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1. Introduction, Definitions and Notation. A biparti te 
graph is a system consisting of two sets of ver t ices S and T 
and a set of edges K, each edge joining a ver tex of S to a ver­
tex of T. A set U of edges of K is said to be independent if no 
two edges of U have a ver tex in common. The largest possible 
number of independent edges has been variously called the 
exter ior dimension [3] , t e rm rank [ 4 , 5 , 73, e tc . This num­
ber is the same as the smallest number of ver t ices in a set W 
such that each edge of K has at least one of its ver t ices in W. 
The edges of a finite biparti te graph can be represented as a 
set of cells in a mat r ix as follows. If S = a- ,̂ a z , • • . , a 
T = b^ , b£ > . . . b m , the edges of K are represented by some 
of the cells of an n by m mat r ix as follows: if K contains the 
edge joining a^ to bj then the (i, j)th cell of the ma t r ix r e p r e ­
sents this edge. It is convenient sometimes to represent the 
set K by a ma t r ix A with rea l entr ies ajj where an = 0 if â  is 
not joined to bj in K and ajj > 0 if a^ is joined to bj in K. Any 
non-null graph K will have infinitely many mat r ix represen ta ­
t ions . 

A non-null mat r ix A with non-negative entr ies is said to 
D e doubly stochastic if every row sum and every column sum of 
A has the same value p . Such a mat r ix [2] is a l inear combina­
tion of permutation mat r ices with positive coefficients; 
A = ZL c^Pi where ĉ  > 0, 21 C£ = p and the ma t r i ces P^ are pe r ­
mutation m a t r i c e s . 

Let G^ and G 2 £>e graphs with ver tex and edge sets S i , T\, 
K\ and S z > T?2> ^Z respectively. G^ is said to be embedded in 
G2 if S i £ S2> T j C T z , K^C K2 andif when e is an edge ofK^but 
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not an edge of K^ then at least one of the ends of e is not a 
v e r t e x of S^ or of T ^ . A m a t r i x r e p r e s e n t a t i o n of G^ i s a l w a y s 
ob ta inab le f rom a m a t r i x r e p r e s e n t a t i o n A^ of G j by b o r d e r i n g 
A± wi th e x t r a r o w s or c o l u m n s . 

In [ 4 l , the a u t h o r s have def ined the s t o c h a s t i c r a n k <T of 
an n by n m a t r i x A with n o n - n e g a t i v e e n t r i e s a s fol lows: if A 
can be e m b e d d e d in a doubly s t o c h a s t i c m a t r i x by b o r d e r i n g it 
with n ~ <r r o w s and co lumns but cannot be e m b e d d e d in a doubly 
s t o c h a s t i c m a t r i x by b o r d e r i n g it wi th f ewer t h a n n - or r o w s 
and c o l u m n s , A i s sa id to have s t o c h a s t i c r a n k <T. If K i s a 
g r a p h of t e r m r a n k p and a m a t r i x r e p r e s e n t a t i o n of K h a s 
s t o c h a s t i c r a n k or, it h a s b e e n shown in [ l j tha t <T^ p . The 
s t o c h a s t i c r a n k Crr of a g r a p h K whose v e r t e x s e t s con ta in the 
s a m e n u m b e r of e l e m e n t s , i s defined to be the m a x i m u m of the 
s t o c h a s t i c r a n k s of a l l m a t r i x r e p r e s e n t a t i o n s of K. T h e o r e m 
6 of £4] s t a t e s tha t 0^- = p o r G~^ = p - 1. In t h i s p a p e r , we 
-1 a in a g r a p h i c a l proof of t h i s r e s u l t t o g e t h e r with a n a t u r a l 

adit ion which d i s t i n g u i s h e s t he two c a s e s C|^ = p and 
<3~K :~~ p - 1* F o r th i s p u r p o s e the following concep t s def ined 
in [ 3 j a r e n e e d e d . An edge e of K is i n a d m i s s i b l e if e does not 
a p p e a r in any m a x i m a l se t of independent e d g e s of K, o t h e r w i s e 
e i s a d m i s s i b l e . The se t of a l l a d m i s s i b l e edges of K i s sa id to 
be the c o r e of K. K i s ca l l ed a c o r e - g r a p h if e v e r y edge of K i s 
a d m i s s i b l e , 

2 . THEOREM* L e t G be a b i p a r t i t e g r a p h whose v e r t e x 
s e t s e a c h con ta in n e l e m e n t s and whose t e r m and s t o c h a s t i c 
r a n k s a r e p and <r r e s p e c t i v e l y . T h e n <J" = p if G i s a c o r e -
g r a p h and <T+ 1 = p if G i s not a c o r e g r a p h . 

P roo f . The e d g e s of G in a l l c a s e s wil l be r e p r e s e n t e d 
a s c e l l s in a n n by n m a t r i x . Two c a s e s a r e d i s t i n g u i s h e d , 

C a s e 1. p = nff Suppose G i s a. c o r e - g r a p h . If e£ is any 
edge of G3 t h e r e is at l e a s t one set of n independen t edges of 
which e^ is a m e m b e r , Such a se t of edges is r e p r e s e n t e d , by n 
ce i l s of a m a t r i x exac t ly one of which i s in e a c h row and c o l a m n . 
A s s o c i a t e with each edge e^ such a se t of ce l l s S^ and le t Pj be 
the p e r m u t a t i o n m a t r i x whose e n t r i e s a r e 1 in the ce l l s of S^ 
and 0 e l s e w h e r e . Hence with each e^ of G we have a s s o c i a t e d 
the m a t r i x P^e (Different e^ could p o s s i b l y be a s s o c i a t e d with 
the s a m e P^.) The m a t r i x A = EL P[ is doubly s t o c h a s t i c and is 
a m a t r i x r e p r e s e n t a t i o n of G, Hence <T~ nt 
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If G is not a core-graph it contains an inadmissible edge 
e. Any permutation mat r ix P which contains a 1 in the cell 
representing e also contains a 1 in at least one cell not r e p r e ­
senting an edge of G. Hence G cannot be represented by a doubly 
stochastic n by n mat r ix . Hence <T< n = p. Also since G has 
t e r m rank p - n we may assume that the vertex sets may be so 
ordered that the cells along the main diagonal of an n by n 
ma t r ix all represent edges of G. G is now embedded in a la rger 
graph G\ whose new edges are represented by cells in an (n + l)th 
row and (n + l)th column as follows. The cell (n + 1, n + 1) r ep ­
resents a new edge. If (i, j) represents an inadmissible edge of 
G, let (n + 1, i) and ( j , n + 1) represent edges of Gi- The graph 
Gj is of t e r m rank n + 1 and is a core-graph. For if e is an 
admissible edge of G the cells which represent n independent 
edges of G which include e, together with (n + 1, n + 1) r e p r e ­
sent n + 1 independent edges of G\. On the other hand for the 
inadmissible edge of G represented by (i, j) the set of cells 
(i, j ) , (n+ 1, i) , ( j , n + 1) together wilh all cells (r , r),r f i , 
r ^ j , r ^ n + 1 form a set of (n + 1) cells representing indepen­
dent edges of G\. Hence by the first part of case 1, G\ can be 
represented by a doubly stochastic (n + 1) by (n + 1) ma t r i x . 
Hence <T= p - 1 . 
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Case 2. O < n. Again we assume that the ver tex sets a re 
so ordered that the first p diagonal elements of an n x n m a t r i x 
represent edges of G as in figure 1. If the ma t r i x is partitioned 
into four par ts A, B, C, D, in which A consists of the first p 
rows and columns and B, C, D as in the diagram then the region 
D represen t s no edges of G. Augment the mat r ix by the addition 
of n - p rows and columns. Embed G in a graph Gj whose 
additional edges a re represented only by the main diagonal cells 
of the square regions E and F abutting D as in the d iagram. 
Then G^ is a graph whose ver tex sets each contain 2n - p e l e ­
ments and whose t e rm rank is 2n - p . F u r t h e r m o r e , each 
admissible edge of G and each added edge is an admissible edge 
of Gi and each inadmissible edge of G (if such exists) is inad­
miss ible in G^. Hence, Gi is a core-graph if and only if the 
same is t rue of G. Case 2 has now been reduced to case 1. 
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