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Abstract. We study piecewise injective, but not necessarily globally injective, contracting
maps on a compact subset of RY. We prove that, generically, the attractor and the
set of discontinuities of such a map are disjoint, and hence the attractor consists of
periodic orbits. In addition, we prove that piecewise injective contractions are generically
topologically stable.
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1. Introduction

Studying the dynamical properties of discontinuous hyperbolic dynamical systems is
important for understanding many relevant systems (such as billiards and optimal control
theory) but it is difficult if the system is multi-dimensional. A first step towards addressing
this problem can be to divide the problem into two cases: the piecewise expanding case and
the piecewise contracting case. Here we address the case of piecewise contracting systems.
Because the attractor can differ drastically depending on the kind of piecewise contraction,
a first approach is to identify a large class of piecewise contractions that exhibit similar
dynamical properties.

In recent decades, the properties of the attractor of piecewise contractions have been
studied under different settings (see [3, 7, 8, 21, 22]). To begin with, Bruin and Deane (see
[3]) studied families of piecewise linear contractions on the complex plane C and proved
that, for almost all parameters, each orbit is asymptotically periodic.

In the case of one-dimensional piecewise contractions, Nogueira and Pires, in [21],
studied globally injective piecewise contractions on a half closed unit interval [0, 1) with
partition of continuity consisting of n elements and concluded that such maps have at
most n periodic orbits: that is, the attractor can be a Cantor set or a collection of at
most n periodic orbits or a union of a Cantor set and at most n — 1 periodic orbits. In
particular, when the attractor consists of exactly n periodic orbits, the map is asymptotically
periodic (the limit set of every element in the domain is a periodic orbit). They also
proved that every such map on n intervals is topologically conjugate to a piecewise
linear contraction of n intervals whose slope in absolute value equals 1/2. We would like
to emphasise that this result does not imply that any two piecewise contractions close
enough to each other are topologically conjugate to each other. Hence, this result is not
a stability result for the class of piecewise contractions. In [12], piecewise increasing
contractions on n intervals are considered and it is proved that the maximum number of
periodic orbits is n. The authors prove that the collection parameters that give a piecewise
contraction with non-asymptotically periodic orbits is a Lebesgue null measure set whose
Hausdorff dimension is large or equal to n. In [22], Nogueira, Pires and Rosales proved that
generically (under C° topology) globally injective piecewise contractions of n intervals are
asymptotically periodic and have at least one and at most # internal periodic orbits (such
orbits persist under a sufficiently small CO-perturbation; refer to [22] for precise definition).
In [24], the authors prove that almost all translations within a small neighbourhood of a
A-affine contraction are asymptotically periodic. In [4], Calderon, Catsigeras and Guiraud
proved that the attractor of a piecewise injective contraction consists of finitely many
periodic orbits and minimal Cantor sets. In [16, 20], the authors study symbolic coding
associated to piecewise contractions on the unit interval and prove that they are related to
the symbolic coding of rotations of the circle.

In higher dimensions, Catsigeras and Budelli (see [6]) proved that a finite dimensional
piecewise contracting system with separation property (injective on the entire domain
except for the discontinuity set) generically (under a topology that is finer than the topology
we use for proving openness and coarser than the topology we use for proving density)
exhibits at most a finite number of periodic orbits as its attractor. Here, we obtain similar,
actually stronger, results without assuming the separation property.
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In any (finite) dimension, in [8], the authors show that if the set of discontinuities and
the attractor of a piecewise contraction are mutually disjoint, then the attractor consists
of finitely many periodic orbits. This result is a by-product of our arguments as well. In
[14], the authors study symbolic dynamics associated to piecewise contractions (referred
to as quasi-contractions in that article) and categorize its association into different kinds
of circle rotations.

In the month after we submitted this article, we noticed a new preprint [13] in
which the authors provide a measure-theoretical criterion for asymptotic periodicity of
a parametrized family of locally bi-Lipschitz piecewise contractions on a compact metric
space.

Nevertheless, the occurrence of chaotic behaviour in such systems has been addressed
in the literature, and [19] provides an example of a piecewise affine contracting map
with positive entropy. The presence of a Cantor set in the attractor has also been studied
rigorously. Examples of such maps for one dimension are given in [[8], Example 4.3]
and [9], and for three dimensions are given in [[8], Example 5.1], where it is also proved
that such a piecewise contraction turns out to have positive topological entropy. In [25],
it is proved that, given a minimal interval exchange transformation with any number
of discontinuities, there exists an injective piecewise contraction with Cantor attractors
topologically semi-conjugate to it and, conversely, that piecewise contractions with Cantor
attractors are topologically semi-conjugate to topologically transitive interval exchange
transformations. Additionally, in [25] (respectively, in [7]), it is proved that the complexity
(the complexity function of the itineraries of orbits; refer to [7, 25]) of a globally injective
piecewise contraction (respectively, piecewise contraction with separation property) on
the interval is eventually affine (which is eventually constant in the case of piecewise
contractions with no Cantor attractors).

The global picture presented by the above articles is that the Cantor attractors are rare,
but can exist in exceptional (but constructible) cases, and many such explicit examples
have been rigorously studied.

Piecewise contractions have also been used to study some models of outer billiards (see
[10, 11, 17]), where a billiard map is constructed such that it is a piecewise contraction,
and so the properties of piecewise contractions are relevant in the study of such billiard
maps.

Note that, in the above papers (and in this article), maps with only finitely many partition
elements are considered.

The layout of this article is as follows.

Section 2 is dedicated to definitions, settings and the statement of results. In §3,
we prove that the set of piecewise contractions with attractor disjoint from the set
of discontinuities is open, under a rather coarse topology, and that if the maps are
also piecewise injective (and hence not necessarily globally injective), then they are
topologically stable. In §4, we prove that piecewise contractions with the attractor disjoint
from the set of discontinuities are dense, under a rather fine topology, among the piecewise
injective smooth contractions. Finally, we have three appendices collecting some needed
technical facts.
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2. Settings and results

Throughout this article, we work with (X, dy) C (Rd, dp), a compact subset of RY, where
d € N and dj is the standard Euclidean metric on R?. Under these settings, we define a
piecewise contraction as follows.

Definition 2.1. (Piecewise contraction) A map f : X — X is called a piecewise contrac-

tion if f(X) C X and there exist m € N and a collection P(f)y={P;: P = Igi};"zl of

subsets of X such that:

e X =", P; where P; N P; = () wheneveri # j;

e f|p is a uniform contraction, that is, there exists A € (0, 1) such that, for all
ie{l,2,...,m}andforanyx, y € P;,

do(f (x), f(¥)) < Ado(x, y);

e there exists a partition {ﬁ,-}, f’,- N ﬁj =@fori #j, P C f’i cPi,X= Ulm:l 13,- such
that f| B is continuous.

Here X is called the ‘contraction coefficient’ of f, P(f) is called the ‘partition of

continuity’ and P; and d P; represent the closure and boundary, respectively, of a partition

element P;.

Remark 2.2. The third condition pertaining to the partition P states that the values of f
on the boundary of partition elements must be the limit of the values of f inside some
elements, but no particular condition is imposed on which element.

For a piecewise contraction f with partition of continuity P(f) = {P1, P>, . . ., Pu},
we define d P (f) as the boundary of the partition P(f) given by

AP(f) = Oapi.
i=1

We denote by A(f) the union of the set of discontinuities of f with d X. To avoid confusion
in the choice of partition of continuity for a given piecewise contraction, we define the
following.

Definition 2.3. (Maximal partition) A partition P (f) is called the maximal partition of a
piecewise contraction f if 3P (f) = A(f).

Any partition of continuity of f is a refinement of the maximal partition. For a
piecewise contraction with maximal partition P(f) = {Pl, P21, e, Pnll}, we define the
partition P(f") = {P], PZ", e P,f,n}, relative to the nth iterate f” of f, where, for every
ke{l,2,...,my,},

Pr=r nftehnrehn o on et hepl ), (2.1)

and where i; € {1,2,...,m]} forevery j € {0,1,...,n — 1}. Note that P(f) being the
maximal partition of f does not imply that the partition P(f") is the maximal partition
of f™.
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Remark 2.4. Throughout this article, for a given piecewise contraction f, the partition that
we consider is the maximal partition P (f), whereas for its iterates f” we consider the
partition P(f"), as defined in equation (2.1), which may not be the maximal partition
of f".

One of the goals of this article is to understand the attractor of piecewise contractions.
On that note, we recall the standard definition of an attractor.

Definition 2.5. (Attractor) For a piecewise contraction f with P(f) = {P}i",,
attractor is defined as A(f) = ),en f"(X).

When working with discontinuous maps, it is natural to talk of Markov maps (maps
with Markov partitions), so we first give the following definition and then the definition of
Markov maps in our settings.

Definition 2.6. (Stabilization of partition) For a piecewise contraction f, we say that the
maximal partition P(f) stabilizes if there exists N € N such that, for all P € P(f Ny,
there exists Q € P(f Ny such that FN(P) C Q. We call the least such number, N, the
‘stabilization time’ of P(f).

Definition 2.7. (Markov map) A piecewise contraction whose maximal partition stabilizes
is called a Markov map.

Now we are able to state our first result (proved in §3).

THEOREM 2.8. A piecewise contraction f with A(f) as the attractor and A(f) as the
union of the set of discontinuities and 0 X satisfies that A(f) N A(f) = @ if and only if it
is Markov. Moreover, the attractor of a Markov map consists of periodic orbits.

Remark 2.9. Note that, given a Markov map f, N its stabilization time and P(f") =
{01, ..., O} the associated partition, then f induces a dynamics f on Q(f) := {1, ...,1}
by the rule f(Q;) C QOg(;. See Lemma 3.2.

To state further results, we need to add some hypotheses on our system, and thus we
give the following definition.

Definition 2.10. (Piecewise injective contraction) A piecewise contraction f with partition
P(f)={P},i €{l,2,...,m} is called a piecewise injective contraction if, for all
ie{l,2,...,m}, there exists U; = U, O P; and an injective contraction fl U, — R4
suchthatf,|UI. D P andfl|pl. = flp,.

For any piecewise contractions f, g with partitions P(f) = {P1, P>, ..., P,} and
P(g) =1{01, Q2, ..., On}, respectively, we define

H(P(f),P(g)={y eCX,X) : yisan homeomorphism
forall P € P(f), thereexists Q € P(g) : ¥ (P) = Q}.

We define the distance p as follows (see Lemma 3.1 for the proof that p is a metric).
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p(f,8) =
A if H(P(f), P(g)) =9,

inf {lly —id||co + I f —go¥lcoxx)) otherwise,
YeH(P(f),P(2)) cooex) TIf —¢ COX.X)

where A = 2 diam(X) and id is the identity function, that is, id(x) = x.

Evidently, p(f, g) < A for any piecewise contractions f, g. Furthermore, notice that
the metric (proved in Lemma 3.1) p is essentially a distance between two tuples (f, P(f))
and (g, P(g)) for any two piecewise contractions f, g, where P(f) and P(g) are the
maximal partitions of f and g, respectively.

For an arbitrary o € (0, 1), we define the distance d; as

di(f, )=y o"p(f" g".
n=1

Under this metric, we have the following result (proved in §3).

THEOREM 2.11. The set of Markov piecewise contractions is open in the set of piecewise
contractions under the metric di. Moreover, any two Markov piecewise contractions f, g
close enough (with respect to d ), stabilize at the same time.

To be able to state our stability result, we need to discuss the dynamics of the partition
elements.

Definition 2.12. (Wandering set) For a piecewise contraction f : X — X, a partition
element P € P(f) is called wandering if there exists M € N such that f*(P)NP =0
for all n > M. The set W(f) C P(f), consisting of all wandering partition elements, is
called the wandering elements set. We set W(f) = | pew(s) P- (Note that this set is not
the usual wandering set, which is much bigger.)

Definition 2.13. (Non-wandering set) The complement NW( f) of the wandering elements
set is called the non-wandering elements set: thatis, NW(f) = {P € P(f) : P € W(f)}.

We set NW(f) = Upenw(s) P-

Note that, for a Markov map, the set NW(f) corresponds to the non-wandering set
of the dynamical system (2(f), f) defined in Remark 2.9. Accordingly, our definition of
NW(f) should not be confused with the usual non-wandering set of f, which, for a Markov
map, consists of finitely many points (the set of periodic points; see Theorem 2.8). Hereby,
we state our definition of topological stability.

Definition 2.14. (Topological stability) Let € be contained in the set of piecewise con-
tractions from X — X and let d be a metric defined on the set of piecewise contractions.
We say that (&, d) is topologically stable if, for every f € €, there exists a § > 0 such
that, for any piecewise contraction g € € with d(f, g) < 4§, f is semi-conjugate to g
and g is semi-conjugate to f on the respective non-wandering sets: that is, there exist
continuous functions Hy : NW(f) - NW(g), Hy : NW(g) - NW(f) such that H; o
f=8o0H, foHy=Hyogand H(NW(f)) =NW(g), H2(NW(g)) = NW(f).
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This definition of topological stability is somewhat different from the standard definition
(see [[18], Definition 2.3.5]). In general, topological stability is defined for homeo-
morphisms such that one of them is semi-conjugate to the other (whereas we have
semi-conjugacies for both sides), but on the entire space. Here it is necessary to define it
only on the non-wandering set which, in fact, is the only subset of the space that contributes
to the long-time dynamics. We can interpret our definition as stating that the long-time
dynamics of two such functions are qualitatively the same.

THEOREM 2.15. The set of Markov piecewise injective contractions (as defined in
Definitions 2.7, 2.10) is topologically stable in the dy topology.

The proof of the above theorem is given in §3. To state our result on density, we restrict
ourselves to piecewise smooth contractions, which are defined as follows.

Definition 2.16. (Piecewise smooth contraction) A piecewise injective contraction f with

partition P(f) = {P;},i € {1,2, ..., m} and injective extensions f, - U; —> RY is called

a piecewise smooth contraction if, forevery i € {1,2,...,m}:

o lfillgs < oo;

o I/ e < o0;and

e 0 P; is contained in the union of finitely many c? (d — 1)-dimensional manifolds {M},
oM; N P; = . Such manifolds are pairwise transversal, and the intersection of any
set of such manifolds consists of a finite collection of C> manifolds.

For a piecewise smooth contraction f, we define the extended-metric

sup |If —glle2py 1 P(f) = P(g).
dr(f, 8) = | PeP)
o0 otherwise.

Note that d>(f, g) = p(f, g). The following density result is proved in §4.

THEOREM 2.17. Piecewise smooth Markov contractions are d»>-dense in the space of
piecewise smooth contractions.

Remark 2.18. Theorems 2.8, 2.11 and 2.15 show that, for a piecewise contraction, to be
Markov means being stable under a rather weak topology (d;). Instead, Theorem 2.17
shows that to be Markov means being dense under a quite strong topology (d>). These
theorems collectively show that, for a piecewise contraction, being Markov is generic;
hence, to have a Cantor set as an attractor is rare.

As already mentioned, a result on density is present in the literature (see [8]). However,
it is proved under a much coarser metric as compared with d>. More importantly, it assumes
that the maps have the separation property, which implies that they are globally injective,
whereas we assume only piecewise injectivity.

3. Openness and topological stability

Recall that, for any piecewise contraction f, P(f) stands for the maximal partition, so
dP(f) = A(f). In addition, for any n > 1, the elements of partition P (f") are given by
equation (2.1), and #P (f") = m,, m; = m.
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Proof of Theorem 2.8. Let f satisfy A(f)NA(f)=9. For all n e N, frt(X) C
fH(f(X)) C f*(X) implies that { f*(X)} is a nested sequence of non-empty compact
sets. Further, Cantor’s intersection theorem implies that A(f) = (,cy f"(X) # @ and
it is closed. Accordingly, there exists ¢ > 0 such that do(A(f), A(f)) > &. We claim
that, for any e > 0, there exists N, € N such that, for n > N, f"(X) C Be2(A(f)).
(Forr > 0and asetA, B,(A) = {y : there exists x € A such that dy(x, y) < r}.) Indeed,
if this was not the case, then there would exist a sequence {n;}, n; — oo, such that
SH(X) N Bep(A(f))C # 9. It follows that, for each n € N, there exists j such thatn; > n,
and hence

(X)) 0 Bepp (A D (X)) N Bepp(A()) # 0,

which, taking the intersection on n, yields a contradiction. Consequently, for every
P € P(f"¢), there exists Q € P(fN¢) such that fNe(P) C Q; otherwise, there would
existx € fNe(P)N3dP(fNe), thatis, a k € N such that

Ay e fAN(PY NP (f) C fAHN(X) N A(F) C Bepp(A(S)) N A(S) =0,

which is a contradiction.

Conversely, let f be a piecewise Markov contraction with stabilization time N € N. By
definition, for every P € P(f"), there exists Q € P(f") such that fN(P) C Q: that
is, fN(P)NaP(fN) = @. Note that £(X) = ", f(P) c U, f(P:), where P; is as
given in Definition 2.1. Thus,

ap=roc) U e J mMeve |J 0
neN neN PeP(f") PeP(fN) QeP(fN)
implies that A(f) NP (f) = 0.

To prove the second part of the theorem, let x € A(f) and let N be the stabilization time.
By definition, for each k € N, there exists yx € Qx € P(f"V) such that x = f*¥(y;). In
addition, there exists P € P(f"V) such that x € P. This implies that fkV(Q;) C P for
all k e N. Let [ := #P(f"). (For a discrete set M, #M denotes the cardinality of M.)
Then there exists k1 € {0, ..., I} such that P = Qy, and hence fYN(P) C P. By the
contraction mapping theorem, fX1¥ : P — P has a unique fixed point, say, z € P. Let
j € N be the smallest integer for which f7(z) = z. Thenx € Muen /™ (P) = {z}. Hence,
A(f) consists of periodic orbits. O

To prove the result on openness and topological stability, we first prove that the functions
p, di, defined in §2, are, in fact, metrics on the set of piecewise contractions. Note that,
by definition of H(P(f), P(g)),if#P(f) ##P(g), then H(P(f), P(g)) = 9.

LEMMA 3.1. p is a metric.

Proof. Let f, g, h be piecewise contractions.

If p(f, g) =0, then there exists a sequence Y, € H(P(f), P(g)), [l¥n —idllcocx x)
— 0and || f — goYnllcox x) — 0asn— oo, which implies that ¥, — id as n — oo
which further implies that P(f) = P(g). Also, ¥, — id means that f —go ¥, = f — g,
and hence f = g.
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Next, we check the symmetry of p. If H(P(f), P(g))=¥,then p(f, g)=p(g, f)=A
IfH(P(f), P(g)) # @, then

(f,g) = id|| -0 + —go 0
p(f. 8 e H(P(f)P(g)){”w e (X,X) If—go¥lc (X,X)}
= inf =" —idllcox.xy + I1Lf 0¥ ™" = glleox.x)}
Y=leH(P(9),P(f))
=p(g /).

It remains to check the triangle inequality.

To show that p(f, g) < p(f, h) + p(g, h), consider the following cases.

If H(P(f), P(g)) =0, then p(f,g) = A, and H(P(f), P(h)) =@ or/and H(P(g),
P (h)) = (: that is, either one of the two or both are empty sets. Therefore, p(f, h) =
orp(g,h) =Aandso p(f,8) =A< p(f,h)+ph,g).

If H(P(f), P(g)) # ¥, then there are the following two possibilities.
() IfTHP(), P(h) =@ and H(P(h), P(g)) =@, then p(f,h) + p(g,h) > A and

p(f, g = weH(g?Jg),P(g)){”w - id”co(x,x) +f—go WHCO(X,X)}
< 2 diam(X).

Since A > 2 diam(X), we have the result.
(2) H(P(f), P(g) #Y,and H(P(g), P(h)) # V.
Given ¢ € H(P(g), P(h)) and ¢ € H(P(f), P(h)), the homeomorphism
¥ =¢ ' op e H(P(f), P(g)), and hence

,8) = id|| 2o +f—go 0
o(f.8 wH(P(f)P(g)){Hl/’ lcox,xy + I1f — & o ¥llcox,x)}t

< inf {llp~" o @ —id|l o
o H(PUP).P () ¢>eH<P(g) P(h)) XX

+lf —hooleoxx) +lhop—god™ opleoyx)

< inf 0 —1d|| 0 + —ho 0
= peH(P(f),P(h) ¢eH(P<g)P<h)){”¢ leogex +17 Plevixo

+lle —idllcoxx) + o —god™ o plcoyx))

= inf 1 _id]| 0 L how—god ool
¢>eH<P(g>,P<h>>{”¢ leox.x) T llho@ —god™ opleox x)}

id|| 70 + —ho 0
(peH(P(f) P(h)){Hw llc (X.X) I/ ¢lic (X,X)}

=p(f.h)+p(gh).
Hence, p(-, -) is a metric. O

Lemma 3.1 implies that d; is also a metric since the series is convergent.

Proof of Theorem 2.11. Let f be Markov. We want to prove that there exists a neigh-
bourhood of f consisting of only Markov contractions. Since f is Markov, there exists
N e N such that the maximal partition P (f) of f stabilizes with stabilization time N. Let
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g # f be a piecewise contraction such that di(f, g) <8 for 0 <8 < oV A (recall that
A = diam(X)).

We show that the partition of g stabilizes with the same stabilization time N.

Note that, for all n < N, p(f", g") < A which implies that H(P(f"), P(g")) # 0.
Let P € P(g"). Then there exist yy € H(P(fN), P(g")) and P’ € P(f") such that
¥n(P) = P. By stabilization, for P’ there exists a unique Q' € P(f) such that
FN(P’) C Q'. In addition, ¥y (Q") = Q for some Q € P(g"). Now, fN(P’) C Q' and
Q' being open implies that ¢ = minpcp( vy do(fN (P'), 3Q") > 0. Choosing 0 < § <
eo™V /3, we claim that gV (P) C Q. Indeed, if there exists x € gV (P) N dQ, then there
exists a sequence {x;} € g"V(P) N Q such that x; — x as k — oo. Let y; € P such that
g™ (yx) = xx. Note that w;l(x) € 3Q’. Now,

e <do(fN (W' i), vy ()
<do(fN Wy i), 8" i) + do(g™ (yi). x) + do(x, Yy (1))
<IN oy — gVlcox x) + llid — ¥y leocx x) + do(xk, x)
= p(fN, g™)+do(xk, x)(taking infimum over ¥y € H(P(fV), P(g")) on both sides)

N

<o N + do(x, x) — &0 U*N/3 as k — oo,

and we get ¢ < ¢/3, which is a contradiction. Hence, if f is Markov with N as the
stabilization time, then, for

N _
8 < min {UNA,G— inf do(fN(P),BQ)},
3 P,oeP(fN)

all piecewise contractions g, with d;(f, g) < &, are Markov contractions and the stabiliza-
tion time of g is also N. Thus, the collection of Markov contractions is open. O

To prove Theorem 2.15, we first need to prove the following lemma which, in itself,
brings some important information about the dynamics of a Markov contraction.

LEMMA 3.2. Let fbe a Markov contraction with maximal partition P ( f) and stabilization
time N. Then, for every P € P(fN), there exists Q € P(f") such that f(P) C Q.

Proof. By Definition 2.6, there exists P’ € P(fV) such that fN(P) c P’. By the

definition given in equation (2.1), there exist partition elements {P,-}lN: 61 (not necessarily
distinct) in P(f) such that

P=pPnf P00 NDpy .
Similarly, there exist partition elements {ij}jy;ll in P(f) such that

Pr=pPnftPnf2pn...AnfWN=Dp
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Let x € P. Then fK(f(x)) e Piy1 for every ke {0,1,...,N—2} and fN(x)=
N7 f(x) € P, which implies that f(x) € f~N=V(P)). Consequently,

f@ePnfthn...n N Dpy 0V pi=0e P
Since x € P is arbitrary, f(P) C Q € P(fN). O]

Finally, to prove Theorem 2.15, we restrict to piecewise injective contractions and
prove the stability result under the metric d;. Recall that, for every piecewise 1nJect1ve
contraction f, with maximal partition P(f) = {P1, ..., Py}, there exists U; = Ui > P
and an injective continuous extension f:U — R4 such that f |p, = f1|p;. In this proof,
we always consider these extensions which, to alleviate notation, we still denote by f.

Our strategy for the following proof is as follows. For piecewise injective Markov
contractions f and g with maximal partitions P(f) and P(g), respectively, and for some
6 >0, di(f,g) <34, we construct semi-conjugacies from NW(f), the non-wandering
set for f, to NW(g), the non-wandering set for g, using a homeomorphism between the
partitions given in the definition of the metric p.

Proof of Theorem 2.15. Let N € N be the stabilization time of P(f). By Theorem 2.11,
there exists 6 > 0 such that, if d;(f, g) < 4, then P(g) also stabilizes at time N. By
Theorem 2.8, the attractors of f and g consist of eventually periodic orbits. Let P € P(fV)
be a periodic element of the partition. Then there exists ng € N such that f"o(P) C P.
Then d;(f, g) < & implies that there exists Q € P(g") such that g"0(Q) C Q. By the
contraction mapping theorem, for f"0 : P —> P, g Q — Q, there exist x y and xg, the
unique fixed points of f"0 and g"°, respectively, in P and Q.

Using Lemma 3.2 inductively, let P;, Q; be the partition elements in P (f Ny, P(gN ),
respectively, such that £/ (P) C P;, g'(Q) C Q;.Let P = U2, Pi, 0= U2, O;.Then,
foreachi e N, P, = fi(P) c P, 0, = ¢'(0) C Q.

Note that, for § small enough, we have H(P(f"), P(g")) # ¢ for every n < ng: that
is, there exists ¥ € H(P(f”O) P(g”o)) such that ||y —idllcox x) <& and || /" —g" o
Vllcox.xy < 9, and thus w(P) Q _

Next, defineg =y o f o xp I Since, by Definition 2.10, f~! is well defined on P, we
have that g is invertible on Q and g l(8 O)=vo f_l(aﬁ)

Next, for ¢ > 0 small enough let P1 < be the &- nelghbourhood of f (P) and let PL £ be
the ¢- nelghbourhood of PG , the complement of P. Slmllarly, let QC £ = =Yof~ (PC e)
and Q1 e=Yof~ l(P1 ¢). By the Markov property, we have P1 e N Pc ¢ = @, and thus
Q 1e N QC = . Hence, by Urysohn’s lemma, there exists a function 6 € C°(X, [0, 1])
such that 6|= 5. = = 1land 9'@5 = 0. Finally, define the continuous functions

g(x) =0(x)g(x) + (1 — H(x)g(x),
ho(x) =go ¥ of_l(x) forall x € ﬁ\ }3\1

LEMMA 3.3. Provided § > 0 is small enough, we have ho(ﬁ\ ﬁ) = Q\ Ql, ho(aﬁ) =
900, ho(0P) = 001.
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Proof. First, using the properties of the homeomorphism v, we have, for each x € P \ 13\1,
lho(x) — x| = 10(x)[g o o f71(x) —x]+ (1 — O()[Y(x) — x]| < 2. 3.1)

If xeP.,NP, then ¥ o f~'(x) € Ocs, and thus ho(x) =Zo ¥ o f~1(x) = ¥ (x).
Whereas, if x € Py, then ¥ o f~'(x) € Oy, and thus ho(x) =go v o f'(x). In
addition,

ho(dP) = y(3P) = 90,

ho@P1) =govyo f ' (3P) =goy(@P)=g®0) =030
Also, if § is small enough, then hg is invertible on (E’g U 13\1,5) npP. Thus, to prove
surjectivity, it suffices to prove that each p € (Q \ Q1) \ ho((Pec U P1¢) N P) belongs
to ho(P\ P1). Let B={ze€R" : |z|| <38}, x = p+2z and ho(x — p) = x — ho(x).
Then ho(x) = p is equivalent to

z = ho(2).

Since equation (3.1) implies that hog(B) C B, by Brouwer’s fixed-point theorem it
follows that there exists at least one z € B such that ho(z + p) = p and, for § < ¢/6,
z+peP\P. O

For the sake of convenience, let ﬁo =P and @0 = Q For every i € N, we
define h; : E\EH — @i\§i+1 as hj(x) =gohj_1o0 f‘l(x). Thus, we define the
semi-conjugacy H : P — Q as

H) = {h,-(x), x € P\Piy,

Xg» X =Xf.

H is continuous because, for x € BP,, Hx)=hjy1(x) =gohjo f~ ](x) = hi(x)
and, for any sequence (x;) € P\P,+1 with x; — xy as i — oo, (Hx;) € Q \Q,+1,
so H(x;) - xg = H(xy). Indeed, H is surjective, for p € Q, and there exists
i € NU {0} such that p € éi \ éi_H. We use induction on i. If i =0, then, using
Lemma 3.3, there exists z € @i \ §i+1 such that hg(z) = p. Instead, if i # 0, then
p1 = g’l(p) € Qi_l \ @. Inductively, as h;_ is surjective, there exists g1 € E_l \ ﬁ,
such that h;_1(q1) = p1. Now, by definition, ¢ = f(q1) € f’\, \ §+1, and finally
gohiof @) =p A

Furthermore, H is the wanted semi-conjugacy between f, g, on P and Q because, for
x € P,

Hpo f(x) =hiz1o f(x)=gohio [T o f(x)=gohi(x) =go H).

To obtain a semi-conjugacy on the whole of N W (f), we repeat the same steps for every
periodic partition element P € P(fV), Q € P(g") with the same v € H(P(fV), P(g")).
Calling {ﬁk} the collection of the union of elements associated to a periodic orbit, we have
Uk Pk=N W (f). Pasting these functions together, we obtain a function ® : NW(f) —
NW(g) with ©(x) = Hpi(x) for x € Pk c NW(f). Then @ is continuous on N W (f)
as Oy px = Y|, px for every k.
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To construct the semi-conjugacy from the other side, we use the fact that ¥ is a
homeomorphism and repeat the same construction using ! instead of v and switching
the roles of f and g. O

4. Density

We prove Theorem 2.17 in two steps. First, we show that Markov maps are dense in a
special class of systems (piecewise strongly contracting) and then we will show that such
a class is itself dense in the collection of piecewise smooth contractions.

Definition 4.1. (Piecewise strongly contracting) A piecewise smooth contraction f with

contraction coefficient A and maximal partition P(f) = {P, P>, ..., Py} is said to
be piecewise strongly contracting if there exists p € N such that A’m, < 1/2, where
my, =#P(fP).

We prove the following results.

PROPOSITION 4.2. Markov maps are dy-dense in the collection of piecewise strong
contractions.

PROPOSITION 4.3. Piecewise strong contractions are dy-dense in the collection of
piecewise smooth contractions.

These two propositions readily imply our main result.

Proof of Theorem 2.17. Let f be a piecewise smooth contraction. By Proposition 4.3, for
each ¢ > 0, there exists a piecewise strong contraction f; such that da(f, f1) < ¢/2.In
addition, by Proposition 4.2, there exists a piecewise smooth Markov contraction f> such
that d>(f1, f>) < €/2, and hence the result. O

In the rest of the paper, we prove Propositions 4.2 and 4.3.

The basic idea of the proof is to introduce iterated function systems (IFSs) associated
with the map. The attractor of the IFS is greater than the one of the map (see §4.1 for the
relationship between the two sets), and hence if we can prove that the attraction of the IFS
is disjoint from the discontinuities of the map, so will be the attractor of the map. The
advantage is that, in this way, the study of the boundaries of the elements of P(f") is
reduced to the study of the pre-images of the discontinuities of f under the IFS. Hence, we
can iterate smooth maps rather than discontinuous ones.

This advantage is first exploited in §4.2, where we prove Proposition 4.2 using an
argument that is, essentially, a quantitative version of Sard’s theorem.

To prove Proposition 4.3, the rough idea is to use a transversality theorem (see Appendix
B) to show that if a lot of pre-images intersect, then, generically, their intersection should
have smaller and smaller dimensions until no further intersection is generically possible.
Unfortunately, if we apply a transversality theorem to a composition of maps of the IFS,
we get a perturbation of the composition and not of the single maps. How to perturb the
single maps in such a way that the composition has the wanted properties is not obvious.
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Our solution to this problem is to make sure that if we perturb the maps in a small
neighbourhood B, and we consider arbitrary compositions of the perturbed maps, then
all the images of B along the composition never intersect B. Hence, if we restrict the
composition to B, all the maps, except the first, will behave as their unperturbed version.
To ensure this, it suffices to prove that such compositions have no fixed points near the
singularity manifolds (such an implication is proved in Lemma 4.10). To this end, in
Propositions 4.11 and 4.17, we show that one can control the location of the fixed points of
the compositions of the map of the IFS by an arbitrarily small perturbation.

After this, we can finally set up an inductive scheme to ensure that the pre-images of the
discontinuity manifolds keep intersecting transversally. This is the content of Proposition
4.19 from which Proposition 4.3 readily follows.

4.1. IFSs associated to the map and their properties. We start by recalling the definition
of an IFS relevant to our argument and exploring some of its properties.

Definition 4.4. (IFS) The set ® = {¢1, P2, ..., P}, m > 2, is an IFS if each map
¢; 1 R?Y - R? is a Lipschitz contraction. (In the following, we will consider only C3

maps ¢;.)

Let f be a piecewise smooth contraction with maximal partition P (f). By analogy with
[23], we define an IFS associated to f as follows.

By Definition 2.16, f|U,- is C* for every i and Df|U,- < X < 1. Using the C" version
of Kirszbraun—Valentine theorem A.2, we obtain a C* extension ¢; : RY — R? of f|y,,
and hence of f|p,, so that |D¢;|| <A < 1foralli € {1,2,...,m}. We denote a C3 IFS
associated to f by

Dr = {P1, P2, ..., P}

Remark 4.5. Unfortunately, it is not obvious if one can obtain an extension in which ¢; are
invertible. This would simplify the following arguments as one would not have to struggle
to restrict the discussion to the sets U; (e.g., see (4.11)). However, since C®(RY, RY) finite
to one maps are generic by Tougeron’s theorem (see [[15], Theorem 2.6, pp. 169]), we can
assume, by an arbitrarily small perturbation of f, that the ¢; are finite to one.

For m,neN, let ¥ ={1,2,...,m}" and 2" ={1,2, ... ,m}N be the standard
symbolic spaces. We endow X" with the metric d,, for some y > 1:
o loi — ]|
i — 0!
dy(o,0') = Z T’ 4.1)
i=1

In addition, let T : ¥ — X™ be the left subshift: (o, 03, 03,...) = (02,03, ...).
Set K = max{||x|| : x € X} (]| - || is the general Euclidean norm). Let M = sup; [|¢; (0)]|.
Then, for each y € R,

i DI < i (v) = @i Ol + M < Allyll + M.
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Thus, setting
Y ={yeR? : |yl <max{K, (1 —x)~'M}}, (4.2)

we have ¢;(Y) C Y, foralli e {1,...,m}, X CY and Y is a d-dimensional manifold
with boundary.
Next, define O : ™ — Y as

Or(0) =[] G0y © by 0 - 0 b, (¥), 4.3)
neN
where o = (01,02,...,) € £™. The sets {¢g5, 0 s, 0 - - P5, (¥)}nen form a nested

sequence of compact subsets of Y. In addition, diam(¢y, 0 ¢g, 0 - - - 0 P5, (¥Y)) — O as
n — 00, so, by Cantor’s intersection theorem, ®¢ (o) is a single element in Y for every
o € X, which implies that ©y is well defined. We define the attractor of the IFS @7 as

A(Pp) = O (Z™). (4.4)
LEMMA 4.6. The function ©¢ : ¥ — Y is continuous. In turn, A(®y) is compact.

Proof. For given ¢ > 0, there exists k € N such that 2K diam(Y) < ¢. Let§ = y_k , where
y is the one in (4.1). For 0,0’ € ™, d, (0,0') <8 = y % implies that, for all i < k,
o;= o/, and hence, forany x, y € ¥,

do(Or(0), Or(a'))

< sup d0(¢o| (SR O¢ok O¢0k+| - '0¢o,l (x),
x,yeY

¢O’1 O 'O‘PG/( O¢U]é+1 T 0¢a,§()’))

< )‘k sup d0(¢(7k+1 0---0 ¢(7n('x)’ ¢J]i,+l "0 ¢0,’,(y))
x,yeY

<k diam(Y) < e,

and hence the continuity with respect to 0. Since ™ is compact, the attractor A(®Py) is
compact as it is the continuous image of a compact set. O

Remark 4.7. Let ® = {¢1, ..., ¢n} be an IFS associated to a piecewise contraction f.
For p e N, let P(fP)={P],P,..., P,,’;p} be the partition of f7 given as in equation
(2.1). Define the corresponding IFS associated to f7 as

(bfp = {gol, §029 LY ’(Pmp},

where, foralli € {1, 2, ..., m,}, there exists unique ol = (of, e, 01’;) € Eg (uniquely
determined by the partition element Pl.p € P(fP?)) such that

9 =G0 B0 0.

The attractor of ® yp is A(P sp) = Orp (X"7). To avoid confusion, we denote the elements
in ¥ by o and the elements in ™7 by w.
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LEMMA 4.8. For a piecewise smooth contraction f with IFS ®f and for p € N, the
following relationship holds.

A(f) C A(fP) C A(®@fr) C A(y).

Proof. Forp € N,let P(f?) ={P{, Py,.... P} }andletm; = m.We start by proving
the first inclusion, thatis A(f) C A(fP).Letx € A(f) =),y S (X), thatis, for every
neN,x € f"(X). Accordingly,

xe [P0 = AP,

neN
Thus, A(f) C A(fP). For the third inclusion, that is, A(®sr) C A(Py), let P pp =
{¢1,92, ..., @m,}. Then, for every w= (w1, w2, ...)€ X"r there exists o“ =
(0®,0%2,...), where 0 = (0}",...,0,") € £, such that

Orr () =QV%,I O Qury 0+ 0 G, (V) ZQ\:%‘M 0 0@ 0 0gun(Y).
Thus, A(®fr)=Uyezmr Ofr(@)=Upo . wexmry 8 (0°) C Uyexm Or(0) = A(Py).
Finally, for the second inclusion, let x € A(f?) = (), ey fP"(X). Then, for all n € N,
there exists y, € X such that do(x, f7"(y,)) < 1/n. By definition of ® s, there exists
o" = (o, s, ...,0),...) € X" such that fP"(y,) = Yot 070 @up (Yn), where
Por € Do This implies that, for all n € N, dy(x, Pt © O Py (yn)) < 1/n. By
compactness of X7, there exists a subsequence {nx} and w € £ such that ©"* — w.
Since, by Lemma 4.6, O is continuous,

do(x, Opp(w)) = lim do(x, Opp (@) = lim do(x, fP"*(y,,)) = 0.
k—o00 k—o00

Hence, by definition of the attractor, x € A(® sp). O]

4.2. A simple perturbation and the proof of Proposition 4.2. For § € R¢ with |§] > 0
sufficiently small, and a piecewise contraction f with IFS ®; = {¢1, ¢2, ..., P}, We
define perturbations f ‘S, 0] fo as

o) = fx)+8, ¢) = ¢ +38. 4.5)

Provided |8] is small enough, the perturbation f? satisfies f%(X) C X, and hence flisa
piecewise smooth contraction with corresponding IFS @ »5 = (@2, ¢§, e ¢,‘31}. One can
easily check that d»( f, f‘s) = |4|. By definition (see (4.3)), ®f5 : XM — Y reads

Ops(o) =[] @3 08,0 0 (V)

neN

and the respective attractor is A(Dps) = Usexm Ors(0).
Observe that, for any p € N, the corresponding IFS associated to (f%)? is given by
CD(fa)p = {(p’ls, (p‘zs, o, (pfnp}, where, for every i € {1,2,...,mp}, there exists o; € E[’;’
S _ 48 8 o iodd
such that ¢ = ¢a{ ) ¢a§ o o ¢>U;7.
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LEMMA 4.9. The map ©ys (o) > Mhen d)gl ) d)gz 0o---0 ¢gn (Y) is uniformly Lipschitz
continuous in 8: that is, there exists a > 0 such that, for all o € ¥, d0(®f5 (o),
Oy (0)) < ado(8,d").

Proof. Letd,8’ >0,ne N, x e Yando = (01,02,...,0p,...). Then
do(Os(9), Oy (0)) < do(@ys (0), 5, © - - - © B, (x))

+do(Oy (), ¢S 00l (x))

Hdo(¢d 00l (x), 90 ool (1))

= A'do(®s(t"0), x) + A"do (O (7"0), X)
+do(8,8) +do(do, 09,0+ 0 Bl (x), by 0 B2 0 -+ -0 B (1))
< 2)" diam(Y) + do(8, 8)

+ado(¢d, 0 -0 @l (x), B2 0 - -0 gl (x)).

Iterating the above argument yields
do(®y3(0), Oy (0)) < lim {22" diam(Y) +do(8, 8)(1 + A + A A
n—o0
= (1 —3)"'do(8, 8",
and letting @ = 1/(1 — A) concludes the proof. O
Proof of Proposition 4.2. Let p € N be such that m,A?P < % Lemma 4.8 asserts that
A(fY c A(®ys)p). Hence, by Theorem 2.8, it suffices to prove that, for every ¢ > 0
small enough, there exists § € B.(0) such that the attractor A(CID( fs)p) is disjoint from
IP(f%) = dP(f).
Suppose, to the contrary, that, for every § € B.(0), A(CD(fs),,) NAP(f) #9.

Accordingly, there exists w(8) € ™ for which O 5yp (@(8)) € IP(f). By definition,

oP(f) = UPeP(f) d P. Therefore, there exists P; € P(f) and A C B.(0) with ug(A) >

wa(Be(0))/m = Cye?/m (g is the d-dimensional Lebesgue measure) such that, for all
S €A, Opsyp(w(d)) €0P;.

Moreover, for each k € N, there exist 0* = (0], @3, . .., ) € E,r{"” such that the set
defined as

A =8 €A w@); =t j <k

is non-empty and puq(Ag(0™)) > pcd(A)/m > Cds m 1m -k, Accordingly, for w(§) €
Ay (w*) and the IFS associated to D poyp = {go1 goz, e (pmp}

0P; 3 6y (@(8)) = ¢h: 0 Oy (T (8)) = oz © g © - - - 0 Y 0 O oy (T (8)),

@

where 7 is the left shift as defined above and ¢, =¢°, 0¢’, o---0¢’, , for
J j,1 j.2 j

wj (0]1, jpz,.. 0 )eEmwnth,,eCDfa

Next, for some x € X, define 6 : Ak(a)*) — X as 6(8) = * ogd o 0 @0 (X).
k
Then

do(© 50 (@(8)), 0(8)) < AP do (6 y3)» (TFw(8)), X) < diam(Y)AP* =: B, APk
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Thus, 6(8) belongs to a B Pk neighbourhood of d P;. Since d P; is contained in the union
of finitely many C? manifolds, the Lebesgue measure of a B,A”* neighbourhood of 3 P; is
bounded above by CAP* ;1 (3 P;) for a fixed constant C > 0. Accordingly,

1a (O (Ar(@*))) < CAP g1 (3 Py). (4.6)
On the other hand,

a0 (Ax(@"))) = / | det(D6(8))] dé,
Ap (o)

where, by definition of 6(8), DO(§) =1+ Dot + D@ Dgos + - - -+ Doy - - - Doy .

Note that
AP
”D(pal* + D%]*D%z* +oo DQDUI* o Dwa,f_]” = 1
where || - || is the standard operator norm defined as |[L|| = supy,=; [|Lv|| for any linear

operator L : RY — RY. It follows that, for all v € RY,

DOl = Nlvll -

1
T vl =z vl

since AP < 1/2m? and m? > 2. Hence, the eigenvalues of D8(§) are larger, in modulus,
than §. Accordingly, |det(D6(8))| = 27¢ and

1a@(Ap(@*) = 27 1a(Ax(@") = Ca2elm ™ m ), ~*, 4.7
which, for k large enough, is in contradiction with (4.6), and this concludes the proof. [J
4.3. Fixed points in a generic position. Fix N e N. For all ¢ <N+ 1 and

o=(01,...,04) € 2;”(@), let x,(®) be the unique fixed point of ¢g o0 dq,:
that is,

boy 0+ -+ 0 Po, (X5 (P)) = Xg (D). (4.8)

The goal of this section is to define a perturbation that puts the above fixed points in a
generic position. We start with the following trivial but useful fact concerning the location
of such fixed points.

LEMMA 4.10. Given an IFS ®, if for some y € R4, 8 > 0, p e Nand o € £,

$oy 0« -0 ¢g,(Bs(y)) N Bs(y) # ¥,
then the unique fixed point of ¢o, o - - - 0 ¢g, belongs 10 Be,s(y), cx =2/(1 —A) > 2.
Proof. The fact that [|¢g, © - - - 0 ¢5,(y) — yIl < 23 implies that, for each x € Be,s(y),

[Py 0+ 05, (x) =Yl < Py 0+ -0 ¢5,(X) — g 0 0, (V)] + 23
< (Wey +2)8 < cié.

Hence, ¢, 0 -0 ¢UP(BC*5(y)) C Be,5(y). The lemma follows by the contraction
mapping theorem. O
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Let Ap ={¢gy0---0¢s, : 0 € Z;’,’} and A, (®) :={xs(P) : 0 € E?(CD)} and let
#A N (P) = k.. We can now explain what we mean by having the fixed points in a generic
position.

PROPOSITION 4.11. For each ¢ > 0, there exists an e-perturbation ®° = {d),?} of ®
such that, for all g < p <N, o € Z;”(CD), w € EZI(CD), w # 0o, if opy1 £ wy, then
xq(q)o) #* xw(CDO), whereas if 0p1 = wg and X (CDO) = xw(CDO), then ¢g 0 - -0 bo,
and ¢y, 0+ - -0 bw, are both some power of a ® € Ule As.

Proof. We proceed by inductionon p. If o1, w1 € {1, . . ., m} and x4, () = x,,, (P), then
we can simply make the perturbation 4301 (x) = ¢o, (x) +n for some |[n|| < &/2. This
proves the statement for p = 1. To simplify the notation, we keep calling & also the
perturbed IFS. We suppose that the statement is true for p, after a perturbation of size
at most (1 — 277)e, and we prove it for p + 1.

Since A(p+1) ={xs(P) : 0 € EZIH,*((D)} is a finite discrete set,
5" :min{l, inf - }>0.
1 ey llx — ¥l
Xy

Let § < c;28;+1/2 (recall that c, =2/(1 —A)). Suppose that z := x5 (D) = x,(P)
and w; = 0,41, where o € EZ‘H(CD), weXf(P), g<p+1 and o #ow. Let
J €10, ..., g — 1} be the largest integer such that o1 ; = wy—;. If j =g — 1, then it
must be that g < p; otherwise, we would have @ = o. Hence,

¢w1 O"'°¢wq(z):Z:¢m o"'°¢al,+1(z):¢a1 O"'°¢ap+1_q°¢w1 O"'°¢wq(z)-

That is, ¢y, 0+ - - © ¢Up g (z) = z. It follows, by the inductive hypothesis, that there exist
k € Nand © € Ay, s < ¢, such that

k
Gy 00 by, = OF,
¢w1°"'o¢wq =0/,

SO ¢gy 00 ¢y, = ©®F+7 | as claimed. It remains to consider the case j < g — 1. Let
Vi i=¢o, ;0 0¢y,. Theny =¢5,,, ;0---0¢s, and

[ 0 Gy 00w, JW(@) = ¥(@) = [V 0 ¢, 0- - -0 ¢, W (),

where, by construction, @, j—1 # 0, ;. By renaming the indices, we are thus reduced to
the case wy # 0p41. The following lemma is useful for analysing this case.

SUB-LEMMA 4.12. [If, for j € {1,..., p},
Po;41 0 0 Go,,, (Bs(2) N Bs(z) # 0,

then <z‘)(,j+1 0---0 qbng (z) =zand oj = 0py1, and the same for w.

Proof. Lemma 4.10 implies that there exists zj € Bc,s(z) such that ¢5,,, 0---0
b5,.,(z1) = z1. In addition,

lz — ‘Pal ©0--+0 ¢o*j(zl)|| = ||¢01 ©---0 ¢Jp+1 (2) — ¢0| SR °¢op+1(zl)|| < Acyd.
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Thus, ¢5, 0« - -0 ¢>gj (B¢,5(2)) N Be,s(z) # ¥, and hence Lemma 4.10 implies that there
exists 7o € Bcga (z) such that ¢y, 0-- -0 ¢rr_; (z2) = z2. The definition of § implies that
Z1 = 22, which, in turn, implies that z; = z. Hence,

¢oy 0 '°¢dj(z) =2
¢O‘j+1 O« O¢Up+|(z) =2,
and, by the inductive hypothesis, this is possible only if 0; = 04 1. The argument for w is

identical. O

If there exists j € {1,..., pland k € {1, ..., g} such that

Pojy 00 Po,y, (Bs(2)) N Bs(2) # W,
Paysr © -+ 0 Pu, (Bs(2)) N Bs(2) # ¥,

then, by Sub-Lemma 4.12, ¢5;,; 0 - - 0 ¢5,,,(2) =2 = Py, © - © P, (2), which con-
tradicts our inductive hypothesis. Thus, if the first inequality is satisfied for some j, the
second cannot be satisfied for any k, and vice versa. Suppose that there does not exist k
for which the second inequality of (4.9) is satisfied (the other possibility being completely
analogous).

Define the perturbation

(4.9)

o =

~ Qrohys ifk=uw,,
)2 otherwise,

where, by analogy with (4.18), for v € RY, v| =1,

X forall x € B —1,(2),
hes(x) = 3 . e
x+c¢.78°g(1 —cid ' ||lx —z|)v otherwise.

Note that [|h;s —id|c2 < 2-P—1gy. Since hz,g(Bc*—la(Z)) C BC*—I(S(Z), it follows that the
effect of the perturbation is always confined to Bs(z) and its images. Moreover, by
Sub-Lemma 4.12, if there exists j such that ¢g,,, o 0dqs,,,(Bs(z)) N Bs(z) # ¥,
we have seen that 0 = 041 # g, SO next we apply a map, ¢o;, that has not been
modified. On the other hand, if x € Bs(z) and for some k we have w; = w,;, we have
Py © 0 Pu, (x) & Bs(z). Next, we apply ¢, outside the region where it has been
modified. It follows that, for each x € Bs(z),

éwl 0---0 q;wq(x) = ¢’w1 0---0 waq th,é(x):
$oy 0+ 0o, (X) = oy 0+ -0 ¢, (X).
Calling z(8) the unique fixed point of ¢, o - - - 0 g, 0 hz 5,
Z(8) = (1 = D¢y - - - Dy, Dhz) ™ Doy, - - - Doy, dshs.
Since z(0) = z and

Ishzs = 3¢38%g(1 — c8 7 [2(8) — z)v + ¢ 28112(8) — zllg' (1 — cx8 ™ |2(8) — zl)v,

https://doi.org/10.1017/etds.2024.78 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.78

Piecewise contractions 1523
we have that it is not possible that z(8) = z for all § < c;28;+1/2. Thus, we can make a
perturbation for which the two fixed points are different, and, for § small, they cannot be
equal to the other fixed points.

For any other couple of elements o € EI’:‘ 1 (D), w e E;"(QD), we can repeat the same
process and obtain the perturbation with two different fixed points, as above. Note that,
as the size of the perturbation is § < ¢! 5; +1/2, the distance between the newly obtained
fixed points in _J a<p Ay stays positive as the perturbation does not move the fixed points
more than 8;+1/2. O

From now on, we assume that ® satisfies Proposition 4.11.

4.4. Pre-images of the boundary manifolds and how to avoid them. Next, we need some
notation and a few lemmata to describe the structure of the pre-images of the discontinuity
manifolds conveniently. This allows us to develop the tools to prove Proposition 4.3.

Let f be a piecewise smooth contraction with P(f)={P, P»,..., Py} and
®r = {P1, 2, . .., ¢m}. Recall that, by hypothesis, P (f) is contained in the finite
union of C? manifolds, which we will call boundary manifolds. Let Iy be the number
of boundary manifolds in d P(f). Recall also that, for every i € {1,2,...,m}, U; is
the open neighbourhood of P; € P(f) such that f |y, is injective and hence invertible.
Accordingly, by the construction of ®;, we have that ¢; |y, has a well-defined inverse for
alli e {1,2,...,m}.

Let €o = min{dy (P;, Uf) : i € {1,...,m}}, where the complement is taken in R4,
For each € < €p/2, we can consider the e-neighbourhood V; of P; and the € /2 neighbour-
hood V; .

Choosing € small enough, we can describe the boundary manifolds by embeddings
vi € C2(DF,RY), i €{1,2,..., 1o}, such that y;(D;") C U, for some p € {1,...,m},
and there exists an open set D; C Dl-+ c R4~ such that Yi (D) NV, # @ and 04 (D;) N
V p = @ (this is possible by Definition 2.16). For each IFS ® and o € X', recalling the
definition (4.2) of Y, we let

Do(®)={x €Y : x €V; o, 0 00 (x) € Voskefl,. .. ,n—1}},

(4.10)
DY(®@)={x€Y:x€ Vs, o, 0 0¢s )€ Vy,ke{l,...,n—1}}.

We call a sequence o admissible if D, (®P) # (). We define the set Z,’ﬁi of the i-admissible
sequences as
E,’:fi(q)) ={o € E;’gn D Qo 0 0@y, (D (®)) N Y (D;) # @},
Do,i(qD) ={x € Ds(D) : ¢01 S O¢U,,(x) € ¥ (D)}

(4.11)

Remark 4.13. Note that, for each N € N, there is a § > 0 such that, for each
ief{l,...,lp}, n < N, admissible word o € ZZT[., point x € Dj(cbf) and small enough
perturbations o= {¢~$,-} of ®, we have, for each j <n, 4301. 0---0 430,1 (Bs(x)) C
(/BUJ(UJJ.), so that the inverse function ¢, oo cﬁgll is well defined on ¢y, o - - o

b5, (Bs(x)).
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Remark 4.14. By the definition (2.1) of the partition P (f"), it follows that

ly n
P clUl U Doi@p.

i=1r=0oex,
where X7 (@) = {0} and ¢ = id, so, for o € Z(’)’fi(CID), we have D, ; (®p) = ¥ (D;).

Unfortunately, the sets Dy ;(®p) may have a rather complex topological structure,
whereas we would like to cover d P (f™) with a finite set of (d — 1)-dimensional manifolds
described by a single chart. This is our next task.

In the following, we will write E,’l’fi only if it does not create confusion. In addition,
we set

lo
o= U . (4.12)
i=1

Note that, if o € &', and x € D, ;(®), then there exists a unique y € D; such
that ¢g(x) := g, 0 - - 0 ¢, (x) = ¥i(y), so the following is well defined: wi_l o
@6 (Dy i (P)) = Wy ;. Note that W, ; is a compact set. For all y € D;, let A(y) be the
set of o € ngi, p <n, such that y € W ;. As noted in Remark 4.13, there exists a
8(y) > 0 such that ¥; (Bs(y)(y)) C ﬂ(reA(y) ¢ (Dy i (®)). For a fixed N € N, we have
that {Bs,)(y) : y € D;} is a Besicovitch cover and, by the Besicovitch covering theorem,
we can obtain a subcover in which each point can belong to at most ¢4 balls (for some ¢y
depending only on the dimension d). We can then extract a finite subcover

W = (B 1)} (4.13)

of D;. We set, for o € o, with pe{0,..., N}, MY (@) = {gbgpl o---ogylo
Vi (Bs(y) (i)} M(I)Yi = {¥;(D;)}, which is the wanted collection of (d — 1)-dimensional
manifolds. Note that they are not necessarily disjoint. However, they have the wanted
property, as the following remark states.

Remark 4.15. By the definition given by equation (2.1) of the partition P (f"), it follows
that, for each N > n,

lp n
oromcJU U U m
i=1r=00cex), MEM(};V;((I’D
where E(’fi = {0} and ¢y = id, so, for o € ngl., we have M, ; (®p = Vi (D;).

Also, for all IFS ® and N € N U {0}, we define

N Iy

DN(¢)=UU U U M. (4.14)

n=0i=1 ocex, MeM{’TV,.(dJ)
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In addition, for § > 0, we define the closure of the §-neighbourhood of DN (@ as

DY (®) = U Bs(x). (4.15)
xeDN (@)

Remark 4.16. The basic idea of the proof is to make a perturbation such that the images of
dP(f") do not self-intersect too many times. This can be done easily for a single map ¢;.
However, we are dealing with compositions in which the same map can appear many times.
So we have to avoid the possibility that the perturbation at one time interferes with itself
at a later time. This can be achieved if there are no fixed points close to the pre-images of
the singularities. This is our next task.

PROPOSITION 4.17. Let ® = {¢p1, ¢2, . . ., ¢} be an IFS with contraction coefficient A.
For each N € N and & > 0 small enough, there exists an IFS &= {(51, e, <5m} and
8¢ € (0, &) such that ||¢; — illo2 < &, and, forany p < N, o = (01, ...,0,) € 20 (P,

we have that ¢~5(,1 o--- oéﬂplDa(&)) is invertible. Moreover, x € Dg(&)) implies that
¢y 0+ - 0 ¢g,(x) # x. Finally, there exists ¢, > 2 such that, for any § € (0, 6;188/2)
andy € Dg/z(&))’

b, 0+ - 0o, (Bs(y) N Bs(y) = 0.

Proof. The last statement of the proposition is an immediate consequence of the first part
and Lemma 4.10. As for the first part, note that if, for each o € E;,”,*, p < N, the fixed
points of ¢y := ¢g, © - - - 0 ¢g, do not belong to DN (), then the proposition holds with
8, small enough. Thus, it suffices to prove the latter fact.

By Remark 4.13, it follows that there exists ¢g > O such that, for each ¢ € (0, g9) and
g-perturbation ® of ®, forall o € )ZZ”*(GD), p < N, the inverse map of ¢, is well defined
in Dy (®). In addition, by Lemma C.3, El’ﬁ*(cb) = al’f*(&)). From now on we assume that
& < &p.

We can then apply Proposition 4.11 to obtain the IFS ®°, a £ /4 perturbation of ¢, where
the fixed points differ unless they are associated with sequences composed by the repetition
of the same word. Next, we want to proceed by induction on the sequences in Ez’(}’ (@),

To this end, it is necessary to have an order structure on er\'}, (P). We introduce the
following order: 0 < o forall o # 0, and if p > g and o € E;”’*(QJ), o e E;’f*(cb), then
o' < o.1If p=gq, then the o are ordered lexicographically. This is a total ordering, and
hence we can arrange them as sequences {0'};en Wwith o/ < o' if and only if i > j.
Next, define £(j) to be the length of the word o/: that is o/ € Ezl(j)’*. Recall the
definition of fixed points (4.8). It is convenient to set 6% =0 and xo(¢) = @. Also, let
Ao = max{[|(Dx¢) " lleogy,) © ¢i € D).

The idea is to define a sequence of perturbations oF, ||kt — CDkch =g < g27k1,
such that, for all j <k,

x,; (@) ¢ DN (). (4.16)
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Note that the above implies that there exists A > 2 such that
A = max{[|(Dx¢) o,y : & € 94)
for all k € N. In particular, the above implies that

DY (@**h c DY v, (@Y. (4.17)

ANgy

Using the notation introduced just before Proposition 4.11, let

3 . 1 .
Se=min {1, — inf |x —y||} =~ 0.
Cx x.yeAn(@h)

X7y
We proceed by induction on o. For ¢, the statement in the induction is trivially true. We
assume that it is true for ¥ and we prove the statement for o*¥*1. Let

8 = min{min{dp(x, ; (®%), DV (®X)) : j <k}, 5r/4).

We consider e;-perturbations of oF withep < A=N6; /4.For o € X', we use the notation
o =5, 0+ -0 Pg,. If Xpit1 (K & DN (@), then we set &%+ = & and the induction
step is satisfied. Otherwise, as before, for some @ > 2, and any § € (0, 1/4/a), v € V and
% € RY, we define hz s, : RY — RY as

han(E) = {x for all x & Bs(¥), @is)

x+8g(1 —8Yx —x|)v otherwise,

where g € C*°(R, R;) is a monotone function such that g(y) =0forally <0, g(y) =1
for all y > 1/2 and ||g'|lec < a. Let p = £(c**1). For each § > 0 and v € R?, |v|| < 1,
we consider the perturbations ®5, = {¢; 5.} defined by

i (x) ifi # okt
es _ k+1
Pkt 0 hy @by s (V) D=0

Giso(x) = {

where @ = {¢i}. Note that [|¢; —¢;ohzsullez < Cgd and |¢; o hzsulles < Cg
for some constant C, > 1. Thus, these are g perturbations provided 6 < Cg_ lek <
Co' AN 5 /4.

LEMMA 4.18. There exist Cy > 0 and 6, € (0, min{Cg’lsk, A"2NY) such that, for all
8 <8y IVl < landeach j <k +1,

3 _
EsznvnA N < xy i (@F) = x5 (®s.0) | <

| o

Moreover, dyx,;(Psy) is invertible and

(@yxyi (Ps,) | < CL873AN.
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Proof. Let q = £(c/). If osj * a},‘“, for all s < g, then x,; (d5) = Xgj(Ps,p). Other-

k+1
P s

wise, let 5 be the largest such that, for all s <5, ag’ *0
¢Gij’5’v o---0 ¢U‘{,8,v(xo-j (CDS,U))
= ¢o§j,8,v O O¢qu,8,v o¢alj,5,v O o¢ J

0:_1,8v
X (¢a§j,5,v 0---0 ¢GJ’8’U(XO./' (®s5.))).

s

Note that, (o7,...,07.0{,...,0{ |,)=0/' for some jj <k-+1. Moreover,
aq] = 05“ and

Xoit (Pop) =i 0005, (X6  (Ps0)).
By hypothesis,

107 (@5.0) — Xi (D < AP x5 (D) — X, 51 (D).

We can thus consider only the case in which oqj = aﬁ“. Let 1 <5 < g be the largest

integer, if it exists, such that asj = a}ﬁ“ forall s < 5. Then for y € Bs(x k+1 (d5)),

Xoi (Pop) =i 5,0 0bgis,© ¢aél'+l 0 0, ilhy i@k s0()-

Since, by construction, hxgk 41 (Bs (X1 (®K))) c Bs (Xghe+1 (®F)), we have that applying
¢_J 5, differs from applying ¢_; only if

¢ o0 ; (Bs (xgrs1 (@5))) ﬂ Bs (x 111 (®F)) # 0.
s+1 q

But then Lemma 4.10 implies that

& INCOEENSICOl Ry

J
(@, 1]

Then our choice of § and the induction hypothesis implies that x0k+1(d>k) =

Xl qj)(CDk) ¢ DV (%), which is contrary to our current assumption. It follows that,
s+

provided x,; (®5.) € Bs (X x+1 (D)),

Xoi (Pop) = Bgi(hy ) (@) 5,0 K0 (Ps,0)))-

To simplify notation, let z(8, v) = x4 (Ps ), hs,y = h, fr1 (F).8, and ¢sy = Py 0 hsy.
We can study z(§, v) by applying the implicit function theory, which yields

d _
25200 = (1 = Do s.0) "Diy o (26,0 P5.095h5.0(2(8, v).

If z(8,v) € Bs2(x,ut1 (®F)), then hs,(z(8, v)) = 2(8, v) +8%v, D spyhsy =1 and
9shs(2(8, v)) = 38%v. Thus, setting A := D_5 ), 53,$5,» We obtain
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iz(s v) = 38%(1 — A)~ ' Av
as= :

Since the maximal eigenvalue of (1 — A)~! A is bounded by (1 — A) !, there exists a 8,
such that, for all § < &4, z(8, v) € Bs/2 (X k+1 (®K)). Moreover,

I = A~ Avll = A7V /2],
and thus z(8, v) & B3 252y A-N (Xghs1 (®X)). Finally, for each § < &,
3yz(8,v) =8(1 — A)'A,
from which the last statement of the lemma follows. O

By Lemma 4.18, equation (4.17) and our choice of e, x,, (Psy) & Dé\(’sk/4(cl>k) and
DN (@kt1y Dglf/4(q>’<) for all j < k. Thus, x,,(®s,) & DV (®F) for all j < k. We
are left with xois1 (®FH!), recalling that x,i1 (9%) € DV (0F). Letw € T, ¢ < N and
M e Mﬁi(cbk) such that x_«+1 (®¥) € M. Then

Py 0+ 0 P, (i1 (DF)) € Y (D).

First, suppose that w; # o;f*l. It follows that, for y € Bs/2(xgk+1 (dK)),

¢w1,8,v O - Od)wq,é,v(y) 75 ¢w1 SR Od’wq(y)

only if, for some s < g, wy = o,’f“ and
By © -+ © G, (Bs (s (9))) N B (xgint () # 0, (4.19)

but this is ruled out by our choice of &; and Proposition 4.11. The above discussion shows
that M N Bs ;o (X x+1 (®K)) is an element of MCI(XI. (Ps.y) as well. Hence, it suffices to ensure
that x x+1(Ps,p) & M. Since Lemma 4.18 shows that varying v the fixed point visits an
open ball, and since M has zero measure, it follows that there exists an open set of v which
yields the wanted property.

It remains to analyse the case w;, = o

;f“. In this case, for y € Bs/a(x,x1 (D)),

¢w1,6,v O~ Od’wq,&,v(Y) = ¢w1,8,v O - O¢wq(y + 531}) # ¢w1 o---0 ¢>w,,(y + 531})

only if equation (4.19) is satisfied, which, by our choice of &, is possible only if x,, (®¥) =
Xo (D). But then Proposition 4.11 implies that there exist o < ok*1 such that ¢, = ¢Z1,1
and ¢ = ¢/, which would mean that

Vi(Di) > ! (xohs1 (D)) = xpur1 (BF).
Again, Lemma 4.18 allows to find an open set of v for which x«+1 (d%) & ;i (D;). The last
possibility is that

P00 0 P, 50(3) = Pa 5w 0 0 B, (¥ + 870).

This implies that the perturbed manifold M is displaced by, at most, 2AY 83 ||v| whereas
Lemma 4.18 implies that the fixed point moves by at least (3/2)82[|lv]|A~™N > 2AN83|v].
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Hence, again we have an open set of v, which produces perturbations with the wanted
property. As a last observation, note that if there are other manifolds M € D" (®*) such
that X +1 (®*) € M, then we can repeat the same argument and we have just a smaller
open set of v that does the job. This concludes the overall induction and hence the proof of
Proposition 4.17. O

4.5. Perturbations with low complexity and the proof of Proposition 4.3. Thanks to
Proposition 4.17, we can finally construct the wanted perturbation f.

Let f be a piecewise smooth contraction with the maximal partition
P(f)={P1, P2, ..., Py}. Let [p € N be the number of manifolds in d P(f). Define
l1 = max{cglp, d}. (Recall that, by construction, cy4 is the maximal number of manifolds
in M(IT\;., N eNando € ngl., that can contain a point in w,-(Dl.J“).)

Given two manifolds defined by maps v, W2, we write 1y, if the manifolds are
transversal (see Definition B.1 for the definition of transversality). On the contrary, if the
two manifolds have an open (in the relative topology) intersection, we call them compatible
and write Y1 A yrp. If two manifolds are not compatible, then we write 1 X ;.

PROPOSITION 4.19. Let f : X — X be a piecewise smooth contraction with maximal
partition P(f). Then, for any N € N and ¢ > 0 small enough, there exists a piecewise

2dmd_

. = z I ..
smooth contraction f, with dy(f, f) < € such that no more than v partition

elements of P ( f NY can meet at one point.

Proof. Before starting the proof, we need to introduce some language.

Consider an IFS ®r = {¢1, ¢2, . . ., ¢} associated to f with contraction coefficient A.
Let gg € (0, £/4) be small enough. Then, by Proposition 4.17, there exist §, < 8, € (0, €1)
and an gg-perturbation (here, and in the following, by perturbation we mean a function that
is C2 close and with a uniformly bounded C3 norm) of @, (which, abusing the notation, we
still call ®y) such that, forevery p < N,o = (01, ...,0,) € T7_ and& € Dy (®) NV,

$o) 0 ¢oy 0+ - - 0 Po,(B5,(§)) N By, (§) = V. (4.20)

Note that there exists €9 < &g such that (4.20) persists for €g-perturbations of ®.

By compactness, for § € (0, min{d,/2, §x}), where 5y > O is such that it satisfies
the condition of Remark 4.13 for each ep-perturbation, there exists a finite open cover
{Bg/z(Z,‘)}?zl of Dév (Pp (which, by definition, contains 0P (f Ny) such that, for each i,
zi € P;j and Bs(z;) C V;, for some j. (See the discussion at the beginning of §4.4 for the
definition of V;.)

Let Y =Y C R? be compact, such that ¢(Y) C Y for all ¢ € ®.

By convention, we set Z&(CD) ={Y} and le(d)) ={Y,; we{l,...,i}} to be
the collection of the manifolds ;(A) for A € WiN , as defined in (4.13). Also, we call
Z,: (D) = {1//(’; ©we(l,..., L)} the manifolds consisting of the intersection of the k
manifolds {,, : i €{l,...,k};i # j = Yo, K V¥o;}. (These are indeed manifolds;
see Definition 2.16. To simplify notation, we use 1, both for the manifold and for the
map that defines it.) By construction, Z,i(dD) = ) for k > ly. In addition, the maximal
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dimension of the manifolds in Zkl (®), for k > 1, is d — 2 (since the boundary manifolds
are pairwise transversal; see Definition 2.16). Note that Z 11 (®y is a collection that covers
the boundary manifolds; for simplicity, we call the elements of le (®y), from now on, origi-
nal boundary manifolds. For each s € Nand kq, ..., k, e NU{0},let Z5 ={Y},Up =Y
and (to alleviate notation, from now on we write ¢, ! to mean the inverse of @o; |Uo,-’
while the domain of qbo_il o Y consists of the points where the composition is well
defined)

n
z,f“(cb):{ ol oV NNyl oy, neN,kl,...,kneNU{O},Zki:k,

i=1
'(ﬂa),» € Z}il(cb)7 Ui S E’]/rf*(q))vl ;é j! Ui - Gj ﬁ ww,- J< pr_/},

zZioy= |J zZ@.

keNU{0}

Note that Z} contains the admissible pre-images of the boundary manifolds under
composition of at most s maps in @ and all their intersections. In particular, the sets
in Z‘f cover dP(f*), and we call them boundary manifolds. In addition, if a set belongs
to Z;(®), then, by definition, it is determined by the intersection of the pre-images of k
original boundary manifolds. Also, we remark that Z}EH D Zg since ¢p9 = id (see Remark
4.14 and Definition (4.12)). Next, let Ny be the maximal number of manifolds that can
intersect in Z: that is, Z} = # for k > N;. We have seen that N1 < [;. Moreover, each
original boundary manifold can have at most m® different pre-images obtained by the
compositions of s maps. This implies that, at each point, we have at our disposal at
most Zj; 10 m®'l | different manifolds from (_J; M(I)\’]i to intersect. If m = 1, then Ny < sli;
if m > 2, then Ny < (m* —1)/(m — DI; < 2m*~'1;. Accordingly, Ny < sm*~'l;. (We
remark that, by definition, the pre-images are taken via invertible maps, and hence the
manifolds cannot self-intersect.)

Our goal is to produce a sequence of perturbations ®° of &y =: ®° such that & is a
27%¢ perturbation of ®*~! with the following property.

(%) The set Z;(®*) consists of manifolds of dimension strictly smaller than d — j for
all k > jm/=y, whereas Z{(®%) consists of d — 1 dimensional manifolds. This
property persists for small perturbations of ®°.

Note that the above implies that Z;(®*) = for each s € N and k > dmi-1,.
Accordingly, at most dm?~!l; pre-images of the original boundary manifolds under
composition of at most s elements of ®° can have non-empty intersections. In turn,
defining fi(x) = ¢;(x) for x € P; and ¢; € ®°, we obtain a perturbation of f smaller
than ijl 27/g <& such that P(f) has at most 24m*l1 - elements meeting at
point.

Indeed, suppose p elements of P(f;) meet at a point x. The boundaries of such
elements in a neighbourhood small enough of x consist of codimension one manifolds
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belonging to Zj(®*), and they have to intersect at x. Suppose that the total number of
such boundary manifolds is g. Then x must belong to a manifold in Z; (®*), and hence it
must be ¢ < dm?~'1;. Note that we can uniquely define a partition element by specifying
on which side it lies with respect to all its boundary manifolds. Since there are at most 29
possibilities, it must be p < 29. It follows that p < 29"l The lemma then follows by
choosing s = N.

It remains to prove property (x). We proceed by induction. If s = 1l and k € {1, ..., [},
then the manifolds in Z,g are indeed of codimension at least one, and the manifolds in
le are of codimension one, whereas, if k > [, then Z,: =0, so &y = @0 satisfies our
hypothesis. We assume that the hypothesis is verified for some s and prove it for s + 1.

Let €, < min{27* "¢, ¢y} be such that all the e;-perturbations of ®* still satisfy ().
This implies that, provided ®$*! is a €, perturbation of ®*, Z (d**!) has the wanted
property for all s < s.

Accordingly, we must analyse only sets of the type qﬁ;ll oYy N---N q&;ﬂl o Yy,
where ¥; € Z,‘zi(dﬂ) and ¢, € ®* U {id}, o; € {0,...,m}. (By an innocuous abuse
of notation here we use ; to refer to generic elements.) By definition, such sets are
elements of Z,‘EH(CD‘Y), with k = )", k;. Note that the ; € Z3(®*) do not contribute
to the intersection. We can thus assume, without loss of generality, that k£; > 0. Note
that if n =1, then the manifolds belong to (J/L, qbfl(Zi(CDS)) C Z5H(®*) which
have automatically the wanted property, and so has any eg-perturbation. We consider
thus only the case n > 2. In addition, if ¢o; = ¢o;, i # j, then qb;[_l oY N qj;jl oY=
¢;l_l o (¥; Ny;), and since, by definition, v; X, ¥; Ny € Z);H{j (®*). Hence, we
can substitute to the intersection of the manifolds ¢>;i] oy N gbgjl o the manifold

b, Lo (w j N rj). We can thus assume, without loss of generality, that i # j implies that
bo; # Po;-

We define the map F : R — R™ by F(x) := (¢g,(x), . . ., Pg,(x)) and the stratified
sub-variety C = {(Y1(xp), . . . ¥n(xn)) @ x; € Bi}, where D; C R4 is the domain of the
map ;. By Lemma B .4, for a constant ¢ to be chosen later, there exists a %ces -perturbation
F= (qggl x),..., ¢A>Jn (x)) of F, transversal to C. If ¢, # id for all i, then we set F=F.
If, for some i, ¢, = id, then q30i is a small perturbation of identity, and hence it is invertible
with C3 inverse. (Indeed, if || — id||et = o < 1, then & is a diffeomorphism. In fact, if
h(x) = h(y),

1
0:/ %h(;y+(1—z)x)dr=y—x+/(Dh—IL)(x—y)dt,
0

which implies that || x — y|| < a|lx — y||: thatis x = y. Thus, 5 is globally invertible, and
the claim follows by the inverse function theorem.) By possibly relabelling, we can assume
that i = 1. Then we define

F(x) = (Q;Up e ’J)Un) = (x’qgo'z oq;(;ll, s ’qgan OQE;]).

F is still transversal to C and, if ¢ is small enough, by Lemmata C.1 and C.2, it is
a ceg-perturbation of F. Let di = d — j; be the dimension of the manifold ;. Then
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ki < jim#~'l;. Lemma B.4 implies that the sets [, ¢,' o¥; are manifolds with
dimension (actually, they are stratified sub-varieties, but we can restrict them to manifolds
without loss of generality)

Y d—j)—m—=Nd=d=) ji=1d—j<d-max{ji} -1

i=1 i=l1

Note that
n n . n < <
k=Y "k <Y gm0 <Y im T = jmd T
i=1 i=1 i=1

Accordingly, if & > jmj -1 1, then ]_ > j + 1 and the manifold has a dimension strictly
smaller than d — j, as required. (Of course, if k > dma=1] 1, then the intersection is
empty.)

We would then like to define a perturbed IFS P as

- e ifk=oi,
be=1" .
¢r  otherwise.
Unfortunately, this may perturb the new manifolds v; as well, since they are now defined
via pre-images of ®°. This is the last problem we need to take care of. To this end, we
make the perturbation only locally starting from the ball Bs(z1). Once we check that the
perturbation is as required in this ball, we will consider the other balls, making the new
perturbations small enough not to upset the property obtained in Bs;>(z1).
Let g € C®(RY, [0, 1]) be such that

1, z e Bspn(zy),
g(@) =
0, z¢ Bssja(z1),

and ||g|lcr < C87" forr € {0, 1, 2, 3} for some C > 0. Define, foreachi € {1, ..., m},

i1 (X) = i () + g(x) (@ (x) — i (x)).

Provided we choose ¢ small enough,

Igi1 — dillez = liglealldi — dillr < CECces < €/4.

Then we define the perturbation ®*! = {¢; |}. Note that the ®*! equals ®* outside the
ball Bs(z1) and agrees with ®* inside the ball Bs2(z1).

Recall that we perturbed the system in order to control the intersection of the
manifolds q};ll oY1 N---Neg o ,. By construction, each 1; is the intersection of

manifolds ¢_i}j 0 ¢_l-,1j o &i,j with 1/_/,~,j € le(QDS) and o’/ € {0, ..., m}*. We are thus
o o

1
interested in A := ¢_ 11 ) qb_fj oo _1.1/. . © ¥i.j N Bs(z1), which are the perturbation
L (o 01’ >

of ¢! o Y. Let
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if x & Bs(z1),

hitx)=1 . _, ,
¢_i ©¢giy otherwise.

By choosing € small enough, we have ||h; —id||c2 < §/4; in particular, /; is a diffeo-
morphism. It follows that 4; (Bs(z1)) C Bs(z1). Let x € A. Then Proposition 4.17 implies
that

Pyivi 1 0 Bgii  © b0y 1 (X) =iy 0 iy 0 Py 0 hilx)
= Qgii 07 0P i 0 Py © hi(x)
= Qgii 017+ 0 Pyini © i (X)),

and hence the part of y; contained in ¢ ;(Bs(z1)) is unchanged. This implies that, inside
the ball Bs;2(z1), the IFS ®%! has the wanted property for the manifold ¢;|11 oy N

-eeN ¢;nll o ¥r,. Moreover, by the openness of the transversality property, there exists
€51 < € / 4 such that the wanted property persists in Bs/»(z1) for each €5 1 perturbation. We
can now consider all the other pre-images and do the same procedure with €; ; < 4= e
for the jth intersection manifold. In this way, we can construct an IFS &%4 =: @51 for some
g € N that is a €;/3 perturbation of ®* and has the wanted property in Bs/>(z1). We can
then repeat the same procedure in the ball Bs(z2) to obtain an IFS &2 that is a €5/9 per-
turbation of ®*1, small enough not to upset what we have achieved in Bj/>(z1). Iterating
such a construction, we finally obtain ®**! = ®*, which has the wanted property on all
the space since {BS/Z(Zi)};zl is a covering of DN(CD}) andisa Zle €3k <e, <2571
perturbation of ®°. This concludes the induction argument. O

Finally, we can prove Proposition 4.3

Proof of Proposition 4.3. Let f be a piecewise smooth contraction with contraction
coefficient A < 1 and maximal partition P(f) = {P1, P2, ..., Pu}. If L < 1/2m, then
the proof is complete; otherwise, we have the following.

Let the IFS associated to f be @ = {¢1, ¢2, . . ., ¢y} and let [; = max{cqlo, d}, where
lp is the number of boundary manifolds in d P(f), d is the dimension of the space and
cq 1s the maximum number of original boundary manifold overlaps (as defined in (4.13)).
Let N € N be the least number such that AV 24m“~'li < 1/4. By Lemma 4.19, for ¢ > 0
small enough, there exists a piecewise contraction f such that d»(f, f) < & and no more
than 29m" 'l elements of the partition 3 P(f") have a non-empty intersection of their
closure.

Accordingly, for each x € X, there is a 6(x) such that Bj,)(x) intersects at most
24m* L elements of P( f N). Since X is compact, we can extract a finite cover
{Bs(xj)/2(xj)}. Set § = % min{é(x;)} and let k € N be such that, for any partition element
P € P(fN)y, diam(f*N(P)) < 8/2; hence f*N(P) Bs(x,)(x;) for some j. Therefore,
it can intersect at most 24" elements of P ( f Ny,

To conclude, let L be the number of elements of P ( f kN'y Then #P( f 2kNy < [pdm
and #P(f/*Ny < L(29m" ') for j € N. Since AKN (24m*~'1y < 1 /4, there exists j, € N
such that L(24m"~'11)Js kN < 1/2. Hence f/+*N is strongly contracting. O

d—]ll
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A. Appendix. Extension theorem
Here we discuss the extension theorems needed in the paper. Recall the classical extension
theorem for Lipschitz functions.

THEOREM A.l. ((Kirszbraun—Valentine theorem) [26]) Let f : S(C RY) — R be a
Lipschitz continuous function. Then f can be extended to any set T C RY to a Lipschitz
continuous function with the same Lipschitz constant.

The above can be easily extended to C” functions.

THEOREM A.2. (C" version of Kirszbraun—Valentine theorem) Ler S C R be a compact
setand let f : S(C RY) — R4 be a C" function, for r € N, such that Lip(f) = A < 1 and
f~ Vs is C'. Then f can be extended to RY to a C" function fy such that Lip(f,) = Lip(f)
and f7's = f~'s.

Proof. Note that || f|s|lcr being finite and S being compact implies that there exists
an open neighbourhood U of S such that f is C" in U. By the inverse function
theorem, f is invertible in U with || f 1|y || ¢! < oo. By the Kirszbraun—Valentine theorem
A.l, there exists f :R? — R? such that f|s = f and Lip(f) = Lip(f) = A. Then
fluo f~Nu =1id, so we can define f~'|y = f~'. Now let ¢ : R? - R? be a C®
function compactly supported on U and [ ¢ = 1 and define the convolution

Frpx) =/f<x—y>¢<y) dy.

For § > 0, let V be a §-neighbourhood of U. Define a C* function g : RY — R as

@) 1, xeU,
X) =
§ 0, x¢V

such that ||g|¢cr < c,. Finally, define f, : R? — R? as f.(x) = g(x) f(x) + (1 — g(x))

f*x¢(x).Letx € U. Then

fex) = g0) f () + (1 = g f*p(x) = f(x) +0 = f(x).
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Therefore, f, is an extension of f. To check whether it is Lipschitz, let x1, x; € R4, then

Il fex1) = fi(x2)lloo
= llgx) f(x) + (1 — gx) f *p(x1) — g(x2) f(x2) — (1 — g(x2) f * p(x2) oo
< lgG)(f(x1) — f*p(x1) — g(x2) (f(x2) — f * d(x2)lloo
1 f *px1) = f* P2 llow
<O+ f*p(x1) — f*p(x2)lloo < Lip(f)do(x1, x2).
Hence, f; is Lipschtiz with Lip(f,) = Lip(f). Now, using Lemma 5.2 in [5],

I filler = llgf + (A —g) f *@llcr

< Ifllerligler + (1 = ligller)

f Fxe— () dy

cr
= Ifllerligher + (1 —ligller) / Ifller llelier dy

< Q.

Therefore, fi € C". O]

B. Appendix. Transversality

For the convenience of the reader, we state the transversality theorem as used in the main
text. We refer to [2] for details. The theorem in [[2], Ch. 6, §29.E] is stated for smooth
maps and manifolds, but it can easily be reduced to the following version by using the C”
version of Sard’s theorem. Also, the author discusses in detail the extension of the theorem
to stratified sub-varieties, which is the case we are interested in and for which we state the
theorem. One can also find the C” version of the transversality theorem in [1], but there the
reader needs to be mindful of the specific properties they ask on manifolds.

Definition B.1. (Transversal mapping) For every manifold A, B and submanifold C C B,
a C" mapping f : A — B is said to be transversal to C(f rh C) at a point a if either
f(a) ¢ C or the tangent plane to C at f(a), if f(a) € 9C, and the image of the tangent
plane to A at a are transversal: that is,

Do f(TaA) © Tr@)C = Tf@B-
f is said to be transversal to C if f is transversal to C at a for every a € A.

Definition B.2. For every manifold A, B and stratified sub-variety C C B, a C" mapping
f : A — B is said to be transversal to C if it is transversal to C and all its substrata.

THEOREM B.3. (Transversality theorem-C” version [[2], Ch. 6, §29.E]) Let A be a
compact manifold and let C be a compact stratified sub-variety of a manifold B. Then
the C" mappings f : A — B with f th C form an open everywhere dense set in the space
of all C" mappings A — B.

We apply the above theorem to the following situation (Y and the functions ¢; are as
defined in the §4.1).
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LEMMA B4. Let Y = {x : ||x|| < R} C RY, for some R > 0, let B C Y be open and let
¢i € c3 (Rd, Rd), i €{l,...,m} be such that they are invertible when restricted to B.
Also, let W; C B,i €{l,...,m}, be di-dimensional compact manifolds with boundaries.
The maps F : RY — R™@  defined by F(x) := (¢1(x), . . ., dm(x)), which are transversal
to the stratified sub-variety C = Wy x - - - x Wy, form an open and dense set. Moreover,
if Flg M C, then the manifold (J/_, d)l-_l (Wi \ dW;)) () B is empty if there exists k such
that y_7*, di — (k — 1)d < 0; otherwise, it has dimension at most Y ;- d; — (m — 1)d.

Proof. Our strategy is to transform the present setting to the setting suitable for the
application of Theorem B.3 and then proceed further.

The fact that Wy x - - - x W is a stratified sub-variety can be checked directly. A minor
problem is that neither ¥ nor R? are compact manifolds. To overcome this problem, we
define the function g € C*°(R, R) such that g(y) =1 for y < 1 and g(y) =0fory>a,
with |g’(x)] < 2a~! (a > 2 to be chosen large enough), and we define FRY — Rmd o5

F(x) = g(R™Ix)F(x).

Note that, forx € Y, F= F, whereas, for || x| > aR, I:“(x) = 0. Hence, F' can be seen as
a smooth function on the torus R” /Z,r (which indeed is a compact manifold). We can
thus apply Theorem B.3 to obtain the first part of the Lemma.

To prove the second part, note that if z € B is such that F( y) = F(y) € C\ dC, then

DyF(RY) + Tp,)C = R™. (B.1)

It there exists a y e R? such that F(y) e C\dC, then ¢;(y) € W;, and hence
y = ¢ (W) thatis, (/L) ¢ (W;) D {y} # 0. Next, letd = Y1 d;. If d + d <md
then (B.1) cannot be satisfied. It follows that if d < (m — 1)d, then ﬂl L ¢_1(W) =

If d > (m — 1)d, we study equation (B.1): for an arbltrary (,31, .. ,Bm) e Rmd, there
must exist « € R? and w; € TW; such that Doio + w; = ﬁ,. So, settmg Bi = D¢; (/3,)
and w; = Dqﬁi_1 (w;), we must study the solutions of

o+ w; = Bi. (B.2)

Note that « is uniquely determined by « = f; — w;. Subtracting the second of the
(B.2) from the first yields w; — wy = By — Ba. If di + d> < d, such an equation has
no solution for all B, so the intersection must be empty. If s, = d| + dy —d > 0, then
the dimension of Wi, := D¢i_1W1 N D(;Sl._le is s5. We can then write wi = & + W
and wy = & + wy with w; € Dd)l-_1 W; N W1J:2' It follows that wq — W, = B1 — B>, which
determines uniquely wy, wy. We can then write w3 — & = B3 — B2 + wy. Let s3 =
di+so—d=dy+dr+d;3 —2d. If s3 <0, again, in general, there are no solutions.
Otherwise, the dimension of Wiz3 = Wi2 N D¢~ 1W3 is s3 and we can write & =
£ +&L, w3 =& + s with & € Wipz and & € Wio N Wik 5, b3 = Dg ' W3 N Wiy 5.
Accordingly, we have w3 — él = B3 — B2 + Wy, which determines uniquely w3, 51. Con-
tinuing in such a way, we have that Wy __,, = D¢, ! win..--NDg; ! W,, has dimension
1 — (m — 1)d. The case in which F (y) belongs to a substrata of C is treated in exactly the
same way and yields a lower dimension. O
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C. Appendix. Technical lemmata
In this section, for the convenience of the reader, we collect some simple but boring
technical results.

LEMMA C.1. There exists C4 > 0 such that, for given ¢ € (0, 1/2) and f, h € C3, where
h is a diffeomorphism such that ||h — id||2 < &, we have h o f o h='ecC?and

IR~ —id| e < 6e,

lhofoh™ — fllex < Cell fllcae.

Proof. First, we claim that || —id||o2 < & implies that |h~! — id||o1 < 2e. Indeed,
there exists a transformation A, with ||A||z1 < 1, such that we can write Dh = 1 4 ¢A.

Therefore,
o0
(Dhy'=a+4)"'= Z(—l)kskAk.
k=0
That is,

o
&
IO = Tlleo = Y e 1Al < 7— <26,
k=1

o0
ID(DhY o < > eXlIAllG < 2.
k=1

Moreover, the inverse function theorem implies that hlecs.

Dh~' = (Dh) Yoh™!,

Accordingly, since

IDA™" — 1o = (DAY = k) o h ™ Hlgo = I(DR) ™" = 1) 0 ™Yo
= [|(Dh) ™" = Lllco < 2e,
IDh™' — 1|o1 < 26 + |D(DR) | ol DR oo < 6e.
Hence,
lhofoh™ = fllco <&+l flcre,
ID(ho foh™ — flico=1Dho foh™ -Df oh™" - Dh™" — Df)l|co
<IDf oh™" = Dflleo + Crell fller < Call fllc2e.
Next,
10 D(ho foh™ — fllco = @yDh)o foh™ (@ f)yoh ' (h;HYD(f o h™h)
+Dho foh ' (yDf)oh™"d,(h;" Y Dh!
+Dho foh™'Df o h™'8,(Dh™Y) — 8, Df | oo
< 1@« Df) o h™" = 8: Dfllco + Cyll flic2e
< Cell flicse.
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Thus,
lhofoh™ = fllez=1llho foh™ = flleo+ ID(ho foh™ — f)llco
+ID*(ho foh™ = Pl < Call flicse

for some constant Cy > 0. Finally, ho foh ! e(C?® is the composition of C3
functions. O

LEMMA C.2. For given & >0, let g,h €C> be such that g is invertible and
lg —hllc2 <& Theng='oh e C?and

lg™" ok —idllcz < Caellg™" 13-
Additionally for f € C3, fog ' oh,(fog 'oh)~! eC?and
Ifog™" oh —idllex < Csll fliesellg™" 125

Proof. Since g € C? is invertible, by the inverse function theorem, g~! € C? and therefore
there is a composition of C? functions g~! o & € C3. Next, let W = g~ ! o h. Then

W —idllco=llg” oh—g " ogleo < llg” " llcres
ID¥ —id)llo = (D)~ oW - Dh = Llleo < llg" " erllg ™" 2,
19 D(¥ —id)[|co = [|8y[(Dg) ™' 10 Wa, Wy - Dh + (Dg) ™' o W - 3, Dhl|co
< [18y[(Dg) ' ToWd, Wy - Dg+(Dg)~ oW -3, Dgllco + Cxellg ™" 122
< [l0:[(Dg) ™" o W - Dgllico + Csellg™" 112
< [18:[(Dg)™" - Dglllco + Cxell(Dg) ' I2: = Crellg™ 112
Accordingly, |V —id|e2 < C#8||(Dg)_1|lc3. Moreover, the first part of Lemma C.1
implies that W is invertible and ||W~! —id|le2 < C#e||(Dg)_1||Cs. This implies that
foWw, W lofleC?and
If oW = flio < Csellfllcilig™" ller
ID(f oW = f)llco = (Df) oW - DW — Df[lco < Cyell flic2llg™ 132,
[0xD(f oW — fllco = I[3y(Df)] o W - 9, Wy - DW + (Df) o W - 8, DV — 8, Df || co
< Cell fllesllg™ 12
from which the Lemma follows. ]
Let f be a piecewise smooth contraction with an associated IFS ® = {¢1, .. ., ¢}, as
in equation (4.11), let EZfi(QJ) be the set of i-admissible sequences and, as in equation

(4.15), let Dév (®) be a §—neighbourhood of the boundary of partition P(f") for § > 0.
We have the following result.

LEMMA C.3. For a piecewise smooth contraction f with IFS ® = {¢1, ..., ¢} and
N €N, there exists ¢ > 0 such that, for f with associated IFS ® = {¢~51, - ,q~5m}
satisfying da(f, f) < &, we have Z;’fi@b) = Er”:i(é). Moreover, there exists 5 > 0 such
that ng4(ci>) C ngz(cb).
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Proof. By hypothesis, there exists M > 0 such that ||¢; |Z/,-1 lct < M and we can restrict to

such a set by the definition of D" which entails only admissible sequences. Thus,

16, — ¢ oo = lid — ¢, o dillco = g, o i — 7' 0 illco
< g, e llgi — dillco < Mlidi — illo-
For n < N and admissible sequence o = (071, 02, ..., 0,) € 27,

-1 _ 7—1 7—1 -1 —1 —1
”‘Pan O(pan—l O o(pal — %oy °© On—1 O O¢‘71 ”CO

. —1 —1 7 x
=||1d_¢o'n O“'O¢o'1 O¢0’10"'O¢0’n”C0

-1 -1 -1 -1 7 7
=||¢o’n 0"'°¢gl °¢01°"'0¢Gn_ o O"'°¢gl °¢01°"'0¢an||C0

IA

n
M" lipgy 0+ 0 o, © Py O+ + 0 Py — by 0+ + 0 By_,0 by O+ 0 b, 0

i=1

< M"(1 = 1)~ sup llgi — il co-
1

Note that, by definition (4.11), there exists &y > 0 such that, for each e-perturbation
O of @, with ¢ € (0, &), ZZZ.(CD) = 2;’3(@). Moreover, for each o € Z;’fi(d)) and

Ee v (Mg (D)),

gy ooy ovid) =gy o0y o (®) < M'(1— 1) e

Thus, for ¢ small enough, DY (®) C Dy, (®), and hence Dy}, (®) C Dy, (®). O
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