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In a paper by Polimeni [3] the concept of a c-group was introduced.
A group is called a c-group if and only if every subnormal subgroup is
characteristic. His paper claims to characterize finite soluble c-groups,
which we will call /sc-groups. There are some errors in this paper; see the
forthcoming review by K. W. Gruenberg in Mathematical Reviews. The
following theorem is the correct characterization.

We are indebted to the referee for his suggestions which led to this
generalization of our original result.

THEOREM. Let G be a finite soluble group and L its nilpotent residual
{i.e. the smallest normal subgroup of G such that G\L is nilpotent). Then G
is an fsc-group if and only if

(i) G is a T-group (i.e. every subnormal subgroup is normal),

(ii) the Fitting subgroup F of G is cyclic and F'D.L,

(iii) for every prime divisor p of the order of F, the Sylow p-subgroup of
G is cyclic or quaternion,

(iv) if a Sylow 2-subgroup of G is quaternion, then G/<w> is a c-group,
where u2 = 1, u e F.

NOTE. Properties of T-groups will be used without comment, see
Gaschiitz [1].

PROOF: SUFFICIENCY. Clearly every subnormal subgroup of G is normal,
(i). Condition (iii) implies that the Sylow 2-subgroups of G are either abelian
or quaternion of order 8. For if a Sylow 2-subgroup S of G is non-abelian
then the derived subgroup S' has order 2 and is contained in F by [1] and
so by (iii), S is quaternion.

Since F is cyclic, every subgroup of F is characteristic in G and it
follows from the lemma below that every subgroup of G containing F is
characteristic. Let N be any normal subgroup of G. We have two cases, the
first is when the Sylow 2-subgroups of G are abelian.

In this case we have that N/N n F is a normal Hall subgroup of
NF/N n F. For F/N n F is a complement to N/N n F in NF/N n F and
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F/N n F is a Hall subgroup of FN/N n F because if p\\FjF n N\ the
Sylow ^-subgroups are cyclic. Also N n F is characteristic in iVi7 and so N
is characteristic in NF which is characteristic in G. Thus N is characteristic
in G.

The second case occurs when the Sylow 2-subgroups of G are quater-
nion. Let u be the involution lying in F. Now by (iv), 2V<w> is characteristic
in G. If N does not contain <w>, AT has odd order and so 2V is characteristic
in G. If N contains <«>, all is well.

LEMMA. Let M be a characteristic subgroup of a group G and C the
centralizer of M in G. If M is finite and cyclic then every automorphism of G
induces the identity automorphism on GjC.

PROOF. Let x e M, g e G, and a be an automorphism of G. Because M
is cyclic and finite there are integers r, s, t such that xx = xr, xa = x\
xrt = x. Hence x0* = {{xr)<Ia)t = ((x9)a)' = xs = x" and the result follows.

NECESSITY. Let if be a complement of L in G, see [1]. Then K is a
Dedekind grcup, [1]. Let a be any automorphism of L. Now we define an
automorphism a' of G as follows:

(kl)"' = kl« for a l l keK.le L .

This is an automorphism of G because every element of G induces a
power automorphism on L, [1]. Hence every subgroup of L is characteristic
in L and so L is cyclic as L is abelian, [1].

Let Kp be a Sylow ^-subgroup of K and suppose that, K v n f ^ l .
Let b e Kv n F have order p. Then b is central in G. Let x be any generator
of Kv and R a normal subgroup of G of index p which avoids x. There is an
automorphism ^ of G which maps x to xb and fixes R elementwise since b
is central in G. This automorphism maps the characteristic subgroup
L(x~) onto the subgroup L(xb} and it follows that b is a power of x. Thus
Kv is cyclic or quaternion since Kv has a unique subgroup of order p. This
proves (iii).

We remark that if K2 < F, K2 is normal in G and is a direct factor of G.
Then K2 is cyclic. We note that if K2 is quaternion then \F n K2\ = 2.
For if c, d are generators of i?2, c2 = rf2 = w e F we suppose that c e F. li
R is a normal 2-complement, the mapping y which maps d to erf and fixes
R(c} elementwise is an automorphism of G since c is central in R(,c}. This
is a contradiction since i?<rf> is characteristic in G.

We are left with proving the necessity of (iv). We may assume that F
is of even order and thus that the Sylow 2-subgroups of G are quaternion
as we have already proved in (iii). Let u be the involution lying in F. Then
<w> lies in the Frattini subgroup of G and so the Fitting subgroup of Gj(uy
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is F/<w>, by [2]. Thus if G/<w> satisfies all the conditions for the theorem,
then Gj(uy will be a c-group. Conditions (i) and (ii) are clearly satisfied.
Condition (iv) is vacuous since a Sylow 2-subgroup of G/<w> is abelian.
Condition (iii) will hold for all odd primes. Since we have shown that
|F/<«>| is odd, we are done. This completes the proof of the theorem.

The extension of a cyclic group of odd order by the automorphism which
inverts it shows that any cyclic group of odd order can be the nilpotent
residual of an /sc-group.

Any finite abelian group H can be embedded in a /sc-group. First we
show that any finite abelian group A can be embedded in the automorphism
group of a cyclic group of coprime order. This is well known but we have no
reference so we include the proof. Now A is a direct product of cyclic
subgroups. Let xlt • • •, xr be generators of these cyclic subgroups. Choose
distinct primes pt = 1 (mod \A\) for i = 1, . . ., r. This is possible by
Dirichlet's Theorem. For each i = 1, • • •, r choose pt to be a primitive w,-th
root of unity mod^,-, where xt has order nt. Let L be the abelian group of
order JJJ=1 pt and let y1, • • •, yT be elements of L of order px, • • •, pr respec-
tively. Embed A in the automorphism group of L as follows

fj^yPji w h e r e Pij = 1 i f i ^ j a n d p i i = p i .

Now let G be the extension of L by A described above. G satisfies the
conditions of the theorem and so G is an /sc-group. We remark that if H
is any Dedekind group whose Sylow 2-subgroups are quaternion it can
similarly be embedded in an /sc-group. We merely extend L by H, where
L is a cyclic group whose automorphism group contains HjH'', H acting
on L as H/H'. Of course it is not possible to embed any Dedekind group
in an /sc-group since it was remarked earlier in the proof that a Sylow
2-subgroup of an /sc-group is either abelian or quaternion.
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