition 1.12. (Eligible progressions) A homogeneous polynomial progression Pe
Rlx, y]'*! is eligible if for every r € N and every 0 < j < r — 1, the family

Px,y)=(x, x+ Pj(y),....x+ P j(y),

where 15,-,j(y) = (Pi(r(y — 1)+ j) — Pi(j))/r, is homogeneous, and 3{,-(13) = ﬂi(ﬁ)
forevery 0 <i <t.

The condition in Definition 1.12 may seem artificial at first glance, but this turns out to
be the condition that we need to pass from totally ergodic to ergodic systems. While we
believe that all homogeneous progressions satisfy this condition, we have not been able to
prove this.

We now state the corollary that gives us the smallest characteristic Host—Kra factor
for eligible progressions on ergodic systems. The main difference is that if a system has
complexity 0, then the Z¢ factor has to be replaced by the rational Kronecker factor Fa.

COROLLARY 1.13. Lett € Ny and Pe Rlx, y]'*! be an eligible homogeneous polyno-
mial progression, and suppose that ?{i(ﬁ) = s for some 0 <i <t and s € N. For all
invertible ergodic dynamical systems (X, X, u, T), the factor Zs is characteristic for the
weak and L? convergence of Pati if s > 0, and Kyy is characteristic for the weak and L?
convergence of Pati ifs =0.

Since all polynomial progressions of algebraic complexity at most 1 are homogeneous
and eligible, the next corollary follows.

COROLLARY 1.14. Let t € N1 and P € Rlx, yI'*1 be polynomial progression of alge-
braic complexity at most 1. For all invertible ergodic dynamical systems (X, X, u, T), the
factor Z1 is characteristic for the weak and L* convergence of Pati if ﬂi(f)) =1, and
Krat is characteristic for the weak and L? convergence of Pati if A; (ﬁ )=0.

Theorem 1.11 as well as Corollaries 1.13 and 1.14 can be viewed as extensions of
[BLLO7, FKO05, FK06, Fra08, HK05a, HK05b, Lei09], which find characteristic factors
for linear configurations, linearly independent polynomials, progressions of length 4,
examine Weyl complexity for arbitrary integral polynomial progression, and give an upper
bound for Host—Kra complexity for general integral progressions. Theorem 1.11 also partly
extends [Alt21, GT10, GW10, GW1la, GW11b, GW1lc¢c, Kuc2la, Kuc21b, Manl8,
Man21, Pel19], which among other things determine true complexity for certain families
of linear forms and integral polynomial progressions.
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In particular, we extend our earlier work from [Kuc21b]. In that paper, we prove
equidistribution results on nilmanifolds for progressions of the form (x, x + Q(y), x +
R(). x+ Q) +R(y) with deg Q <degR, or (x, x + Q(y), x +20(y), x +
R(y), x +2R(y)) with deg Q < (deg R)/2, both of which are homogeneous. These
equidistribution results follow from inducting on the filtration of a certain nilmanifold
associated with the progression; the induction scheme involved is quite sensitive to the
progression in question. Here, we achieve a much more general equidistribution result (part
(1) of Theorem 1.17) by obtaining a solid understanding of the algebra behind homogeneous
progressions and introducing a more flexible induction scheme.

From the fact that all progressions of algebraic complexity 1 are homogeneous and
eligible, we deduce the following counting result.

COROLLARY 1.15. Lett € N and Pe Rlx, y]'*! be an integral polynomial progression
of algebraic complexity at most 1. Suppose that Q1, . . ., Qq € R[y] are integral polyno-
mials such that P;(y) = Zjl 16i;Qj(y) for ajj € Z for each 0 <i <tand 1< j<d.

Let Li(y1,...Yq) = Z?:l a;jy;j. Then the following statements are true.
(i) Forany fy, ..., fi : Z/NZ — C with max; || fillco < 1, we have

t
Hﬁ<x+P<y))— [1£G+ LG, .. ya) +o(D),

xyeZ/N XY1,--sYd€L/NZ i=0

where the error term o(1) is taken as N — oo over primes and does not depend on
the choice of fo, . .., f;-

(ii)  For any invertible totally ergodic dynamical system (X, X, u, T) and fo, ..., f; €
L (), we have

lim TP® £ du = hm / TLitna) £ g
N%OHGW]/ ]_[ fidp= ]_[ fidp.

Pl N—00 ny,. nde[N]
We shall illustrate Corollary 1.15 for the specific example of
ﬁ(x, V)=, x4+ 92 x+2% x93 x+29%).
"Eaking Q1(y) = y? and Q»(y) = y> as in the statement of Corollary 1.15, we let
L(x,y1,y2) = (x, x+y1, x+2y1, x+y2, x +2y2). For any A C Z/NZ, we then
have
(G ) € @/ND? : (x, x + 5% x +20% x4, x+2y%) € A7)
= 1, y1,32) € (Z/NZ) : (x, x + 1, x +2y1, X+ y2, 2 +2y) € A%}/
N + o(N?)
upon setting fo =--- = f; = 14. If (X, X, u, T) is a totally ergodic system and A € X,

then we similarly obtain that

im E w(ANTANT?ANT" ANT> A)
N—00 ne[N]

=lim E wANT'ANTTANT"ANTA).

N—00 n,me[N]
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For progressions of algebraic complexity 1, we also prove the following result, which
generalizes [Fra08, Theorem C], [GT10, Theorem 1.12], and results from [BHKO0S]. In
additive combinatorics, problems of this type are known as finding popular common differ-
ences; in ergodic theory, one speaks of establishing lower bounds for multiple recurrence.

THEOREM 1.16. Let t € Ny and Pe Rlx, yI'T! be an integral polynomial progression
of algebraic complexity at most 1, with the following property: there exist linearly
independent integral polynomials Q1, . . ., Qk such that

{a1 Q1+ +arQx: ay,...,ax € Zy={bPr+---+bP;: by,...,b €7}
(1)
Then the following statements are true.

(1) Let (X, X, u, T) be an ergodic invertible measure-preserving system and A € X.
Suppose that (A) > 0. Then for every € > 0, the set

meN: pANTP™WAN...ATPEMA) S AT — €

is syndetic, that is, it has bounded gaps.
(i1) Suppose that A C N has upper density a > 0. Then for every € > 0, the set

meN:u(ANA+P@®)N---N(A+ Pi(n))) S ol t! s

is syndetic.
(iii) For any a, € > 0 and prime N, and any subset A C Z/NZ of size |A| = aN, we
have

{neZ/NZ:|AN(A+ Pi(n))N---N(A+ P (n))| > (@t — )N} >ae N.

The definition of homogeneity (Definition 1.10) is equivalent to a certain linear algebraic
property that will be described in detail in §4; this property makes it possible to explicitly
describe closures of orbits of nilsequences evaluated at terms of homogeneous polynomial
progressions, from which we deduce Theorem 1.11. Homogeneous polynomial progres-
sions are, moreover, the largest family of integral polynomial progressions for which such
an explicit description is possible, and even the simplest examples of inhomogeneous
progressions lead to complications absent in the homogeneous case. The following result
makes this precise. As with all other results in this section, all the concepts in Theorem
1.17 are explained in subsequent sections.

THEOREM 1.17. (Dichotomy between homogeneous and inhomogeneous progressions)
Let t € Ny and Pe Rlx, yI'*! be an integral polynomial progression. Suppose that G
is a connected, simply-connected, nilpotent Lie group with a rational filtration G and
I is a cocompact lattice. There exists a subnilmanifold G ) TP of G'*1/ T+ with the
following property.
o If Pis homogeneous, then for every irrational polynomial sequence g : 7 — G
adapted to G,, the sequence

gPx.y) = (), gx+Pi(y). ..., gx+ P(»))

is equidistributed on G¥ /) T'P.
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a) If P is inhomogeneous, then for every irrational polynomial sequence g €
poly(Z, G,), the closure of g¥ is a union of finitely many translates of a
subnilmanifold of G¥/T'F. Moreover, for every P, we can find a filtered
nilmanifold G/T and an irrational polynomial sequence g :7 — G such that
g is equidistributed on a proper subnilmanifold of GF /) T'F.

While we have not been able to prove Conjecture 1.9 in full for inhomogeneous
progressions, we are able to say a bit more about the relationship between various notions
of complexity in the general case.

THEOREM 1.18. Let t € N and Pe Rlx, y'*! be an integral polynomial progression.
Fix0<i <t Then

W, (P) = A;(P) < min(T;(P), HK; (P)).

Of the various statements made in Theorem 1.18, the fact that Host—Kra complexity
bounds Weyl complexity is a simple consequence of definitions and will be explained in
§11. Similarly, the fact that algebraic complexity is bounded from above by true complexity
has been shown in [Kuc21b, Theorem 1.13]. It is the equivalence of Weyl and algebraic
complexities that is a new statement here.

1.1. Outline of the paper. We start the paper by introducing basic ergodic-theoretic
definitions and results concerning nilsystems in §2, and we explain why analysing
expressions like (3) comes down to answering equidistribution questions on nilmanifolds.
We then show in §3 that in studying equidistribution on nilmanifolds, we can restrict
ourselves to nilmanifolds that are quotients of connected groups at the expense of replacing
a linear sequence by a polynomial one.

Section 4 develops a notation and basic theory for certain vector spaces associated
with polynomial progressions, and it explains key differences between homogeneous and
inhomogeneous progressions. In particular, it contains the proof of the upper bound
on algebraic complexity for homogeneous progressions from Theorem 1.11. Definitions
introduced in this section allow us to state the infinitary version of an equidistribution result
for homogeneous polynomial progressions on nilmanifolds (Theorem 5.3) in §5, from
which we deduce that for homogeneous progressions, Host—Kra complexity is bounded
from above by algebraic complexity (Corollary 5.4). We further use Theorem 5.3 to deduce
Corollaries 1.13, 1.14 and 1.15(ii).

In §6 we introduce finitary analogues of tools from §2. These are needed in §7,
in which we show that proving the equivalence of true and algebraic complexity for
homogeneous progression comes down to proving Theorem 6.7, a finitary version of
Theorem 5.3. We also explain in §7 how to prove Corollary 1.15(i). Theorem 6.7, the
main technical part of this paper, is derived in §8. Unfortunately, Theorem 6.7 fails for
inhomogeneous progressions, as explained in §9. In §10 we propose a method to handle
inhomogeneous progressions. While we succeed in proving an analogue of Theorem 5.3 for
the inhomogeneous progression (x, x + y, x + 2y, x + y?) in Proposition 10.1, we have
been unable to extend this construction to all inhomogeneous progressions. Subsequently,
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we show in §11 that Weyl and algebraic complexity are always equal, which is the main
statement of Theorem 1.18. We conclude the paper by proving Theorem 1.16 in §12.

2. Infinitary nilmanifold theory

2.1. Basic definitions from ergodic theory. Let (X,X,u,T) be an invertible
measure-preserving dynamical system (henceforth, we shall simply call it a system).
The background in ergodic theory that we need can be found in [HK05b, HK18], among
others; here, we only reiterate the most important definitions.

Definition 2.1. A factor of a system (X, X, i, T) can be defined in three equivalent ways:
(i) itis a T-invariant sub-o-algebra of X
(ii) it is a system (Y, Y, v, S) together with a factor map w : X' — Y’, that is, a
measurable map defined for a measurable T-invariant set X’ of full measure,
satisfying Sor =7 oT on X' and pon ! = v;
(iii) itis a T-invariant subalgebra of L°°(u).

For r € N, we let K, be the factor spanned by all T"-invariant functions in L (u).
In particular, K| = 7 is the factor spanned by T-invariant functions, and the rational
Kronecker factor Krat = \/, oy K is the factor spanned by all the functions in L*(u)
that are 7" -invariant for some r € N. A system is ergodic if K1 = I is the trivial factor
spanned by constant functions, and it is totally ergodic if Ky is the trivial factor.

Of particular interest to us is a sequence of factors () defined in [HKO0Sb], which
we refer to as Host—Kra factors. In accordance with Definition 2.1, we shall sometimes
think of Z as a sub-o-algebra of X, and at other times we will consider a factor map
w5 : X - Zg and a factor (Z;, Zs, A, S) of (X, X, u, T). If we concurrently talk about
Host—Kra factors of two distinct spaces X and Y, we may write Z(X) and Z(Y) to
mean Host—Kra factors of X and Y, respectively. We do not explicitly use the definition
of Host—Kra factors anywhere in the paper, and so we leave the interested reader to look
it up in [HKO05b, HK18]. Instead, we rely on two properties of this family of factors that
concern their utility and structure, respectively. First, these factors are characteristic for the
convergence of polynomial progressions, as proved in Theorem 1.4. Rephrasing Theorem
1.4 in terms of Definition 1.5, we can say that each integral polynomial progression has
a finite Host—Kra complexity. Second, each factor Z; is an inverse limit (the system
(X, X, u, T) is an inverse limit of a sequence of factors (X, X;, u, T) if the X; form an
increasing sequence of factors of X such that X = \/; . Xi up to sets of measure zero) of
s-step nilsystems, which are objects of primary importance to us.

2.2. Nilsystems. Let G be a Lie group with connected component G” and identity 1. A
filtration on G of degree s is a chain of subgroups
GC=Gy=G12G2--2G;2Gs41=Ggp=---=1

satisfying [G;, G;] < G;y; for each i, j € N. We denote it by G, = (Gi)?iO‘ A natural
example of filtration is the lower central series, given by Giy1 = [G, Gi] for each k > 1,
where the commutator of two elements a, b € G is defined as [a, b] = a~'b~1ab, and
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[A, B] is the subgroup of G generated by all the commutators [a, b] with a € A, b € B.
The group G is s-step nilpotent if Gg41 = 1, where G4 is the sth element of the lower
central series of G. The only zero-step nilpotent group is the trivial group, and one-step
nilpotent groups are precisely abelian groups.

For the rest of the paper, we let G be a nilpotent Lie group and I' < G be a cocompact
lattice. We call the quotient X = G/I" a nilmanifold. The group G acts on X by left
translation, and for each a € G, we call the map T,(gl') = (ag)T" a nilrotation. Setting
G/ T to be the Borel o-algebra of X and v to be the Haar measure with respect to left
translation, we call the system (G/ ", G/ T, v, T,) a nilsystem.

A subgroup H < G is rational if H/(H NT) is closed in G/TI". A filtration G, is
rational if G; is a rational subgroup for each i € N. We shall assume throughout the paper
that each filtration that we discuss is rational.

In the case when (G/T', G/ T, v, T,) is an ergodic nilsystem, which will always be our
case anyway, we can make two simplifying assumptions about the group G. By passing
to the universal cover, we assume that G is simply connected. Replacing the nilsystem
with several simpler nilsystems, we further assume that G is spanned by G° and a. These
assumptions, justified in [HK18, Ch. 11], hold for the rest of the paper.

We also denote I'; = G; NT and I'® = GO N T. The rationality of G; in G means that
I'; is cocompact in Gj.

PROPOSITION 2.2. (Conditions for total ergodicity of nilsystems [HK18, Corollaries 7
and 8]) Let (G/T',G/ T, v, Ty) be an ergodic nilsystem. There exists r € N such that
T} (G°/ ') is totally ergodic with respect to T; forall0< j <.
Moreover, the following are equivalent:
(1) T, is totally ergodic;
(i) G/ T is connected;
(i) G = GOT.

Nilsystems allow a particularly simple description of factors. If G, is the lower central

series filtration, then

G
B Gsl

s 12)
forall s € N, (see [HK18, Ch. 11]). For s = 0, we have Zy = G/(G°T") = (Z/rZ), where
r is the smallest positive integer for which a” € G°. It follows from Proposition 2.2 that
Zy is trivial if and only if the nilsystem is totally ergodic.

Let P € R[x, y]'*! be an integral polynomial progression. By Theorem 1.4, there exists
s € N such that for every ergodic system (X, X, u, T') and all choices of fy,..., f; €
L (), we have

lim E / fO'TPl(n)fl"'TP‘(n)ft du
N—oo ne[N] Jx
N—00 ne[N]

= lim E / E(fol Zs)- SPWEf | Zy) -+ - SPWEf, | Z) dr. (13)
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Using the fact that Z; is an inverse limit of ergodic s-step nilsystems, we can
approximate the average (13) arbitrarily well by projections onto ergodic nilsystems. Hence
we are left with understanding averages of the form

lim E fobT) - i@ ®pT) - - fi(a®™bI) dv(bI) (14)
N—oo ne[N1JG/T

where f, is the projection of f; onto an ergodic s-step nilsystem (G/T", G/ T, v, T,) for
all 0 <7 < . If T is totally ergodic, then so is the nilrotation 7.

2.3. Polynomial sequences. Let G, be a filtration on G of degree s. A polynomial
sequence g : 7. — G adapted to G, is a sequence

g =] & (15)
i=0

with the property that g; € G; for each i. Such sequences form a group denoted by
poly(Z, G,) by [GT12, Proposition 6.2]. One may ask why we define such a polynomial
sequence as (15) rather than in the seemingly more natural form

g =[] e (16)
i=0

The reason is that if g is written in the form (15), then we have the following nice
statement.

LEMMA 2.3. [CS12, Lemma 2.8] Suppose that g € poly(Z, G,). The sequence g(n) =
[T g(i) takes valuesin H < G ifand only if go, . . ., gs € H.

i

Proof. The converse direction is straightforward, and we prove the forward direction
by induction on 0 < k <'s. For k =0, we observe that go = g(0) € H. Suppose that
the statement holds for some 1 <k <s, that is, go,..., g € H. Then gk + 1) =
k+1
(]_[f-;o gl.( i ))gk_H. Since g(k + 1), go, - - - , gk are all in H, it follows that g+ € H. [
Lemma 2.3 is not true if g is written in the form (16); for instance, g(n) = (5) = %nz -
%n takes values in Z even though l, —% ¢ 7.
In a similar manner, we define for any D € N the group poly(Z”, G,) of D-parameter
polynomial sequences g : Z” — G adapted to G,, that is, sequences of the form

i=0i1+--+ip=i

for 8il...ip € Gil-‘r'“—‘riD-
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2.4. Infinitary equidistribution theory on nilmanifolds.  For the rest of §2 we assume that
G is connected. For D € N, a polynomial sequence g € poly(Z”, G,) is equidistributed
on G/ T if

E F(gml) — F dv
ne[N1P G/T

for any continuous function F : G/T" — C. The following notion is useful when dis-
cussing equidistribution.

Definition 2.4. (Horizontal characters) A horizontal character on G is a continuous group
homomorphism 7 : G — R for which (") < Z.

In particular, each horizontal character vanishes on [G, G].

Equidistribution on nilmanifolds was studied by Leibman, who provided a useful
criterion for when a polynomial sequence is equidistributed on a nilmanifold. We only
need the version of the statement in the case when G is connected, as we will be able to
reduce to this case.

THEOREM 2.5. (Leibman’s equidistribution theorem [Lei0Sb]) Let D € Ny and g €
poly(ZP, G,). The following are equivalent:
(i) g is equidistributed in G/ T';
(i)  the projection of g onto G /|G, G] is equidistributed in G/|G, G]T';
(iii) if n: G — R is a horizontal character for which no g is constant, then n is
trivial.

We shall also need a stronger notion of equidistribution, that of irrational sequences.

Definition 2.6. Suppose that G, is a filtration on G and i € N, and let
Gy =(Gi+1,1G, Gijl, 1 < j < i),

An ith-level character is a continuous group homomorphism »; : G; — R that vanishes
on Gl.V and satisfies n;(I';) € Z. An element g; of G; is irrational if n;(g;) ¢ Z for

any non-trivial ith-level character n;. A sequence g(n) = [[}_, gi(") is irrational if g; is
irrational for all i € N .

All irrational sequences are equidistributed, but not vice versa. For instance, let g(n) =
ajn + - - - + ayn® be areal-valued polynomial. It is a polynomial sequence in R adapted to
the filtration G| = - - - = Gy = R, G541 = 0. Thus, g is irrational if and only if a5 ¢ Q,
and g is equidistributed if and only if there exists 1 < i < s with a; ¢ Q. It is clear in this
case that irrational implies equidistributed, but not vice versa.

We want to emphasize that whether a sequence is irrational or not depends on what
filtration we are using, whereas the notion of equidistribution does not depend on the
filtration.
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3. Reducing to the case of connected groups
Equation (14) indicates that to understand Host—Kra complexity of a polynomial progres-
sion P, we have to understand the distribution of orbits

br, aP®pr, ., aP M) a7

inside a connected nilmanifold G'*!/ I'**+1, The point of this section is to show that we can
replace linear orbits (a"bI"),cny on G/ T by polynomial orbits (g5, (n)I'?),eny on G/ T°
for some irrational polynomial sequence g, : Z — G° with respect to a certain naturally
defined filtration GY on G. This way, we want to reduce the question of finding the closure
for (17) inside (G/ M+l to finding the closure for

(gr(m)T, go(m + PL T, ..., go(m + P, ()T (18)
inside (GY/ I'%)'*!. The connectedness of G° allows us to use tools from §2.4.

LEMMA 3.1. Let (G/T',G/T,v,T,) be a totally ergodic nilsystem and
F : (G/T)'*! = R be essentially bounded. Then

E f FT, aP'®pr, ... aP™pT) du(bD)
n€[N1 JG/T

= E f F(@"br, "t P1mpr . o™t MWpTy o).
G/T

mne[N]

Proof. Since T, is measure-preserving, we have

/ F(bT,aP"™pr, .. aP™pr) dv(bI)
G/T

= f F@"bT,a™ ™1 ®pr, . o™ P Wpr) du(bT)
G/T
for any m, n € N. Consequently,

/ F(bT, aP'™pr, . aP™pT) dvdD)
G/T

= F / F(@"bT, a"tPimpr . g™ P Mpry dupD),
me[N] JG/T

from which the lemma follows. O
The main result of this section is the following proposition.

PROPOSITION 3.2. Let (G/T,G/T, v, T,) be a totally ergodic nilsystem and b € G°.
Suppose that G is the lower central series filtration on G and G(.) = G, N GY. Then there
exists an irrational sequence gp € poly(Z, G(.)) such that gp(n)l' = a"bT".

We observe that with this filtration on GO, we have Gg = Gy, for k > 2. This follows
from the fact that the groups Gy are connected for £k > 2 [HK18, Lemma 5], and hence
are contained in G°.
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We lose no generality in assuming that b € G°; Proposition 2.2 and the connectedness
of G/ T imply that for all b € G there exists b’ € G° such that bT' = b'T".

Proof. The connectedness of G/ I" implies that G = GT", and so there exist « € G° and
y € ' such that a = ay . Then

a"bl' = (ay~H"I = (ay~H"by"T.

It follows from normality of G” and the fact that & and b are elements of GO that the
sequence gp(n) = (ay ~1)"by" takes values in G°. Since the sequences hy(n) = a"b and
ha(n) = y™ are adapted to G,, and the set poly(Z, G,) is a group, we deduce that g, =
hih; is adapted to G = G, N G°.

We want a more precise description of g, and for this we shall use some results from
[Lei09, §§11-13]. Let g = gy, for the identity b = 1; that is, g(n) = (xy ~!)"y". Leibman
showed in [Lei09, §11.2] that

gn) = l_[ (Aklfla)thq(ﬂ) 1_[ (AR =1y, Ak gk ko ()
1<k <s 1<ky<ky<s

[[ 1A, al7la), Abgptann® (19)
1<ks<ky<ky<s

where Ax =[x, y] and g, .«

,

-+ ++ k,. More explicitly, we have

are integral polynomials with deg g, .k < ki +

() = " (A) D (A2)B) - . . [Aa, ] [A20, ] @ - ..
(A2, AaT* (3D [A3a, A6 ... (20)

The coefficients of g can be analysed using a family of subgroups of G introduced in
[Lei09, §12]. Forky, . .., ki € N4, welet G(()kl k) be the subgroup of G° generated by all

.....

[-fold commutators of elements of the form AX! _1h1 e Ak’_lhl forhy,...,h € GO, (A
one-fold commutator is any element 2 € G. For[ > 1, an /-fold commutator is an element
of the form [h;, h;], where h; is an i-fold commutator, h; is an j-fold commutator and
i + j =1.) We then define

N A R L L))

,,,,,

for integers 1 </ < k and set Gg,l = GIOJ whenever [ > k.
The following lemma lists some basic properties of the groups Gg’l that we shall use.

LEMMA 3.3. For any integers 1 <1 < k:
1) Ggl is normal in G;
(ii) [Gg,l’ ng] < Ggﬂ.’”j for any integers 1 <i < j;
(i) A/GY, <G}, forany jeN;
iv an are subgroups o *, and the quotient groups an
(. ) G2+l ! d G21+1 b le d th . Ggl G2+] l d
Gg l/G,(()l+1 are abelian;
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(V) fork>2 Gy =G} =Gy, =(A"1G°, GY,) =(AG}_|. G} ,);
(vi) (GOY = (G}, G )

Proof. Properties (i)—(iv) are proved in [Lei09, Lemma 12.2]. For k > 2, the statement
Gy = Gg in (v) is true by definition, and the statement Gy = Gg, | is proved in [Lei09,
Lemma 12.3]. To finish the proof of (v), it remains to show that Gg,l = (AF1GY, G2,2> =
(AG‘,: 10 G2,2> for k > 2. For k = 2, this is true by definition of Gg’l and the fact that
Gg’z > G2’3 > - - -, which follows from part (iv). We assume that the statement is true for
some k > 2. That G,(() 41 contains (AGg, Gg +1’2) follows from the fact that both AG,? and
Gg 41 are contained in the (k + 1)th element of the lower central series of G, which is
precisely Gg - For the other direction, we observe that

Gy, =[Gk, G1 =[G}, (G°, )] < (IG}, G°1.[GY, v1)
<([A*71GY, GO, [GY,. G°1 AGY) < (GY,,. AGY).

k 0

A similar argument shows that Gk g =(A GY, Giiio)
Before we prove property (vi), we recall that (Go)k = (Gik+1,[Gj, Gk—j]: 1 < j < k).
That (vi) holds for k =1 can be verified by inspection. For k > 2, we observe that

[AI-1GO, Ak=i-1G0] < [G(}, Ggfj], and so
<{GY, GY_j1: 1< j <k

when coupled with property (v), this implies that (Go)kv = (Gg 2 Gg 1) For the converse,
we have

(G, Gy_;1=1(A771G°, GJ,). (A6, G )1 < (GR,. Gis. GRy) < GR,

for each 1 < j < k, from which it follows that (GYY PEES <G2,2’ GY

k1) U

Letting g(n) = [}, gl.(i), we observe from (19), (20) as well as parts (v) and (vi) of
Lemma 3.3 that

gi = A" 'a mod (GY)Y. (1)

For an arbitrary b € G°, we have g,(n) = a"by" = b(apy~")"y", where o) =

afa, b]Ab, as observed in [Lei09, §11.3]. Letting g»(n) = [[;_, glgfl.), it is therefore
true that

gi = A oy = A e mod (G0)Y (22)

foralli e N,.

Fori = 1, we have g1 = o mod GY, and we claim that gb,; is irrational. The ergodicity
of a implies that for almost every b, the sequence n — a”b is equidistributed in G/ I", and
so the same is true for the sequence g, in G/ T'0. Consequently, the projection 7 (gp) :
Z — G°/(GIT?) is equidistributed as well. Since 7(g(n)) = 7 () + 7 (a)n, it follows
that 77 () is an irrational element of G°/GY, and so gp.1 18 an irrational element of GY.
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Before proving that gj; are irrational for i > 1, we discuss some properties of the map
A : G — G. From the definition of the filtration G(.) we observe that AG? < G? 41 for all
i > 1 (this is also a consequence of parts (iv) and (v) of Lemma 3.3). Therefore the map
A=A |Go takes values in G i1 and moreover A; (I';) < I'j+1. We also observe that the

projection A; : GO -G

iv1/ (G%Y, i+1 1s a (continuous) group homomorphism because

A(xy) = [xy, y1 =[x, ¥1llx, ¥1, ylly, ] = Ax[Ax, y]Ay = AxAy mod GY | ,

for any x, y € G? and G(2)i+1,2 < GH_1 ) S (GO) | by parts (iv) and (vi) of Lemma 3.3.
From part (v) of Lemma 3.3 it follows that A; is surjective. Finally, we note, using parts
(iii) and (v) of Lemma 3.3, that A; ((G°)Y) < (G, .

Suppose that g, ; is irrational but g5 ;41 is not for some 1 < i < s. Then there exists
anon-trivial (i + 1)th-level character ;4 : G? s R such that 1;4+1(gp.i+1) € Z. From
(22) and the fact that ;1 vanishes on (GO)H_I, we deduce that n;+1(8p,i+1) = Ni+1 (Ala).
We also let 7; | : 1+1/(GO)1+1 — R be the induced map.

Letn; :==nijy1 0 A; G — R. Itis an ith-level character as a consequence of four facts:
the vanishing of n;+1 on (G )z+1’ the inclusion (G?-H,z) (GO)Hrl (both of which imply
that n; = 7,4, o A; is a continuous group homomorphism), the inclusion A4;((G%)Y) <

(GO)IH, and the fact that n; (I';) < Z. Moreover, it satisfies

ni(gpi) = ni (A @) = niy1(A'e) = nit1(gbit1),

implying that n;(gp,;) € Z. The non-triviality of »;4; implies that %;,; and A; are
surjective maps onto non-trivial groups; hence 7; is non-trivial. This contradicts the
irrationality of gp;. By induction, gp 1, ..., gps are all irrational, implying that g, is
irrational. O

Proposition 3.2 is vaguely reminiscent of [FK05, Proposition 3.1] in that we replace
a linear sequence by a polynomial object on a simpler space. These two results are not
equivalent, however, in that in Proposition 3.2 we end up with a polynomial sequence on
a nilmanifold of a connected group, whereas in [FKO05, Proposition 3.1] one obtains a
unipotent affine transformation on a torus.

LEMMA 34. Let G, and G(.) be as given in Proposition 3.2. Then Z;(G/T') =

Zi(G%/T% = G°/(GY, | TY) for each i € N.

Proof. We take the cases i = 0 and i > 0 separately. For i > 0, we recall from (12) that
Zi(G/T) = G/GiT. Since G/ T = G°/ T by connectedness of G/T', and G ; = G
for j > 2, it follows that

Zi(G°/T% = Z:(G/T) = G/Gi T = G°/GY, T°.

Fori =0, we have Z;(G/T") = G/G°T' =1 = G%/GT° = 7;(G"/ 7). O
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4. Homogeneous and inhomogeneous polynomial progressions
The central message of this paper is that homogeneous polynomial progressions satisfy
certain linear algebraic properties that make them pliable for our analysis. In this section
we explicitly describe these properties.

Let P € R[x, y]'T! be an integral polynomial progression. Let Vi be the subspace of
R[x, y] given by

Vi = Spang{(x + Pi(y))/ : 0<i <1, 1< j <k}
P.
=sm%{c+f“”>:0<i<n1<j<k}
J

and similarly let

P.
Wi = SpanR{(X+kl(y)> c0<i < t}.

Thus, the space Vi consists of all the polynomials in x, x + Pi(y),...,x +
P;(y) of degree up to k while the space Wy is the span of ‘Taylor monomials’
(z) (X'HZ] (y)), e, (XHZ’(”) of degree k. We also set

V* = Spang{(Qo, - . ., Qr) € Rlul"! : Qp(x)
+01(x + PL(Y) + - - -+ O (x + Pi(y) = 0}

to be the space of all algebraic relations satisfied by P. We recall that an algebraic relation
(Qos - - -, Q) is homogeneous if there exist d € N and ay, . . ., ag € R not all zero such
that Q;(u) = a;u? for each 0 <i <r. We call P homogeneous if V* is spanned by
homogeneous algebraic relations, and inhomogeneous otherwise.

The concepts of integral polynomial progression and homogeneity, as well as our results
in this paper, could likely be extended to multiparameter polynomial progressions of the
form

G, X+ Py es Y ) ees XHPOL -, Y0

however, we do not pursue this generalization so as not to obfuscate the notation.
Some important examples of homogeneous progressions include:

(i) linear progressions (x, x +a1y,..., x +a,y) for distinct non-zero integers
ai,...,a;, and more generally linear progressions of the form (x, x +
Y1, e e V) e oy X+ (1, ..., ) for some linear forms ¥y, ..., ¥, :
7" — 7;

(i) progressions of algebraic complexity 0, that is, progressions where the polynomials
P1, ..., P; are integral and linearly independent;

(iii) progressions of algebraic complexity 1, such as (x, x +y, x +y%, x +y + y?),
which satisfy no quadratic or higher-order algebraic relation.

Another, less obvious example of a homogeneous progression is (x, x +y, x +

2y, x 4 y*), already mentioned in the introduction, which only satisfies the homogeneous
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relation
x—=2x4+y)+x+2y)=0. (23)

This progression should be contrasted with (x, x +y, x +2y, x + y?), which is
inhomogeneous because it satisfies both (23) and the inhomogeneous relation

X242x =20+ )2+ (x +29) P —2(x +yH) =0 (24)

which cannot be written down as a sum of homogeneous relations. More generally,
progressions of the form

X, x+y,..., x4+ =Dy, x+ P(y)

are all inhomogeneous whenever 1 < deg P; <t because there exist polynomials
Qo, . .., Q;—1 of degree deg P; for which

Qo)+ Q1x+y)+- -+ Qi1x + ¢ — Dy) + (x + P (y) =0.

When discussing algebraic relations (Qy, . . ., Q;), we want to move freely between
expressing the polynomials Q; in terms of the standard basis {u* : k € N} on the one hand
and the Taylor basis {(Z) : k € N} on the other hand. The next lemma allows us to make
this transition for homogeneous polynomials.

LEMMA 4.1. Lett € Ny and P € R[x, v+ be an integral polynomial progression. Let
(Qo, - .., Qr) be an algebraic relation of degree d satisfied by P, and set Q;i(u) =
ZZ:O bik(Z)- Then the following conditions are equivalent.

(1)  The relation (Qo, . . ., Q) is a sum of homogeneous algebraic relations.

(i) Forevery) <k <dand0 < j <k, we have

b0k<’;) +b1k(x + fl(y)) 4o +b,k<x +f’(y)> = 0. (25)

(iii)) Forevery0 <k <dand0 < j <k, we have

boex? + bi(x + PLY)) + - -+ by (x + P () = 0. (26)

In particular, condition (ii) implies that homogeneous relations can equivalently be
defined as relations of the form (Qo, . . ., Q;) = (ao(}), - - - a:(}))-

Proof. We first show the equivalence of (ii) and (iii), followed by the equivalence of (i)
and (iii).

The implication (iii) == (ii) follows from the fact that the polynomial (3‘) is a sum of
the polynomials 1, u, . . ., u’. For the converse, we similarly note that / is a sum of the

polynomials 1, u, . . ., (7)

To prove the equivalence of (i) and (iii), we set (Z) = Zl;=0

that Q; (1) = ZZ=0 bik Zﬁ:o cjku’ . Importantly, ¢ jx # 0 forany 0 < j < k. This allows

cjxu’ for each k € N, so
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us to rewrite

0=00(x)+0i1(x+PI(Y)+---+ Qix + P ()

t d k
=YY b Y ciplx + Pi(y)
j=0

i=0 k=0

k t d
= Z Z Z bikcjk(x + Pi(y))’.

j=0 i=0 k=j
The relation (Qo, . . . , Q) is a sum of homogeneous algebraic relations if and only if for
every 0 < j <d, we have

d t

D ek Y bix+ Pi(y) =0, (27)

k=j i=0

and it is immediate from this expression that (iii) implies (i). To prove the implication (i)

= (iii), we assume that the relation (Qy, ..., Q;) is indeed a sum of homogeneous
algebraic relations, and so (27) holds for 0 < j < d. Taking j = d implies (26) for j = d,
k =d, that is,

boax? + bra(x + Pt + - - + bra(x + Pi(y)? = 0.

Taking partial derivatives with respect to x of the expression above d — j times implies
26)fork =dand0 < j <d.
Thus, (27) equals

d—1 t
D ek Y bikx + Pi(y) =0. (28)
k=j i=0

Running the same argument as above, we prove (26) for k =d —1and 0 < j <d — 1.
Downward induction on k proves (iii) for all required values of k and j. O

We observe that the argument in Lemma 4.1 relied on the fact that the polynomial
progression takes the form

(x, x+ Pi(y)s..., x+ P(y)) (29)

(taking Py, ..., P; to be polynomials of several variables would also do) rather than the
more general form

(P1(x, y)s oy Pr(x, ). (30)

This is because when the progression takes the form (29), we can use partial differentiation
with respect to x to lower the degree of algebraic relations. Without this, Lemma 4.1 need
not hold, and so we would not have the same correspondence between relations of the form
Q0. -, Q) = (aou?, ..., au?)and (bo(4), . . .. b ().

The special form (29) of our progression also ensures that we do not encounter issues
similar to what has been discovered by Altman with regards to the original proof and
statement of Theorem 1.13 from [GT10] (see [Tao20] for the explanation of the problem).
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Similar issues would quite plausibly have appeared, however, if we had dealt with more
general progressions like (30).
We define several more families of polynomial vector spaces. For k € N, we let

Wg:WkﬂZWj and WCZZWIS,
J#k k

as well as the family of quotient spaces

W, = Wi/ W = Wk/<Wk ny W,).
J#k
The space W captures all the polynomials in Wy that ‘participate’ in inhomogeneous
algebraic relations, an intuition made more precise by the result below and the examples
discussed below Proposition 4.3. The notation W, is supposed to signify the fact that Wy
is a complement of the subspace W/ inside Wj.

PROPOSITION 4.2. (Equivalent conditions for homogeneity) Let ¢t € Ny and Pe
Rlx, yI'*! be an integral polynomial progression. The following are equivalent:
6))] Pis homogeneous;
(ii) Wy is trivial for each k € Ny;
(i) W[ = Wy for each k € N,.

Intuitively, Proposition 4.2 states that homogeneity is equivalent to the fact that for
every k € N, there are no polynomials in W that could be used in constructing an
inhomogeneous algebraic relation (condition (ii)). When proving Theorem 6.7, our key
equidistribution result on nilmanifolds, we will use condition (iii) of Proposition 4.2.

Proof. The equivalence of (ii) and (iii) follows trivially from the definition of W,é, and we
focus on showing the equivalence of (i) and (ii) instead. The inhomogeneity of P implies
the existence of a non-trivial algebraic relation

Qo). . ... Q:(w) = (Z b0k<Z), Y b (Z))
k k

that is not a sum of homogeneous algebraic relations. By Lemma 4.1, this means that there
exist k € Ny and 0 < j < k for which

b()k();) +b1k(x + fl(y)) oo +b,k<x +;D’(y)> £0. 31)

We claim that in fact we can take j = k. We define the discrete derivative of Q € R[u] to
be 00(u) = Q(u + 1) — Q(u), and the partial discrete derivative of R € R[x, y] with
respect to x to be dxR(x, y) = R(x + 1, y) — R(x, y). Observing that d(}) = ("'kH) -
(%) = (). we deduce that 0, (x+i" (y)) = (X:Ii"l(y)). It follows that if

k
bok ()JC) + bk <x + 51 (y)) + o+ b (x + ;Dt(y)) =0,
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then applying the partial discrete derivative with respect to x to the expression above k — j
times would imply

box (j) + blk<x * j.)l (y)> + - +btk(x +;t(y)) =0,

contradicting (31). We can thus assume that j = k in (31).
Since

Qo(x) + Q1(x + PI(y) +- -+ Qi(x + P () =0,
we have
t P,
R(x,y)z_zzbij<x+ (y))) GZW]',
j#k i=0 J 7k

and so W, =W,y N} ik W; is non-trivial. Thus (ii) implies (i) by contrapositive. The
argument can be reversed, and so (i) and (ii) are in fact equivalent. O]

For homogeneous progressions, it is quite straightforward to obtain an upper bound on
algebraic complexity.

PROPOSITION 4.3. Let t € Ny and Pe R[x, yI'T! be a homogeneous polynomial pro-
gression. Then A; (P) <t — 1 foreach0 <i < t.

This bound is sharp, as evidenced by the example of arithmetic progressions.

Proof. Suppose that ﬂi(ﬁ) > t, and let

Qo)+ Q1(x+ Pi(y)+-- -+ Qi(x+ P(y) =0

be an algebraic relation of degree d > t. Taking the partial derivative with respect to x
of the expression above d — ¢ times, we can assume that the relation has degree 7. The
homogeneity of P and Lemma 4.1 imply the existence of non-trivial algebraic relations of

the form
Pi X + P V
0(?) 1(x~|-t (y)) +at( tt( )> =0. (32)

Relation (32) and the formula

x4+ Pi(y)\ _ (x X _ X P;(y) Pi(y)
() =G+ (2 )mor ()57 o+ ()

imply
P; P,
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for 1 <k <t. This gives us t equations
arPi(y)+---+a P(y) =0,

alPL(y)? + - +a P(y)? =0,

alpl()’)t +- +atPt()’)t =0.

The invertibility of the Vandermonde matrix and the distinctness of the polynomials
P1, ..., P; imply that these ¢ equations can only be satisfied if a; = - - - = a; = 0, which
also implies ap = 0. This contradicts the non-triviality of (32). O]

Proposition 4.2 implies that homogeneous progressions satisfy

k k
- EB EB ) (33)
i=1 i=1

In the inhomogeneous case, we instead have

k

k
Vi=) W= (@ W,-’) ® (W N Vi) (34)
i=1 i=1

for some non-trivial subspace W€ N Vi. The non-triviality of this subspace is the main
source of difficulty preventing us from generalizing Theorem .11 to inhomogeneous
progressions.

Given the rather abstract nature of the spaces Wi, W,g and ch , we illustrate their
definitions with concrete examples. For the homogeneous progression (x,x + y, x +
2y, x + y3), we have

W1 =W = SpanR{X, Y, ys} and

3

X y 2 3 y
/=W:S b b b b
W, ) panR{<2> xy+<2) Yo, xy +<2>}

while for the inhomogeneous progression (x, x + y, x + 2y, x + y%), we have

2
X
W1 = SpanR{x, Y, y2} and W2 = SpanR{ <2>’ Xy + <;>’ y2’ xyZ + <)’2 )}

/ / X y 2 y2
W, = Spang{x, y}, W, = Spanp (2> xy + (2) xy- + 5 and

W = SpanR{yz}.

but

The non-triviality of W¢ for the latter progression is intrinsically related to the algebraic
relation (24).
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The spaces Vi and Wy are subspaces of R[x, y] We also need an analogous family of

subspaces of R'*!. For a polynomial progression Pe Rlx, yI'*!, we let

Pr(x.y) = ok e+ PO e+ P())Y)  and
<ﬁ<x, y)) B <(x> <x+P1<y>> <x+Pt<y)>)
k —\\&) k k '

‘We then define
Pr = SpanR{ﬁk(x, y):ix,yeR}
= Spanp {(x*, (x + PLO)E, ..., x + L)Y 1 x, y e R}

for each k € N. The following lemma gives equivalent formulas for the spaces Py.

LEMMA 4.4. Lett,k € Ny and Pe R[x, yI'T! be an integral polynomial progression.
Then

Pk = SpanR{ﬁk(x7 y) X,y € R} :SpanR{ﬁj(x, y) X,y € R7 1 =< ] = k}

:SpanR{(P(k y)) X,y ER} =SpanR{<P(] y)) x,yeR, 1<j §k}.

Proof. We fix k € Ny and denote

Ay = Spang{P¥(x, y) : x,y € R}, Ay = Spang{P/(x,y):x,y € R, 1 < j <k},

P(x P(x,
A3=SpanR{< (k y)) yeR} A4=SpanR{< (); y)):x,yeR, 1§j§k}

for the four spaces mentioned in the statement of the lemma. It is clear that A} € A; and
A3z C A4. To prove the converse inclusions, we note that (9/0dy) P (x, W =kP(x, y)k!

and 0y (P (i’y )) = (P k(f]y )), where /9, is the usual partial derivative with respect to x and
dy is the partial discrete derivative with respect to x defined in the proof of Lemma 4.1.
For every R(x, y) € Ay and h # 0, the expression

R(-x +h9 y) - R(x’ )’)
h

is still in Ay, and so (3/9x)R(x,y) € A; by the closeness of Aj. Applylng d/0x to
P(x y)k exactly k — j times with the observations above, we deduce that P(x y) is

still in A1. Hence A2 € A1. Analogously, applying 9, exactly k — j times to (P (i })), we
deduce that (P(’;’y)) € Az, and so A4 C Aj.
It remains to show that Ay = A4. For this, we note that ﬁ(x, y)¥ is a linear com-

bination of (P(x M), (P(x ), and conversely (P(x ) is a linear combination of
P(x,y),. P(x y)¥, from which the equality A, = A4 follows. O]

Henceforth, we treat R’*! as an R-algebra with coordinatewise multiplication v - w =
(v O)w(0), . v(t)w(t)) for v = (v(0), ..., v(®)) and w = (w(0), ..., w()). We sim-
ilarly let A - B {a- b:deAbe B} be theproduct setof A andBfor any A, B C R't1
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With these definitions, we observe that P;; ; < #; - P}, but the converse is in general not

true. We also set ¢; to be the coordinate vector with 1 in the ith place and 0 elsewhere.
We conclude this section by relating the spaces Wy and W,i to P. Let 1, = dim Wy

and t,i = dim W,é for each k € N. The spaces Wy and $; are connected as follows. Let

{Qk,1, ..., Oky ) be abasis for Wy. Then
Tk
x) (x + Py (y))) (x + Pz(}’))) Z -
, = Uk, j Ok,j(x, y)
<(k k k pa
for some linearly independent vectors v 1, . . . , Uky € R’ +1. We let 4 (Ox. j) = Ug,j, and

extend this map to all of W by linearity. This map depends on the choice of the basis
for Wi. It is surjective by the definition of #; and injective by the linear independence
of Vg1, T)k,,k. Hence it is a vector space isomorphism. In particular, Proposition 4.2
implies that W, = P, whenever P is homogeneous, a fact that we shall use a lot in the
proof of Theorem 6.7.

To illustrate the aforementioned correspondence between Wy and $%, consider the
progression (x, x +y, x +2y, x + y>). The isomorphisms 7; and 7, are given by

n@=01L1L1D, u@(=(0120, u()=(©001

X y
r2<<2>> =(1,1,1,1), tz(xy + (2)) =(0,1,2,0),

3
©(?) = (0,0, 1,0), Tz(Xy3 + (2)) —(0.0,0.1).

and

5. Relating Host—Kra complexity to algebraic complexity

Having introduced the notation for the spaces P;, we are ready to show precisely how
determining Host—Kra complexity for homogeneous progressions can be reduced to a
certain equidistribution problem on nilmanifolds. We start by defining a group which
contains the orbit (18). Groups of this form have previously been defined in [CS12, GT10,
Kuc21b, Lei09], among others.

Definition 5.1. (Leibman group) Lett € Ny and G be a connected group with a filtration
G, of degree s. For an integral polynomial progression P € R[x, y]'*!, we define the
associated Leibman group to be

GF =(g" g €Gi, v €Pi, 1 <i<s),

where h* = (h*©, ..., ') for any h € G and ¥ = (v(0), . . ., v(t)) € R'T'. We also
set '? = GP N G'*1.If g € poly(Z, G.), then we denote

g7, y) = (g(x), gx + Pi(»), . . ., g(x + P ()

and observe that g” takes values in G*.
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LEMMA 5.2. Let t € Ni and G be a connected group with a filtration G, of degree s.
Suppose that P € R[x, yI'*! is an integral polynomial progression with A; (P) =s' for
some s’ € N and some 0 < i < t. Then G* contains 1' x Gy g x 107 i

Proof. The assumption ﬂ;(i’) = s/ implies that (x + P; (y))s/‘H is linearly independent
of (x + P (y))s/‘Irl for k # i, hence Py contains ¢;. The lemma then follows by the
definition of G¥'. O

We are now ready to state an infinitary version of the main technical result in the paper.
This result constitutes the first part of Theorem 1.17.

THEOREM 5.3. Let t € Ny and G be a connected group with filtration G,. Suppose
that g € poly(Z, G,) is irrational and that P € R[x, y|'*! is a homogeneous polynomial
progression. Then g¥' is equidistributed on the nilmanifold G¥ /TP .

Importantly, Theorem 5.3 fails for inhomogeneous progressions in that for each
inhomogeneous progression P, we can find a nilmanifold G /T, a filtration G,, and an
irrational sequence g € poly(Z, G,) for which the orbit of g© is contained in a proper
subnilmanifold of G/ I'?. An example of this is given in §9.

We now have all the tools to prove Theorem 5.3. However, we will later need a finitary
version of Theorem 5.3, and so instead of proving twice what is essentially the same result,
we shall only give the finitary proof later on and deduce Theorem 5.3 from it. For now,
however, we can show how the HK; (13) < ﬂi(ﬁ) part of Theorem 1.11 follows from
Theorem 5.3.

COROLLARY 5.4. Let t € Ny and Pe Rix, yI'*! be a homogeneous polynomial pro-
gression. For any 0 < i < t, we have

HK; (P) < A;(P).

The converse inequality will follow from showing that algebraic complexity equals Weyl
complexity, and that Weyl complexity is less than or equal to Host—Kra complexity, both
of which are done in §11.

Proof of Corollary 5.4 using Theorem 5.3. Let ﬂi(ﬁ) =s. Let (X, X, u, T') be a totally
ergodic system, fy, ..., f; € L°°(u), and suppose that E( f; | Z5) = 0. By Theorem 1.4,
the expression

lim / fo- TR fr TR fdp (35)
N—o0 ng[N]
remains unchanged if we project the functions fy, ..., f; onto the factor Z,, for some

so € N If 59 < s, then E(f; | Zs,) = 0 and the limit (35) is 0, so we can assume that
so = s. Since the factor Z, is an inverse limit of so-step nilsystems, we can approximate
X by totally ergodic nilsystems.

Let(G/T', G/ T, v, T,) be atotally ergodic nilsystem, and G, be the lower central series
filtration on G. Using (12), it suffices to show that if fy, ..., f; € L°°(v) and f; vanishes
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on each coset of G41I", then

lim E FfobT) - fi(@P'™pT) - - - fi(a®™bI) dv(I') = 0.
N—o0 ne[N] JG/T

Let G be the filtration on G° given by G = G, N G°, and let g;, € poly(Z, G?) be the
irrational sequence defined in Proposition 3.2 for which a"bI" = gp,(n)I". The irrationality
of g,, Lemma 3.1 and Theorem 5.3 imply that

lim | / fodD) - fi@? @by - - - fi(a™™bT) dv(dD)
N—o0 ne[N] JG/T

_ /G im  E  fo(gs(m)?)

0/ ro N—0o0 mne[N]

- filgp(m + PLn)T0) - -+ fi(gp(m + P,(n)I'°) dv(bT?)
=/ fo® - ® fy dvF,
(GOHP /(TP

where (G%)? is the Leibman group for P and v? is the Haar measure on (GO)P/(FO)P.

The assumption that f; vanishes on each coset of G41I" in G/I" and Lemma 3.4
together imply that f; vanishes on each coset of Gg HFO inside G°/ 0. By Lemma 5.2,
the group (G°)” contains H = 1! x G?H x 1/77; therefore

'f fo®-~®fz</ / fo®---®fi
(GNP /(TP (GOHP/HTOHP | JxH(TO)P

< £l )f / f"=0,
( Jl;ll e (GHP/HTOP | JxGO 10 l
implying that Z is characteristic for the weak convergence of P ati. O

Corollary 5.4 implies that if a progression P satisfies A; (f’) = s, then Z; is charac-
teristic for the weak or L? convergence of P ati for any totally ergodic system. We now
prove Corollary 1.13, which extends this result to ergodic systems for eligible progressions,
with a slight modification in the s = 0 case. The proof is almost identical to the proof of
Proposition 4.1 in [Fra08].

Proof of Corollary 1.13. Let Pe R[x, y]'*! be an eligible homogeneous progression with
ﬂi(ﬁ) = s and let (X, X, u, T) be ergodic. By Theorem 1.4, there exists a Host—Kra
factor that is characteristic for the weak and L? convergence of P. Since each Host—Kra
factor is an inverse limit of nilsequences, we can approximate X by an ergodic nilsystem
(G/T,G/T, v, T,). The compactness of G/ I and the assumption that G is generated by
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the connected component G and a imply that a” € G° for some r € N, and hence

t

'
E l_[ TaPi(n)ﬁ = E E 1_[ TaPi(r(n—1)+])ﬁ

ne[rN] im1 jelrl ne[N] e

t
Pi(j
= E E [Jan™™a? 5, (36)
jelrinelN] ;]

where ﬁi,j(n) = (Pi(r(n — 1)+ j) — P;(j))/r. This is where we use the fact that P is
eligible. The definition of eligibility implies that for any 0 < j < r, the progression

Pi(x,y)=(x, x+ P j(y), ..., x+ P ()

is homogeneous and that A; (};j) = ﬂi(ﬁ) forevery0 <i <r.

If s > 0, suppose that E(f; | Zs(T,)) = 0. Then the equality Z,(7,) = Z;(T,) and
the T,-invariance of Z; imply that ]E(Tapi ) fi | Zs(T))) = 0. We deduce from Corollary
5.4 and the total ergodicity of 7] on each connected component of G/ I that the expression
in (36) converges to 0 as N — oo.

If s =0, suppose that E(f; | Kia(T4)) = 0. The total ergodicity of T, implies that
Keat(To) = Zo(T7), and so E(T, " f; | Zo(T))) = 0. Again, it follows from Corollary
5.4 and the total ergodicity of 7] on each connected component of G/ I that the expression
in (36) converges to 0 as N — oo. O

We now show that progressions of algebraic complexity at most 1 are eligible, which
together with Corollary 1.13 immediately implies Corollary 1.14.

LEMMA 5.5. Let P € R[x, v be an algebraic progression with max; 3{,'(13) < 1. Then
P is homogeneous and eligible.

Proof. From the definition of inhomogeneous relations it follows that each inhomogen-
eous relation must have degree at least 2. Thus, the fact that P has algebraic complexity at
most 1 immediately implies that it is homogeneous.

To prove that Pis eligible, we fix r € N1 and 0 < j < r. We show that the progression

P,y) =@, x+ P, ..., x+ P j(»),

where 13,3.,‘ (y) =(Pi(r(y —1)— j)— Pi(y))/r, also has algebraic complexity at most 1,
from which the eligibility of P will follow easily. Indeed, suppose first that P satisfies an
algebraic relation of degree 2:

t

(v — 1) — ) — P\ 2 e N b
Zai2<x+P1(r(y D-p P,(J)) +a,~1<x+P’(r(y 1 —j) Pz(])>:0‘

N r r
i=0

Setting  y' =r(y—1)—j, x' =xr, a, = ain/r?, aj, =a;1/r for brevity and
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rearranging, we deduce that

t
Y (a, (" + Py + (@) = 2aj, Pi(D) + Pi(Y)) + ay Pi(j)* — afy Pi(j)) = 0.
i=0

The homogeneity of P implies that

t
Y ah( + Pi(y)? =0,
i=0
and the fact that P has algebraic complexity at most 1 further implies that a(, =
cee= “;2 = 0. The claim ap; = - - - = a2 = 0 follows by rescaling. Thus, P satisfies no

algebraic relation of degree 2. It follows by induction that P satisfies no algebraic relation
of degree d > 2 since each such relation

Qo(x) + Q1(x + Prj() + -+ Qi(x + P j() =0 (37)

would induce an algebraic relation of degree d — 1 by partially differentiating (37) with
respect to x. This establishes the claim that P has algebraic complexity at most 1. Thus,

every algebraic relation satisfied by P is of the form

Pir(y =D+ Jj) - P1(j)>

r

apx +a1<x +

+---+a,(x+ Pt<r(y—1>+j>—P,<j)> 0

r

and corresponds to an algebraic relation
apx +ai(x + Pi(y) +- - +a(x+ P(y) =0

satisfied by P. This one-to-one correspondence between the algebraic relations satisfied
by P and P implies the eligibility of P. O

Theorem 5.3 also allows us to prove the second part of Corollary 1.15.

Proof of Corollary 1.15(ii). Let (X, X, u, T) be a totally ergodic system, and suppose
that P € R[x, y]'*! is an integral progression with algebraic complexity at most 1. This
implies that P is homogeneous since each inhomogeneous algebraic relation must have
degree at least 2. Foreach 0 <i <¢t, let P;(y) = Z?:l a; jQj(y)and L;(y1,...yq) =

27:1 a;jy;j for some a; ; € Z and integral polynomials Q1, . . ., Q4. Letting

Lx,y1,...,y0) =, x+Li(y1,-. ., Ya)s - x+Li(y1, ..., ya)),

we observe that Ig(x, y) = Z(x, 01(y), ..., Qa(y)). It follows that L also has algebraic
complexity at most 1, since each algebraic relation of degree (jo, . . ., jr) between terms
of L would immediately imply an algebraic relation of the same degree between terms of
P after substituting y; = Q; (y).
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Using the same argument as in the proof of Corollary 5.4, we reduce the question of

understanding
lim Th®™ £ d 38
N—o00 nE[N]/ l_[ Jidn %)
to understanding
lim E F(g (x,y)) (39)
N—00 x,ye[N

for each essentially bounded function F : (G/T')'*! — C and an irrational sequence g €
poly(Z, G,) for some filtration G, on G. Following the same method to analyse

lim / HTL i01yd) gy (40)
ydE[N]

N—o0 yi,..,

we deduce that understanding (40) comes down to estimating

lim E  F@E Gy ..oy, 1)
N—00 x,y},....ya€[N]
where
gheu ) = (@), g L1V e Ya))s s 8+ Le(V1s - oy Ya))).

By Theorem 5.3, the limit in (39) equals pr /TP F; by [GT10, Theorem 11] (while
Theorem 11 of [GT10] has been shown to fail in general, its corrected version, to be found
in the arXiv version of the paper at https://arxiv.org/abs/1002.2028, still holds in this case,
as the system under consideration is translation-invariant), the limit in (41) is f GL/TL F for

some subgroup GL < G'"*!. From the fact that max; ﬂi(ﬁ) < 1 we deduce that G¥ =
()", G5t1 i hy € Gy, By € Py); similarly, the construction of the group G in [GT10]
and the fact that L has algebraic complexity at most 1 reveal that GX = (h?1 , G’z‘H thy e
G1, 01 € L), where

Ly =Spang{(x, x + L1yt .- Yd), -, X +Li(Y1, .., ¥a) 1 X, V1, ..., Ya € R}

We observe that | = £ ; from this it follows that G = GL, and so the limits in (39) and
(41) are equal. This implies that (38) and (40) are equal as well. O

6. Finitary nilmanifold theory

Before we can prove a finitary version of Theorem 5.3, we need to introduce the necessary
finitary concepts required for this task. Most concepts and definitions in this and the next
section are taken from [CS12, GT10, GT12]. Throughout this section we assume that G is
connected, and that each nilmanifold G/ I" comes with a filtration G, and a Mal’cev basis
x adapted to G,. We call a nilmanifold endowed with filtration and a Mal’cev basis filtered.
A Mal’cev basis is a basis for the Lie algebra of G with some special properties; since we
do not explicitly work with the notion of Mal’cev basis or its rationality in this paper, we
refer the reader to [GT12] for definitions of these concepts. What matters for us is that
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each Mal’cev basis induces a diffeomorphism ¢ : G — R™, called Mal’cev coordinate
map, which satisfies the following properties:

» @) =7z

(i) ¥ (G;) = {0y ™ x R™ where m; = dim G;.

Thus, ¢ provides a natural coordinate system on G that respects the filtration G, and
the lattice I". Similarly to v, we define maps ¥; : G; — R™ ™™+l by assigning to each

element of G; its Mal’cev coordinates indexed by m —m; + 1, . . ., m — m;41. With this
definition, we have ¥; (x) = 0 if and only if x € G411, and ¥;(x) € Z™ ~"+! if and only
ifx e Fi.

Definition 6.1. (Complexity of nilmanifolds) A filtered nilmanifold G/I" has complexity
M if the degree s of the filtration G,, the dimension m of the group G and the rationality
of the Mal’cev basis y are all bounded by M.

We remark that complexity of nilmanifolds has nothing to do with the four notions
of complexity of polynomial progressions that we examine. Neither does complexity of
nilsequences defined below.

Definition 6.2. (Nilsequences) A function f : Z — C is a nilsequence of degree s and
complexity M if f(n) = F(g(n)I'), where F : G/T" — R is an M-Lipschitz function on
a filtered nilmanifold G/ T" of degree s and complexity M, and g € poly(Z, G.).

Definition 6.3. (Quantitative equidistribution) Let D € N4 and § > 0. A sequence g €
poly(ZP, G) is (8, N)-equidistributed on G/ T if

5 Feon) - F‘ <81 lip
ne[N1P G/T

for all Lipschitz functions F : G/T" — C, where || f||Lip is the Lipschitz norm on F with
respect to a metric defined in [GT12].

It has been shown in Theorem 2.5 that equidistribution is related to horizontal
characters. Given the Mal’cev coordinate map ¥ : G — R™, each horizontal character
can be written in the form n(x) =k -y (x) for some k € Z™. We call |n| = |k| =
k1| + - - - + |kn| the modulus of n. Similarly, each ith-level character n; : G; — R is
of the form n;(x) = k - ¥; (x) for some k € Z™ ~"i+1 and we define its modulus to be
il = 1kl = Vet + -+ Ky |-

We shall also need to quantify the notion of polynomials that are ‘almost constant” mod
Z, using a definition from [GT12]. In what follows, ||x||r/z = min{|x —n| : n € Z} is the
circle norm of x € R.

Definition 6.4. (Smoothness norm) Let

d
Q(n1,~~-’”D)=Z Z it ’D(n)<n)

1
i=0 iy tip=i 1
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be a polynomial in R[ny,...,np]. For N € N, we define the smoothness norm of Q
to be
I Qllcoorny = max{N %0 a; i llgyz tits ... ip €N, 1 <ij+---+ip <d).

In particular, || Q|| co[n7] is bounded from above as N — oo if and only if Q is constant
mod Z.
With these definitions, we are ready to state a quantitative version of Theorem 2.5.

THEOREM 6.5. (Quantitative Leibman equidistribution theorem [GT12, Theorem 2.9])

Let 6 >0, M 22 and D, N € Ny with D < M. Let G/ T be a filtered nilmanifold of

complexity M and g € poly(ZP, G,). Then there exists Cp; > 0 such that at least one of

the following is true:

(1) gis (8, N)-equidistributed in G/ T’y

(ii)  there exists a non-trivial horizontal character 1 of modulus |n| < =M for which
7 0 gllcoopny <« §7Cm.

We now need to quantify the notion of irrationality.

Definition 6.6. (Quantitative irrationality) Let G/ TI" be a filtered nilmanifold of degree s,
and suppose A, N > 0. An element g; € G; is (A, N)-irrational if for every non-trivial
ith-level character n : G; — R of modulus |n| < A, we have ||n(g;)lr/z = A/N'. Tt is
A-irrational if for every non-trivial ith-level character  : G; — R of modulus || < A, we
have n o g; ¢ Z. We say that a sequence g € poly(Z, G,) is (A, N)-irrational (respectively,
A-irrational) if g; is (A, N)-irrational (respectively, A-irrational) for each 1 <i <.
Similarly, we say that the nilsequence n — F(g(n)I") is (A, N)- or A-irrational if the
polynomial sequence g is.

Clearly, (A, N)-irrationality is stronger than A-rationality, but for some of our applica-
tions the latter notion will be sufficient.

We are now ready to state the finitary version of Theorem 5.3, which is the main
technical result of this paper, and derive Theorem 5.3 from it.

THEOREM 6.7. Let t e Ny and A, M, N > 2. Let G/T" be a filtered nilmanifold of
complexity M. Suppose that g € poly(Z, G4) is (A, N)-irrational, F : (G/T)'*! — C is
M-Lipschitz, and P € R[x, yI't! is a homogeneous polynomial progression. Then

E F(g"(x, pI'"*h =/ F+ 0y (A™M)
x.y€lN] GP/TF

for some cpy > 0.

Proof of Theorem 5.3 using Theorem 6.7. Let F :(G/T)"*! — R be a continuous
function. By the Stone—Weierstrass theorem, Lipschitz functions on a compact set form
a dense subset of the algebra of continuous functions. Approximating F by a sequence
of Lipschitz functions if necessary, we can assume without loss of generality that F is
Lipschitz. We let M be the maximum of the complexity of G/ T" and the Lipschitz norm
of F.
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Let g € poly(Z, G,) be an irrational sequence. For each N € N, we let Ay be the
maximal real number A for which g is (Ay, N)-irrational. We claim that Ay — oo as
N — oo. If not, then there exist some number A > 0 and an index i € Ny with the
property that g; is not (A, N)-irrational for all N € N . We fix this i. It follows that there
exists a sequence of non-trivial ith-level characters ny : G; — R of modulus at most A
such that [[nn(gi)llr/z < A/N i Since there are only finitely many ith-level characters of
modulus bounded by A, we conclude that there exists a non-trivial ith-level character 1 of
modulus at most A such that |[7(gi)llr/z < A/N' for all N € N. Taking N — oo, we
see that n(g;) € Z, contradicting the irrationality of g;.

It therefore follows from Theorem 6.7 that

E  F(gl@x, yr+h =/ F + Op(Ay™).
x,y€[N] GP/rP

Since M is constant, letting N — oo sends the error term to 0, implying that g© is
equidistributed on G”/T'? as claimed. O

7. Reducing true complexity to an equidistribution question

In §§3-6 we have shown how the question of determining Host—Kra complexity for
homogeneous progressions can be reduced to showing that g” is equidistributed on
G?/TP. Determining true complexity for homogeneous progression comes down to
exactly the same equidistribution question. All the arguments in this section can be viewed
as finitary analogues of arguments in previous sections.

Since we are now primarily concerned with functions from Z/NZ to C, we shall need
an N-periodic version of certain previously defined concepts. In this section N is always
a prime, and the group G is connected. A function f : Z/NZ — C is called 1-bounded
whenever || flco < 1.

Definition 7.1. (Periodic sequences) Let G, be a filtration on G. A sequence g €
poly(Z, G,) is N-periodic if g(n + N)g(n)~' €T for each n € Z, and it is periodic if it
is N-periodic for some N > 0. A nilsequence n +— F(g(n)I') is N-periodic (respectively,
periodic) if g is.

Given a homogeneous polynomial progression Pe R[x, yI'*!, we want to show
that ﬂi(ﬁ) = 77(15) for each 0 < i <¢. The forward inequality ﬂi(ﬁ) < 7',-(15) is
straightforward to derive (see Theorem 1.13 in [Kuc21b]); it is the reverse inequality that
poses a challenge. We thus want to prove the following theorem.

THEOREM 7.2. Lett € Ny, Pe Rlx, yI'*! be a homogeneous polynomial progression,
0 <i < t, and suppose that A; (P) = s. For every € > 0, there exist § > 0 and Ny € N
such that for all primes N > Ny and all 1-bounded functions fy, . .., f; : Z/NZ — C,
we have

E  fox)filx+ Pi(y) - filx+ P(y)| <€
X,yEZ/NZ

whenever || f;||s+1 < 8.
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We know that each progression is controlled by some Gowers norm. The result below
plays the same role in deriving Theorem 7.2 as Theorem 1.4 plays in the proof of
Corollary 5.4.

PROPOSITION 7.3. [Pel19, Proposition 2.2] Let Pe R[x, y]'*! be an integral polynomial
progression. There exists s € N with the following property: for every € > 0, there
exist § > 0 and No € N such that for all primes N > No and all 1-bounded functions
fo,---» ft 1 Z/NZ — C, we have

E  fox)filx+ Pi(y) - filx+ P(y)| <€
x,yEZ/NZ

whenever || f;|lys+1 < 8 for some 0 < i < t.

Next, we want to perform a finitary analogue of the approximation-by-nilsystems
argument. This can be achieved with the help of a periodic version of a celebrated
arithmetic regularity lemma from [GT10] in which the same polynomial sequence g is
used in the decomposition of several functions.

LEMMA 7.4. [Kuc2lb, Lemma 2.13] Let s,t € N4, € >0, and ¥: Ry — R4 be a
growth function. There exist M = O¢ (1), a filtered nilmanifold G/T" of degree s and
complexity at most M, and an N-periodic, F(M)-irrational sequence g € poly(Z, G,)
satisfying g(0) = 1 such that for all 1-bounded functions fy, ..., f; : Z/NZ — C, there
exist decompositions

fi = fi,nil + fi,sm] + fi,unf

where
(1)  fini(n) = F;(g(n)T") for M-Lipschitz function F; : G/T' — C,
(ii) ”fi,sml||2 <¢,
(i) | fiuntllgse < 1/F(M), and
(iv)  the functions f; i, fi.sm and fiunf are 4-bounded.

The last piece that we need is a finitary, periodic version of Theorem 6.7.

PROPOSITION 7.5. Lett € N and A, M, N > 2. Let G/T" be a filtered nilmanifold of
complexity M. Suppose that g € poly(Z, G,) is an A-irrational, N-periodic polynomial
sequence, F : (G/T)'™' — C is M-Lipschitz and 1-bounded, and P € R[x, y]'*! is a
homogeneous polynomial progression. Then

E Fg"(x, yI'th) = / F+ Oy (A=)
X,yeZ/NZ GP/r*P

for some cp > 0.
Proof of Proposition 7.5 using Theorem 6.7. Let g € poly(Z, G,) be A-irrational and
N-periodic. We claim that g is (A, Nk)-irrational for all sufficiently large k € N;. If

not, then there exists 1 <i <s such that for each k € N, there exists an ith-level
character n;x : G; — R of complexity at most A satisfying ||n; x(g:)llr/z < A/(Nk)'.
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The N-periodicity of g; implies that giN " eT; mod Gl.v+ , [CS12, Lemma 5.3]; hence
nik(gi) € (1/N")Z. Thus, n; k(gi) € Z whenever k' > A. In particular, since we can take
k arbitrarily large, there exists a non-trivial ith-level character n; x of complexity at most A
for which n; 1 (gi) € Z, contradicting the A-irrationality of g. Hence g is (A, Nk)-irrational
for all sufficiently large k € N_.

Applying Theorem 6.7, we deduce that

E F@Elea = E F@E @ ™+ o0/k)
X, yeZ/NZ X,yE[Nk]

= [, F+ouamn ok
GP/rP
for all sufficiently large k € N.. Taking k — oo finishes the proof. O

Theorem 7.2 is a special case of [Kuc21b, Theorem 8.1], the proof of which is analogous
to the derivation of Corollary 5.4 from Theorem 5.3. Here, we only sketch the steps taken
in the derivation of [Kuc21b, Theorem 8.1], and we refer the reader to [Kuc21b] for all the
details. First, we use Proposition 7.3 and Lemma 7.4 to replace the functions fy, ..., f;
by irrational, periodic nilsequences. Second, we use Proposition 7.5 to approximate the
sum by an integral of some Lipschitz function F over G*/T'P. Third, we use the fact
that ﬂi(ﬁ) =s to conclude that 1’ x Gyy1 x 1% is a subgroup of G?. Fourth, we use
disintegration theorem to bound |, GP /TP by averages of some Lipschitz function F; over
cosets of G441 I". Fifth, we use the assumption that f; has a small U* +1 norm to conclude
that averages of F; over cosets of G4 1" are small. From this follows the smallness of

E  fo@)fix+ Pi(y) - filx + P(y).
x,yeZ/NZ

The proof of [Kuc21b, Theorem 8.1] makes this argument precise and illustrates how all
the error quantities are taken care of.

Finally, Proposition 7.5 together with [Kuc2lb, Theorem 9.1] implies part (i) of
Corollary 1.15.

8. The proof of Theorem 6.7

To complete the proofs of Corollary 5.4 and Theorem 7.2, it remains to derive Theorem
6.7. Before we prove Theorem 6.7 for an arbitrary homogeneous progression, we want
to deduce the theorem in the special case of P = x, x+y, x+2y, x+ y3). This will
help illustrate the method, and we will later compare this progression with (x, x +y, x +
2y, x + y?) to see what is failing in the inhomogeneous case. The method is an adaptation
of the proof of Theorem 1.11 from [GT10]; however, the linear algebraic component
coming from the fact that we are dealing with polynomial progressions is much more
involved. The method used here is somewhat similar to the methods used in [Kuc21b];
here, however, we perform downward induction on the degree of subgroups G;, whereas
in [Kuc21b] we perform downward induction on the degree of monomials in o g©'.

PROPOSITION 8.1. Let A, M, N > 2. Let G/T" be a filtered nilmanifold of degree 2
and complexity M. Suppose that g € poly(Z, G,) is an (A, N)-irrational sequence
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satisfying g(0) =1, F:(G/ N+ — C is M-Lipschitz and P = x, x+y, x+
2y, x + y3). Then

E Fgl@x, yr = / F 4 Op(A™M)
x,y€[N] GP/TP

for some cpr > 0.

The assumption that G has a filtration of degree 2 is made to simplify the exposition,
and because all the difficulties that emerge in higher-step cases are already present here.
We shall need the following lemma.

LEMMA 8.2. Lett € Ny and Pe Rlx, y]'*! be a homogeneous polynomial progression,
€ >0,ands, N € N;. Let W; < R[x, y] be as defined in §4, and for each 1 <i < s, let
Qil,. .., Qiy beabasis for Wi composed of integral polynomials. Suppose that a;; are
real numbers such that the polynomial

s
Ox,y) = Z Z a;j Qi j(x,y)

i=1 j=1

satisfies || Qllce[n] < €. Then there exists a positive integer ¢ = O (1) with the property
that ||qasj Rz < €N~ forall 1 < j <.

Proof. Fors € N, we let Wy, V; be as in §4. We also define

W, = Spang{(x + Pi(»))’ : 0<i <t} and U; = SpanR{<)_C) (y> ity < s}.
1) \J

We want to show first that dim Wy/Us; = dim W, = t,, that is, that the polynomials
Os.1, - - . » Oy, remain linearly independent when we subtract from them the monomials
in the Taylor basis of degree less than s. While this claim may plausibly hold for any
polynomial progression, we prove it for homogeneous progressions since this is the only
case in which we need this result. The homogeneity of P implies that Wy, = V/V,_| =
Ws. Therefore Wy /Uy = V, /U Vi = WS JUs = WS, where the last isomorphism follows
from the fact no polynomial in W has a non-zero monomial of degree less than s. The
claim dim Wy /U, = t; follows.

Let Q(x,y) = Y cu(;)(}) and Q(x,y) = Y yyn e ;) (7). Thus, O = Q mod
Uy, and it satisfies || Q|lceopn) < €. Setting Q; j(x, y) = > ks buij (7) (7). we similarly let
Q,-,j (x,y) = Zk+l>s bij (’li) (7) We deduce from dim Wy /Uy = 1 = dim Wy that Oy 1,
..., Oy, are linearly independent.

From the definitions of Q and by;; it follows that ¢ = Zi’ j buija;j, and that
ek Rz < eN~®+D < e N~ whenever k +1 > 5.

Let u be the number of pairs (k,[) with k + [ > s for which cj; # 0. The fact that
dim W /Uy = t, implies that u > t,. Indexing these pairs as (k1, I1), . . ., (k,, [,) in some
arbitrary fashion, we obtain a u x s matrix B = (bg,1,ij)r as well as a t;-dimensional
column vector a = (as;); and a u-dimensional column vector ¢ = (cg,i,)r such that
Ba = c. The linear independence of Qy 1, . . ., QS,,S implies that there exist an invertible
t; X t; submatrix B of B and a #,-dimensional column vector ¢ such that Ba = ¢. Since
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the entries of B are integers of size O(1), the entries of B~ ! are rational numbers of
height O(1). Therefore there exists a positive integer ¢ = O (1) for which the entries
of the matrix qB are integers of size O(1). The equality « = B~'¢ and the cond1t10n
llckillr/z < e N™F whenever k + 1 > s imply that ||ga,jllr/z < eN™* for 1 < j <, as
claimed. O

Proof of Proposition 8.1. Let P= (x, x4y, x+2y, x+y3). We set
=0, L1, D, %=(0,120), ¥=(0,001) and vs=(0,0,1,0)
and observe that

P(x,y) = U1x + oy + 3)°,

(P(xz’ ”) = G) + T)z(xy + @)) + 3 (xy3 + <y23>) + gy,
Thus, we have
P = Spang{V}, U3, U3} and Pp =Pz = .- = Spang{V}, U3, U3, U4} = RrR*
as well as
G’ =G"G"G"G,

where H? = (hi’ : h € H) for any subgroup H < G.

We shall prove Proposition 8.1 by applying Theorem 6.5. Suppose that g% is not
(cy A~CM, N)-equidistributed on G/ TP for some constants 0 < ¢jy < 1 < Cy. By
Theorem 6.5, there exists a non-trivial horizontal character 7 : G? — R of modulus at
most cA, for which || o g” lcoen] < cA for some constant ¢ > 0 that depends on ¢y and
Cpu. The constant Cyy is chosen in such a way as to match the exponents in case (ii) of
Theorem 6.5. However, we have control over how we choose the constant ¢, and we shall
pick it small enough to show that g© not being (c)y A~¥, N)-equidistributed contradicts
the (A, N)-irrationality of g.

Rewriting the expression for 7 o g¥’, we see that

nogl(x, y) =neHx +ngy +nig)y?

- 3
+ n(g§1)<2> + n(gzz)(xy + <2>) + n(gf)(xy + <2 )) + Uay?.

Applying Lemma 8.2 and the assumption || o g” llce[n] < cA, and choosing ¢y insuch a
way that ¢ > 01is sufficiently small, we deduce that there exists a positive integer g = O(1)

such that lgn(g;”)lr/z < AN~ for all pairs
(i, j) e {(1,1),(1,2),(1,3), (2, 1), (2,2), (2,3), (2, D}

We aim to show that 7 is trivial by showing that it vanishes on all of G. First, we
want to show that 5 vanishes on G‘z‘. Suppose that ang # 0, and define &1 : Go — R by

&1(h) = qn(hél’]’]’w). We claim that &, is a second-level character. To prove this, we
need to show that &> ; is a continuous group homomorphism, vanishes on G3, sends (I'2) to
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Z, and vanishes on [G1, G1]. The first statement follows from the fact that » is a continuous
group homomorphism, the second is true since G3 is trivial, and the third follows from
the fact that g € Z, n(FP) <Zand (1,1,1,1) € Z*. To see the last statement, we note
from v; - U1 = ¥1, formula (C.2) in [GT10], and the two-step nilpotence of G that for any
hy, by € Gy,

CRVASETIN AL
Since h?‘, h U1 are both elements of G , we have

£2.1(Th1, WyD) = n(Thy, K1) = n(@aY, ™)) =0,

implying that &> ; vanishes on [G1, G1]. Thus, &1 is a second-level character.
Performing a similar analysis while looking at the coefficients of (3), xy + (), xy* +

(y; ) and y2 respectively, we conclude that for all 1 < j < 4, the maps & ;(h2) = qn(hgj )
from G, to R are second-level characters. The non-triviality of 7 on G‘z‘ and the fact that
U1, U2, 13 and U4 span P> = R* imply that for at least one value 1 < i < 4, the character
n does not vanish on Ggi. We fix this i. From [|&,;(gi)lIr/z = ||qn(g;)j)||R/Z < AN~
and the (A, N)-irrationality of go» we deduce that |&;| > A. Together with the bounds
g = O(1) and |v;| = O(1), this implies that || > ¢’ A for some constant ¢’ > 0. Choosing
¢y in such a way that ¢ < ¢’ gives the desired contradiction. Hence 1 vanishes on G‘z‘.
This leaves us with

nogf(x,y) = ng!MHx +n(g»y +n(gHy’.

By analysing the coefficients of x, y and y3 as above, we see that 7 vanishes on elements of
the form hlfi with &1 € Gy and 1 < i < 3. Thus, 5 vanishes on all of GP. This contradicts
the non-triviality of n, and so g© is (cpr A=M, N)-equidistributed on G/ T'P. O

We now prove Theorem 6.7 in full generality.

Proof of Theorem 6.7. Let Pe R[x, y]'*! be an integral polynomial progression, G,
be a filtration of degree s and g € poly(Z, G,). By (33), we can find a family {Q; ; :
1 <i<s, 1< j<¢} of linearly independent integral polynomials such that Q; 1, . . .,
Q;,;; is a basis for W; = W/ for 1 <i < s. Itis crucial that these polynomials are linearly
independent, which follows from homogeneity of P. For each i, let 7; : W; — P; be the
map associated with Q; 1, . . ., Q;, as defined in §4. We also let T)i,j € Z!*! be the vectors
such that 7;(Q; ;) = Vi ;.

As in the proof of Proposition 8.1, suppose that g¥ is not (cyy A~M, N)-equidistributed
on GP/T'? for some constants 0 < cp; < 1 < Cyp;. We apply Theorem 6.5 again to
conclude that there exists a non-trivial horizontal character  : G — R of modulus at
most cA satisfying || o gP||coo[N] < cA for some constant ¢ > 0 that depends on cy,
and Cys. The constant Cys is chosen in such a way as to match the exponents in case
(ii) of Theorem 6.5, but the choice of ¢y is up to us again. We shall pick it small
enough to show that the failure of gP to be (cyy A—CM, N )-equidistributed contradicts the
(A, N)-irrationality of g.
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Thus,

s fi D: s
nogle, ) =Y > n(g")0i;x .

i=1 j=1

Using Lemma 8.2 and the assumption |5 o g” llcoe[n] < cA, and choosing ¢y in such a
way that ¢ > 01is sufficiently small, we deduce that there exists a positive integer g = O (1)
such that ||qn(g;)i"i)||R/Z < AN foralll <i<sandl < j<y.

Our goal now is to show by downward induction on i that » vanishes on the group
Vij
P

for all i € N4. This is trivially true for i > s + 1. Suppose that  vanishes on H;1 for
some 1 < i < s but that it does not vanish on H;. We define the maps &; ; : G; — R by

& jhi) = n(qh:.)i’j ) and claim that they are ith-level characters. They are continuous group
homomorphisms because 7 is, and they vanish on G; 41 by the induction hypothesis. Since
q € Z and Bi’j have integer entries, we also have &; ;(I';) € Z. It remains to show that &; ;
vanishes on [G, G;j—;] forall 1 <[ < i. The fact that P; C P; - P;_; implies the existence
of i; € Py and i;—; € P;—; for which v; j = u; - u;—;, and so we have
[G}", G{"/1 =[Gy, Gi—y]"i~1 mod G'1],
from which it follows that §; ;|[G,,G;_,1 = 0. Therefore each &; ; is an ith-level character.
The non-triviality of n on H; and the fact that $; is spanned by the vectors v; 1, . . .,
Ui;; imply that for at least one value 1 < j <, the character n does not vanish on
G;", and so & ; is non-trivial. From |1& ;(g:)Ir;z = llgn(g; ")llr/z < AN~" and the
(A, N)-irrationality of g; we deduce that |; ;| > A. Together with the bounds ¢ = O(1)
and |V; j| = O(1), this implies that |n| > ¢’A for some constant ¢’ > 0. We choose ¢y
in such a way that ¢ < ¢’; this contradicts the non-triviality of 7 on H;. This proves the
inductive step; hence 7 vanishes on all of G, contradicting the non-triviality of 7. It
follows that g% is (cyy A~M, N)-equidistributed on G*/T'?. O

9. The failure of Theorem 6.7 in the inhomogeneous case
Having derived Theorem 6.7, we want to show why an analogous statement fails in the
inhomogeneous case. We let

P(x,y)=(x, x+y, x+2y, x+y?), (42)

with a square instead of a cube in the last position. It is an inhomogeneous progression
because of the inhomogeneous relation (10). Suppose that g € poly(Z, G,) is an irrational
polynomial sequence with g(0) = 1 on a connected group G with a filtration G, of degree
2. We shall try to show that g”" is equidistributed on G/ T'? the same way as we argued
in Proposition 8.1, and we indicate where and why the argument fails.

Once again, we let

u=0,1L1L1, %=(0,120), 93=(0,001) and vs=(0,0,1,0),

and we observe that P = Spang{v;, U3, U3} and P, = Spang{vy, V2, U3, U4}. Hence

https://doi.org/10.1017/etds.2021.171 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.171

1308 B. Kuca

GP = GGG Gg. Suppose that g” is not (cyy A=CM, N)-equidistributed on G¥/I"?
for some constants 0 < ¢y < 1 < Cp. Theorem 6.5 once again implies the existence
of a non-trivial horizontal character n : G — R of modulus at most cA, for which
lno gP||Coc[N] < cA for some constant ¢ > 0 that depends on cy; and Cyy.

Rewriting the expression for n o g¥’, we see that

nogl(x, y) =ngHx +ng)y +n(g>)y?

NG i y i (21 (V) s
+n(gy) ) +n(g2)<xy+<2 >+n(g2 Xy~ + 2>>+v4y

= n(gf‘)x + n(gfz)y + (n(gf3) + n(g§4))y2

N 2
+ n(gé")<2> + n(g22)<xy + <2)> + n(g23)(Xy + <2>>

Applying Lemma 8.2 and the assumption |5 o g” lceev] < cA, and choosing cp in
such a way that ¢ > 0 is sufficiently small, we deduce that there exists a positive integer
g = O(1) such that

lgn(g sz < AN (43)
for all pairs
(i, ) €{(1,1),(1,2),(2,1),(2,2),(2,3)}.
By looking at the coefficient of ( ) Xy + ( ) and xy? + ( ) we deduce that the maps
hy = qn(hy), an(hy), qn(hy))

are trivial second-level characters; the argument goes exactly the same way as in the proof
of Proposition 8.1. Thus, 1 vanishes on all elements of the form h;} 2 with hp € G, and

Wy € P, = Spang{vy, U, U3}.

By looking at the coefficients of x and y, we similarly show that 5 vanishes on all elements
of the form h{" with h; € G and

131 (S] Pll = SpanR{ﬁl, 1_52}
We are left with
nogh(x,y) =g + (g%

We would like to be able to say that n vanishes on all elements of the form hllz}1 and
hﬁj2 with h; € G; and w; € P;; this would imply that 7 is trivial. For this to be the case,
it would suffice to show that both n(g13) and n(g24) satisfy estimate (43), and then use
(A, N)-irrationality of g; and g> to conclude that the characters hy — gn(h, 3) and hy
qn(h, 4) are trivial. Alas, this need not be true. In Proposition 8.1, the number n(h %) was
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the coefficient of y> while n(h;’“) was the coefficient of y2, from which it followed that
they both satisfied (43). Now, however, all we can show is that

lg(n(g™) + n(gr)llg/z < AN~ (44)

because n(g1 3) + 7 (g24) is the coefficient of y But it need not follow that either of 77(81 )
and n(g24) satisfies (43); in particular, g¥ may take values in a proper rational subgroup
of GF.

We illustrate this with a specific example, akin to the example in [Kuc2lb, §11].
Suppose that G = G; = R?, G, = 0 x R, G3 = 0 x 0. The sequence g(n) = (an, b(3))
is adapted to the filtration G,, and it is irrational if and only if a and b are irrational. We
identify G* with R® via the map

G' > RS
((x1, y1), (x2, y2), (x3, ¥3), (x4, Y4)) > (X1, X2, X3, X4, Y1, Y2, Y3, Y4)-

Setting

Vg =¢€1+er+e3+es, Vp=ér+2e3, Vi3=ea,
Upl = €5+ 66+ e7+€3, U =¢€s+287, Uz=¢es, UV =e7,

we observe that G = Spang {11, V12, V13, V21, V22, 23, U024}

With these definitions, the coefficient of y? in g¥ becomes avi3 + by = aes +
be;. If a, b, 1 are rationally independent, then the closure of g© is the image of the
seven-dimensional subspace G* in (R/Z)%. If a and b are rationally dependent, then the
closure of g” is the image in (R/Z)® of the six-dimensional subspace

G = Spang{vy1, V12, av13 + bvyg, V21, V22, V23}.

Finally, if some rational linear combination of a and b is a rational number ¢/r in its
lowest terms with » > 1, then the closure of g% is a union of at most r translates of a
six-dimensional subtorus of G* / '?. For instance, if a = V2 and b = /2 + %, then we
define

G = Spang{¥11, V12, V13 + V24, V21, V22, V23}, (45)

and observe that the sequences gO gl ,g2 defined by 8 Px,y)=gP(x,3y+1i) are
equidistributed on G/T, v24 +G/T" and 1 v24 +G/T, respectlvely In particular, for
inhomogeneous progressions it is not true that the group G depends only on the filtration
G, and the progression P.

While annihilating the coefficients of o g, we were able to deal with the coefficients
of x and y as well as ()2‘), xy + ()2) and )cy2 + (y;), which span the spaces Wl’ and W2’,
respectively. The problematic coefficient was that of y2, belonging to the space W¢. We
have remarked below (34) in §4 that the non-triviality of the subspace W¢ prevents us from
running the same argument as in Proposition 8.1 and Theorem 6.7 for inhomogeneous
progressions; the problem with the coefficient of y? that we have encountered here
illustrates this point. The reader should see from here how to generalize the aforementioned
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example to other inhomogeneous progression; this generalized construction proves part (ii)
of Theorem 1.17.

10. Finding closure in the inhomogeneous case
Section 9 shows that we cannot always hope for the sequence g to equidistribute in
G?/T? for an inhomogeneous progression P. Here, we provide an inductive recipe
for finding the closure of g¥ in the case of ﬁ(x, y)=(x, x+vy, x+2y, x+y?). We
believe that this argument could be generalized to arbitrary inhomogeneous progressions;
while trying to do so, however, we have encountered significant technical issues of linear
algebraic nature that we have not been able to overcome.

Since the argument that we present here is already complicated enough, we prove it in
an infinitary setting so as to avoid confusion arising from various quantitative parameters.
In effect, we show the following proposition.

PROPOSITION 10.1. Let G be a connected group with filtration G4 of degree s, and
Ig(x, y)=(x, x+y, x+2y, x+y>). Suppose that g € poly(Z, G,) is irrational.
There exist a subgroup G <GP anda decomposition g¥' = gy, where g takes values in
G and is equidistributed on G /T whereas y is periodic. Moreover, the group G contains
the subgroup

K=" heGiy eP,1<i<s),
where
P = Spang{(1, 1, 1, 1), (0, 1, 2, 0)},
P, = Spang{(1, 1, 1, 1), (0, 1, 2, 0), (0, 0, 0, 1)},
P,=P,=---=R%
We will need the following lemma, which is similar in spirit to Lemma 8.2.

LEMMA 10.2. Let ay, ..., as be non-zero real numbers. Let Q1, ..., Qs € Q[x, y] be

linearly independent polynomials, and suppose that Q = a1 Q1 + - - - + a5 Q; takes values
inQ. Thena; € Qforalll <i <s.

Proof. Let by; be the coefficient of (7)(]) in Q;. Then
N X y
5 = b i .
O(x,y) kEl (;—1 a k11>(k><l>

¢ =arbgn + - - -+ agbys

The coefficient

of (z) (3) in Q is rational, which can be seen as follows: there exists an integer ¢ > 0 such
that ¢ QO € Z[x, y], and hence gcy; € Z by the classical fact that each integral polynomial
is an integral linear combination of the Taylor monomials (’]z) (“lv) Indexing the pairs
(k1,11), . .., (ky, l,) in some arbitrary fashion, we obtain a u x s matrix B = (bg,1,;)ri

as well as an s-dimensional column vector a = (a;); and a u-dimensional column vector
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¢ = (¢jjky)1 such that Ba = c. The linear independence of Q1, . .., O, implies that B has
full rank, and so there exist an invertible s X s submatrix B of B and an s-dimensional
column vector ¢ such that Ba = ¢. Since the entries of B are integers, the entries of
B~! are rational numbers. The equality a = B~!'¢ then implies that a; € Q for each
1<i <s. ]

Proof of Proposition 10.1. For eachi > 3, we find a basis {Q; 1, Qi2, Qi 3, Q;.a} for W;.
The absence of an inhomogeneous algebraic relation of degree 3 or higher implies that

N N
Z Wi = @ Wi,
i=3 i=3

from which it follows that the set {Q;j : 3 <i <'s, 1 < j <4} is linearly independent.
For3 <i<sand1<j <4, welet T)i,j = 1;(Qi,;). We also set

1= (1,11, 92=(0,1,20), v3=(0,0,0,1) and 4= (0,0,1,0).

We want to find a subgroup G of G on which we can guarantee equidistribution.
Starting with

HO = (0¥, b . hy € G1, hy € Ga),
we inductively define a chain of subgroups
HD > Hg® > g® > ..
as well as groups G® = (K, H®) and T® =" N G®. We note that GV = G,

L2 L2
We also inductively define sequences g and h® | starting with AV (y) = gfﬁ gg“y

and g = gP If g® is equidistributed in G®/T'® | then we terminate the procedure.
Otherwise Theorem 2.5 implies the existence of a non-trivial horizontal character n® :
G® — R that vanishes on all of G® except H®, and for which n® o g® = 5® o p*)
takes values in Z. We then take G*+1 =ker n® and H**+D = ker n® |44, and we
factorize h® = p*+1)y &+ ysing an infinitary version of [GT12, Proposition 9.2], where
n*t1 o K&+ = 0 and y **1 is periodic. We define

g M (x, y) = g®x, )y TV )t

and observe that
g*tV(x, y)

. ! 2 s 4
B1x+0 U1 (3)+02(xy+ N+ (xy?+(5 ) Ui j Qi
= gD (1) QTR CIHRO G TT T 08 o (61, G,
i=3 j=1
The sequence g**1 takes values in G*+1. We also write
AL (y) = a(k)(y)v“b(k) ()%,

o)

i ’

with a® being G,-valued and b® being G -valued. Letting a® (y) = [[i.;a

and similarly for 5®, we claim that aék) and b;k) are irrational elements of G, and G
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respectively with regard to the filtration G, on G. Finally, we claim that
H® = Gg“ mod G]D3 and H® = G'lj'2 mod Gg“.

First, we observe that all these properties hold at k = 1. We assume that they hold for
some k > 1, from which we aim to deduce that they also hold at the (k + 1)th level.

If g® is equidistributed in G®/T'® | then we are done. Otherwise there exists a
non-trivial horizontal character n® : G® — R for which n® o g® is Z-valued. We
have

n® 0 g®(x,y) = n®(g]Hx + 1P gy + P 1P (y)

®) (i (¥ ®) (02 y W, o2 (Y
+n(gy) ) +27 (g ) xy + ) +n (g )| xy” + )

k4
+ 0 10" 0i,(x, ).
i=3 j=1
By looking at the coefficients of Q; ; for 3 <i < s, applying Lemma 10.2, and following
the same methﬁod as in the proof of Theorem 6.7, we see that n(k) vanishes on elements
of the form h?i’j for hj e Gi,3<i<sand 1 < j <4, and so n(k) vanishes on all of
G3 x G3 x G3 x G3. This leaves us with

1% 0 g®(x,y) = n®(g)Hx + 1P gy + P 1P ()

®) (i (X ®) 0> y W, o2 (¥
+n(gy) ) +2n (g ) xy + ) +n7 (g ) Xy + ) ))

We now carry on. By looking at the coefficient of (}) and xy + (3), we see that n® (gzal)
and n® (gzﬁz) are both integers, and so 7® vanishes on all elements of the form hg' and
hgz with i € G,. By looking at the coefficients of x and y, we can similarly show that n®
vanishes on all elements of the form hf‘ and hlfz with h; € G1. We are thus left with

2
U y
n®og® ey = 0RO +n® (g§3)(xy2 + (2 ))

We first deal with the last term. Since H®) = G? mod Gg3, we have [H®, H®] =
[G?*‘, G%] mod th_ Using the fact that n® vanishes on both G;‘ and [H®, H®, we
deduce that it also vanishes on [G%, G?]. Hence the function &3 : G, — R given by
&3(h) = n® (h'73) is a second-level character. By irrationality of g, it follows that & 3 is
trivial, and so n® vanishes on Gg3. We have thus proved that n®) vanishes on all of G*
except H® | and consequently that n® o g® = n® o p®

We now show that

H*D = G} mod G} (46)
Suppose not; let U be a proper rational subgroup of Gg“ such that

H*D — 7 mod G?*’.
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Then
H*D <GP nH® < HP,

We know from the rank-nullity theorem that dim H *k+D = dim H® — 1, and we have
H® = Gv4 mod G from the inductive hypothesis. These two facts, together with the

assumption that U is a proper rational subgroup of Géo 010 imply that H®HD = U G? N
H® Tt follows that

b6 g®(x, y) = n®@® ™) + n®B® (1)) = n®@® (y)™).

We have already shown that n®) vanishes on G%. From the fact that a®(y) =
I, a(k)( ) with aPe G;, we deduce that n® (@® (y)™) = n® @*)y + y® (aék))(ﬁ).

The map & 4(hy) = n® (hg“) is a continuous group homomorphism on G, that vanishes
on G3 and sends I'; to Z. Since v4 = (U - V2 — ;) /2, we also have

Era(Th1, D) = In® %, w21 — Ln® (1517,

forany A1, h’l € G1, and so & 4 vanishes on [G, G1]. Thus & 4 is a second-level character

on G, with respect to the filtration G, on G, and since a( ) is an irrational element of Gao

with respect to this filtration, it follows that n(k) is trivial, a contradiction; hence (46) holds.
The argument that

HED — G”3 mod G, s

is similar.

Finally, we factorize h® = h*+Dy*+D “where  *+1 is periodic and h**D takes
values in H* D = ker **+1_ It remains to show that a(k+1) and b(k+1) are irrational
elements of G, and G| with respect to the filtration G, on G. We observe that

a® = gD D g ) D), D)

Ya Yb
for some periodic sequences y, and y}, taking values in G, and G, respectively. Suppose
that £ : G — R is a second-level character with respect to the filtration G,, for which

& (aék'H)) € Z. The sequence y(k+1) is periodic, hence £ o ya(kH) is @Q@-valued, and so it

follows that & (a, )) € Q as well. Therefore there exists an integer / > 0 such that /& (a, (k)
7. Since &' :=[ - £ is also a second-level character, it follows from the irrationality of a2

that &’ is trivial. This implies that & is trivial as well, and hence aékﬂ)

is irrational. The
argument showing that bgkﬂ) is irrational is identical.

We have thus shown inductively that g®, h®, G® and H® satisfy all the properties
we want them to satisfy for all k > 1. Since 0 < dim G**D < dim G®, the procedure
eventually terminates, at which point the sequence g® takes values in G® and is
equidistributed on G® /%) Letting G = G™ for this value of k and y=y® . pD,
and observing that a product of periodic sequences is periodic, we finish the proof. O
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11. The equivalence of Weyl and algebraic complexity

While we are not able to show that Host—Kra and true complexities equal algebraic
complexity for inhomogeneous progression, we can show the equivalence of Weyl and
algebraic complexities for all integral progressions.

Definition 11.1. (Weyl system) A Weyl system is an ergodic system (X, X, u, T'), where
X is a compact abelian Lie group and T is a unipotent affine transformation on X, that
is, Tx = ¢(x) + a for a € X and an automorphism ¢ of X satisfying (¢ — Idx)* = O for
some s € Ny.

We recall that an integral polynomial progression Pe R[x, y]'*! has Weyl complexity
sat 0 < i <t if sis the smallest natural number for which the factor Z; is characteristic
for the weak convergence of P ati for any Weyl system.

Every disconnected Weyl system can be written as a finite union of isomorphic tori that
are cyclically permuted by the transformation 7, much the same way as each disconnected
nilsystem is a union of connected nilsystems (cf. Proposition 2.2 and the remark below
[BLLO7, Theorem 3.5]). Therefore we can restrict our attention to connected Weyl
systems. These can in turn be reduced to standard Weyl systems, which are totally ergodic
by Proposition 2.2. Throughout this section we let T = R/Z.

Definition 11.2. (Standard Weyl system of order s) Lets € Ny and X = T°. A standard
Weyl system of order s is a system (X, X, u, T'), where X is the Borel o -algebra on X, u is
the Lebesgue measure, and

T(ai,...,as) = (a1 +ag,a2+ai,...,as +as—1)
for some irrational ay.

PrOPOSITION 11.3. [FKO05, Lemma 4.1] Each connected Weyl system is a factor of a
product of several standard Weyl systems.

Determining Weyl complexity therefore amounts to analysing standard Weyl systems.
Since each standard Weyl system is totally ergodic, we immediately deduce the following
proposition.

PROPOSITION 11.4. Let t € N and Pe R[x, yI'T! be an integral polynomial progres-
sion. Then W;(P) < HK;(P) forall0 <i < t.

We now fix a standard Weyl system (X, X, u, T) of order s with some irrational ay.

Then
n n n
T"(a1,...,as) =\ a1 +nap, ar + nay + 5 aog, . ..,as +nag_1+-- -+ Lt
n
=gotgin+---+gs . ) A7)
where g; = (a1—j,...,as—j) and a_p =0 for k> 0. For almost all points a =
(ai,...,as) € R%, the numbers 1, a, . .., as are rationally independent, and we fix a

point a € R* for which this is the case. The sequence g(n) = T"a is adapted to the
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filtration G; = {0}~ ! x R*"H for 1 <i<sand G; =0 fori >s on G = Gy = R,
and it is irrational due to the irrationality of ag. Since the Z; factor of X consists
of all the functions whose values depend only on the first i coordinates, we have
Zi =G/GipI' =T x {0}, where I = Z°.

What we therefore aim to show is the following proposition.

PROPOSITION 11.5. Lett € N4, (X, X, u, T) be a standard Weyl system of order s and
Pe Rix, yI'*! be an integral polynomial progression. Fix 0 <i <t and suppose that
ﬂi(ﬁ) = s'. Then the image of the group {0} x Gy X {0V~ is contained in the closure
of g¥ inside (G/T")'*1.

If Pe R[x, y]'*! is a homogeneous progression, then the sequence g’ is equidis-
tributed in G”/ T'? by Theorem 5.3, and Proposition 11.5 follows immediately; we want to
say something about the closure of g” in the general case. We fix an integral progression
P for the rest of this section. For each 1 <i < s, we pick linearly independent integral
polynomials Q; 1, . . ., Q,»Jl_/ that form a basis for Wi’. We also let {R, ..., R,} be abasis
for W€ consisting of integral polynomials. Thus,

- tt.’ r
P - .
<i) = Z vi,j Qi+ Z wi,j R
j=1 j=1
for some vectors v; j, W;,;j € Z!*1, which follows from (34). Consequently,
s 1] r s
gP:gOI+ZgiZai,jQi,j+Z(ZgiJ}i,j>Rj~ (48)

i=l  j=I j=1 \i=1

We should explain the notation used in (48). For h € G and v € R’ +1 we inter-
pret hv as the element of (R*)'*! of the form (hv(0),. .., hv(t)), where hv(i) =

(h1v(@i), ..., hsv(i)) is an element of R® for each h = (h1,...,hs;) € R® and ¥ =
(v(0), ..., v(t)). Thus, hv is the same as what we previously called #¥. We use the
additive notation AU now since we are working in an abelian setting. We also denote
1=(,...,1.

We let A; j = Spang{g;v; j} and B; = Spang{} ;_, gw;,;}, and we denote the closure
of their images in (G/T')'*! by A;, j and B j» respectively. From the rational independence
of a; and the rationality of the entries of v; ; and w;, j» we deduce that non-zero entries of
givi,j and ) ;_, giw; ; are irrational; therefore the sequences (x, y) > g;U; j Qi j(x, )
and (x,y) = Y i_; Wi R;(x,y) are equidistributed on A; ; and B, respectively. The
linear independence of Q; ;, R; then implies the following proposition.

PROPOSITION 11.6. The closure of g¥ is the image ofgoi + G inside (G/T)' !, where

st r
G=ZZA,',]'+ZB]'.
=1

i=1 j=1
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In particular, the group G contains

t/

s L
K = Z Z Ajj= SpanR{h,-T),-,j thieGi, 1 <i<s, 1<
i=1 j=1

N

/
t}.

We observe that K = G = G* whenever P is homogeneous.

COROLLARY 11.7. Fix 0 <i <t and let ﬂi(ﬁ) < 5. For k < s, we have {O}i x G X
{0y~ < K ifand only ifk > A; (P).

Proof. Foreach 1 <k <s, we let P = Spang{vk,1, ..., T’k,t,g}- Thus
K = SpanR{hkﬁk 1<k <s, hy € Gy, iy € P;C},

and so for k < s we have the inclusion {0}’ x G x {0}'~" < K if and only if the vector
¢; with 1 in the ith position and 0 elsewhere is contained in #;. The statement ¢; € P} is
equivalent to the inclusion (XHZ" o )) € W,. This is in turn equivalent to the statement that
there are no algebraic relations of the form (8) with deg Q; = k, which is precisely the
condition that k > A; (P). O

COROLLARY 11.8. Let t € Ny and Pe Rlx, yI'*! be an integral polynomial progres-
sion. Then W;(P) < A;(P) foreach 0 < i < t.

We finish this section by showing the converse.

PROPOSITION 11.9. Let t € Ny and Pe Rlx, yI'*! be an integral polynomial pro-
gression for which ﬂi(ﬁ) = s for some 0 < i < t. Then for any standard Weyl system
(X, X, u, T) of order s there exist smooth functions fy, . .., fi : X = C such that E(f; |
Zs—1) = 0 but the expression (35) is 1. In particular, W,-(ﬁ) > 5.

Before we prove Proposition 11.9, we define 0 Q(x) = Q(x + 1) — Q(x) for Q € R[x].
From the identity 3(}) = (*}') — (}) = (,*,) e deduce that

s(anta(}) e ra(f))=ara(]) o ral,)

Proof of Proposition 11.9. Let T be as in (47) for some irrational ap. From A; (}5) =y it
follows that P satisfies an algebraic relation (8) with deg Q; = s. For each 0 < k < ¢, we
let Qi (u) = bru + - - - + by (). We define & (u) = e(au) for some irrational o, and we
let

filar, ... as) =&Ebar + - - -+ brsay).
Thus, we have

Fo(T*H W gy = E£(ag Qr(x + Pe(y)) + a1d Ok (x + Pi(y))
4 agd Qx4 Pe(y))),
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and so

t

N t
[] i@ +A0a) = s( Y aid) Y Onlx + Pk<y>)> =1

i=0 j=0 k=0

On the other hand, we have

|E(ﬁ|Zs—l)(al,-~~,as)|: ‘/ﬂ‘fi(al,---sas) day =0

= ' / E(bi,sas) dag
T

for almost every a. O

12. The proof of Theorem 1.16

We conclude this paper with the proof of Theorem 1.16. Throughout this section, we let
t € Ny and P € R[x, y]"*! be an integral progression of algebraic complexity at most 1.
Wealsolet Q1, . .., O be integral polynomials as in the statement of Theorem 1.16. Thus,
Pi=3;a;jQ;and Q; =3, a/;P; for a;j,aj; € Z. The second part of the theorem
follows from the first part and the Furstenberg correspondence principle. We therefore
proceed to prove part (i), followed by part (iii). Our argument for part (i) follows closely
the proof of [Fra08, Theorem C].

Proof of Theorem 1.16(i). We first prove part (i) of Theorem 1.16 in the totally ergodic
case. Suppose that (X, X, u, T) is a totally ergodic system with the Kronecker factor
(Z1,Z1, v, S). The space Z; can be assumed to be a connected compact abelian group
with an ergodic translation Sx = x + b. For each § > 0, let Bs be the §-neighbourhood of
the identity in Z1, and let

Bs={neN:Qinb,...,0rn)b e Bs).
It follows from the ergodicity of S and linear independence of Q1, . . ., Oy that

i |Bs N [M, N)|
m _—

=v(Bs)k >0
N—M—oc0 N-—-M (Bs)

for any 8 > 0. In particular, Bs is syndetic for any § > 0, otherwise we would have
lim infy —p— oo (IBs N [M, N)|/(N — M)) = 0.
We aim to show that for any A € X with u(A) > 0 and any € > 0, we have

lim E wANTH®An...AaTPMA)y > Ayt —¢ (49)
N=M—00,,c g:n[M,N)

for all sufficiently small § > 0. This implies part (i) of Theorem 1.16 as follows: if there is
a sequence Ky of intervals in N of length converging to infinity, with the property that

wANTP®AN...ATPE®A)Y < AT — ¢ (50)

for all n € | Jycy Kn, then the sets Ky = Ky N Bs are non-empty for all sufficiently
large N due to the syndecticity of Bs (in fact, their cardinalities also converge to infinity).
Since (50) holds for all n € |y Kn, inequality (49) fails, leading to a contradiction.
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We first show that if E(f; | Z1) = 0, then

13
N—ll{/lnlmo ne[E,N) 11?5 (n) ll] TPI(n)fi =0 1
in L? for any fi,..., f; € L%(u). From the measurability of Bjs it follows that we
can approximate 1 Bs (n) = ]_[f?=1 15,(Q;(n)b) arbitrarily well by linear combinations of
]_[f-‘:1 & (Qi(n)b) for some characters &1, ..., & on Zj. Using the fact that each Q;
is an integral linear combination of Pi, ..., P;, we can rewrite ]_[f-;l E(Qi(n)b) =
]_[f:l §i(P,- (n)b) for some characters 51, ce é‘,.

In effect, it suffices to show that

t

t
lim ]_[ (Pimb) [ [ T7™ fi = 0. (52)

N—M—o0 ne[MN) - i

We can rephrase the limit in (52) as

o Jim H E(-y) H RED (f;(0)E& (), (53)
ne[M
where R =T x S. Let (R;); be the ergodic components of R and (f; ® &)(x,y) =
fi()E&i (y); then E(f; ® & | Z1(Ry)) = 0 whenever E(f; | Z1(T)) = 0 for almost every
t. It thus follows from Corollary 1.13 that if E(f; | Z1) = O for some i, then the limit in
(53) is 0, which proves the claim.
We therefore deduce that

lim / HTP(")IA du

N—-M— o0 neBm[M N)

t

= lim E / []s%™iadv
N=M=00 neBsn[M,N) /21 ;_
'
—  lim E / 1_[ SZ/' aiij(l’l)iA dv, (54)
N—M—> o0 neégﬁ[M,N) Z i=0

where 14 =E(14 | Z1). Due to the ergodicity of S and the linear independence of
01, ..., Ok, the limit in (54) equals

1 ro. ’
V(B /Bg/zlglA H;a’”" dv(x) dvi(y). (55)

In the limit § — 0, the expression in (55) converges to /. 7 (14)"*1; hence for every € > 0
and sufficiently small § > 0, we have

1 t 1 REEYIN k 1 1+1
V(Bs)k /Bg /21 il:([)lA x+%:auy/ dv(x) dv(y) >/ZI(1A) —e. (56)

Using the Holder inequality, we obtain that le(TA)’“ > ([, 1) = pu(A)*!, which
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implies (49). This finishes the totally ergodic case; the derivation of the ergodic case
from the totally ergodic case proceeds in the same way as in the proof of [Fra(8,
Theorem C]. O]

We now proceed to the proof of part (iii) of Theorem 1.16. The argument can be seen as
a finitary version of the argument above, with all the necessary modifications coming from
working in the finitary setting. It follows the proof of the three-term arithmetic progression
case in [GT10, Theorem 1.12].

Proof of Theorem 1.16(iii). Letw, € > 0, and suppose that A C Z/NZ has size |A| > aN
for a prime N > Ny(«, €). Let ¥ : Ry — R, be a growth function to be specified later.
By [CS12, Theorem 5.1], the irrational and periodic version of the celebrated arithmetic
regularity lemma of Green and Tao [GT10, Theorem 1.2], there exist a positive number
M = O¢ #(1) and a decomposition

Ia = fnil + fsml + funf (57)

into 1-bounded functions such that:

(1)  fain = F(g(n)T') is an F(M)-irrational, N-periodic nilsequence of degree 1 and

complexity M;

(i) | fomll1 < €
(i) [l funtllg2 < 1/F(M).
Moreover, fyi takes values in [0, 1]. Unpacking the definition of fj, we see that F :
(R/Z)™ — [0, 1] is M-Lipschitz, 1 < m < M, and g(n) = bn for some F(M )-irrational
element b € (1/N)Z/Z)™.

Our strategy is as follows. We shall define a weight (i : Z/N7Z — R>( which satisfies

E fi(y) =1+ O(e) (58)
YEZ/NZ
and
t
E i []1at+ P() =o't = 0ce). (59)
x,yEZ/NZ i=0

Using the pigeonhole principle and (58), it can be deduced from (59) that for Qg (N)
values of y, we have
1

E J]1at+ P =o't =0,
xeZ/NZ;

which proves part (iii) of Theorem 1.16.
We shall prove (59) by splitting each 14 using (57) and showing that terms involving
fsml O funf have contributions at most O (¢€), while the term

t
E o) [ il + Pi(y) (60)
i=0

x,yeZ/NZ

has size at least o't — O(e). Showing that the terms involving fim or funs make
negligible contributions to (59) is akin to showing (51) for all functions with
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E(fi | Z1) = 0 in the proof of part (i) of Theorem 1.16. In doing so, we shall use the
idea that while we fix € > 0, we have control over how fast we choose ¥ to grow; and we
choose it to grow fast enough depending on « and € to ensure that all the estimates work.
Let§ > 0 be fixed later. We define i : (R/Z)™ — R, to be a non-negative, 1-bounded,
O (8~ 1)-Lipschitz function that is 1 on [—}3, 181" and 0 outside [—$5, $81™. We let
c= f(]R/Z)'" Yr; thus (%8)’" < ¢ < 8. Wethen let u(y) = ¥ (by)/c. Since b can be picked
without the loss of generality from [0, 1]™, the function j is Oy (8~ M~1)-Lipschitz.
Welet ii(y) = u(Q1(y)) ... n(Qr(y)). It is a weight that picks out all the values y for
which Q1(y)b, . . ., Qk(y)b are close to being an integer, and it plays a similar role to the
function 13 in the proof of part (i) of Theorem 1.16, except that it is constructed using a
Lipschitz function rather than an indicator function. To show (58), we observe that

_ 1 L
E _iW=-= E [[v®oio). (61)
yeZ/NZ ¢* yelNl iy
Using the F(M)-irrationality of g, linear independence of Qp, ..., Q as well as

Theorem 2.5, we deduce that (61) equals

k
Cik(( / w) + oM(a—lﬂM)—CM)) =14 Oy M2F )=o)
for some cpy > 0. The estimate (58) follows from choosing ¥ growing fast enough
depending on § and picking § = ¢/, € for an appropriately chosen ¢}, > 0.

We decompose each 14 in (59) using (57) and split (59) into 3’ terms accordingly using
multilinearity. We first estimate (60), and subsequently we bound the contributions of fgn
and funf-

Taking ¥ growing fast enough, we assume that || funflly2 < €, and thus |Eyez/nz
Sunf )| = || funellg1 < |l funtll g2 < €. From the Holder inequality and the bound on the
L! norm of fsm1, we obtain a bound |Eycz/n7 fsmi| < €. From these bounds and (57) we
deduce that Eycz/n7 fail(x) > a — 2e.

We observe that by M-Lipschitzness of F and the definitions of w, it and Q;, we
have f(x + P;(y)) = f(x + 32, a;; Q;(») = f(x) + Om(8) = f(x) + O () whenever
a(y) > 0. It follows from this that

t
~ N. — t+1 ~
E () ];[) flx+ ; aij Q; () ( E FOOT 4 0(e>) s ().

(62)

Using the estimate for (58) and the Holder inequality, we deduce that (62) is bounded from
below by

t+1
( E fnil(x)) —0(e) = o' — 0¢(e),

x€Z/NZ

where the last inequality follows from the Holder inequality.
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We now bound terms involving fsmi. Suppose without loss of generality that fgny is in
the i = O position, and let f1, ..., f; € {fnil, fsml> funf}- Then

t
E () fsm(x) 1_[ filx + Pi(y))‘ Slfamlli E  py) <e,  (63)
Xx,YEZ/NZ e YEZ/NZ

where the first inequality follows from the Holder inequality, positivity of 4 and
1-boundedness of fi, ..., fi.

It remains to bound the contributions of fynr. Using a standard argument (see,
for example, the proof of [GT12, Proposition 3.1]), we want to approximate fyr by
a trigonometric polynomial, which allows us to essentially replace fy,r by additive
characters. Let K € N be fixed later. Since u is an Oy (e ~M)-Lipschitz function, there
exists a trigonometric polynomial ;1 : Z/NZ — Csuchthat || — p1llec <K e_cl(vll)K_C
for some 0 < ¢, Cl(l/ll)' Moreover, p1 has degree at most K M and its coefficients satisfy
17Tl < lllloo <nr €.

Let fo, ..., f; € {fail> fsml» funf}, With at least one of them being f,,r. We then bound
t k ‘
E 1 i(x + P; = E . (x + P
S B ]:!) fi( ,<y>>‘ ‘ K ]J 1(Qi () 11 fi l<y>>‘
<k max(llelloo 1 llso) ™ it — mtlloo
k t
+ I i i(x + P; .
v 11 (i () ];[) i ,(y»'
(64)

. @) .
The first term has size at most CI(V?)G_CM K¢ for some Cﬁ) > 0. The second term is
bounded by

k t
KMy oo' E i (Qi i(x + P ' 65
Izl yeZ/NZE“Q (y))gf(x ) (65)

for some characters & on Z/NZ. Since each Q; is an integral linear combination of the
P;, we can rewrite ]_[f-;] Qi) = H§=1 & (x + P;(y)). We let f; = f;&. Since each
& is a linear character, we have I filly2 = ||f,- [l for each i.

We recall from Theorem 1.11 that P has true complexity 1. Combining this fact with
(64), (65) and the bound || fiIIUz < 1/F(M) for some i, we deduce that there is some
decreasing function w : Ry — R, depending only on ﬁ, such that

t
~ _c@® _
E u(y)]"[ﬁ(xwi(y))‘ < Ce K=+ e MKMw(1/F(M)), (66)
yeZ/NZ 0

increasing the constant C 1(1,21) if necessary. We note that the existence of w is equivalent to

the statement that P is controlled by U? at i. We now show that we can choose K large
enough and ¥ growing fast enough so that the right-hand side of (66) is bounded by O (¢).
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For any given M, we find a constant CS) such that (C](VS,))C > Cl(é) and CCI(V3[) — C,(é) > 1.

©)
We then let Ky = ,(,?)e’CM , So that

2 —c 3 _~2
C[(é)e—CM KMC — C[(é)cl(‘j) GCCM Cy <e

Picking ¥ growing sufficiently fast depending on €, we can ensure that Cﬁ)E_M K 1{‘,1’1 w
(1/F(M)) < €. We thus set K = K, for the value of M induced by € and ¥, and so

t
E ﬁ(y)]"[ﬁ(xwi(y))‘ < 2e. 0
yeZ/NT i0
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