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ON INTERSECTING FAMILIES OF FINITE SETS

PETER FRANKL

Let F be a family of fc-element subsets of an n-se t ,

n > nAk) . Suppose any two members of F have non-empty

intersect ion. Let T ( F ) denote min|r | , T meets every member

of F . Erdos, KD and Rado proved |F | 5 ?~ and that if
(K-i-j

equality holds then T(F) = 1 . Hilton and Milner determined

max|F| for T ( F ) = 2 . In this paper we solve the problem for

T(F ) = 3 .

The extremal families look quite complicated which shows the

power of the methods used for their determination.

1. Introduction

Let X be a f in i t e set of cardinal i ty n and l e t F be a family of

fc-element subsets of i t . The family F is called intersecting if for any

two F, G £ F we have F n G t 0 .

The transversal number . T ( F ) i s defined to be the smallest integer t

such that there exis ts a t-element subset Y of X satisfying F n Y t 0

for every F € F .

Clearly, for F intersect ing, T ( F ) S k holds. Erdos, Kb and Rado

proved the following

THEOREM 1 (Erdos, Ko and Rado [2 ] ) . If F is intersecting and

n > 2k then |F | 5 L"-,) • In the case of equality for some x € X we

Received 19 November 1979- The author i s indebted to J .-C. Bermond
for suggesting th is problem to him.

363

https://doi.org/10.1017/S0004972700006225 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700006225


364 Peter F rank l

have F = {F c X \ \F\ = k, x € F] ; that is, T ( F ) = 1 .

Hi l ton and Mi Iner g e n e r a l i z e d t h i s theorem.

THEOREM 2 (Hi l ton and Mi Iner [ 4 ] ) . Suppose F is intersecting,

T ( F ) 5 2 and that the cardinality of F is maximal subject to these

restrictions. Then there exist k + 1 different elements

y, x , . . ., x-, € X such that setting

YQ = {xx, ..., xk), Y± = [y, xx\, ..., Yk = {y, xfe}

we have

F = {F <= X \ \F\ = k, 3i, 0 5 i 5 fe, Ŷ  c F} .

Clearly in this case t(F) =2 .

The aim of this paper is to investigate the case x(F) > 2 .

2. The statement of the result and some preliminaries

Let x i X , Y c X , \Y\ = k , 2 c X , | z | = fc - 1 ,

x £ (Y u Z) , J n Z = ^ . Let yQ = [y , y2) be a 2-element suhse t of

Y . Let us s e t

6 = (5 c X | |c | = 3, x € (7, G n 7 * 0, ff n Z ?f 0} u {x u yQ}

u {Y} u {y± u Z} u {y 2 u Z} .

Let us define now

FQ = {F c X | |F | = fe, 3(3 € G, C c F] .

I t i s easy to see tha t F« i s intersecting and that t(Fg) = 3 . We prove

the following

THEOREM 3. Let F be an intersecting family consisting of

k-element subsets of X such that T ( F ) > 3 • Suppose further k > 3 ,

n > nQ(k) . Then |F | s | F J and for k > h up to isomorphism Fg is

the only optimal family.

Before proceeding with the proof of t h i s theorem we need some

preparations. The following definitions and lemmas are from [3 ] .
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I n t e r s e c t i n g f a m i l i e s o f f i n i t e s e t s 3 6 5

F* = j f f c X | E * 0, 3F±, F2, ..., F | s | € F

such that F. n F . = E, 1 5 t < j S (fe+X)'^'V ; '
^ 0 )

B(F) = {B (. F* | $£ ? F*, £ c B} .

Then obviously F ' D F ; consequently for every F E F there exists

B S B(F) such that B c_ F . Therefore B(F) i s called the A-base of

F .

Obviously if B , B € B(F) then B n B # 0 . Hence for any B € 8

we have

(1) |B| 2 T ( F ) .

By a A-system of cardinal i ty s we mean a family C = {C , . . . , C }

such that for some K <z C we have C n C . = K for any 1 < i < j < s
x z> j

(of. Erdos and Rado [ 7 ] ) .

The next lemma is a consequence of Lemma 1 in [ 3 ] .

LEMMA 1. Among the members of B(F) we cannot find

B., ..., B • forming a ^-system of cardinality {k+l)Z and

satisfying further \B .\ = i + 1 for 1 < j 5 (k+l)^ .
J

Now a r e s u l t of Erdos and Rado [7] impl ies t h a t | S ( F ) | 5 fc. where

k i s a cons tan t depending only on k .

We in fe r

3. Some reductions

From now on we suppose that F i s an intersect ing fc-family

satisfying T(F) i 3 , and of maximal s ize.

Let D1, D2, ..., Dt be the 3-sets in B(F) . Then using (l) and

(2) we conclude
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Comparing the right-hand side of (3) to the cardinal i ty of F« in

Theorem 3, for n > n (k) we infer t > k - k + 1 .

In the case k = 3 , |F | £ 10 = | F J is folklore. So we see that we

can assume that k 2 h .

We invest igate V = {D±, . . . , D }̂ .

o
As t > U - U + 1 = 13 and V is intersecting we infer from the

case k = 3 that T(0) S 2 .

Our next aim i s to prove T(P) = 1 .

Let C = {u , uA be a 2-element set satisfying D. n C t 0 for

l < i < t .

We need a lemma.

LEMMA 2. Among the members of V we cannot find k + 1 forming a

A-system.

Proof. Let us suppose on the contrary that B-. , . . . , B, € 0 form a

A-system with kernel X . Then \K\ £ 2 . Hence there exis ts an ? ( F

such that F n K = 0 , implying F n (B .-K) f 0 for i = 1, 2, . . . , fe+1 .

But the sets B. - K , £ = 1, . . . , fe+1 , are pairwise dis joint and we come

to a contradiction with |f| = k .

Using Lemma 2 we infer that in V a t most k sets contain C .

Let D , ..., B be the remaining se t s . Then V > t-k > (fe-l)

These remaining sets contain exactly one of u., u- .

Let us suppose D , ..., D are the sets in V containing u butx s 1

not u . By symmetry reasons we may assume s > t/2 .

Let us set P = {D .-C \ i = 1, . . . . s} , Vo = {D.-C | S < i < t} .

P and t?2 are families of 2-element subsets such that for D € V. ,
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D* € V we have D n D* t 0 . Suppose f i r s t V + 0 .

If T(°2) > ! then |P 1 | S 1* follows yielding

t £ 2 s £ 8 < 9 5 (fe-l) , a contradiction. Hence T ( P ? ) = 1 . Let v

be an element satisfying v £ D for every D € V .

If |Pp| £ 3 then we conclude that v i s contained in every set

D. , 1 5 i 5 8 . Hence the sets D., ..., D form a A-system of

o

cardinality s 2 (fe-l) /2 , contradicting Lemma 2.

If |P~| = 2 then we conclude that at most one of D, , ..., D does
c. d. S

not contain V , and we obtain again a A-system of cardinal i ty at leas t

t-3 > (fc-l) -3 2 fe+1 , contradicting Lemma 2.

If |P 2 | = 1 then l e t l>2 = {{M2, M3> M^}} .

Then every member of V - V contains u. and has non-empty

intersection with {u„, M ,̂, w. } . Hence for (fe -fe)/3 > k we come to a

contradiction with Lemma 2. The only remaining poss ib i l i ty i s k = h ,

\V\ = 13 . I t follows further from Lemma 2, that \D n {«„, « , w, }| = 1

and that exactly four of the D's intersect {u~, w_, Mi } in {«p}

otherwise we could find a A-system of cardinal i ty 5 .

Let these sets be {«. , «,,, u .} where j = 1, 2, 3, ^ . As

x(F) > 2 , there must be an F € F such that F n {M , « } = 0 . As

{w, , Mp, v .} € 8(F) , we infer F n {u , u0, v .} t 0 . Hence we conclude

F = {w.. , Up, D-, y^} . However i t i s a contradiction as

{u2, Uy u^} € 8(F) and {u2, u^ u^} r> F = 0 .

Now we have proved that \V \ = 0 , that i s every set in V contains

ux ; thus T ( 0 ) = 1 .
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4. The structure of V

In th i s paragraph we determine the exact structure of

V = {D , . . . , D,} . We know already that u, € D. for every
I t 1 t-

o
i = 1, . . . , £ and tha t t > k -fe+1 . As T(F) > 1 , there exists a se t ,

say F = {^ ^ 1 ( F such that u± $ F .

As D. € B(F) , D. n F # 0 for i = 1, . . . , £ .

Let us set E. = D. - {u } for i = 1, ..., t . Then the E.'s are

the edges of a simple 2-graph, which we denote by E . Let a. [d.) be

the number of edges adjacent to f. and having their other extremity in F

(not in F ), respectively.

Then we have

k
(h) t= I [d^ha^ .

Now we prove

(5) di + oi < k (i = 1, ..., k) .

Suppose that (5) fails for some i . It means that we can find k + 1

edges, say E , ...,£, which are adjacent to /. .

As T(F) > 2 , there exists a G € F such that G n {u , f.} = 0 .

But F is intersecting and the D.'s belong to its A-base;

consequently, for j = 1, ..., k+X , \E •-{/•} € G holds. However this

is impossible since \G\ = k < k + 1 . Now (5) is proved.

Next we prove

(6) d^^k-X (i = 1, ..., k) .

Suppose that, on the contrary, (6) fails for a given i . Then by (5)

,ve d. = k .

Let £ , ..., g, be the other endpoints of the edges adjacent to

we have d. = k .
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/• . If G is an edge of F , which necessarily exists since T(F) > 2 ,

disjoint to \u , f •} then we conclude in the above way

G = {g , ..., g,\ . However G n F = 0 , a contradiction proving (6).

As t - k -k+1 , we conclude from (h), taking into account (5) and

(6), that there are at least two of the f-'s , say / . , / _ , such that
Is X £1

h = k ~ X ' °i = X •

We distinguish two cases,

(a) { V / 1 , f2) € 8(F) .

This means that {f±, f^} i s an edge in E . Let f^, . . . , SV^}

be the set of points different to f2 and connected in E to / . . Then

for G € F , G n {u^ f^} = 0 we infer G = {f2, g^ . . . , g^} . As

T(F) > 2 , G € F . Similarly if f , g' ..., # ' are the points

adjacent to fg , then G' = j ^ , ^ , . . . , g^} 6 F .

Let 3 - i - k , and l e t h be a point which i s adjacent to f. .

Yhen {wn, f., ?i} ? B(F) implies
X X-

( 7 ) h i {G n G') .

If |G n G'| 2 k-2 we infer t £ 2fe - 1 + (k-2)[k-2) < k2 - k + 1 ,

a contradiction.

Hence \G ^ G' |= fe - 1 ; that i s ,

Now t - k2-k+l and (7) imply {u , f., g .} t 8(F) for every 1 £ i < k ,
X 1 Q

1 £ j < k . Thus V has the same structure as it has in Fp .

M {«,, /,, fj i 8(F) .
This means

Let / , ^1 5 . . . , g^^ be the points adjacent to / in E . As
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T ( F ) > 2 , there exis ts F € F such that F n {u , f} = 0 . From the

intersec t ing property and \F\ = It we deduce F = {f , g., ..., <fy_, } •

Now if {i^, f2, h} € 8(F) then i t follows {i^, f2,h}nF?0; that

i s , h (. F . Hence we conclude that / „ is adjacent in E to the same

points as f. .

I t follows in the same way for k 2 i 5 k and any h such that

{IL, f. h} € 8(F) : h € F . Hence we have

k
(8) * = I d, * d + a .

i=l,i*3 % 3 3

p
From ( 8 ) u s i n g (h) and t > k -/c+1 we d e d u c e d . = & - 1 f o r i # 3 and

d3 + °3 = k •

Let h , . . ., h-, be the neighbours of f in E . As T( F) > 2
I K O

there exists H € F such that # n {w , / } = 0 . We infer

H = {^, ... , / y .

We know {/ , f ) c S , whence f o r some j , 1 S j 5 k-1 , g . $ H .

I f f o r some i , k S i S fe , f . \ H , t h e n {w1 , f. , g . } € 8 (F ) and
"Z- X Z' J

IWT > /•» g •} n ff = 0 gives a contradiction.
1 T- j

Hence Z^, / g , f^, f^, ..., f^ are a l l neighbours of f^ in E .

As F n fl ^ 0 , we conclude that the remaining neighbour of / - i s

one of the g-'s , say g .
J x

Now set t ing I = {^, ^ , . . . , ^ j ^ ^ , / 3 } , Z = {/^ / 2 , f̂ , . . . , /fe}

x = u , we see that again 0 has the same structure as i t has in F_ .

5. The deduction of Theorem 3 and some remarks

For optimal families we have now proved the existence of
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x € X , Z <zx , Y c X , YQ e y ,

| z | = f c - i , | y | = k , \ Y Q \ = 2 , x f ( y u z ) , y n z = 0 ,

such that

83 = (B € B(F) I |fl| = 3}

= {B c / I |B I = 3, a: € B, B n Y # 0, B n Z # 0} u {x u Y } .

Moreover we proved Y € F . Let Y = {1/., £/„} and l e t F , F i F such

that F. n {x, y.} = 0 . Such sets exist as T( F) > 2 . We infer

^ = {1/3^ u 2} for i = 1, 2 .

As for every subset of cardinal i ty at most k of X which does not

contain any of the sets in B = B u {F , F , Y} we can find a set J E 8

which i s dis joint to i t , we infer B = B( F) = 6 . Hence the maximality of

|F| implies F = FG • / /

Now the next problem would be to determine max|F| for F

intersect ing, x(F) > 3 . Or more generally T(F) > T .

We could only prove |F| < (l+o(1)]fc1"1 *~M .

To obtain a lower estimate l e t x € X and l e t Y,, Y , . . . , Y be

disjoint subsets of X - x . Let further Z . c Y . , |Z . | = T - £ ,

\Yt\ = k - i + 1 .

Let us define

BT = {B C x I |B| = T, x € B, 3 j , l < j < T,

such that B n Y. # 0 for 1 5 i < j , Z . c B} .

Let us set further

\ = {Be AT I |B| = *, 3j

such that 1 < j < T, Y . c B, B n Z . / 0 for 1 5 i < j ! .

Wow we define 8(F ) = B u 8 ; that i s ,
T T K

FT = {F C x I | F | = fe, 3B 6 8 ( F T ) such that B c F] .
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I t i s n o t h a r d t o s e e t h a t F i s i n t e r s e c t i n g , x ( F ) = T , and

{(k)i = fc(fc-l) ... (fc-t+1), (*)0 = 1 .

Let us conclude this paper with a conjecture.

CONJECTURE. Suppose F is an intersecting family of ^-subsets of

X , x(F) > T . Suppose further k > kQ(j) , n > nQ(k) . Then

I'M 2 | F T | .
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