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Interpolation of Morrey Spaces on Metric
Measure Spaces

Yufeng Lu, Dachun Yang, and Wen Yuan

Abstract. In this article, via the classical complex interpolation method and some interpolation meth-
ods traced to Gagliardo, the authors obtain an interpolation theorem for Morrey spaces on quasi-
metric measure spaces, which generalizes some known results on R”.

1 Introduction

In 1938, due to the applications in elliptic partial differential equations, Morrey [21]
introduced a class of function spaces, nowadays named after him. In recent years,
there is an increasing interest in applications of Morrey spaces in various areas of
analysis, such as partial differential equations, potential theory and harmonic analy-
sis; we refer, for example, to [1-4, 18,20,22,23,33] and their references.

Let (27, d, p) be a quasi-metric measure space, which means that 2" is a non-
empty set, d a quasi-metric (that is, for all x, y, z € 2, it holds that d(x, y) € [0, c0),
d(x,y) = d(y,x),and d(x, y) < K[d(x,z) + d(z, y)], where K € [1,00) is a constant
independent of x, y, z) and p a non-negative measure. Let 0 < p < u < 0o. Recall
that the Morrey space M7 (2") is defined to be the space of all locally p-integrable
functions f on Z" such that

1/p
@) flaee = supr)]l/u-l/P[ / f(x)lpdu(x)] < o,
BC%Z B

where the supremum is taken over all balls in 2.

Obviously, M5(27) = LP(Z’). As a natural generalization of Lebesgue spaces,
the interpolation properties of Morrey spaces became an interesting question. The
first result on this problem is due to Stampacchia [31] and, independently, Cam-
panato and Murthy [8]: they obtained an interpolation property for linear op-
erators from Lebesgue spaces to Morrey spaces on R" and showed that, if a lin-
ear operator T is bounded from L% (R") to Morrey spaces M}, (R") with opera-
tor norm M;, i € {0,1}, then T is also bounded from LI(R") to ME(R") when
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1/q = (1 — 9)/6]0 +9/q1, l/u = (1 — 9)/140 +9/Li1, and l/p = (1 — 9)/1)0 + 9/p1
for some 6 € (0, 1) with the operator norm not more than a positive constant mul-
tiple of Mé_HMf. In 1969, Peetre [25] found that the previous conclusion still holds
true when (LqU (R™), L (IR{")) and L1(R") are replaced, respectively, by a certain ab-
stract pair (Ag, A;) and an interpolation space A constructed from (Ag, A;).
However, the converse result is in general not true. In 1995, Ruiz and Vega [27]
proved that, when n > 2, u € (0,n), 0 € (0,1)and 1 < p, < p; < ”771 <
p1 < oo, for any given C € (0, 00), there exists a positive continuous linear op-
erator T: M4 (R") — L'(R"), i € {1,2,3}, with the operator norm satisfying
ITlInes sy < Kiv i € {1,23, but | Tl ey > CK{PKY for L =
1;—19 + %. This implies the lack of convexity of operators on Morrey spaces. For the
case dimension n = 1, Blasco, Ruiz and Vega [5] in 1999 proved that, for a partic-
ular 4, if 1 < py < p1 < u < 00, then there exist qp,q1 € (1,00) and a positive
continuous linear operator T which is bounded from M;X_(]R{) to L%(R), 1 € {0,1},

but not bounded from M} (R) to L1(R), where é = 1;—06 + qﬁl and % = 1;—09 + %.
These counterexamples show that the Morrey spaces have no interpolation property
in general.

Nevertheless, under some restriction, the Morrey spaces also have some inter-
polation properties. Let 1 < py < up < 00, 1 < p; < uy < 00,0 € (0,1),
1/u=(1-—0)/uy+0/uyand 1/p = (1 — 6)/po + 0/p;1. Recently, in [32], it was
proved that, if

(1.2) Pot1 = pito,
then
(1.3) [V (R™), V5! (R™)]g = [N (R™), MG (RM)]g

= [V (R"), Ny, (R")]p = MG (R"),

where the space MZ(IR{”) denotes the closure of the Schwartz functions in M’I‘,(]R{”).
Also recently, Lemarié—Rieusset [18, Theorem 3(ii)] showed that for py, p1, 1, u1, 6,
p and u as above,

(M (R™), Mg (R)]p = ME(R")  if and only if (1.2) holds,

which gives the sufficient and necessary condition ensuring the interpolation prop-
erty of Morrey spaces on R"; see [18, Theorem 3].

The main purpose of the present article is to establish the interpolation properties
of Morrey spaces on quasi-metric measure spaces 2 . The used interpolation meth-
ods include the (- )g-method, the + method traced to Gagliardo, and the classical
complex interpolation method.

We begin with some basic notation. Let Xy, X; be a couple of quasi-Banach spaces,
which are continuously embedding into a large Hausdorff topological vector space Y.

The space Xy + X is defined by

(1.4) Xo+X; := {h €Y : thereexists h; € X;,i € {0,1}, such that h = kg + hl},
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and its norm is given by
(15) ||h||X0+X1 = ll’lf{Hh()HXU + thHXI th= ho + hl, h() € Xy and h1 S Xl}

Next we recall the definition of complex interpolation (see, for example, [7,16]).
Let X be a quasi-Banach space, U := {z € C : 0 < Rez < 1}, and let U be its
closure. Here and in what follows, for any z € C, Re z denotes its real part. A map
f: U — X is said to be analytic if, for any given z, € U, there exist n € (0,00)
and {h,}32) C X such that f(z) = > . hu(z — z9)" for all z € U is uniformly
convergent for |z — zy| < 7. A quasi-Banach space X is called analytically convex
if there exists a positive constant C such that, for any analytic function f: U — X
which is continuous on the closed strip U,

< .
max[[f@llx < € max [f()]x

Suppose that X, + X is analytically convex. The set F := F(Xj, X;) is defined to
be the set of all functions f: U — Xy + X such that

(i)  fisanalytic and bounded in X, + X;, which means that f(U) := {f(z) : z € U}
is a bounded subset of X, + X;;

(ii) f is extended continuously to the closure U of the strip U such that the traces
t — f(j + it) are bounded continuous functions into X, j € {0,1},¢ € R.

We endow JF with the quasi-norm
[ £l = max{ sup || f(it)||x;,, sup || f(1 +it)][x, } -
teR teR

Let Xy, X; be two quasi-Banach spaces such that X, + X; is analytically convex.
Then the complex interpolation space [ Xy, X1]p with 6 € (0, 1) is defined by

[Xo, X1]p := {g € Xo + Xi : there exists f € F such that f(0) = g},

and its norm given by [|g|x, x,), := infre{|| fllz : f(0) = g}

Now we turn to some interpolation methods traced to Gagliardo (see, for example,
[12]). A quasi-Banach space X is called an intermediate space with respect to X, + X;
if and only if Xo N X; C X C X + X; with continuous embeddings. If X is an
intermediate space with respect to Xy + Xi, let X° be the closure of Xo N X; in X. The
Gagliardo closure of X with respect to Xy + X, denoted by X™, is defined as follows:
a € X~ if and only if there exists a sequence {a;};en C X such that a; — a as
i — oo in X + X; and ||a;||x < A for some A < oo and all i € N. Moreover, let
lallx~ := inf{A}.

Definition 1.1 Let (Xy, X;) be a pair of quasi-Banach spaces and let 6 € (0, 1).
(1)  (The (- )p-method) We say a € (Xp, X))g if there exists a sequence {a;}icz C

Xo N X; such that a = Ziez a; in Xp + X; and, for any bounded sequence
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{eitiez € G X cy €20 a; converges in X, j € {0,1}. Moreover, for j €

{0,1},
hETH

i€z

< Csup |g;
X; ie;/?l Il

for some nonnegative constant C, independent of {¢;};c7 and {a;};c7. Let
llallx, x,), := inf{C}.

(ii) (The £ method) We say a € (Xy, X1, 0) if there exists a sequence {a;}icz C
Xo N Xy such thata = )., a; in Xy + X, and, for any finite subset F C Z and
bounded sequence {¢;}icz C C,and j € {0,1},

hETH
X

i€F

< Csup e
j i€z

for some constant C independent of F, {€;};cz and {a;}iez. Let ||al|(x, x, 0) =
inf{C}.

We remark that the (- )g-method is a special case of the (- },-method introduced
in [24,26], and the +-method is originally from [13, 14,24]. Obviously, (X, X;)s C
<X07 Xla 9> .

Now we formulate the main result of the present article as follows.

Theorem 1.2 Letf € (0,1), 0 < po < up < 00,0 < p; < uy < o0 and
0 < p<u<oosuch that% =104 6 and 1 = % + %. If (1.2) holds true, then

Po pi
(16) (M (), M (2)g = (MA(2))°
and
(17) (M (2), M (2), 8) = ML),

Moreover, when py, p1 € [1, 00], it further holds that

(VES(27))° = [V (2), M (2) .

0

We remark that Theorem 1.2 generalizes the corresponding interpolation result of
Morrey spaces in [34] in the case 2~ = R" to any quasi-metric measure space 2 .
The proof of this theorem is given in Section 2. Actually, we prove a more general
result in Theorem 2.3 which covers Theorem 1.2. Different from the approach used
in [34], wherein the interpolation of Morrey spaces was obtained via establishing
the interpolation result for the corresponding sequence spaces with respect to Mor-
rey spaces, the main idea for proving Theorem 1.2 here is to calculate the Calder6n
product of Morrey spaces themselves and then use a general result of Nilsson [24] on
the relation between the Calder6n product and the Gagliardo interpolation.

We also point out that, due to the counterexample constructed by Lemarié—
Rieusset in [18, Section 6], the condition (1.2) in Theorem 1.2 is also necessary when
Z =R"1<py<uy<ooandl < p; < uy < 0.

As an immediate consequence of (1.7) in Theorem 1.2 and [14, Proposition 6.1],
we have the following result. We omit the details.
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Corollary 1.3 Let 0, pgy, p1, P, to, Uy and u be as in Theorem 1.2 such that (1.2) holds
true, and (Ay, A1) a couple of quasi-Banach spaces.

(i)  If a linear operator T is bounded from M;?(%) to A; with operator norms M;,
j € {0,1}, then T is also bounded from My (2") to (Ao, A1, 0), and the operator

norm is not more than a positive constant multiple of ML~ M?.
(ii) If a linear operator T is bounded from A; to M;ﬁ(%) with operator norms M,
j € {0, 1}, then T is also bounded from (Ao, A, 0) to M} (2"), and the operator

norm is not more than a positive constant multiple ofMéfeMle.

Remark 1.4 We remark that, by (1.6), the conclusions in Corollary 1.3 still hold
true if we replace My (2") and (Ag, A1, 0), respectively, by (M5 (27))° and (Ao, Ao
(see [26]).

We also observe that the proof of the complex interpolation of Morrey spaces
on R” in [18, Theorem 3] does not depend on any geometrical properties of Eu-
clidean spaces. Hence, by a proof similar to that used for [18, Theorem 3], we also
know that, if (1.2) holds true, then

[V (27), MU (27)]g = ME(2),

where1<p0<uo<oo,1<p1<u1<oo,0€(01) p0+a,and
1

- = + =, This observation, together with Theorem 1.2, 1nduces the following
result. We omit the details.

Corollary 1.5 Let 6 € (0,1) 1 < po < <00 1< p <u < oo, and

, 1
1 <p<u<oosuch that% = PO 4 Eand1 = 1;09 uﬁ If (1. 2) holds true, then

(M (), ME(27), 0) = [Mp (27), Mg (27)]g

Again, Corollary 1.5 generalizes Lemarié—Rieusset [18, Theorem 3(ii)] on R" to
any quasi-metric measure space 2 . Also, by [18, Theorem 3(ii)], we know that (1.2)
is also necessary for the conclusions of Corollary 1.5. When 2" = R", M} (2")

is replaced by J{/[l';(]R{") and at least one of {J\/[;’]:(% )}}:O by the corresponding

{M;’) (2)} }:0, some complex interpolation theorems similar to Corollary 1.5 were
obtained in [32] (see also (1.3)).

Remark 1.6 Let py, ug, p1, t1, p, u be as in Corollary 1.5 such that (1.2) holds.

(i) By Corollary 1.5, we know that the conclusions in Corollary 1.3 are also true
if we replace (Ao, A1, 0) by (Ag, A1)y or [Ag, A1y (see, for example, [26] and
[16, Theorem 8.1]).

(i) When 2" := R", as an immediate consequence of (1.3), the conclusions
in Corollary 1.3 are also true if we replace My (2") by J\O/[I”,(]R{”), (Ag, Ay, 0)

byo [Ao,Al]g , and at least one of {M,/(2)}}_, by the corresponding
{M;’J(%)}}ZO (see, for example, [16, Theorem 8.1]).
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(iii) Observe that if 2~ := R"” and if M;;(Qf ), Aj, and M}‘,(ﬁ&” ) are replaced by

MZJJ (R"), some Lebesgue space, and J\O/EZ(]R{”), respectively, then Corollary 1.3(i)
is just [4, Theorem 18] of Adams and Xiao, in which (1.2) is also needed.

We point out that since all results of this article hold true for quasi-metric measure
spaces, they have wide generality, and, in particular, they hold true for both spaces of
homogeneous type in the sense of Coifman and Weiss [9,10] and non-homogeneous
spaces in the sense of Hyt6nen [15].

Finally, we make some conventions on notation. Throughout the paper, we denote
by C a positive constant which is independent of the main parameters, but it may vary
from line to line. The symbol A < B means A < CB, where C is a positive constant
independent of A and B.

2 Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. To this end, we need to consider
the Calder6n product of Morrey spaces.

We start by recalling the notion of the Calderdn product; see, for example, [7,16].
A quasi-Banach space X of complex-valued measurable functions is called a quasi-
Banach lattice if, for any f € X and a function g satisfying |g| < |f]|, we have g € X
and ||g]lx < ||f]lx. Given two quasi-Banach lattices X, and X;, and 6 € (0, 1), their
Calderén product XéfeXf is defined by

(2.1)
X17X% .= { f is a complex-valued measurable function :

there exist f° € Xy and f! € X, such that | f| < |f°|'~?|f"},

and its norm is given by | f|[x1-0,0 := inf{|| f*|IX.? || f*|%,}> where the infimum is
. 0o M
taken over all f € X;, i € {0, 1}, such that | f| < | f°|'~%| f1|°.
It was proved in [7] that if X, and X, are two quasi-Banach lattices, then Xé_HXf
is complete and it is also easy to see that Morrey spaces are quasi-Banach lattices.
Moreover, we have the following conclusion.

Proposition 2.1 Let6 € (0,1),0 < po < 1y < 00,0 < p1 < uy < 00 and

0< p<u<oosuch that% = 1;—09 + % and 1 = 1;09 + 1% If (1.2) holds true, then

[V (2] (M (2)])7 = M2

Proof Let f € [M;‘[’](%)]l_e[MZ‘I (2)]°. Then by (2.1) we know that there exist
fo € Mi(2) and fi € My (Z) such that, for almost every x € 27, |f(x)| <
fo['~? | fi(x)|” and

1—6 9
(2.2) ”fO”M;g(%) ||f1HM;II<gg) S ”f”[M;‘(’J(,EK)]P@[M;}(%)JG'
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Thus, for any ball B C 27, by the Holder inequality, % = 1;—09 + % and 1 = % + L%,
we conclude that

1 1/p
G | e o)

/p
= T [ /B TGl VGl du(x)}

1 P1
<m®wwl[/|f0(x>"0du(x>} [/m )P dpu(x }
{W[/fo(@lm du(x)] }
0
{[M(B)]l/ml/m[/M(x)V‘ du(x)} } _

Thus, from this and the definition of Morrey spaces (see (1.1)), together with (2.2),
we deduce that

[ fllavscay < ||f0||Muo ||f1||M"1 ) S Hf”[]v[;g(%)]l*g[M;i(5&’)]6’7
which implies that f € M7 (.2") and hence
(2.3) [V (2] [V (2] € My (2).
Conversely, let f € M} (2") and define, forallx € 27,
Jol) = [f@Pand - fix) = | f]P/P.

Notice that for any ball B C 27, by the definition of ]}S and (1.2), together with
the definition of M‘;(%) (see (1.1)), we see that

1 ~ » 1/po
[u(B)][Vpo—1/m [ /B | fox)] du(x)]

1/py p/po
~ e | [P )] |

1/py p/po
={ G | e o

< 1115 -
This implies that fo € M) (2") and

(2.4) follaes < A5 o)
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Similarly, by the definition of f;, (1.1) and (1.2), we conclude that f; € M% (2)
and

(2.5) I Allaes oy < 115G -

Moreover, by § = 1;—06 + %, together with the definitions of fy and f;, we see that,

forallx € 2,
[fG) = [ £ PO | £ [P = | )]~ | i)
From this, the definition of || - || uo(%)]l (l[M"l g (see (2.1)), (2.4), and (2.5), to-
gether with % = lp;o(’ + pi and 1 = =0 b + —, it further follows that
il
||f||[3vt”“ 10 (v (2] < ||f0| uo(gg ”ﬁHM;i(%) < ||f||M;(%) < o,

which implies that f € [M;’,‘;(%)]I_G[M;ﬁ(%)]ﬂ and hence
(26) MU(2) C [V (2] [V ()]

Thus, combining (2.3) and (2.6), we see that
[V (2] (M (2))° = ML),

which completes the proof of Proposition 2.1. ]

Proposition 2.1 in the case when 1y = po and u; = p; coincides with the Calder6n
product property for Lebesgue spaces on metric measure spaces. We refer, for ex-
ample, to [17, Formula 1.6.1] and [19, p. 179, Exercise 3], for the Calderén prod-
uct of Lebesgue spaces on R”. Recently, Sickel, Skrzypczak, and Vybiral in [30,
Lemma 8] obtained the Calder6én product between two weighted Lebesgue spaces,
with pg, p1 € (0, 00], on R". In case pg, p1 € [1, o], this result can also be found in
[6, Exercise 4.3.8]. We also refer, for example, to [11, 16,32] for the extension to the
Calderé6n product of sequence spaces with respect to function spaces.

Let X be a quasi-Banach lattice and q € [1,00]. The g-convexification of X,
denoted by X?, is defined as follows: x € X@ if and only if [x[7 € X, and let
x| x@ = || |x|’1||;(/q (see, for example, [24]). A quasi-Banach lattice X is said to be of
type € if there exists an equivalent quasi-norm on X such that, for some g € [1, o],
X@ is a Banach lattice in this norm (see, for example, [24]).

The following result on the Calderén product and the interpolation for quasi-
Banach lattices being of type € is a special case of the general result [24, Theorem 2.1]
obtained by Nilsson.

Theorem 2.2 Let Xy and X, be two quasi-Banach lattices of type €. Then
(X0, X1)p = (X3~ 'X])°

and
X37XY < (Xo, X1, 0) € (X37/xY)~.
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Notice that for all § € (0, min(1, p)] , the 1/§-convexification (Mg(%)) (/%) of
the Morrey space is a Banach space, namely, the Morrey space is of type €. Then,
applying Proposition 2.1 and Theorem 2.2, we have the following conclusion, which
covers Theorem 1.2 as a special case. The approach used to prove Theorem 2.3 is
inspired by the proof of [11, Theorem 8.5].

Theorem 2.3 Letf € (0,1), 0 < po < uy < 00,0 < p; < uy < o0 and
0< p<u<oosuch that% = 1;—09 + % and 1 = 1;09 + uﬁl If (1.2) holds true, then

27) (VR (2), M (2))g = (M (210G (2))7)° = (M(2))°
and

(28)  (MI(2), M4 (2),0) = M (2)] (M (2)])° = Mi(2).

0

In particular, when po, p1 € [1, col, it further holds that
(29) (M(27))° = (M (2), M4 ()],

Proof It is easy to see that (2.7) is an immediate consequence of Proposition 2.1 and
Theorem 2.2, by observing that the Morrey space is of type €.

Moreover, from Proposition 2.1, Theorem 2.2 and the fact that the Morrey space
is of type € again, it also follows that

MU(2) = [V (2] [V ()] C (M (2), M (2),0) C (M2

Thus, to show (2.8), we only need to prove [M;(%)]N - M;(%).

Let f € [M}(27)]7. By the definition of [M}(27)]", there exists a sequence
{fitien C ME(2") such that

ll_l)fgo I fi — f||M;;g(%)+M;;(%') =0
and

(2.10) [ fillvwcz) S I vz~

forall i € N. Then, foralli € N, by f; — f € Mg (Z") + M} (27) (see (1.4) and
(1.5)), we know that there exist f7 € My (2") and f' € M (2") such that, for
almost every x € 2, fi(x) — f(x) = f°(x) + f}(x) and

(2.11) ||fi0||M;g(.9r) + ||fi1||M;‘l(£() Sfi— f”M;%(EKHM;II(%) — 0,

asi — 00.
Fix xg € 2, and let B, := B(x0,2™) N 2 forallm € N. Let j € {0,1}. Since
— 0asi — oo (by (2.11)) and M;’}(%) C LP(Z) (see (1.1)), it

loc

j .
Hf; HM;;(%)

follows that {f };en converges in measure on B; and hence, by the Riesz theorem,
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there exist subsequences, denoted again by { f/ };cn, such that f/ — 0,asi — oo, for
almost every x € B;. Repeating this argument on B,, we find subsequences, denoted
again by { f/ }ien, that converge to 0 almost everywhere on B,. By this procedure, we
conclude that for any ball B C 2, there exist subsequences { filYken of { f }ien such
that fli — 0, as iy — 00, almost everywhere on B. Therefore, applying the Fatou
lemma, by the definition of the Morrey space (see (1.1)) and (2.10), we see that

1/p

1/p
(B /1P [ / |f(x>f’dx] = [u(B) { / Jim |ﬁk<x>lpdx}
B B Kk—00

1/p
< lim [u(B)]l/“l/p[/lfik(x)V dx}
B

k—o00

< lim | fillvca) S I fllovesce~-
k—o0

Thus, by this, the arbitrariness of the ball B, and (1.1), we know that f € M;’,(% )
and [M;’,(%)]N C M;(%), which completes the proof of (2.8).

Finally, the equality (2.9) follows from (2.7), the fact that the Morrey space is of
type €, and a general result by Shestakov [28,29] which says that if Xj, X; are Banach
lattices, then (Xéf(’Xf)o = [Xo, X1]¢. This finishes the proof of Theorem 2.3. [ |
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