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1. Introduction

The theory of Fitting classes is, by now, a well established part of the theory of finite
soluble groups. In contrast, Fitting classes have received rather scant attention in
infinite groups, although some recent work of Beidleman and Karbe [2] and Beidleman,
Karbe and Tomkinson [3] suggest that one can obtain results in this direction. The
paper [2], cited above, in fact generalizes earlier work of Tomkinson [9] to the class of
locally soluble FC-groups. The present paper is concerned with the theory of Fitting
classes in a class of groups somewhat similar to the class of FC-groups, namely the class
of CC-groups, introduced by Polovickii in [6]. A group G is a CC-group if G/Cg(x°) is
a Cernikov group for all xe G where, as in the rest of this paper, we use the standard
group theoretic notation of [7]. Recently, Alcazar and Otal [1] have shown how to
generalize results of B. H. Neumann [5] to the class of CC-groups. The main purpose of
the present note is to illustrate further how one can handle CC-groups, in an analogous
manner to FC-groups, by using techniques similar to those used in [1] and [4].

Throughout this paper ¥) will denote the class of locally soluble CC-groups. By
lemma 1 of [1] each P-group therefore has a local system of normal subgroups each of
which is Cernikov-by-free abelian of finite rank. The subgroups forming the local system
here are the normal closures of finite subsets and hence are centre-by-Cernikov, since
the class of CC-groups is clearly closed under taking subgroups and homomorphic
images.

By a Fitting class of 9-groups we shall mean a subclass § of 9 with the following
properties:

(i) IfGe® and HserG then He {.

(i) If G=<HA|AEA>G‘{) with H, e & and H,ser G then Ge § also.

(Here A is an index set and H ser G means H is a serial subgroup of G, our definition
of serial being precisely that given in Robinson [7].)

A subgroup V of Ge9 will be called an F-injector of G if V¥~ S is a maximal §-
subgroup of S whenever Sser G. The set of maximal §-subgroups of G will be denoted

by Maxg G and the set of F-injectors of G will be denoted by InjgG. Our main result,
proven in Section 3 of this paper, may then be stated as follows:

Theorem. If & is a Fitting class of V-groups and if GeY) then InjzG# &. Also the
elements of Injg G form a unique local conjugacy class.
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(We recall that subgroups H,K of a group G are locally conjugate if there is a locally
inner automorphism of G mapping H to K). Thus our theorem generalizes Theorems 3.2
and 3.3 of [9].

The layout of the paper is as follows. In Section 2 the characteristic of a Fitting class
is defined and some recent results from [3] quoted. We then obtain a special case of the
Theorem, by showing that certain centre-by-Cernikov groups possess a unique conju-
gacy class of §-injectors for each Fitting class §. In Section 3 this allows us to invoke
the inverse limit arguments of [4] to obtain the main result, the proof being somewhat
similar to the corresponding one in [9].

2. The characteristic of a Fitting class

If & is a Fitting class of ¥-groups then as in [3] we define the finite characteristic of
& to be the set of primes p such that C, e, where C, is the cyclic group of order p.
The finite characteristic will be denoted by C(&). The infinite characteristic, C(§), of &
is defined to be {oo0} if § contains the infinite cyclic group; otherwise C(F)=J, the
empty set. The characteristic of §& is defined to be C/(F) U Ci(F) and is denoted by
C(%). Hence C(J) is a subset of P U {o0}, where P denotes the set of all primes.

If Ge Y and xeG then clearly x€ is a soluble Cernikov-by-cyclic group. The following
is therefore a straightforward consequence of [3, lemma 2.1].

Lemma 2.1. Let Ge9

(i) If G contains an element of prime order p then there are subgroups K<1H sn G such
that HIK=C,,.

(ii) If G contains an element of infinite order then there are subgroups K<1H sn G such
that HIK>C,,.

A standard argument (see [3, Theorem 2.2, 3, Theorem 2.4]) now shows:

Lemma 2.2. Let & be a Fitting class of Y)-groups

(i) If there is a group G e § which contains a p-element then C,€ §.

(ii) If there is a group G e § which contains an element of infinite order then C € §.

(ii)) If C,e & then C(F)=P u {0}

(iv) Either C(F)=n<P and every §-group is a n-group or C(F)=P v {o0}.

(v) If C(F)=n<P then § contains all locally nilpotent n-groups in ).

(vi) If C(F)=P U {co} then § contains all locally nilpotent 9-groups.

(Of course the proof of the latter two facts depend on the fact that all subgroups of a
locally nilpotent group are serial.)

These results concerning characteristic will only be required in Cernikov-by-(free
abelian of finite rank) 9¥)-groups. Such groups are of course S,-groups (in the sense of
[3]1). The full results are included here for the sake of completeness.

To obtain results in the Cernikov-by-(frec abelian of finite rank) case we require the
following preliminary result on serial subgroups:
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Lemma 23. Let G be a centre-by-Cernikov group. Then every serial subgroup of G is
ascendant.

Proof. Let Z denote the centre of G and let Sser G. We show that SZ/Zser G/Z
from which it follows that S<SZascG. In fact, if (A,,V,;0€X) is a series of G
containing S then there is a series of G containing SZ consisting of the subgroups
(Ne>o V.Z,AsZ,V,Z:6€X). This follows from elementary set theory. The fact that
I\o'Z< ﬂ t>0 V;Z fOllOWS because [Ao’Z’ mr>a Vrz]é mt>a[Aw Va’]é nt>0 V:=Ao' D

If & is a Fitting class of 9-groups and Ge9Y we shall let Gy denote the F-radical of
G. Then Gy is the largest normal §-subgroup of G. The following result is important for
our purposes:

Theorem 2.4. Let G be an extension of a central finitely generated .abelian group Z by
a soluble Cernikov group and let § be a Fitting class of Y-groups. Then

(a) G has a unique conjugacy class of §-injectors.

(b) If C(F)=P U {0} then G has only finitely many §-injectors.

(c) If C(F)=n<P then the cardinality of InjgG is the same as the cardinality of
|T:N ,(V)| where V is a specific F-injector of G and T is the subgroup of G consisting of
elements of finite order.

Proof. (a) Since G is centre-by-Cernikov it is a CC-group and G’ is Cernikov, by
[7, Theorem 4.21, Corollary 2]. Hence the set T of elements of finite order in G forms
a normal subgroup of G. Since T N Z is finite and TZ/Z is Cernikov it follows that T is
Cernikov. If C(§)=P u{co} and if H/Z is the divisible part of G/Z then He § by
2.2(vi). Hence G/Gyg is finite and the result now follows by a special case of [3, Theorem
4.4]. Part (b) clearly follows from this since the §-injectors must contain Gg. If, on the
other hand, C(F)=n<P, then T has an F-injector ¥V, by [3, Theorem 4.4]. In fact
VelnjgG. For, if Aser G then by 2.3, AascG. If VN AZX<A with Xe then X is a
n-group by 2.2(i). Hence X <T so X<A N T Since An TascT and V elnjz T it follows
that Vn(An T)eMaxg(A N T). Hence VN A=X and then it follows that G has §&-
injectors. Since the -injectors must all lie in 7, conjugacy also follows, by [3, Theorem
4.4]. The remainder of part (c) is now evident, since any two F-injectors of G are
actually &-injectors of T. O

3. Proof of the theorem

It is convenient to split the proof of the main theorem in two pieces, namely a proof
of existence and a proof of local conjugacy of the injectors. The main technical result
required in our proofs is [8, Theorem 2.1] which requires that we make certain sets into
compact topological spaces. In general this would not be possible, but for Cernikov
groups such a topology always exists (see [4]) and it is this fact which is important here.

Theorem 3.1. Let § be a Fitting class of 9-groups. Then the Y-group G possesses §-
injectors.

Proof. The group G has a local system, %, consisting of soluble normal subgroups,
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each of which is Cernikov-by-(free abelian of finite rank) and finitely generated as a G-
operator group. Hence each N € % is an extension of a central finitely generated abelian
group by a soluble Cernikov group. It follows that each N e.# has a unique conjugacy
class of &-injectors. If N e ¥ let A(N) denote the set of J-injectors of N. Notice that if
C(F)=P u {0} then each A(N) is a finite set and the proof follows as in [9, Theorem
3.2]. So we may assume C(F)=n<P, by 2.2(iv). Let Ne.# and V elInjgN. By 2.4(iii),
A(N) is in 1-1 correspondence with the set of cosets of NyV) in N via the
correspondence:

ViatN (V) (teN).

The sets A(N) may be partially ordered by defining A(N)< A(M) if and only if NEM
whenever N,Me ¥#. Clearly, if We A(M) and A(N)<A(M) then W NeA(N) so we
may define a projection m,,y: A(M)— A(N) by

(W)TIMN=WHN.

If Ne.Z the set A(N) can be made into a compact topological T;-space as follows:
The group N=N/Z(N) is Cernikov so has the coset topology, defined in [4], and N is
then a compact, topological T;-space whose closed sets are in fact finite unions of right
cosets of subgroups, by [4, Lemma 2.1]. Let N*=N\(V) denote the set of cosets of
NMV) in N. Since Z(N)SNy(V) there is a natural map Oy:N—-N* defined by
nZ(N)—nNp(V), for ne N. The set N* is given the quotient topology induced by ®, and
hence N* is also a compact topological T;-space. Since A(N) is in 1-1 correspondence
with N* there is an induced topology on A(N) and in this way A(N) is a compact
topological T;-space.

The topology induced on A(N) is independent of the choice of V €Injg N. This follows
using an argument similar to that given in [4, Theorem 3.8]. Also if NXM with
M,N e ¥ and W e A(M) then there is a natural map

M N
NyW)  NyWAN)

Bun:

For, by a Frattini argument, M=N-N,(W n N) so if xe M then x=yt for some yeN
and te N (W n N) and one can define §,,, by:

(XNu(W)Bun=yNu(W N N).

It is easy to see that f,,y is well defined and that it is a closed, continuous map. It
follows that m,.y: A(M)— A(N) is also closed and continuous since the topology induced
on both A(M) and A(N) does not depend on the choice of injectors. Hence hm A(N) is
non-empty by [8, Theorem 2.1]. If (V) € im A(N) then for N <M, we have VM NN=Vy
so that ¥V'={Jy.e Vy is a subgroup of G. “Moreover Vegsince VAN=Vy<aV so Vis
generated by normal §-subgroups. Finally if SserG then S~ Nser N for each Ne %.
Suppose VN S<X<S with Xe§ Then VASNN=X N since VnNelnjzN and it
is now clear that ¥V n Se MaxgS. Hence V is the required §-injector. O
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The local conjugacy of the &-injectors is easy to establish using the argument given
be Alcazar and Otal [1, Theorem 1] and the result established in 2.4; we therefore
simply state:

Theorem 3.2. Let § be a Fitting class of 9-groups. Then the §-injectors of GeY) are
locally conjugate in G.

In conclusion, we remark that one can now extend many of the standard results from
the theory of Fitting classes in finite soluble groups to the class 9.

Acknowledgement. The author would like to thank the referee for simplifying the
proof of 2.3 and for correcting other parts of Section 2.
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