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Abstract

Recently, Chen established a sharp relationship between the Ricci curvature and the squared mean
curvature for a submanifold in a Riemannian space form with arbitrary codimension. Afterwards, we
dealt with similar problems for submanifolds in complex space forms.

In the present paper, we obtain sharp inequalities between the Ricci curvature and the squared mean
curvature for submanifolds in Sasakian space forms. Also, estimates of the scalar curvature and the
k-Ricci curvature respectively, in terms of the squared mean curvature, are proved.
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1. Preliminaries

A (2m+1)-dimensional Riemannian manifold (M, g) is said to be a Sasakian manifold
if it admits an endomorphism ¢ of its tangent bundle TM, a vector field £ and a 1-form
n, satisfying:

¢*=—-1d+n®¢&, nE)=1, ¢t=0, no¢p=0,
29X, 9Y) = g(X, ¥) —n(X)n(Y), n(X)=g(X,¥§),
(Vx®)Y = —g(X, N)E + n(NX, V& =¢X,

for any vector fields X, Y on TM, where V denotes the Riemannian connection with
respect to g.
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A plane section 7 in T;,M is called a ¢-section if it is spanned by X and ¢ X, where
X is a unit tangent vector orthogonal to £. The sectional curvature of a ¢-section
is called a ¢-sectional curvature. A Sasakian manifold with constant ¢-sectional
curvature c is said to be a Sasakian space form and is denoted by M(o).

The curvature tensor of M (¢) of a Sasakian space form M (c) is given by [1]

~ 3 -1
D RENZ= 62X -3 DY + o @)Y

—n(NN(Z)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)§
+ @Y, Z)¢X — g(@X, Z2)¢pY — 2g(¢X, Y)$Z},

for any tangent vector fields X, ¥, Z on M(c).

As examples of Sasakian space forms we mention R?"+! and §?"*!, with standard
Sasakian structures (see [1]).

Let M be an n-dimensional submanifold of a Sasakian space form M (c) of constant
¢-sectional curvature ¢. We denote by K (;1) the sectional curvature of M associated
with a plane section # C T,M, p € M, and V the Riemannian connection of M,
respectively. Also, let i be the second fundamental form and R the Riemann curvature
tensor of M. Then the equation of Gauss is given by

(1.2) R(X,Y,Z,W)=R(X,Y,Z, W) + g(h(X, W), h(Y, Z))
—g(h(X, Z), (Y, W)),

for any vectors X, Y, Z, W tangent to M.
Let p € M and {ey, ..., e,} an orthonormal basis of the tangent space T, M. We
denote by H the mean curvature vector, that is

(1.3) H(p) = %;h(e,-, e).

We also set

(1.4) h; = g(h(ei, ¢), €)

and

(1.5) . IAl? = i g(h(ei, €), h(ei, ¢;)).

ij=1
For any tangent vector field X to M, we put X = PX + FX, where PX and FX
are the tangential and normal components of ¢ X, respectively. We write

n

(L6) IPI* =) g*(Pei, ).

ij=1
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Suppose L is a k-plane section of T,M and X a unit vector in L. We choose an
orthonormal basis {e;, ..., ¢} of L such that ¢, = X.
Define the Ricci curvature Ric;, of L at X by

1.7 Ric,(X) =K+ Kis+---+ Ky,

where K; denotes the sectional curvature of the 2-plane section spanned by ¢;, ¢;. We
simply called such a curvature a k-Ricci curvature.
The scalar curvature 1 of the k-plane section L is given by

(1.8) L)y= ) Kj.

I<i<j<k

For each integer k, 2 < k < n, the Riemannian invariant ®,; on an n-dimensional
Riemannian manifold M is defined by

(1.9) Ok(p) =

1 lngRch(X), peM,

where L runs over all k-plane sections in 7, M and X runs over all unit vectors in L.
Recall that for a submanifold M in a Riemannian manifold, the relative null space
of M ata point p € M is defined by

(1.10) My ={X € T,M|h(X,Y)=0, forall ¥ € T,M}.

2. Ricci curvature and squared mean curvature

Chen established a sharp relationship between the Ricci curvature and the squared
mean curvature for submanifolds in real space forms (see [4]). We prove similar
inequalities for certain submanifolds of a Sasakian space form.

A submanifold M normal to £ in a Sasakian space form M(c) is called a C-rotally
real submanifold. 1t follows that ¢ maps any tangent space of M into the normal
space, thatis ¢ (T,M) C T} M, for every p € M.

THEOREM 2.1. Let M be an n-dimensional C-totally real submanifold ofa (2m+1)-
dimensional Sasakian space form M (c). Then:

(i) For each unit vector X € T,M, we have

1
2.1) Ric(X) < 7{(n ~ D(c+3) +n*|H|*).

(i) If H(p) = O, then a unit tangent vector X at p satisfies the equality case of
(2.1)ifand only if X € A,
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(iii) The equality case of (2.1) holds identically for all unit tangent vectors at p if
and only if either p is a totally geodesic point or n = 2 and p is a totally umbilical
point.

PROOF. (i)Let X € T, M be aunit tangent vector X at p. We choose an orthonormal
basis ey, ..., €y, €ny1, ..., @2my1 = &, such that ey, ..., e, are tangent to M at p, with
€ = X.

Then, from the equation of Gauss, we have

(2.2) n*|H||> =2t + ||Al]> ~ n(n — 1)(c + 3)/4.
From (2.2), we get
2m
23) nH|IP=2t+ ) [(h;.)2 + 4+ R, +2 Z(h:,-)z]
r=n+1 i<j

-22 > Wk, - (n—l)—+—3-

r=n+12<i<j<n

1 2m
=20+ 5 3 [+ + B + B = by — - = )]
r=n+1
+2 Z D () -2 Z 3wk —nn - 1)"+3
r=n+l i<j r=n+12<i<j<n

From the equation of Gauss, we find

o c+ 3
2.4) Ky = ) Gk — (1 + —
r=n+1
and consequently
n—1D)(n—-2)c+3
2.5) K= (hh7, — (R)?] + .
2<§<n ’ r—nZ+l 2<|X<J:<n o j) ] 2 4

Substituting (2.5) in (2.3), one gets

(26) n ||Hu2 > 2t + —||H||2+2Z Z(h V=2 Kj~2n- 1)L3.

r=n+] j=2 2<i<j<n

Therefore, n?||H||*/2 > 2Ric(X) — 2(n — 1)(c + 3)/4 or equivalently (2.1).
(ii) Assume H (p) = 0. Equality holds in (2.1) if and only if

R

Ry=hp+---+h,, re{n+l,...,2m}.
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Then h{; =0, foreveryj € {1,...,n},r € {n+1,...,2m}, thatis X € 4.
(iii) The equality case of (2.1) holds for all unit tangent vectors at p if and only if

h‘fj=0, i#j,re{n+1,...,2m},

(2.8)
hiyy+---+h,—2h,=0, iefl,...,n}, re{n+1,...,2m}.

We distinguish two cases
(a) n # 2, then p is a totally geodesic point;
(b) n =2, it follows that p is a totally umbilical point.
The converse is trivial. O

In the following we will consider submanifolds M tangent to the Reeb vector field §.

THEOREM 2.2. Let M (¢) be a 2m + 1)-dimensional Sasakian space form and M
an n-dimensional submanifold tangent to &. Then:

(i) For each unit vector X € T,M orthogonal to &, we have
(2.9 Ric(X) < {(n — 1)(c +3) + GIPX|* - 2)(c — 1)/2 + n*|H|*} /4.

i) If H(p) = 0, then a unit tangent vector X € T,M orthogonal to £ satisfies
the equality case of (2.9) if and only if X € A,.
(iii) The equality case of (2.9) holds identically for all unit tangent vectors orthog-
onal to § at p if and only if p is a totally geodesic point.

PROOF. Let X € T, M be a unit tangent vector X at p, orthogonal to £. We choose
an orthonormal basis e, ..., e, = &, €,41, ..., €amy1 Such that ey, .. ., e, are tangent
to M at p, with ¢; = X.

Then, from the equation of Gauss, we have

(2.10) R’ H|? =2t + ||h|> = n(n — 1)(c + 3)/4 — BIIP|> = 2n + 2)(c — 1)/4.

From (2.10), we get

2m+1
@11) n|H|P=2r+ )_ [(hioz + (ot ) 22("3)2]
r=n+1 i<j
2t c+3 c—1
—2) 0 D Hik—ntn=D=—==GIPI ~2n+2)——
r=n+12<i<j<n
1 2m+1

=2t+5 Yo [+ B+ Y =By — e = R

r=n+1
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2m+1 2m+1 c+3
ry2 rpr
+2)° Z(h,,) -2y Z Bihs; = nn = 1) ==
r=n+1 i<j r=n+12<i<j=<n
c—1

—GIPI*-2n+ 2)—4—.

From the equation of Gauss, we find

2m+1
s , n-D(n-2)c+3
2.12) dooKy=) Y Wk -G+ ) 2

2<i<jzn r=n+l2<i<j<n

c—1
+ GIPII*=3|Pe > —2n +4)T‘

Substituting (2.12) in (2.11), as in the proof of Theorem 2.1 one gets
n?|H|*/2 = 2Ric(X) - 2(n — D(c + 3)/4 — Gl PX|* = 2)(c - 1)/4,

which is equivalent to (2.9).

The proofs of (ii) and (iii) are similar to their corresponding statements of Theo-
rem 2.1. In this case, since & is tangent to M, it follows that a totally umbilical point
is totally geodesic. O

A submanifold M tangent to £ is said to be invariant (respectively anti-invariant) if
¢(T,M) C T,M, forevery p € M (respectively ¢(T,M) C T;}M, forevery p € M).

COROLLARY 2.3. Let M be an n-dimensional invariant submanifold of a Sasakian
space form M (c). Then:

(i) For each unit vector X € T,M orthogonal to §, we have
2.13) Ric(X) < {(n — D(c+3) + (c — 1)/2}/4.

(ii) A unit tangent vector X € T,M orthogonal to £ satisfies the equality case
of (2.13) ifand only if X € A,.

(ii)) The equality case of (2.13) holds identically for all unit tangent vectors or-
thogonal to § at p if and only if p is a totally geodesic point.

COROLLARY 2.4, Let M be an n-dimensional anti-invariant submanifold of a
Sasakian space form M(c). Then:

(i) For each unit vector X € T,M orthogonal to &, we have
2.19) Ric(X) < {(n — D(c+3) — (c — 1) + n?| H|*}/4.
(i) If H(p) = 0, then a unit tangent vector X € T,M orthogonal to § satisfies

the equality case of (2.14) if and only if X € A,,.
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(iii) The equality case of (2.14) holds identically for all unit tangent vectors or-
thogonal to § at p if and only if p is a totally geodesic point.

A submanifold M tangent to £ is called a contact CR-submanifold [8] if there exists
a pair of orthogonal differentiable distributions 2 and 2 on M, such that:
i) TM = 2@ 2+ & (£}, where {£} is the 1-dimensional distribution spanned

by £.
(ii) 9 is invariant by ¢, that is ¢(2,) C Z,, forevery p € M.
(iii) 9* is anti-invariant by ¢, that is ¢(2,") C T,;"M, forevery p € M.

COROLLARY 2.5. Let M be an n-dimensional contact CR-submanifold of a Sasa-
kian space form M(c). Then:

(i) For each unit vector X € 9,, we have
Ric(X) < {(n — 1)(c+3) + (c — 1)/2 + n*| H|*} /4.
(ii) For each unit vector X € 9+, we have

Ric(X) < {(n = D(c+3) — (c = 1) + n?|H|*}/4.

3. k-Ricci curvature

In this section, we prove a relationship between the k-Ricci curvature and the
squared mean curvature for submanifolds in Sasakian space forms.

First, we state an inequality between the scalar curvature and the squared mean
curvature for C-totally real submanifolds.

THEOREM 3.1. Let M be an n-dimensional C-totally real submanifold of a Sasakian
space form M (c). Then we have

2t c+3
3.1 H|*> -
3.1) IHI 2 s = =
PROOF. We choose an orthonormal basis {ey, ..., €,, €,41, - - ., €m41 = E}atp such
that e, is parallel to the mean curvature vector H(p) and ¢, . .., e, diagonalize the

shape operator A,,;. Then the shape operators take the forms

aq 0 ... 0
0 a - 0
Anp1 = ST
0 0 a,
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A,=(ry), ij=1...,nir=n+2,...,2m traceA, _Zh'—o
From (2.2), we get
32 HI? =2 B )? pet3
(3.2) n|H| f+Za+ZZ<u>-"("->T

r=n+2ij=1

On the other hand, since 0 < }°, (@ — @)’ = (n— 1)}, a2 -2}, _; aia;, we
obtain

(3.3) n|H|? = (Za) Za +2) aig <nZa,,
i=1 i<j i=1

which implies Y_; 2 > n||H|>. We have from (3.2)

i=1 x
34 | H|? > 2t + nl|H|* — n(n — 1)(c + 3)/4,
which is equivalent to (3.1). O

Using Theorem 3.1, we obtain the following.

THEOREM 3.2. Let M be an n-dimensional C-totally real submanifold M of a
Sasakian space form M (c). Then, for any integer k,2 < k < n, and any pointp € M,

we have
(3.5) IH () = Oc(p) — (c +3)/4.

PROOF. Let {ey, ..., e,} be an orthonormal basis of T,M. Denote by L; _;, the
k-plane section spanned by ¢;,, . . ., ¢;,. It follows from (1. 7) and (1.8) that

1
(36) t(Lii) == Z Ricy, (&) and t(p) = Yt
lelu ..... i) n-2 I<ij<-<iy<n

Combining (1.9) and (3.6), we find that t(p) > n(n — 1)O,(p)/2, which together
with (3.1) gives us (3.5). O

Next, we obtain analogous estimates for submanifolds tangent to &.

THEOREM 3.3. Let M(c) be a Sasakian space form and M an n-dimensional sub-
manifold tangent to €. Then we have

2t c+3 GIPI*=2n+2)(c—-1)
n(n—-1) 4 4n(n — 1)

3.7 NHI? >
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PROOE. We choose an orthonormal basis {ey, ..., e, = &, €ny1, - - - , €241} at p such
that e, is parallel to the mean curvature vector H(p) and ey, .. ., e, diagonalize the
shape operator A,,,. Then the shape operators take the forms

a [{ 0

0 ¢ --- O
Av=1. . . .|

0 0 e a,

=), ij=1..,nr=n+2..2m+1, uaceA,—_—Zh;,:

From (2.10), we get

2m+1 n

n ||H|[2—21+Za + 3 Y k) —n(n - 1)(c+3)/4

r=n+42ij=1

- (3|I1"Il2 —2n+2)(c-1)/4.

Since, by (3.4), we have ) " > n||H||?, it follows that

111

3 -1
RIHI? > 2t + nllH|? — n(n — 1)-% - GIP - 20+,

which is equivalent to (3.7). d

From (3.6) and (3.7), we obtain the following theorem.

THEOREM 3.4. Let M(c) be a Sasakian space form and M an n-dimensional sub-
manifold tangent to §. Then, for any integer k, 2 < k < n, and any pointp € M, we
have

c+3 GIPIEP-2n+2)(c—-1)

2 —_ —_—
(3.8) IHIP(p) 2 O(p) — — =)

COROLLARY 3.5. Let M be an n-dimensional invariant submanifold of a Sasakian
space form M (c). Then, for any integer k, 2 < k < n, and any point p € M, we have
Oi(p) = (c+3)/4+ (c — 1)/(4n).

COROLLARY 3.6. Let M be an n-dimensional anti-invariant submanifold of a

Sasakian space form M (¢). Then, for any integer k, 2 < k < n, and any point
p € M, we have | H|*(p) = ©(p) — (c +3)/4 + (c — 1)/(2n).
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COROLLARY 3.7. Let M be an n-dimensional contact CR-submanifold of a Sasa-
kian space form M (c). Then, for any integer k, 2 < k < n, and any pointp € M, we

have
+3 Gh-n+4+1D(c-1)
H|*(p) > © < - ,
IHIP®) = () - = =T
where 2h = dim 2.
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