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Abstract

Let A be a complex unital Banach algebra, let a be an element in it and let 0 < € < 1. In this article,
we study the upper and lower hemicontinuity and joint continuity of the condition spectrum and its level
set maps in appropriate settings. We emphasize that the empty interior of the e-level set of a condition
spectrum at a given (€, a) plays a pivotal role in the continuity of the required maps at that point. Further,
uniform continuity of the condition spectrum map is obtained in the domain of normal matrices.
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1. Introduction

Let A be a complex Banach algebra with unity e and a € A. We identify 1 - e as A for
any A € C. The spectrum of a is defined as

o(a) = {1 € C: (a— A)is not invertible in A}.

It is well known that o-(a) is a compact subset of C. The complement of o-(a) is called
the resolvent set of a. Throughout this note, K(C) denotes the set of all compact
subsets of C equipped with the Hausdorff metric. If < and » are two elements in K(C),
then the Hausdorft distance between < and » is defined as

H(«,») = max{sup d(s,»),supd(t, 4)}, (1.1)

SEQ te>
where d(s,>) = inf{|s — u| : p € >} and d(¢t,<) = inf{|t — 4] : 1 € «}.
Consider the function

S : A — K(C) defined by S (a) = o(a).
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Investigating the continuity of S at given a € A is a long-standing problem in
mathematics (see [4]). Newburgh showed that S is continuous at all a € A if A is
commutative [9, Corollary of Theorem 4], and in the noncommutative case, if o(a)
is totally disconnected, then S is continuous at a [9, Theorem 3]. He proved that
S is upper semicontinuous [9, Theorem 1] in any Banach algebra A. In [4], it is
observed that if the Banach algebra is a finite-dimensional modulo radical, then S is
continuous. Kakutani provided an element T in the Banach algebra B({,) such that §
is not continuous at T (see [10, page 282]). For more details about the continuity of S
at a particular element, one can refer to the review article [4].

There are many generalized notions of the spectrum of an element, for example the
Ransford spectrum, the e-pseudospectrum (where € > 0) and the e-condition spectrum
(where € € (0, 1)).

For a € A and € > 0, the e-pseudospectrum (see [7, Definition 2.1]) is defined as

1
Ac(a) = {/l eC:la-07 "> Z}

with the convention that [[(a — 1)~!|| = oo if (a — A) is not invertible. By [7, Theorem
2.3], Ae(a) is a nonempty compact subset of C. Consider the following three set valued
maps. For a € A,

P, :R* — K(C) defined by P,(€) = A(a).

For e e R,
P : A — K(C) defined by P.(a) = Ac(a)

and
P :R* x A — K(C) defined by P(€, a) = A(a),

where R* = {x e R: x > 0} and R* X A is a metric space with respect to the metric

given by

d((e1,a1), (€, a2)) = llai — ax|| + | — €. (1.2)
It is natural to ask the question: ‘Are the above three maps continuous at a given
point?’.

For given € and a, the answer to these questions is closely related to the question

‘Does the set LP(a) = {/1 eC:la-D7 "= é} have empty interior?’.
Globevnik in [5] showed that the interior of LP.(a) is empty in the unbounded
component of the resolvent set, and if X is a complex uniformly convex Banach space
(see [11, Definition 2.4]) and T € B(X), then the interior of LP(T) is empty. In [11]
(Theorem 3.1), Shargorodsky proved that there exists an invertible bounded operator
T acting on a particular Banach space X such that the interior of LP.(T) is nonempty.
This example says that pseudospectra functions may have jump discontinuities.

The research article [7] discusses the continuity of the maps #,, P. and £ and
how this continuity is related to the interior property of LP.(a). For fixed a € A,
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Theorem 4.1 in [7] says that it is necessary and sufficient that the interior of LP.(a) is
empty for the continuity of #,. Theorem 4.3 in [7] proves that the maps P, and P are
continuous by assuming the continuity of $, for every a € A.

In this article, we consider the correspondence between two topological spaces. The
following is the definition of a correspondence.

Dermition 1.1 [1, Definition 17.1]. A correspondence ¢ from a set X to a set Y assigns
to each x in X a subset ¢(x) of Y. We write the correspondence ¢ between X and Y as
p:X»Y.

For € € (0,1) and a € A, the e-condition spectrum is defined by Kulkarni and
Sukumar in [8] as the following set.

DerintTION 1.2 [8, Definition 2.5].
I
o ={1eCl@- Dlla- 71> -}

with the convention that [[(a — )||||(a — )~!|| = o if (@ — A) is not invertible.

Further, for € € (0, 1], the e-level set of the condition spectrum of a € A is defined
in [13] as the following set.

DEeriniTioN 1.3 [13, Definition 1.3].
_ 1
Le(a) = {a €C:lla—Dllli@- )| = —}.

€

By [8, Theorem 2.7(4)], o<(a) is a nonempty compact subset of C. For € € (0, 1),
since L(a) is a closed subset of oc(a), L(a) is a compact subset of C (see [13, Note 2.2
and Proposition 2.7]). The following correspondences arise naturally from the above
definitions. For a € A,

C.: (0,1) » C defined by C,(€) = o<(a)

and
LC,:(0,1) » C defined by LC,(€) = Lc(a).

Foree (0,1),
Cc : A —-» C defined by Cc(a) = o(a)

and
LC¢ : A —» C defined by LCc(a) = Lc(a).
Finally,
C:(0,1) x A —» C defined by C(e, a) = o(a)
and

LC:(0,1) X A —-» C defined by LC(€,a) = L(a),

where (0, 1) X A is a metric space in which the metric is defined as in Equation (1.2).
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The main aim of this article is to study the continuity of the correspondences defined
above.

In this note, it is observed that the emptiness of the interior of level set L.(a) at
given € and a plays an important role in the continuity of the above correspondences.

Section 2 of this paper has the basic definitions and related results which are used
in the subsequent sections. Section 3 deals with the continuity of the correspondences
C,,Cc and C. In general, it is shown that the correspondences C, and C. are upper
hemicontinuous (Theorems 3.1 and 3.4). Further, we observe that emptiness of the
interior of L¢(a) at given € and a turns out to be a necessary and sufficient condition for
the lower hemicontinuity of C, (Theorem 3.5). By assuming that C, is continuous, we
conclude that C, and C are continuous (Theorem 3.12). By proving a characterization
for normal matrices in terms of the e-condition spectrum (Theorem 3.18), it is found
that C; is uniformly continuous on the set of normal matrices (Theorem 3.19).

Section 4 is devoted to the continuity property of £C,, LC. and LC. We will
see that continuity of these correspondences relies entirely on the continuity of the
correspondences C,,C. and C. In general, LC,, LC. are upper hemicontinuous
(Theorem 4.3) but not lower hemicontinuous. An example is given to show that £C,
and LC. are not lower hemicontinuous (Example 4.4). If the interior of L.(a) is empty
at a and €, then we prove that the correspondence £LC is jointly upper hemicontinuous
(Theorem 4.5).

In the rest of the paper, B(a,r) denotes the open ball in the complex plane with
center a and radius r > 0 and B(a, r) denotes the closure of B(a, r). We denote the set
of all nonscalar elements in a Banach algebra A by A\ Ce.

2. Basic definitions and results

In this section, we present some basic definitions and results which are necessary
for the main results of this paper given in subsequent sections. Since this section
contains well established results, the reader who is familiar with the concepts of upper
and lower hemicontinuity of a correspondence, the maximum modulus theorem for
vector valued maps and condition spectra can omit it.

2.1. Hemicontinuity and its properties.

Dermnition 2.1 [ 1, page 558]. Let X be a topological space. A neighborhood of a subset
A of X is any subset B for which there is an open subset V satisfying A € V C B.

In this note, we prove the continuity of condition spectra and level sets using upper
and lower hemicontinuous concepts. The book [1] has a detailed study about the
continuity of a correspondence.

Derinition 2.2 [1, Definition 17.2]. A correspondence ¢ : X - Y between topological
spaces is:

(1) upper hemicontinuous at the point x € X if, for every neighborhood U of ¢(x),
there is a neighborhood V of x such that z € V implies that ¢(z) C U;
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(2) lower hemicontinuous at x € X if, for every open set U with U N ¢(x) # 0, there
is a neighborhood V of x such that z € V implies that ¢(z) N U # 0; and
(3) continuous at x € X if it is both upper and lower hemicontinuous at x.

The following is a characterization for the upper and lower hemicontinuity of a
correspondence at a point using its graph.

DermniTion 2.3 [1, Definition 17.9]. A correspondence ¢ : X - Y between two
topological spaces is closed or has closed graph, if its graph

Gré ={(x,y) XX Y :y€d(x)}
is a closed subset of X X Y.

TueorEm 2.4 [1, Theorem 17.20]. Assume that the topological space X is first
countable and that Y is metrizable. Then, for a correspondence ¢ : X - Y and a
point x € X, the following statements are equivalent.

(1)  The correspondence ¢ is upper hemicontinuous at x and ¢(x) is compact.
(2) If a sequence {(x,,y,)} in the graph of ¢ satisfies x,, — x, then the sequence {y,}
has a limit point in ¢(x).

TueoreEm 2.5 [1, Theorem 17.21]. Assume that the topological space X is first
countable and that Y is metrizable. Then, for a correspondence ¢ : X - Y and a
point x € X, the following statements are equivalent.

(1)  The correspondence ¢ is lower hemicontinuous at x.
(2)  Ifx, — x, then, fory € ¢(x), there exists a subsequence {x,, } of {x,} and elements
Yk € ¢(xy,,) for each k such that y, — y.

Excluding the extreme case € = 1, the level sets are subsets of the condition
spectrum. Hence, in order to analyze the continuity of the level set of the condition
spectrum correspondences, we use the subcorrespondence notion.

DeriniTioN 2.6 [1, page 564]. Let ¢, : X - Y be correspondences between the
topological spaces X and Y. If y(x) C ¢(x) for each x € X, then we say that ¢ is a
subcorrespondence of ¢.

Theorem 2.7 explains that with some extra presumption the upper hemicontinuity
of the subcorrespondence will be inherited from the upper hemicontinuity of the
correspondence.

TueorEm 2.7 [1, Corollary 17.18]. Let ¢, : X -» Y be correspondences between
the topological spaces X and Y such that ¢ is compact valued and  is a closed
subcorrespondence of ¢. If ¢ is upper hemicontinuous at x € X, then  is also upper
hemicontinuous at x.
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Here is a theorem which bridges the continuity of the compact-valued
correspondence between the topological spaces X and Y and the continuity of a
function from X to K(Y), where K(Y) denotes the space of nonempty compact subsets
of Y endowed with its Hausdorff metric topology (defined as in Equation (1.1)).

TueorREM 2.8 [1, Theorem 17.15]. Let ¢ : X - Y between topological spaces be a
nonempty compact-valued correspondence from a topological space into a metrizable
space. Then the function f : X — K(Y), defined by f(x) = ¢(x), is continuous at a € X
if and only if the correspondence ¢ is continuous at a € X.

In some parts of our work we concentrate on the limiting nature of the e-condition
spectrum sets as € — 1. The following is the definition of limit superior, limit inferior
and limit concepts involved in a sequence of sets.

DermviTion 2.9 [2, Definition 1.1.1]. Let (K,),en be a sequence of subsets of a metric
space X. We say that the subset

limsup K, == {x € X : liminf d(x, K,,) = O}

n—o0 n—oo

is the upper limit of the sequence K, and that the subset

liminf K, := {x €X: lim d(x.K,) = o}

n—oo n—oo

is its lower limit. A subset K is said to be the limit or the set limit of the sequence K,
if
K =limsup K,, = liminf K,, =: lim K,,.

n—oo n—oo n—00
Note 2.10 [2, page 18]. It is clear from the definition that

liminf K, C lim sup K,,.

n—oo n—oo

Note 2.11 [2, page 18]. If the sequence {K,} is decreasing, then lim,_, K}, exists and

lim K, = ( )| K,,

n—-oo
n>0
where K,, denotes the closure of K,,.

2.2. Basic results. We now list some lemmas and a theorem from Banach algebra
and the vector valued maximum modulus principle, which will be applied frequently
in the following sections.

Lemma 2.12 [9, Lemma 5]. Let b € A. Consider the sequence {b,} in A such that each
b, is invertible and there exists a positive number M such that ||b,_ll || < M for all n. If
b, — b, then b is invertible.
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Lemma 2.13 [13, Lemma 4.1]. Let Qg be a connected open subset of C, let Q be an
open subset of Qy and let X be a complex Banach space. Fori=1,...,n, suppose we
have the following.

(1) ¢, : Qy — X are analytic vector valued maps.
) T Wl < M for all A € Q.

3) I, Il < M for some u € Q.

Then [T, (DIl < M for all A € Q.

TueoreMm 2.14 [8, Theorem 2.7(2)]. Leta € A. If0 < € < & < 1, then o, (a) C 0, (a).

THeEOREM 2.15 [8, Theorem 2.9]. Let € € (0, 1). If a € A, then

[

+ €

sup{|d] : 1 € oe(a)} < llall-

—_—

— €

3. Continuity of e-condition spectrum

This section contains the results on continuity and uniform continuity of the
condition spectrum. We start this section by recalling the upper hemicontinuity of
the correspondence C..

Trueorem 3.1 [8, Theorem 2.7(5)]. The correspondence Ce is upper hemicontinuous at
acA

Next, we establish a lemma about the graph of C which plays a crucial role in all
our results.

Lemma 3.2. The graph of the correspondence C is closed. Further, the
correspondences C. and C, are closed for fixed € € (0, 1) and fixed a € A.

Proor. Consider the sequence {(€,, a,), 4,} in Gr(C) and ((&, a), 1) € ((0, 1) X A) x C,
where ((0, 1) X A) x C is a metric space with the metric

d(((e1,a1), D), (&2, a2), ) = llar = az|| + |&1 — & + 1 = pl. (3.1)

Suppose ((€,, a,), 1,) = ((€y,a), ) asn — oo. Then €, = €,a, — a and 1, = 1 as
n — co. We need to prove that A € o (a). If 1 € o(a), then A € o (a). If 1 ¢ o(a), for
1/ll(@ — )71, there exists no € N such that

(@, — 4,) — (a— D] < for all n > ny.

_
la =]

Hence (a, — 1,) is invertible for n > ny. Consequently, there exists a subsequence
{an, — An} Of {a@, — A,} such that (a,, — A,)"' = (a— )" as k — co. Hence

_ 1
(@, = An) I (@n, = An) ™'l 2 —

611 k
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and

- _ 1 1
@, = ) = @ = D7 M, = )l = i@ =D, — = - ask— oo

Ny 0
We have A € o (a). If € = 0, then it is easy to see that 1 € o(a). If ¢y = 1 and (a — 1)
is invertible, then |la — A||||(@ — )~!|| > 1. In a similar fashion, we can prove that the
correspondences C. and C, are closed. O

The results about the upper, lower hemicontinuity and continuity of C, for fixed
a € A\ Ce at given € € (0, 1) begin from the forthcoming theorem. Before that, we
draw attention to the following note.

Note 3.3. The continuity of C for any scalar element a € A and € € (0, 1) follows from
Theorem 3.9. From this, the upper and lower hemicontinuity of C, and C, at a are also
assured. For this reason, we prove the continuity of C, only for nonscalar a € A.

TuEOREM 3.4. Let a € A\ Ce. If ) € (0, 1), then C, is upper hemicontinuous at €.

Proor. Let €, € (0, 1) and 4, € o, (a) such that €, — €. If there exists a subsequence
{nt} such that €,, < €, then A, € o (a). Since o¢,(a) is compact, A, has a limit point
A € o¢(a). By Theorem 2.4, C, is upper hemicontinuous at €.

Suppose there are only finitely many €, < €. Then there exists a decreasing
subsequence {¢,, } with €, > €. Fix n;; clearly, 4,, € 0'5,,1(“) for all n; > n;. Since
Te, (a) is compact, A, has a limit point 4 in Te,, (a). We prove that A € o (a). Itis
clear that the sequence {(€,,, 4,,)} from graph of C, and (¢, , 4,,) — (€, 1) as k — oco.
Since the graph of C, is closed (Lemma 3.2), we have (&, 2) € Gr(C,). This implies
that 1 € o (a). By Theorem 2.4, C, is upper hemicontinuous at &. O

Unlike the upper hemicontinuity, the lower hemicontinuity of C, for a € A and at
given € needs an extra assumption on the interior of L, (a).

TueorREM 3.5. Let a € A\ Ce. The correspondence C, is lower hemicontinuous at
€ € (0, 1) if and only if the interior of Le (a) is empty.

Proor. Assume that the interior of L¢ (a) is empty. Let V be a nonempty open subset
in C such that o (a) NV # 0. For any € > ¢, by Theorem 2.14, oc(a) NV # 0.

If there exists € € (0, 1) with € < g such that o.(a) NV # 0, then choose ¢ =
(€0 — €)/2. By Theorem 2.14, oc(a) NV # 0 for all € € (¢ — 0,  + &), which yields
the lower hemicontinuity of C,, at €.

Suppose that, for every € < ¢,

gla)NV =0. (3.2)

Now, forany u € o (@) NV,

1
forallm > —.

1 -
— < lla—plllia - <
€ €~ €
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This gives u € L (a). There exists r > 0 such that B(u, r) C V. By Equation (3.2),
1
lla—Allllt@a— )" < — forall A € Bu,r).
€
Since the interior of L (a) is empty, there exists Ao € B(u, r) such that
-1 1
lla — Aollli(a — 20)"Il < —.
€

Take Q = Qy = B(u, r) and apply Lemma 2.13 to the analytic vector valued maps ¢/, ¥
from Qg to A defined by (1) = (a — A) and ¥»(1) = (a — A)~'. This gives u ¢ L, (a),
which is a contradiction.

Conversely, we assume that C, is lower hemicontinuous at €. We prove that
the interior of L (a) is empty. Suppose that if the interior of L. (a) is nonempty,
then there exists u € Lg(a) and r > 0 such that B(u,r) € L (a) € o (a). Clearly,
B(u,r) N oe(a) =0 for all 0 < € < g. This is in contradiction to C, being lower
hemicontinuous at . O

THeOREM 3.6. Let a € A\ Ce. The correspondence C, is continuous at €y € (0, 1) if and
only if the interior of L¢,(a) is empty.

Proor. This is immediate from Theorems 3.4 and 3.5. |

CororLARY 3.7. Leta € A\ Ce. The map €, : (0, 1) — K(C), defined by €,(€) = oc(a),
is continuous at € € (0, 1) if and only if the interior of L (a) is empty.

Proor. This is immediate from Theorems 3.6 and 2.8. |

Remark 3.8. The central theme of [13] is to identify and classify the Banach algebras
A in which the interior of L.(a) is empty for any a € A and € € (0, 1). If A is a finite-
dimensional Banach algebra or A is a Banach algebra of continuous linear operators
defined on the Banach space X, where X or X*(dual space) is a complex uniformly
convex Banach space, then the interior of L.(a) is empty for € € (0, 1) and for all
a € A. Because of these facts, the correspondence C, is continuous in those Banach
algebras A, for elements a € A\ Ce.

TueoreEm 3.9. The function € : (0,1) X A — K(C), defined by C(e, b) = oe(b), is
continuous at (ey, 1) € (0, 1) X A, where A € C.

Proor. Consider a sequence {(€,, a,)}, where a,, € A and ¢, € (0, 1) such that (¢,, a,) —
(€9, 1) as n — oo. This implies that a, —» 1,6, > € as n — co. We claim that
¢ (ay) = 0e(d) as n — oo in the Hausdroff metric on K(C). We first prove this

https://doi.org/10.1017/51446788719000338 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788719000338

[10] Continuity of a condition spectrum and its level sets 421

theorem for A = 0. If A = 0, then o.(1) = {0} for all € € (0, 1). We observe that
H(oe,(an), 0e()) = H(o¢,(ay), {0})
=m4wpﬂmeMm%ww

A€o, (ay) uel0}

= max{ sup inf ||, sup inf |u — /1|}
A€0, (an) pel0} A€ a
= supflul : p € o, (an)}
+ €,

1
< 7 la,ll [by Theorem 2.15].
€

—&n

Since ||a,|| — 0 and the sequence {1 + ¢€,/1 — ¢,} is bounded,
H(O-e,, (@n),0(1) =0 asn— oo

Suppose A # 0. Then we consider the sequence, b, = a, — 4. By our assumption,
b, — 0, and by the above argument the proof of this theorem follows. O

CoroLLARY 3.10. Let A € C and € € (0,1). The correspondence C is continuous at
(€9, ) € (0,1) X A. Furthermore, C, is continuous at €.

Proor. This follows from Theorems 3.9 and 2.8. |

The next lemma presents an upper bound for the perturbed condition spectrum. This
lemma plays an essential role in proving the joint continuity of condition spectrum
correspondence. Proof of this lemma is similar to [7, proof of Theorem 2.3(7)].

LevmMma 3.11. Let a € A\ Ce with n = inf{||ju —al|: € C} and € € (0, 1). Let np € N
such that non > 2. If b € A such that ||b|| < min{(1 — €/ny), €n}, then

Te(@+b) C Tepnyp)(@).

Proor. If b = 0, then the result is immediate. Assume that b # 0. Suppose A ¢
T exnglp(@). Then |la — A l(a — A7 < 1/€e + n||b||. It follows that

1
(e + nolibllla — Al

By the definition of 7 and since ngn > 2, we observe that
@ +b—2) - (a— Dl = Ibll < nonllbll < (€ + nollblhn < (€ + nollbIDlla — All.
By Equation (3.3), |[(a + b — 1) — (a — || < 1/||(a — A)~'||. Hence, A ¢ o(a + b). Next

la+b-D"=@-DN=la+b-D"@-)-@+b-)a- 7|
< @ +b - IbllI@ = )7"I.

@ -7 < (3.3)

By Equation (3.3),

li@+b =)~
(e + noliblDlla — All”

la+b-2)"—(@-"<
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Now,

la+b-D7Nla+b-Dl=l@a+b-Dlll@a+b-D" —@-1"+@-7"|
ll(a+b— 17"l . ll(a+b -l

(e +nollblDlla = All -~ (e + nollbIDlla — All°

Moving the first part on the right-hand side of the inequality to the left and combining,
it follows that

<llta+b -l

_ llla+b- Dl
l@a+b=07"llla+b- Dl < . (3.4)
(€ + nollbIDlla — All = 11l
Hence
(€ + nollbIDlla — All = 116l = €lla — Al + nollbllla — Al = |5l
> €lla — Al + nonllbll = [1BIC- lla — Al = 7)
= €lla — Al + (non — DI|DI|
> €lla = Al + |IbIIC. non = 2)
> €lla—A|| + €|blIC. 1 > ¢€)
> €lla+b— A
Substituting this into Equation (3.4) implies that A ¢ o.(a + b). O

Now, our goal is to show that C and C. are continuous by assuming that C, is
continuous for every a € A. But here we demonstrate the proof of continuity of
¢ and € (which are defined in Theorem 3.12) by presuming that €, (defined in
Theorem 3.12) is continuous for all a € A. The main idea of the proof can be found in
[7, Theorem 4.3].

TuEOREM 3.12. Suppose that the function
€, : (0,1) = K(C) defined by €,(€) = oe(a)
is continuous at € for every a € A. Then the function
Ce, 1 A — K(C) defined by C (a) = o, (a)
is continuous at a with respect to the norm on A, and the function
C:(0,1)x A — K(C) defined by C(¢,a) = (a)
is continuous at (€, a) with respect to the metric defined by Equation (1.2).

Proor. Suppose a = A for some A € C. Then the conclusion follows from Theorem 3.9.
Assume that a € A\ Ce and ¢ € (0, 1). For r > 0, consider the open ball

B(og(a),r) ={D € K(C) : HD,o¢l(a)) <r}.

Since ¢, is continuous at ¢, there exists 6 € (0, 1) with g + 6 < 1 such that

Ta) € B(O'eo(a), %) for all € € (e — 6, & + ). (3.5)
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Take 7 := inf{||u — 4| : u € C}. Note that n > 0. For any
n n
beB(a,—)::{beﬂ: a-bll< —}
> lla = bl < 5

and A1 € C, ||b - || 2 /2. Hence infjecpq,mopiinf{llb — Al| : 1 € C}} 2 /2. Let ng € N
such that ny(n/2) > 2. Choose v € E such that v < min{ey/4ng, 6/4ng, 1 — €y/4ng, egn/4}.
We claim that if (¢, b) € B((&,a),v)) ={(e,b) € (0,1) X A : |la — b|| + |y — €| < v}, then
oe(b) € B(og(a), r). Let (¢€,b) € B((€, a),v)). We calculate H(o,(a), occ(b)). Take
¢ = b — a. We observe that

€ 1 )
e >—(1-—]>0 3.6
o —v=mlidlz F(1- 5 (3.6)
1- 1-
€ +v+nglcll < g + il + ng il <1 3.7
4]10 47’10
-vt+lcl<e+(e—g)=€e<1 (3.8)
and
e+]cll<e+v+(gg—€)<eg+v<l1. 3.9

By Equations (3.6) and (3.7), the sets 0 ¢,—y—n|icf|(@) and T ¢ +y+n|ic (@) are well defined.
Now,

T ep—v—nollc (@) = T ey—y—nolici(b — ¢)  [by assumption ¢ = b — a]

C 0g-v(D) [by Lemma 3.11]

C Tg—v+cl(D) [by Theorem 2.14]

Co(b) [by Equation (3.8) and by Theorem 2.14]
=0a+c) [by assumption ¢ = b — a]

C Ternglic(@) [by Lemma 3.11]

C T gq+vny|cll (@) [by Equation (3.9) and by Theorem 2.14].

Finally, from the above calculation,
O-E(]—V—Vl()“C”(a) c O-E(b) c O-eo+v+nn||c||(a)-

Now,

H(oo (@, o) = max{ sup d(d,ore®)), sup (s, a))

Aeog,(a) HET(b)
S maX{ Sup d(/l’ 0-e<]—v—n(,||c||(a))a Sup d(l'ls O—E() (a))}
Aeogy(a) HET ¢ yngell (@)

< maX{H(O—eo (a)’ O-ngvfnollcll(a)), H(O-Eo+v+n0||c||(a)y O¢ (Ll))} (3 10)

We observe that

0
leo = (€0 — v = nollclDl = v + nollell < (o + Dy < 2no)v < (2no) — = 3.
4)’10 2
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Similarly, |y — (€ + v + ngllc|)| = v + ngl|c|| < §/2. By Equation (3.5),

H(O—Eo (a)v Ue(]—v—ngllcll(a)) < and H(O-Eo (a)v O-€0+v+n0||c||(a)) <

NS

r
2
By Equation (3.10), H(o ¢ (a), oc(b)) < r. This proves the theorem. O

CoroLLARY 3.13. Suppose C, is continuous at € € (0,1). Then Cg, is continuous
at a € A with respect to the norm on A. Further, the correspondence C is jointly
continuous at (€, a).

Proor. This theorem follows from Theorems 3.12 and 2.8. O

RemARrk 3.14. For a fixed a € A, the assumption that ¢, and C, are continuous at
€ € (0, 1) can be replaced by the assumption that the interior of L (a) is empty for
given € and a. After this replacement, the proof of Theorem 3.12 and Corollary 3.13
follows from Corollary 3.7 and Theorems 3.6 and 3.9.

The following lemma gives a fine picture about the growth of the condition
spectrum when the value of € approaches 1. With the aid of this lemma, we look
at the limiting behaviour of o¢(a) as € — 1.

Lemma 3.15. Leta € A\ Ce. If K € C is compact with K N Ly(a) = 0, then there exists
an € € (0, 1) such that K ¢ o(a).

Proor. Take A € K. We first prove that there exists ¢ € (0, 1) such that A € oy (a). If
Aeo(a),then A € ogy(a)forall0 < ¢’ < 1. If A ¢ o(a), then

lla = Allli@ =)'l =M

for some M > 1 (since K N Li(a) = 0). Take ¢’ = 1/M. It follows that A € oy,u(a).
Hence, forany 0 < ¢’ <6 < 1,

_ 1
|m—mmw—A)W>5.

Hence A is an interior point of os(a). There exists an r; > 0 such that B(1,r,) C os(a).
Thus the collection {B(1,r;) : 1 € K} is an open cover for K. Since K is compact,
we have K C |J., B(4;, ry,). Since each B(4;,ry,) G 0,(a), by taking € = max{d; : i =
1 to n}, we get K C o(a). O

Note 3.16. For any fixed a € A, by Theorem 2.14 and Note 2.11, we have
lime,0 oe(a) = o(a).

Consider a € A\ Ce. If o(a) has either one element or has more than two elements,
then [13, Theorems 3.5 and 3.8] tell us that L;(a) has at most one element, and if
o(a) = {11, A} for some complex numbers A; and A, then, by [13, Lemma 3.4], the
elements of L;(a) belongs to the perpendicular bisector of the line segment joining
A1, A2. These facts imply that L;(a) has empty interior. Thus, by Theorem 3.17, we
obtain that o¢(a) grows to C as € — 1.
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TueoREM 3.17. Let a € A\ Ce. Consider the sequence {€,}, where €, € (0,1). If
lim, o €, = 1, then lim,_,o, o¢,(a) = C.

Proor. Let A € C\ Li(a). There exists a compact set K such that A € K and K N Li(a) =
0. By Lemma 3.15, K C o.(a) for some € € (0, 1). Since lim, €, = 1,

d(A,0¢(a)) =0 foralln>ng

for some ny € N. Hence 4 € liminf,_,., o, (a).

If 2 € Li(a), then, by Lemma 3.15, there exists a sequence {4;} and a subsequence
{e,} of {€,} such that 4 € Te, (@) and |A — A| < 1/n;. From this, it follows that
limy_,0 d(A, Te, (a)) = 0. For given § > 0, there exists n; > 0 such that 1/n; < . By
Theorem 2.14, for any n which satisfies n; < n such that d(4, o7¢, (a)) < d(4, T, (@) <
1/nx <6, we have A € liminf,_,o o (a). The proof of the theorem follows from
Definition 2.9 and Note 2.10. O

Next, we noticed that the condition spectrum map defined on the set of all normal
matrices enjoys uniform continuity for a fixed € € (0, 1). In this regard, Theorem 3.18
identifies the condition spectrum set for a given normal matrix. Theorem 3.19 deals
with uniform continuity.

In the following theorem, M, (C) denotes the Banach algebra of the set of all n X n
matrices. If A € M, (C), then the norm is defined as ||A|| = sSmax(A), Where spax(A)
denotes the maximum singular value of A (see [6, Example 5.6.6]).

TueOREM 3.18. Suppose A is normal and o(A) = {11, A2, ..., A4k}. Then

—(A; — 62/1j €

o) = B Z—= - 4) (3.11)
i,jek

where k ={1,2,...,k}.

Proor. Assume that A is normal and o (A) = {41, A2, ..., Ax}. Then A = U*DU, where

D = diag{4;, 13, ..., Ax}. We observe that

_ 1
Aea(A)\ o) & [A-DINA -7 > p
maX;e |4 — A S 1
minje [A— 4] ~ €
A-4 1
= M > — (for some [, m € k).
A=A € -

Consider the inequality
€ld = Ayl = |4 = Ay

Apply A = x + iy, A, = a, + ia; and A; = b, + ib; and square both sides. This gives
Elx—a) +(—a)]=(x-b) +-b).
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Rearrange and expand to get
(1 =M% + (1 = )y = 2(b, — €2a,)x — 2(b; — €2 a;)y + |)* — €24 < 0.

Now complete the square

b, — €2a,\2 b; — €2a;\?
(1-fe- =5 ) ra- - =)
2 \2 2 N2
cbrme “3 * (f)’ A - P
— €
NP+ €Al - 2 (bya, + biay) — (AP — 14,1 - €)
- (1-¢
_ 62(|/1m|2 + Mllz) - ZEz(arbr + aibi)
- (1-€)
2
€
= m|/lm - /1]|2.
From here,
A — €,
A- Ay —A
‘ 1-e |71 €2| l

Hence, 1 € 0(A) \ 0(A) if and only if

—(Ai—€1; €

re | B(—1 — Wi /1,-|).
i,jek,ij

Since 0¢(A) has no isolated points,

—(Ai—€; €
O'G(A) = UB(ﬁ,mPL—/l]l) m}
i,jek

TueorREM 3.19. Let A and B are two normal matrices. If € € (0, 1), then
1+e€
H(o(A),0¢(B) < T—IIA = Bl

Proor. By [3, Theorem 17, Lecture 18], it is known that H(c(A), 0(B)) < ||A — B||. Let
W € oe(A). Since A and B are normal, by Equation (3.11), u = (u; — €*u;/1 — €%) + 6
for some 61 < (€/1 — €2)|u; — ;| for some y;, u; € o(A). For any A, A; € o(B), consider
the scalar )
Ay — €4 €
A= +
1-¢2 1- ezl

A= Al
Clearly, A € o(B) and
(i — ) + €2 — )
1-¢2 1
_ 1+e€

=7 l|A - B|| (By Theorem 17, Lecture 18 in [3]). O
—€

€
|4 —pl < — 2 Ui = A+l — i)

QuesTion 3.20. Can an analog of Theorem 3.19 be obtained for normal elements of
any C* algebra?
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4. Continuity of level sets of e-condition spectrum

This section presents results for the continuity of level sets of e-condition spectra
and the necessity of an empty interior for level sets in continuity. The upper
hemicontinuity of the level set correspondence LC, follows in a similar way to the
upper hemicontinuity of the condition spectrum correspondence C, without needing
any further assumptions.

Note that, if @ = A for some A € C, then L.(a) = 0 for any € € (0, 1). Thus it is trivial
that the correspondence £C,, LC. and LC are continuous at a and € € (0, 1). For this
reason, we concentrate on the nonscalar elements in (A only.

Lemma 4.1. The graph of the correspondence LC is closed.  Further, the
correspondences LC, and LC. are closed for fixed a € A and € € (0, 1).

Proor. Consider the sequence {(¢,, a,), 4,} in Gr(£LC) and ((&, a), 2) € ((0, 1) X A) X
C. Here ((0,1) x A) x C is a metric space whose metric is defined in Equation (3.1).
Suppose ((€,, a,), 1,) = ((€y,a), ) asn — oo. Then €, = €,a, —» a and 1, = 1 as
n — oo. Clearly,
1

Erz”(an - /ln)”

and €,|l(a, — )|l = &lla — A||. If we take b, = (a,, — 4,,) and b = a — 4, then, by
Lemma 2.12, a — A is invertible. Since ||(a, — 4,)7'|| = (@ = D)7, 1 € L (a). Hence,
the graph of LC is closed. Similarly, we can prove that £C, and LC, are closed. O

(@ — )7 =

Remark 4.2. For e € (0,1) and a € A\ Ce, it is evident that L.(a) C oc(a). By
Lemma 4.1, we understand that the correspondences £C,, LC. and LC are closed
subcorrespondences of C,, C and C, respectively.

TueorREM 4.3. Let a € A\ Ce and € € (0,1). The correspondence LC, is upper
hemicontinuous at €y and LCy, is upper hemicontinuous at a.

Proor. This follows from Remark 4.2 and Theorems 2.7, 3.4 and 3.1. O

In general, the correspondence £C, and LC, need not be lower hemicontinuous
even though the interior of L.(a) is empty for given a and €. By looking at a particular
Banach algebra A and an appropriate element a € A, we furnish an example to show
that the correspondence € — L¢(a) is not lower hemicontinuous at some ¢ and that,
for a fixed ¢ € (0, 1), the correspondence b — L¢(b) is not lower hemicontinuous at a.
The following example has been found with the help of one of the famous pioneering
illustrations that were constructed by Shargorodsky in [12]. This example shows that
the level set of a pseudospectrum need not be empty.

ExawmpLE 4.4. Consider the Banach space €,(Z) with norm

lxll« = |xo| + sup|x,| where x=(...,x_2,x_1, , X1, X2, ...),
n#0
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where the box represents the zeroth coordinate of an element in £ (Z). For M > 2,
consider an operator A € B({»(Z)) such that

X1
A('-"X—Z’x—l’sxlsXZs"-) = (""X—Z’x—lvx(% M ’xz’x3a"')-

We first show that the interior of L (A) is empty for g = 1/M + 1. It is proved in
[12, Theorem 3.1] that

1 1 1
A-D =M f '{—,-——}. 4.1
(1A =Dl or |A| < min w2 M 4.1)
Take r = min{(1/M), (1/2) — (1/M)}. From [7, Example 4.9], we have 0(A) = {z€ C:
|zl = 1} and
A=V Y >M forla<1. (4.2)

It is easy to see, with unit vectors y = (yi),2 _,, such that

1 fork=1,2,
k= 0 otherwise,

and z = (z);. _, such that
1 fork =1,4,
zx=1-1 fork=3,
0 otherwise,

where 0 < || < 1,that
1 1
lIAl=—=+1 and |JA-A>—+1+|A forO<|A<]1. 4.3)
M M

By Equations (4.1) and (4.3), we get ||A||IA™!|| = M + 1 and, by Equations (4.2)
and (4.3),

A= ANA-DN>M+1+MAP>M+1 forO<a<1. (4.4)

Thus B(0, 1) N L, (A) = {0}. Hence the interior of L, (A) is empty in the set B(0, 1).
By [13, Corollary 4.3], the interior of L, (A) is empty in the set {1 € C : [4] > 1}.

Now, we show that the correspondence € — L.(A) is not lower hemicontinuous at
€.

For any € > 1/M + 1, it is clear that L.(A) N B(0,r) =0 but L, (A) N B(0,r) # 0.
Hence the correspondence LC4 is not lower hemicontinuous at €.

Next, we prove the the correspondence LCq, is not lower hemicontinuous at A.

Let 6 > 0 and consider the set {S € B({(2)) : ||A = S|| < 8}. Choose N € N such
that N > M > 2 and (1/M) — (1/N) < 6. Take B € B({-(Z)) such that

X1
cees A=DsA], > 5 seee) = oo X2, X, sl X7 P B LR B
B(...,x_0,x_1,{ X0 |, X1, X2,...) X2, X1, X0, | 3 X2, X3
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By [7, Example 4.9], 0(B) = {z€ C: |z| = 1}. Applying A = Band M = N in Equations
(4.1)—(4.4) gives

11 1
B-)7 =N for|a '{—,———}
IIC )l or | |<mmN 37N
and
IB=ANB-DY>N+1>M+1 for0<|a<1.

Thus L., (B) N B(0,r) =0 but |[A - B|| <6 and L. (A) N B0, r) # 0. Hence the
correspondence LC,, is not lower hemicontinuous at A.

Next, we pay attention to the continuity of correspondence £C. We show that an
empty interior of L.(a) is a sufficient condition for the continuity.

TueEOREM 4.5. Let (&, a) in (0,1) X A. If the interior of L¢,(a) is empty, then LC is
Jjointly upper hemicontinuous at (€, a).

Proor. It is assumed that the interior of L (a) is empty. By Remark 3.14, C is jointly
continuous. In particular, C is jointly upper hemicontinuous at (&y, a). Since LC is the
closed subcorrespondence of C, it follows, by Theorem 2.7, that £LC is jointly upper
hemicontinuous at (¢, a). O
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