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1. Introduction, Definitions and Notation. A bipartite
graph is a system consisting of two sets of vertices S and T
and a set of edges K, each edge joining a vertex of S to a ver-
tex of T. A set U of edges of K is said to be independent if no
two edges of U have a vertex in common. The largest possible
number of independent edges has been variously called the
exterior dimension [3], term rank [4, 5, 71, etc. This num-
ber is the same as the smallest number of vertices in a set W
such that each edge of K has at least one of its vertices in W.
The edges of a finite bipartite graph can be represented as a
set of cells in a matrix as follows. IfS=aj, a3, « . . , a,

T =by, by, . . . by, the edges of K are represented by some
of the cells of an n by m matrix as follows: if K contains the
edge joining a; to b; then the (i, j)th cell of the matrix repre-
sents this edge. It is convenient sometimes to represent the
set K by a matrix A with real entries a;; where ajj = 0 if aj is
not joined to bj in K and ajj > 0 if aj is joined to b_j in K. Any
non-null graph K will have infinitely many matrix representa-
tions.

A non-null matrix A with non-negative entries is said to
be doubly stochastic if every row sum and every column sum of
A has the same value p. Such a matrix [2] is a linear combina-
tion of permutation matrices with positive coefficients;

A= 2 c;P; where ¢; > 0, Zci = p and the matrices P; are per-
mutation matrices.

Let G and G, be graphs with vertex and edge sets Sy, Ty,
Kj and S, T,, K respectively. Gj is said to be embedded in
Gy ifS1€ Sp, Ty € T, K| €K andif when e isanedge of K but
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not an edge of K| then at least one of the ends of e is not a
vertex of S} or of T]. A matrix representation of G is always
obtainable from a matrix representation A} of G by bordering
A with extra rows or columns.

In [4], the authors have defined the stochastic rank & of
an n by n matrix A with non-negative entries as follows: if A
can be embedded in a doubly stochastic matrix by bordering it
with n - 0 rows and columns but cannot be embedded in a doubly
stochastic matrix by bordering it with fewer than n - ¢ rows
and columns, A is said to have stochastic rank oo, If K is a
graph of term rank p and a matrix representation of K has
stochastic rank o, it has been shown in [1] that o< p . The
stochastic rank ¢f of a graph K whose vertex sets contain the
same number of elements, is defined to be the maximum of the
stochastic ranks of all matrix representations of K. Theorem
6 of [4] states that ox =p or 6g = £ - 1. Inthis paper, we
~" “ain a graphical proof of this result together with a natural

adifion which distinguishes the two cases Ok = p and

GK = p - 1. For this purpose the following concepts defined
in [3] are needed. An edge e of K is inadmissible if e does not
appear in any maximal set of independent edges of K, otherwise
e is admissible. The set of all admissible edges of K is said to
be the core of K. K is called a core-graph if every edge of K is
admissible.

2. THEOREM. Let G be a bipartite graph whose vertex
sets each contain n elements and whose term and stochastic
ranks are p and ¢ respectively. Then o =p if Gis a core-
graph and ¢+ 1 = P if G is not a core graph.

Proof. The edges of G in all cases will be represented
as cells in an n by n matrix. Two cases are distinguished.

Case 1. p =n. Suppose G is a cors-graph.
edge of G, there is at least cne set of n independen
which ej is a member. Such a set of edg
cells of a matrix exactly one of which is
Associate with each edge e; such a sat of

the permutation matrix whose entries are 1 in the cells of S;
and 0 elsewhere. Hence with each e; of G we have associated
the matrix P;. (Different e; could g possmly be associated with
the same P;.) The matrix A = Z.Pi is doubly stochastic and is

a matrix representation of G. Hence ¢ = n.
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If G is not a core-graph it contains an inadmissible edge
e. Any permutation matrix P which contains a 1 in the cell
representing e also contains a 1 in at least one cell not repre-
senting an edge of G. Hence G cannot be represented by a doubly
stochastic n by n matrix. Hence ¢ <n=p. Also since G has
term rank p= n we may assume that the vertex sets may be so
ordered that the cells along the main diagonal of ann by n
matrix all represent edges of G. G is now embedded in a larger
graph G whose new edges are represented by cells in an (n+ 1)th
row and (n + 1)th column as follows. The cell (n+ 1, n+ 1) rep-
resents a new edge. If (i, j) represents an inadmissible edge of
G, let (n+ 1, i) and (j, n+ 1) represent edges of G}. The graph
G, is of term rank n + 1 and is a core-graph. For if e is an
admissible edge of G the cells which represent n independent
edges of G which include e, together with (n+ 1, n+ 1) repre-
sent n + 1 independent edges of G;. On the other hand for the
inadmissible edge of G represented by (i, j) the set of cells
(i, j), (m+ 1, i), (j, n+ 1) together wilh all cells (r, r)r #1,
r#j, T #n+ 1 form a set of (n+ 1) cells representing indepen-
dent edges of G;. Hence by the first part of case 1, G can be
represented by a doubly stochastic (n + 1) by (n + 1) matrix.
Hence G = p -1.
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Case 2. < n. Again we assume that the vertex sets are
so ordered that the first p diagonal elements of an n x n matrix
represent edges of G as in figure 1. If the matrix is partitioned
into four parts A, B, C, D, in which A consists of the first p
rows and columns and B, C, D as in the diagram then the region
D represents no edges of G. Augment the matrix by the addition
of n - p rows and columns. Embed G in a graph G whose
additional edges are represented only by the main diagonal cells
of the square regions E and F abutting D as in the diagram.
Then G; is a graph whose vertex sets each contain 2n - p ele-
ments and whose term rank is 2n - p. Furthermore, each
admissible edge of G and each added edge is an admissible edge
of G; and each inadmissible edge of G (if such exists) is inad-
missible in G;. Hence, G, is a core-graph if and only if the
same is true of G. Case 2 has now been reduced to case 1.
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