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APPLICATIONS OF DUALITY IN THE THEORY OF 
FINITELY GENERATED LATTICE-ORDERED 

ABELIAN GROUPS 

W. M. BEYNON 

I n t r o d u c t i o n . In a previous paper by the author [3], duali ty theorems for 
finitely generated vector lattices and lattice-ordered Abelian groups are 
described. In particular, the category of finitely generated semi-simple vector 
lattices is shown to be equivalent to a geometrical category V whose objects 
are topologically closed cones in Euclidean space, and whose morphisms, 
called ll-maps\ form a special subclass of the class of piece wise homogeneous 
linear maps between such cones. Under this categorical duali ty, finitely 
generated projective vector lattices and closed polyhedral cones correspond; 
indeed, the category of finitely generated projective vector lattices is equiv­
alent to the dual of a category whose objects are Euclidean closed polyhedral 
cones and whose morphisms consist of all piecewise homogeneous linear maps 
between such cones. Two Euclidean closed polyhedral cones are then seen to be 
'I-equivalent' ( that is to say, are isomorphic in V) if and only if they have poly-
hedrally equivalent sections. (A polyhedron P is said to be a section of a closed 
polyhedral cone C if every ray of C meets P in a single point) . 

In this paper, some of the results proved for vector lattices in [3] are 
generalised to the context of lattice-ordered Abelian groups, and a number of 
applications are described. In particular, it is shown tha t the finitely generated 
projective lattice-ordered Abelian groups are the quotients of free finitely 
generated lattice-ordered Abelian groups by principal ideals. (An analogous 
characterisation of finitely generated projective vector lattices is described by 
Kirby Baker in [1]). Other applications include a classification of projective 
lattice-ordered Abelian groups with two generators analogous to t ha t described 
for vector lattices by Bleier in [6], and a characterisation of lattice-ordered 
Abelian groups freely generated by the elements of a finite partially-ordered set. 

Throughout the paper, proofs are geometric in spirit, and the main result 
is a non-trivial application of ideas of combinatorial topology to algebra. 

0. Pre l iminar ie s . For background results on lattice-ordered Abelian 
groups, see Birkhoff [5]. 

A lattice-ordered Abelian group A is projective if, whenever <f> : X —> F is a 
surjective /-morphism and a : A —* F i s an /-morphism, there is an /-morphism 
6 : A —> X such t ha t <£0 = a. 

For elementary geometrical concepts not mentioned below, see Baker [1], 
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Stallings [9], Glaser [7] and Beynon [3]. A subset of Rn is a convex closed poly­
hedral cone if it is the positive hull of a finite set of points. Such a cone is 
simplicial if it is the positive hull of a linearly independent set of points. 

A closed polyhedral cone is a finite union of convex closed polyhedral cones. 
A complex of simplicial cones in Kn is a finite set J f of simplicial cones in Rn 

such that 
(i) if A is in JT then every face of A is i n jT ; and 

(ii) if A and B are in JT then A H B is a face of both 4̂ and 5 . 
The set of simplicial cones of jf, ordered by the relation: A ^ B if and only if 

A is a face of J3, is an abstract simplicial complex S. 3£ is said to be a realisation 
of S by simplicial cones. 

If J ^ is a complex of simplicial cones in Kn, the union of all the simplicial 
cones of J ^ is a closed polyhedral cone in Rw, and is denoted by | jT| . If x 9e 0 
is a point of | J^ | , then x is relatively interior to an unique simplicial cone Cof 
dimension k in | j f |, where C is the positive hull of k points Xi, x2, . . . , xk, and 
there is a subdivision of JT canonically associated with x as follows: Let 
Ci, . . . , Cs be the simplicial cones of J ^ which contain C as a face, and Cs+i, 
. . . , Cr the remaining cones. For each i ^ s the simplicial cone Cu of dimen­
sion m = m(i), is the positive hull of m points Xi, x2, . . . , xk, xk+i, . . . , xm. 
For each j ^ k, let C*;- be the simplicial cone of dimension m which is the 
positive hull of the points Xi, . . . , xjf . . . , xk, xk+i, . . . , xm} x. If simplicial 
cones Cij are constructed in this way for i = 1, 2, . . . , s and j = 1, 2, . . . , k, 
the set of simplicial cones of the form C0- with i ^ s and j S k together with 
the simplicial cones Cs+i, . . . , Cr forms a new complex of simplicial cones aJ^, 
which is a subdivision of C^. The subdivision a^ is called the elementary starring 
ofS^ at x. 

The polyhedron P is a section of the closed polyhedral cone C if every ray of 
C meets P in an unique point. 

If Sf is a simplicial presentation of P, then the collection of simplicial cones 
obtained by forming the infinite cone with vertex 0 on each simplex A of $f is a 
subdivision of C into simplicial cones, called the subdivision of C induced by Sf \ 

Let j f be a complex of simplicial cones in R/\ and J£ a subcomplex of J^ . 
If Oxi, 0x2, . . . , Ox, are 1-dimensional simplicial cones of J^ , there is an 
uniquely determined m a p / ^ : | J ^ | —» [0, 1] piecewise homogeneous linear with 
respect toJ^ , such that/j^O*^) = 1 if x* G °âf and/^(Xi) = 0 otherwise. J$f is 
then a/w« subcomplex ofX \i\S£\ = f#(Q) (cf. [8] p. 31). 

If X is a convex closed polyhedral cone in Rw, then i£ is rational if i£ can be 
expressed as the positive hull of a finite set of points with rational coordinates. 
If C is an arbitrary closed polyhedral cone, C is rational if C can be expressed 
as the union of finitely many rational convex closed polyhedral cones. 

Two basic results on subdivisions of rational closed polyhedral cones are 
required; these are stated in Lemma 0.1 below. The proof of this lemma de­
pends essentially upon a theorem proved by the author in [4]. 
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LEMMA 0.1. (i) If C and D are rational closed polyhedral cones which have 
isomorphic subdivisions into simplicial cones, then they have isomorphic sub­
divisions into rational simplicial cones. 

(ii) If C and D are rational closed polyhedral cones such that C C D, there are 
subdivisions J ^ and J£ of C and D respectively into rational simplicial cones such 
that J ^ is a subcomplex of<S£. 

Proof, (i) Let P and Q be sections of C and D, respectively, which are 
rational polyhedra in the sense of [4]. Since C and D have isomorphic sub­
divisions into simplicial cones, there exist sections 5 and T of C and D respec­
tively such tha t S and T are polyhedrally equivalent. Hence (by [3, Corollary 2 
to Theorem 4.1], or by direct geometrical a rgument ) , P and Q are themselves 
polyhedrally equivalent. By [4, Theorem 1], there are isomorphic simplicial 
presentations S^ and J?7" of P and Q respectively, both of which have vertices 
a t rational points. Let J^ be the subdivision of C into simplicial cones induced 
by «5^, and ££ the subdivision of P induced by 3T. Then J ^ and ££ are iso­
morphic subdivisions of C and P into rational simplicial cones. 

(ii) Let Q be a rational polyhedron which is a section of D. Then P = Q P\ C 
is also a rational polyhedron, and is a section of C. By [4, Corollary to Theorem 
1], there are simplicial presentations Sf and 37~ of P and Q respectively, with 
vertices a t rational points, such tha t S^ is a subcomplex of J?7". L e t J ^ be the 
subdivision of C into simplicial cones induced by S^, and J?? the subdivision of 
D induced by^7". 

1. T h e category V*. Following the notat ion introduced in [3], the symbol 
Fl-G(n) will be used to denote the free lattice-ordered Abelian group on n 
generators, and Z the totally-ordered group of integers under addition. If a is 
an element of Fl-G(n), then a can be expressed as Vt(jfij) where i and j range 
over finite index sets, and e a c h / ^ is a linear expression with integer coefficients 
in the free generators eu e2, . . . , en of Fl-G{n). Accordingly, a determines a 
map from Zw to Z such tha t the w-tuple (xi, x2, . . . , xn) is mapped to the image 
of a under the unique /-morphism Fl-G(n) —> Z mapping et to xt for i = 1, 
2, . . . , n. A map 6 : Zm —> Zn is then said to be an integral l-map if there exist 
n elements a i , a2, . . . , an in Fl-G(m) such t ha t for each element x of Zm the 
relation 6(x) = («i(x), a2(x), . . . , an(x)) holds. If X and Y are subsets of Zm 

and Zn respectively, 6 : X —» F is said to be an integral /-map if it is the 
restriction of an integral /-map Zm —» Zw. 

As in [3], the symbol F* will denote the category which has as its typical 
object the set of integer lattice points lying within a closed cone in an Euclidean 
space Rw, and whose morphisms are integral /-maps between such cones. The 
following duali ty theorem is proved in [3]. 

T H E O R E M 1.1. The full subcategory of the category of finitely generated lattice-
ordered Abelian groups consisting of subdirect products of copies of the totally-
ordered Abelian group Z is equivalent to the dual of V*. 
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T h e principal object of this paper is to examine the na ture of the category 
V*, and to give an interpretat ion of the subcategory of V* corresponding 
(under the dual i ty of Theorem 1) to the category of finitely generated projec­
tive lattice-ordered Abelian groups. Note first t h a t if C is a closed cone in R/\ 
and C denotes the set of integer lattice points in C, then C is uniquely deter­
mined by C7, as the closure of the set of rational points which lie on rays 
passing through points of C. If now C and D are closed cones in Km and Kn 

respectively, and if C and D' denote the set of integer lattices points in C and 
D respectively, then an integral /-map 6 : C —> D' can be extended in an 
unique way to a piecewise homogeneous linear map 6 : C —> D, for the image 
under 6 of an integer latt ice point q determines the image under 6 of each 
rational point on the ray Oq, and the set of rational points is dense in C. 
Indeed, if a i , a;2, . . . , an are elements of Fl-G(m) such t h a t 6(q) = («i (q), «2(g), 
. . . , an(q) for all q in C7, then «i , a2, . . . , an determine /-maps a i , â2, . . . , ân 

respectively, mapping C to D, and 6{y) = (âi(y), ôtiiy), • . • , ân(y)) for all 
y in C A map ? : C —> P defined in this way will be called an integral /-map 
between closed cones. I t is not difficult to show t h a t if F* denotes the category 
whose objects are closed cones and whose morphisms are integral /-maps be­
tween closed cones, then there is an equivalence between F* and V* under 
which the set of integer lattice points C corresponds to C, the closed cone 
which envelops C, and a morphism 6 : C —> Df in V* corresponds to 6 the 
associated integral /-map C —> D. I t will be convenient to identify V* with V* 
under the canonical equivalence defined in this way. 

In [3, § 3], it is shown tha t a map Rw —•> R is an /-map if and only if it is 
piecewise homogeneous linear. Let a piecewise homogeneous linear map Rw —-» 
R be said to have integer coefficients when there exists a finite set of linear 
funct ions /1 , / 2 , • • . , fm with integer coefficients such t h a t given x there is an 
index i ^ m for which f(x) = fi(x). A theorem proved by the au thor in [2] 
and quoted as Theorem 3.1 in [3] shows t ha t a piecewise homogeneous linear 
map Rn —> R is an integral /-map if and only if it has integer coefficients. This 
characterisation of integral /-maps will be used subsequently. 

2. S u b d i v i s i o n s of ra t iona l c losed po lyhedra l c o n e s . Let C be a rational 
simplicial cone of dimension k in Kn. Then C is the positive hull of k l inearly 
independent rational points gu g2, • • . , gi- and on each ray 0gt there is an 
unique non-zero integer lattice point at such t h a t the open line segment (0, at) 
contains no integer lattice point. T h e point at will be called the initial integer 
lattice point on Ogt. If the simplicial cone Cof dimension k is the positive hull of 
the k integer points ax, a2, . . . , ak where at the initial lattice point on the ray 
Oat for each i, it will be convenient to denote C by C(ai, a2, . . . , ak). This 
notat ion is unambiguous, for C uniquely determines #i, a2, . . . , ak. By the 
same token, the number of integer latt ice points of the form XN=i eiai with 
0 ^ €{ < 1 is uniquely determined by C, and will be called the modulus of 
C(ai, <22, . . . , ak). T h e rational simplicial cone C(aly a2, . . . , ak) is then primitive 
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if its modulus is 1. I t is easy to verify t ha t the modulus of C is the index of the 
subgroup generated by ai} a2, . . . , ak in the additive group of all integer lattice 
points in the linear subspace spanned by &i, a2j . . . , ak. In particular, 
C(ai, a2, . . . , ak) is primitive if and only if ai , a2, . . . , ak considered as elements 
of the addit ive group Kn, generate the lattice of all integer lattice points in 
the linear subspace spanned by ai} a2, . . . , ak. Consequently the n-dimensional 
rational simplicial cone C(ai, a2, . . . , an) is primitive if and only if the determi­
nan t of the matrix [#i, a2, . . . , an], whose ith column is au has modulus 1. 

In this section, some properties of subdivisions of rational closed polyhedral 
cones into primitive simplicial cones are established; these are applied to the 
s tudy of integral /-maps in Section 3. 

LEMMA 2.1. Let C = C(ai, a2, . . . , an) be a rational simplicial cone of dimen­
sion n in Km, and let z be an integer lattice point of the form X^ = i e^a* where 
0 < €t < 1 for i = 1, 2, . . . , fe, and k ^ n. Suppose further that z is initial on 
the ray Oz. 

Then, for j = 1, 2, . . . , k, the rational simplicial cone C(a\, . . . , aj} . . . , ak, 
ak+i, . . . , an, z) is of modulus strictly smaller than the modulus of C(ai, a2 , . . . , an). 

Proof. Consider the set X of all integer lattice points of the form 

n 

22 aiai + aZ> where 0 ^ a < 1 and 0 ^ at < 1 for i 9^ j -

i=l 

Let T denote the lattice of all integer lattice points lying in the linear subspace 
spanned by ai, a2, . . . , an and A the sublattice of T generated by ai, a2, . . . , an. 
Let II denote the canonical projection from Y to T/A. 

Let x and y be elements of X (a subset of T), which are equivalent in T/A. 
Suppose t ha t 

n n 

x = 22 aiai + OLZ and y = 22 £#< + /& 
i=l i=l 

where 0 ^ a, fi < 1 and 0 ^ aif pt < 1 for i 9e 7. Then 

* - 3> = 2 2 («< — /5<)»< + (a — p)z 
i=l 

has integer coefficients relative to the basis ai, a2, . . . , an of T. Now, the 
coefficient of a,j in x — y is (a — 13) ej. Since ê  ^ 0, and 1 > \a — /3|e;- ^ 0, 
it follows tha t a = fi. Thus for i 9e j the coefficient of a* in x — 3/ is at — /?<. 
Since 1 > \at — /3*| ^ 0 for i ^ j it follows tha t at = fit for i ^ 7, and x = y. 
Hence II maps the elements of X to distinct equivalence classes in T/A, and 
the modulus of C(ai, . . . , â3-, . . . , ak, ak+i} . . . , an, z), which is the cardinali ty 
of Xy cannot exceed the modulus of C(ai, a2, . . . , an), t ha t is, the cardinality 
of r / A . Indeed, the cardinality of X is strictly smaller than the cardinali ty of 
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r / A , for if x = Y,n&i=i aiai + ocz, where 0 ^ a < 1 and 0 ^ at < 1 for i ^ j , 
were an element of X congruent to z, then x — z = ] C ^ t = i a*0* + (« — l )z 
would have integral coefficients relative to the basis oi, <22, . . . , an of I \ Bu t 
the coefficient of aj in x — z is (a — l)e^, which cannot be an integer, since the 
relations 0 g a < 1 and 1 > e; > 0 together imply 1 > | (a — l ) e ; | > 0. 

PROPOSITION 2.1. Z,e£ Jf be a complex of rational simplicial cones in Rm . 77&ere 
is a sequence of subdivisions a^Ctf — Ctf, a\C#', . . . , a^ J^ swcfe £fta/ 

(i) /or 1 ^ i S t, oiiCtf is an elementary starring of aX-\C^ at a rational point; 
(ii) all the simplicial cones in a tCtf are primitive; and 

(iii) any primitive simplicial cone in C^ is also inatC#'. 

Proof. Let a ^ = J T , and suppose t ha t a0Jt, . . . , aK-\Cfc have been defined, 
such tha t diCtf is an elementary starr ing of a.i-\Ctf a t a rational point for 
i = 1,2, . . . , & — 1, and such t ha t any primitive simplicial cone in J ^ is also 
in ak-iJf. Let ak-i 3£ consist of the set of simplicial cones K\, K2,. . . , Kn, and 
let p be the maximum value a t ta ined by the modulus Kt as i ranges over 
1, 2, . . . ,n. 

If p = 1, then afc_iJf is a complex of simplicial cones satisfying the required 
conditions. Otherwise p > 1, and there is an index r for which the simplicial 
cone Kr has modulus p. Let KT = K{a^ a2, . . . , as). Since KT is not primitive 
there is a non-zero integer lattice point z = £ ^ = i €*#*, which may be supposed 
initial on the ray Oz, such t h a t for i = 1, 2, . . . , s the relation 0 ^ et < 1 
holds. Let akC^ be t ha t subdivision of ak-\Ctf obtained by an elementary star­
ring a t the point z. If F is t h a t face of Kr which contains s as a relatively 
interior point, then the simplicial cones of ak-\Ctif which are subdivided in this 
way are precisely those which contain F as a face, and none of these is primi­
tive. Hence, every primitive simplicial cone of J ^ is in akJ^. Finally, applying 
Lemma 2.1, the maximum value of the modulus of simplicial cones in ak$f does 
not exceed p, whilst the subdivision akJ^ of J ^ necessarily has a t least one 
fewer simplicial cone of modulus p then ak-\C#'. T h u s the result follows by 
induction. 

COROLLARY 1. Let C be a primitive rational simplicial cone of dimension k 
in Rm . There is a primitive simplicial cone of dimension m in Rm which contains 
C as a face. 

Proof. Let K be a rational simplicial cone of dimension m containing B as 
a face, and apply Proposition 2.1 to the c o m p l e x e consisting of K and all 
its faces. 

COROLLARY 2. Let C = C(ai, a2, . . . , ak) be a primitive rational simplicial 
cone of dimension k in Rm, and let y\, y2, • . • , yk be any integer lattice points in Rm. 
There is a linear map Km —> Km with integer coefficients mapping at to yt for 
i = 1,2, . . . ,k. 

Proof. In view of Corollary 2, it suffices to consider the case k = m. In t ha t 
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case let gi, . . . , qm be the elements of the s tandard basis for Km. Since C is 
primitive, then the matrix [ai, a2, . . . , am] , whose ith column is at for i = 1, 
2, . . . , m, has an inverse which also has integer coefficients. T h a t is to say 
the unique linear map Rm —> Rm which maps at to qt for i = 1, 2, . . . , m has 
integer coefficients, and the result follows immediately. 

COROLLARY 3. Suppose that K and L are rational closed polyhedral cones in 
Rm which have isomorphic subdivisions into simplicial cones. Then K and L have 
isomorphic subdivisions into primitive rational simplicial cones. 

Proof. By Lemma 0.1, there are isomorphic s u b d i v i s i o n s ^ and J?f of K 
and L respectively into rational simplicial cones. Let a o J ^ = J ^ , a J ^ , . . . , a t ^ 
be a sequence of subdivisions of the c o m p l e x e which satisfy the conditions 
prescribed in Proposition 2.1. Suppose t h a t rational subdivisions /305? = 
oSf, /3io£?, . . . , A-iJzf have been defined such tha t for i = 0, 1, . . . , k — 1 there 
is an isomorphism between the complexes a ^ and $i££. 

Suppose t ha t the complex a^Ctf is obtained from aK-\Ctf by an elementary 
starr ing a t the rational point z, and tha t z is relatively interior to the simplicial 
cone A of ak-\Ctf. Let 6 be an isomorphism between the complexes ak-\Ctf and 
ft._lc£f, and let B be the simplicial cone associated with A under 6. Suppose 
t h a t y is a relatively interior rational point of B, and let the complex $k££ be 
obtained from ftt_iJzf by an elementary starring a t the point y. Then f$hJ£ and 
akC^ are isomorphic, and by induction there is a subdivision $t££ of J£ iso­
morphic with the subdivision a t ^ of J ^ . 

The above argument shows tha t there are isomorphic s u b d i v i s i o n s ^ * and 
J>f* of K and L respectively into rational simplicial cones, such t ha t J ^ * con­
sists entirely of primitive simplicial cones. As in Proposition 2.1, there is a 
sequence yoJ£* = <$£*, 7i°£?*, • • • , 7 r °^* of subdivisions of J£* such tha t 7*J?f* 
is an elementary starring of 7i_io$f* for i = 1, 2, . . . , r, and yr<if* consists 
entirely of primitive simplicial cones. Suppose t ha t for some k < r rat ional 
subdivisions 8oJf* = J^*, ôiJ^*, . . . , 5fc_iJ^* of J ^ * have been defined such 
t h a t for i = 1, 2, . . . , k the complex <5i_iJ^* consists entirely of primitive 
simplicial cones, and is isomorphic with 7f_l0£f *. 

Let 7i^f* be the complex obtained from yt--Jf* by an elementary starring 
a t the point q. Let C be the unique simplicial cone of 7 ^ 1 ^ * which contains q 
in its relative interior, and suppose tha t D is the simplicial cone of ô^-iJ^* 
associated with C under an isomorphism 4> between the complexes ôi-iJf* and 
ji-i. Suppose tha t D = D(ai, a2, . . . , am), and let x = ]C?=i a*. If ^ J T * is the 
complex obtained from <5i_iJ^* by elementary starring a t x, then certainly 
hiCtf* and 7io£f* are isomorphic. If 7 is a simplicial cone in 5 ^ ^ * , then either 
I belongs to ôi-itf* and is primitive by the inductive hypothesis, or else I is 
the result of starring a primitive simplicial cone / of ôï_iJ^* a t the point x. 
In the lat ter case / necessarily contains D a s a face, so t h a t 

J = J(au a2l . . . , am, bu 62, . . . , &«) 
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and I = I(ai, a2, . . . , âj} . . . , am, 61, . . . , bs, x) for some j , where 1 ^ j ^ m. 
Since the vectors ai , a2, . . . , an generate under addit ion the same subgroup 
of Rn as is generated by a\, a2, . . . , a;-, . . . , am and x, it follows a t once t h a t / 
is primitive. 

Thus , by induction, there are isomorphic subdivisions <5rJ^* and 7 r i f * of 
K and L respectively, both of which are complexes of primitive simplicial cones. 

3. Applications. 

T H E O R E M 3.1. The projective lattice-ordered Abelian groups which are generated 
by n elements are the quotients of Fl-G(n) by its principal ideals. 

Proof. For the proof t ha t a projective lattice-ordered Abelian group gener­
ated by n elements is the quot ient of Fl-G(n) by a principal ideal, see Baker 
[1, Theorem 5.1]. (Baker 's proof generalises directly to the context of lattice-
ordered Abelian groups) . 

For the converse, let A be the quot ient of Fl-G(n) by a principal ideal. Under 
the categorical dual i ty of Theorem 1, A is associated with a rational closed 
polyhedral cone C in Kn (see Baker [1] and Beynon [3, § 1]), and there are 
subdivisions J ^ a n d i ^ o of C and Kn respectively into rational simplicial cones, 
such t h a t j f is a subcomplex o f i ^o (see Lemma 0.1). Form the subdivision i f 
of oSf 0 by starring each simplicial cone A of i f 0 ^ J f which meets J ^ in its 
whole boundary a t a rational interior point. T h e n J ^ and i^7 are subdivisions 
of C and Kn respectively into rational simplicial cones such t ha t J^ is a full 
subcomplex of S£. (cf. [8, Lemma 3.3]). 

By Proposition 2.1, i f has a subdivision i f ' consisting entirely of primitive 
rational simplicial cones. The associated subdivision, J ^ ' of <3f is then a full 
subcomplex of i f ' consisting of primitive simplicial cones. (See [8, Lemma 3.3]). 

Suppose t ha t the 1-dimensional simplicial cones in i f ' are Oxi, Ox2, . . . , 
Oxk, and let r be the uniquely determined map Kn —> Rw which is piecewise 
homogeneous linear with respect to J£', and maps xt to itself if Oxt is a 1-
dimensional simplicial cone of J^ 7 , and to zero otherwise. Since J ^ ' is a full 
subcomplex of S£', r is a piecewise homogeneous linear re t ract from R* onto C. 
By Corollary 2 to Proposition 2.1, the re t ract r acts as the restriction of a 
linear map with integer coefficients Kn —» Rw on each simplicial cone of i f f As 
remarked in § 1, this shows t h a t each of the maps Kn —> R obtained by com­
posing r with a canonical projection Rn —* R is an integral / -map, so t ha t r is 
an integral /-map Rw —> C, by definition. 

Consider the /-morphism r* : A —> Fl-G(n) associated with r under the 
categorical dual i ty of Theorem 1.1. Then the composite map Hr* : A —> A is 
the ident i ty on A (here II denotes the canonical projection Fl-G(n) —>A), 
and A is the re t ract of a free algebra. Thus A is projective. 

If C is a rational closed polyhedral cone in Km, a map / : C —> Rn will be 
called piecewise homogeneous linear with integer coefficients if and only if it is 
the restriction of a piecewise homogeneous linear map with integer coeffi-
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cients Km —> Kn. Theorem 3.1 makes it possible to characterise integral /-maps 
between rational closed polyhedral cones. 

COROLLARY 1 (to Theorem 3.1). Let C be a rational closed polyhedral cone in 
Rw and f : C —> Rw a piecewise homogeneous linear map with integer coefficients. 
Thenf is an integral l-map. 

Proof. I t suffices to consider the case n = 1, for if n > 1, then / can be 
regarded as the product of n maps C —> R, each of which is a piecewise homo­
geneous linear map with integer coefficients. 

If n = 1, let r be a retract Kn —» C constructed as in Theorem 3.1 and 
consider the composite map fr : Rn —•> R. Since fr is a piecewise homogeneous 
linear map with integer coefficients Kn —> R it is an integral /-map Kn —» R, 
as remarked in § 1. H e n c e / , which is the restriction of fr to C, is also an integral 
/-map. 

COROLLARY 2. The full subcategory of the category of finitely generated lattice-
ordered Abelian groups consisting of projective lattice-ordered Abelian groups is 
equivalent to the dual of the category whose objects are rational Euclidean closed 
polyhedral cones, and whose morphisms are piecewise homogeneous linear maps 
with integer coefficients. 

Proof. I t is enough to observe tha t every integral /-map between rational 
closed polyhedral cones is piecewise homogeneous linear with integer coeffi­
cients, and tha t rational closed polyhedral cones are in bijective correspondence 
with quotients of Fl-G(n) by its principal ideals. (See Beynon [3, § 1], or 
Baker [1]). 

COROLLARY 3. Let V and W be rational closed polyhedral cones in Km. Then V 
and W are integrally l-equivalent if and only if they are l-equivalent. 

Proof. I t is sufficient to show tha t if V and W have polyhedrally equivalent 
sections then there is an integral /-equivalence mapping V to W. (See [3, 
Corollary 2 to Theorem 4.1]). 

Let P and Q be polyhedral sections of V and W respectively, and suppose 
tha t S^ and J?7" are isomorphic simplicial subdivisions of P and Q respectively. 
Let J ^ be the subdivision of V into simplicial cones induced by 5^, and <£f 
the subdivision of W into simplicial cones induced b y j ^ ; then j f and ££ are 
isomorphic subdivisions of V and W into simplicial cones. 

By Corollary 3 to Proposition 2.1 there exist isomorphic s u b d i v i s i o n s ^ * 
andJ?f* of F and W into primitive rational simplicial cones. Let Oxi, 0x2 , . . . , 
0xk be the 1-dimensional simplicial cones of J ^ * and Oyi, Oy<i, . . . , 0yk the 
corresponding 1-dimensional simplicial cone of <J$f *, where for each i the points 
%i and yt are the initial integer lattice points on their respective rays. There is 
an uniquely defined bijective map 6 : V —* W, piecewise homogeneous linear 
with respect to J^*, mapping xt to yt for i = 1, 2, . . . , & and 6 is an integral 
/-map in view of Corollary 2 to Proposition 2.1 and Corollary 1 to Theorem 3.1. 
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Corollary 3 makes it possible to give simple proofs of non-trivial algebraic 
results about finitely generated projective lattice-ordered Abelian groups; this 
is illustrated by the examples described below. I t is convenient to introduce 
the symbol Fl-G+{n) to denote the finitely generated projective lattice-ordered 
Abelian group which is associated with a rational closed cone in Rw having as 
its section a polyhedral (n — l ) -bal l . I t is easy to see t ha t if ei, e2, . . . , en are 
free generators of Fl-G(n), then Fl-G+(n) is the quot ient of Fl-G{n) by the 
ideal generated by the relations ex^ 0 for i = 1, 2, . . . , n. 

Example 1. A classification of projective lattice-ordered Abelian groups with 
2 generators, (cf. Bleier [6] where an analogous characterisation is described 
for projective vector lattices with 2 generators) . 

By Corollary 3, there is a bijective correspondence between isomorphism 
types of projective lattice-ordered Abelian groups with 2 generators and 
/-equivalence classes of rational closed polyhedral cones in R2 . Each rational 
closed polyhedral cone C in R2 can be expressed uniquely as a union of finitely 
many rational closed polyhedral cones Ci, C2, . . . , Ck, where C{ P\ Cj = {0} 
if i '?£ j , such tha t each cone is either a single ray or has its section a polyhedral 
1-simplex. Following the notat ion of [3], let T(C) be the projective lattice-
ordered Abelian group associated with C under the dual i ty of Theorem 1.1. 
Then T(C) is isomorphic with the algebra of all integral /-maps C to R under 
pointwise operations of addit ion, supremum and infimum (See [3, Lemma 2.1] 
and § 1 of this paper ) , and is identified with the direct product T(Ci) X T(C2) 
X . . . X r ( C n ) by the map sending the integral /-map / : C —> R to 
(/|ci,/c2> • • • if\cn)' Since each of the lattice-ordered Abelian groups T(CZ) is 
isomorphic to Z or to Fl-G+(2), this shows t h a t every projective lattice-
ordered Abelian group with 2 generators other than Fl-G{2) itself is a direct 
product of finitely many copies of Z and copies of Fl-G+(2), and has an unique 
representat ion of this form. 

Example 2. A characterisation of lattice-ordered Abelian groups freely 
generated by finite partially-ordered sets. 

Let X be a finite partially-ordered set, and let F(X) denote the lattice-
ordered Abelian group freely generated by X. T h a t is to say, let /x be an order-
preserving map from X into a lattice-ordered Abelian group F(X) with the 
universal proper ty t ha t if 6 is any order-preserving map from X into a lattice-
ordered Abelian group A there is an unique /-morphism $ : F(X) —» A such 
t ha t 0/i = 6. A presentat ion for F(X) can be described as follows: let Xi, x2, 
. . . , xr be the elements of X and let P be the subset of X X X consisting of 
pairs (xt, xf) such t ha t xt ^ Xj. Let Fl-G(r) be freely generated by ei, e2, . . . , er 

and let F(X) be the quot ient of Fl-G{r) by the ideal generated by all relations 
of the form et v e^ = ej} where (xif xf) G P. T h e map /x : X —> F(X) mapping 
Xi to et is then order-preserving, and has the s ta ted universal proper ty . 
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T o examine the isomorphism type of F(X), consider the rational closed 
polyhedral cone in Kn canonically associated with F(X). (See Baker [1], or 
[3, § 1]). Then C is the set of points (ax, a2, . . . , ar) such tha t at Vftj = a;-
whenever (xu Xj) 6 P- Since at Vflj = a;- if and only if at — a,j ^ 0, it 
follows t h a t C is an intersection (possibly empty) of closed half-spaces, so t ha t 
C is a convex closed polyhedral cone in Rw. Thus , C has as section either a 
polyhedral w-sphere for some n ^ r - 1 or a polyhedral w-ball for n :g r — 1. 
Hence, by Corollary 3, F(X) has the isomorphism type of Fl-G(n) or Fl-G+(n) 
for some n ^ r, and each of these possibilities is realised for some partially-
ordered set X. 

Example 3. Consider the lattice-ordered Abelian group 2re consisting of 
elements of Fl-G(n) fixed under all /-automorphisms of Fl-G(n) which are 
obtained by mapping the free generators e1} e2, . . . , en into themselves. For 
r = 1, 2, . . . , n let sr denote the element /\(etl v ei2 v . . . v eir) where 
the intersection is taken over all distinct r-subsets {iu i2, . . . , ir) of 
{1, 2, . . . j n}. Each sr is an element of 2W, and si ^ s2 S . . • S V Moreover, 
if aij a2, . . . , an are integers such tha t a\ ^ a2 S • . • S ctn then for r = 1, 
2, . . . , n, the identi ty sr(ai, a2, . . . , an) = o:r holds. Since each element of 2W 

is determined by the integral /-map Zw —» Z which it defines, it follows tha t 
if ze;(ei, £ 2 , . . . , O is an element of 2W, then w(ei, e2, • • • , en) = w(slf s2, . . . , sn). 
Hence the elements Si, s2, . . . , sn generate 2ra. 

Consider the kernel K of the map P : Fl-G(n) —> 2 n defined by setting 
P(ei) — st for i = 1, 2, . . . , n. Since every element of Sre is fixed by P it is 
easy to show tha t K consists of those elements of Fl-G{n) which can be 
expressed in the form w(ei, e2, . . . , en) — w(s1, s2, . . . , sn) where w(ei, e2, . . . , en) 
is an arbi t rary element of Fl-G(n). The quotient Fl-G(n)/K is then associated 
with the closed cone C in Kn consisting of all points a = (ai, a2, . . . , an) for 
which / ( a i , «2, • • . , an) = 0 for a l l / in K (see [3, § 1]). Trivially C contains 
the rational closed polyhedral cone C consisting of all points a such tha t 
oi\ Ik OL<L S • • • ^ <xn- O n the other hand, if /3 = (/Si, /32, . . . , /3n) lies outside 
C , then there is an index r for which /3r is strictly greater than /3j for a t least r 
distinct values of the index j , and the element er — sr, which lies in K, is 
non-zero a t the point 13. Hence C and C coincide. 

T h u s the elements Si, s2, . . . , sn generate Sre freely subject to the relations 
Si ^ s2 ^ . . . ^ sn, and in particular 2W is isomorphic with Fl-G+(n). 
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