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Torsion in Mordell-Weil groups of Fermat Jacobians
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Abstract. We study the torsion in the Mordell-Weil group of the Jacobian of the Fermat curve of
exponent p over the cyclotomic field obtained by adjoining a primitive p-th root of 1 to Q. We show
that for all (except possibly one) proper subfields of this cyclotomic field, the torsion parts of the
corresponding Mordell-Weil groups are elementary abelian p-groups.
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1. Introduction

Let Q be the field of rational numbers and let Q be a fixed algebraic closure of Q.
Also let p be a fixed prime, where p > 5 and p 6= 7. The Fermat curve Fp is the
projective nonsingular curve (over Q) given in projective coordinates by

Fp = f(X;Y;Z) � P 2(Q) : Xp + Y p + Zp = 0g:

Let K = Q(�), where � is a fixed primitive p-th root of 1 in Q. Let K+ denote
the maximal real subfield of K .

There are 3p points on Fp for which XY Z = 0, namely

aj = (0; ��j; 1); bj = (��j; 0; 1); cj = (��j; 1; 0);

where � is a primitive 2pth root of 1 such that �2 = � and j = 0; 1; : : : ; p�1. These
points are all K-rational points and will be referred to as ‘points at infinity’ on Fp.

Also let Jp denote the Jacobian of Fp. The well-known Mordell–Weil theorem
asserts that the group Jp(K) of K-rational points on Jp is a finitely generated
abelian group, hence it has a free part and a torsion part. There are some known
bounds for the rank of the free part (see [3], [5], [10]). In addition, it follows easily
from results in the literature that the torsion subgroup is a p-group (see Proposition
2.2 below). However, little is known about the precise structure of the torsion
subgroup.

In this paper, we will prove some results on the torsion part Jp(K)torsion of
Jp(K). We prove that the group pJp(K)torsion is contained in a certain group G of
order p3, which we explicitly describe. This allows us to show that for all proper
subfields L of K different than K+, the group pJp(L)torsion is the zero group.
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2 PAVLOS TZERMIAS

2. Background

In this section, we present some of the well-known facts about Jp.
We note the following automorphisms of Fp:

A : (X;Y;Z) 7! (�X; Y; Z);

B : (X;Y;Z) 7! (X; �Y; Z);

� : (X;Y;Z) 7! (Y;X;Z):

The automorphism B induces an endomorphism of the Jacobian Jp of Fp. We
will denote this endomorphism by B as well, without fear of confusion. We also
consider the elements � = B� 1 and �

0

= A� 1 of the endomorphism ring of Jp.
Now let s be an integer, where 1 6 s 6 p � 2. Consider the automorphism

gs = AB�s of Fp. We then consider the quotient of Fp by the action of the finite
group generated by gs. We obtain the curve Fs = Fp=hgsi and call it a cyclic
Fermat quotient.

Let fs : Fp ! Fs be the natural morphism.
The curve Fs has an affine equation vp = us(1 � u) and the map fs is given in

affine coorinates by:

(x; y; 1) 7! (u; v; 1);

where u = xp and v = xsy.
The curve Fs has an endomorphism (u; v; 1) 7! (u; �v; 1), which we shall also

call B. It is clear that B commutes with fs.
Let Js denote the Jacobian of Fs. We have the endomorphism � = B� 1 of Js.
The map fs induces a morphism (also denoted by fs)

fs : Jp ! Js

and its dual

f�
s

: Js ! Jp:

Now consider the maps

f =

p�2Y
s=1

fs : Jp !
p�2Y
s=1

Js;

f� =

p�2X
s=1

f�s :
p�2Y
s=1

Js ! Jp:

It can be proved (see [7]) that f�f = p on Jp. One simply proves that the two
maps have the same effect on the differentials of the first kind on Fp. Therefore f
is a Q-isogeny of Jp to a product of cyclic Fermat quotients.
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TORSION IN MORDELL-WEIL GROUPS OF FERMAT JACOBIANS 3

The following is an immediate consequence of what has been said above:

LEMMA 2.1. For all s, the maps fs, f�s , f , f� all commute with �.

Let l be a prime, such that l 6= p. Since K is unramified above l, it follows from
Coleman’s work (see Proposition 10 and Corollary 13.1 in [1]) that there are no
l-torsion points on Js(K). This fact, combined with results of Greenberg (see [4])
and Kurihara (see [6]), shows that the group Js(K)torsion equals the kernel of the
isogeny �3 of Js.

Now, since f is a Q- isogeny of Jp onto the product of the Js’s and Ker(f)
consists of points of order p, it immediately follows that:

PROPOSITION 2.2. The group Jp(K)torsion is a p-group.

3. Obtaining some information on pJp(K)torsion

We can now prove the following:

THEOREM 3.1. The group Jp(K)torsion is killed by p�2.
Proof. Let T be in Jp(K)torsion. Then for s = 1; 2; : : : ; p � 2, we have that

fs(T ) � Js[�
3]. Then Lemma 2.1 implies that fs(�2T ) � Js[�]. But, by [5],

f�
s
(Js[�]) = 0. Therefore, for all s,

f�s (fs(�
2T )) = 0;

hence

p�2T =

p�2X
s=1

f�s (fs(�
2T )) = 0;

which proves the theorem.

We are now able to obtain some information on pJp(K)torsion. We will need an
important result of Rohrlich (see Corollary 1 in [11]), which we restate here for the
sake of convenience:

PROPOSITION 3.2 (Rohrlich). A divisor of degree 0 supported at the points at
infinity on Fp is principal if and only if, modulo p, it is in the span of

p�1X
j=0

aj;

p�1X
j=0

bj ;

p�1X
j=0

cj ;

p�1X
j=0

j(aj + bj);

p�1X
j=0

j(bj + cj);

p�1X
j=0

j(j + 1)(aj + bj + cj):
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4 PAVLOS TZERMIAS

We now have:

LEMMA 3.3. The Kernel of � on Jp equals the set of divisor classes of degree 0
that can be represented by a divisor supported only on the points bj .

Proof. Clearly any divisor class of degree 0 represented by a divisor supported
only on the bj’s is in the kernel of �. Any such divisor class is of order p. The
only principal such divisors are, modulo p, in the span of b0 + b1 + � � � + bp�1,
by Proposition 3.2. Therefore, the cardinality of the set of these divisor classes of
degree 0 equals pp�2.

On the other hand, one can show (see [4]) that Ker(�p�1) = Ker(p), therefore
Ker(�) has cardinality pp�2, which proves the lemma.

Now, for a divisorD, let [D] denote the class ofD. Then we have the following:

PROPOSITION 3.4. If a divisor class of degree 0 on Jp is invariant under both A
and B, then it is a multiple of

2
4p�1X
j=0

j(bj � b0)

3
5 :

Proof. By Lemma 3.3, we can choose a representative D supported only on the
points bj , say

D =

p�1X
j=1

xjbj �

0
@p�1X

j=1

xj

1
A b0:

Now since �
0

D is principal, and since Abj = bj+1, for 0 6 j 6 p � 2 and
Abp�1 = b0, we get that the divisor0

@xp�1 +

0
@p�1X

j=1

xj

1
A
1
A b0 �

0
@x1 +

0
@p�1X

j=1

xj

1
A
1
A b1 +

p�1X
j=2

(xj�1 � xj)bj

is also principal.
Since the only principal divisors supported on the bj’s are, modulo p, the

multiples of b0 + b1 + � � �+ bp�1, there exists an integer k such that, modulo p, we
have

xj = x1 + (j � 1)k;

for j = 2; 3; : : : ; p� 1. Hence, modulo p, we have

D =

p�1X
j=0

(x1 + (j � 1)k)bj =
p�1X
j=0

(x1 � k + jk)bj :
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But

p�1X
j=0

(x1 � k)bj

is principal, therefore the class of D is a multiple of2
4p�1X
j=0

j(bj � b0)

3
5 ;

which proves the proposition.

We can now prove:

THEOREM 3.5.

p�Jp(K)torsion �

* 24p�1X
j=0

j(bj � b0)

3
5 + :

Proof. Let T � Jp(K)torsion. Then, for all s, we have �fs(�T ) � Js[�]. Therefore,
as before, we get

0 = f�s (�fs(�T )) = �

p�1X
j=0

(AB�s)j(�T ):

Therefore the divisor class

Ds =

p�1X
j=0

(AB�s)j(�T )

is invariant under B. It is evidently also invariant under AB�s, therefore it is
invariant under both A and B.

Therefore, by Proposition 3.4, we get

Ds �

* 2
4p�1X
j=0

j(bj � b0)

3
5
+
:

This is true for all s, therefore we obtain that

p�T =

p�2X
s=1

f�s (fs(�T )) =

p�2X
s=1

Ds

is also also a multiple of the divisor class of Proposition 3.4, which proves the
theorem.
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4. Bounding pJp(K)torsion effectively

Now we will prove the following:

PROPOSITION 4.1.

pJp(K)torsion �

* 24p�1X
j=0

j(j + 1)(aj � a0)

3
5 ; Ker(�)

+
:

Proof. In view of Theorem 3.5, it suffices to show that

�

2
4p�1X
j=0

j(j + 1)(aj � a0)

3
5 2

* 2
4p�1X
j=0

j(bj � b0)

3
5
+
:

We will use Proposition 3.2 again. We have the following equalities, modulo p :

�

p�1X
j=0

j(j + 1)(aj � a0) =

p�2X
j=1

j(j + 1)aj+1 �

p�2X
j=1

j(j + 1)aj

=

p�1X
j=2

j(j � 1)aj �
p�2X
j=1

j(j + 1)aj

= (p� 1)(p� 2)ap�1 � 2a1 � 2
p�2X
j=2

jaj

= �2
p�1X
j=0

jaj

= �2
p�1X
j=0

j(aj � a0):

By Proposition 3.2, we have that the divisor

p�1X
j=0

j(aj � a0 + bj � b0)

is principal, which proves the proposition.

We now come to an effective bound on the cardinality of pJp(K)torsion.
Let

D1 =

2
4p�1X
j=0

j(j + 1)(aj � a0)

3
5 ;
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D2 =

2
4p�1X
j=0

j(j + 1)(bj � b0)

3
5 ;

D3 =

2
4p�1X
j=0

j(bj � b0)

3
5 :

These divisor classes are linearly independent over Z=pZ , as one can easily
show using Proposition 3.2.

Consider the group G = hD1; D2; D3i generated by the above divisor classes.
It has order p3 and:

THEOREM 4.2. We have:

pJp(K)torsion � G:

Proof. Recall the automorphism� ofJp, as defined in Section 2. SincepJp(K)torsion

is invariant under �, we get, by Proposition 4.1, that

pJp(K)torsion � hD1; Ker(�)i� = hD2; Ker(�
0

)i:

So if D � Jp(K)torsion, then

pD = lD2 + T;

where l is an integer and �
0

T = 0.
Multiply both sides of the above equality by � to get

p�D = �T:

By Theorem 3.5, we get that �T � hD3i, therefore

T � hD1; Ker(�)i:

But �
0

T = 0, so, by proposition 3.4, we get

T � hD1; D3i;

therefore

pD � hD1; D2; D3i;

which proves the theorem.

5. Mordell–Weil groups over subfields of K

Now we will compute the action of Gal(Q=Q) on the divisor classes D1, D2, D3

to obtain some results on the Mordell–Weil groups of Jp over subfields of K .
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8 PAVLOS TZERMIAS

Let � be an automorphism of Q over Q. Then �(�) = �k, for some integer k
relatively prime to 2p. Let k = 2m+ 1, for some integer m. Then �(�) = �k.

Then �(aj) = akj+m and �(bj) = bkj+m, for all j = 0; 1; : : : ; p� 1.
Then, modulo p, we have:

k2�

0
@p�1X

j=0

j(j + 1)(aj � a0)

1
A =

p�1X
j=0

kj(kj + k)(akj+m � am)

=

p�1X
j=0

kj(kj + k)akj+m

=

p�1X
l=0

(l �m)(l +m+ 1)al

=

p�1X
l=0

l(l + 1)al �m(m+ 1)
p�1X
l=0

al:

Therefore, again by Proposition 3.2, we get

k2�(D1) = D1:

Arguing in a similar way, we obtain:

k2�(D2) = D2;

k�(D3) = D3:

These relations show immediately thatD3 is not defined over any proper subfield
of K and also that D1 and D2 are both defined over K+, but none of them is
defined over any proper subfieldL ofK , where L 6= K+. Therefore, we obtain the
following theorems, as applications of Theorem 4.2:

THEOREM 5.1.

pJp(K
+)torsion � hD1; D2i:

THEOREM 5.2. Let L be any proper subfield of K , L 6= K+. Then

pJp(L)torsion = 0:

A final remark. It is known that (see [8], [12]) the automorphism group of Fp
is the semidirect product of S3 and Z=pZ � Z=pZ . It turns out that the group G

is invariant under the whole automorphism group Gp of Fp. It follows that if we
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TORSION IN MORDELL-WEIL GROUPS OF FERMAT JACOBIANS 9

consider the elements of the group ring Z[Gp] as endomorphisms of Jp, then G
is invariant under the action of Z[Gp]. A natural question that arises is whether
there exists a K-endomorphism of Jp that does not preserve G. This would imply,
in particular, that the bound on the cardinality of pJp(K)torsion (given by theorem
4.2) can be improved.

Lim (see [9]) has produced an example of a K-endomorphism of Jp that is not
induced by Z[Gp]. To the author’s disappointment, it turns out that this endomor-
phism annihilates G.
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